24 B. CAPPELLETTI-MONTANO, A. DE NICOLA, J. C. MARRERO AND I. YUDIN

[15] J. C. Marrero, E. Padrón, Compact generalized Hopf and cosymplectic solvmanifolds and the Heisenberg group H(n,1), Israel J. Math. 101 (1997), 189–204.

[16] L. Ornea, Locally conformally Kähler manifolds. A selection of results, Lect. Notes Semin.

Interdiscip. Mat. IV, 121–152, S.I.M. Dep. Mat. Univ. Basilicata, Potenza, 2005. [17] L. Ornea, M. Verbitsky, Structure theorem for compact Vaisman manifolds, Math. Res. Lett.

10 (2003), 799–805.

[18] L. Ornea, M. Verbitsky, A report on locally conformally Kähler manifolds, Harmonic maps and differential geometry, 135–149, Contemp. Math., 542, Amer. Math. Soc., Providence, 2011.

[19] S. Tachibana, On harmonic tensors in compact Sasakian spaces, Tôhoku Math. J. (2) 17 (1965), 271–284.

[20] P. Tondeur, Geometry of foliations. Monographs in Mathematics, 90. Birkhauser, Basel, 1997. [21] I. Vaisman, Locally conformal Kähler manifolds with parallel Lee form, Rend. Mat. (6) 12 (1979), no. 2, 263–284.

[22] I. Vaisman, Generalized Hopf manifolds, Geom. Dedicata 13 (1982), no. 3, 231–255. [23] I. Vaisman, Locally conformal symplectic manifolds, Internat. J. Math. Math. Sci. 8 (1985), no. 3, 521–536.

Beniamino Cappelletti-Montano Dipartimento di Matematica e Informatica, Universtà degli Studi di Cagliari, Via Ospedale 72, 09124 Cagliari E-mail address: b.cappellettimontano@gmail.com

Antonio De Nicola CMUC, Department of Mathematics, University of Coimbra, 3001-501 Coimbra, Portugal E-mail address: antondenicola@gmail.com

Juan Carlos Marrero Unidad Asociada ULL-CSIC “Geometría Diferencial y Mecánica Geométrica” Departamento de Matemáticas, Estadística e Investigación Operativa, Facultad de Ciencias, Universidad de La Laguna, La Laguna, Tenerife, Spain E-mail address: jcmarrer@ull.edu.es

Ivan Yudin CMUC, Department of Mathematics, University of Coimbra, 3001-501 Coimbra, Portugal E-mail address: yudin@mat.uc.pt

Pré-Publicações do Departamento de Matemática Universidade de Coimbra Preprint Number 15–42

HARD LEFSCHETZ THEOREM FOR VAISMAN MANIFOLDS

BENIAMINO CAPPELLETTI-MONTANO, ANTONIO DE NICOLA, JUAN CARLOS MARRERO AND IVAN YUDIN

Abstract: We establish a Hard Lefschetz theorem for the de Rham cohomology of compact Vaisman manifolds. A similar result is proved for the the basic cohomology with respect to the Lee vector field. Motivated by these results, we introduce the notions of a Lefschetz and of a basic Lefschetz locally conformal symplectic (l.c.s.) manifold of the first kind. We prove that the two notions are equivalent if there exists a Riemannian metric such that the Lee vector field is unitary and parallel and its metric dual 1-form coincides with the Lee 1-form. Finally, we discuss several examples of compact l.c.s. manifolds of the first kind which do not admit compatible Vaisman metrics.

1. Introduction

1.1. Antecedents and motivation. It is well known that the global scalar product on the space of k-forms in an oriented compact Riemannian manifold M of dimension m induces an isomorphism between the kth de Rham cohomology group H^k(M) and the dual space of the (m − k)th de Rham cohomology group H^{m−k}(M). So, using that the dimension of the de Rham cohomology groups is finite, we deduce the Poincaré-duality: the dimension of H^k(M) is equal to the dimension of H^{m−k}(M).

In addition, in some special cases, one may define a canonical isomorphism between the vector spaces H^k(M) and H^{m−k}(M). For instance, if M is a compact Kähler manifold of dimension 2n then, using the (n − k)th exterior power of the symplectic 2-form, one obtains an explicit isomorphism between H^k(M) and H^{2n−k}(M). This is known as the Hard Lefschetz isomorphism for compact Kähler manifolds (see [11]).

On the other hand, it is well known that the odd dimensional counterparts of Kähler manifolds are Sasakian and co-Kähler manifolds (see [1, 2]). In these cases, one may also obtain a Hard Lefschetz isomorphism as shown in [5] for Sasakian and in [6] for co-Kähler manifolds. For a compact co-Kähler manifold the Hard Lefschetz isomorphism depends only on the underlying

Received October 26, 2015. 1

2 B. CAPPELLETTI-MONTANO, A. DE NICOLA, J. C. MARRERO AND I. YUDIN

cosymplectic structure and for a Sasakian manifold it depends only on the corresponding contact structure.

A particular class of Hermitian manifolds which are related to Kähler, co- Kähler and Sasakian manifolds are Vaisman manifolds introduced in [21, 22]. A Vaisman manifold is a locally conformal Kähler manifold M which has nonzero parallel Lee 1-form ω. In this paper, we will assume, without the loss of generality, that ω is unitary. If J is the complex structure of M then the 1-form η := −ω ∘ J is called the anti-Lee 1-form of M. The Lee vector field U is defined as the metric dual of ω, while the metric dual of η is called the anti-Lee vector field and is denoted by V . The following properties of Vaisman manifolds can be found in [7] and [15]:

- the couple (U, V ) defines a flat foliation of rank 2 on M which is transversely Kähler;

- the foliation on M defined by V is transversely co-Kähler; - the orthogonal bundle to the foliation on M defined by U is integrable and the leaves of the corresponding foliation are c-Sasakian manifolds.

The above results show that there is a close relationship between Vaisman manifolds on the one side and Kähler, co-Kähler, and Sasakian manifolds on the other side. In fact, in a recent paper [17], Ornea and Verbitsky proved that a compact Vaisman manifold of dimension 2n + 2 is holomorphically isometric to the mapping torus of a compact^1_2 -Sasakian manifold N of dimension 2n + 1. Conversely, the mapping torus of a compact^1_2 -Sasakian manifold is a compact Vaisman manifold.

So, a natural question arise: is there a Hard Lefschetz theorem for a compact Vaisman manifold? The aim of this paper is to give a positive answer to this question.

1.2. The results in the paper. The main result of this paper is the Hard Lefschetz theorem for a compact Vaisman manifold which may be formulated as follows.

Theorem 1.1. Let M be a compact Vaisman manifold of dimension 2n + 2 with Lee 1-form ω, anti-Lee 1-form η, Lee vector field U, and anti-Lee vector field V . Then for each integer k between 0 and n, there exists an isomorphism

Lef_k : H^k(M) −→ H^{2n+2−k}(M)

which can be computed by using the following properties:

HARD LEFSCHETZ THEOREM FOR VAISMAN MANIFOLDS 23

Acknowledgments

This work was partially supported by CMUC – UID/MAT/00324/2013, funded by the Portuguese Government through FCT/MEC and co-funded by the European Regional Development Fund through the Partnership Agreement PT2020 (A.D.N. and I.Y.), by MICINN (Spain) and European Union (Feder) grant MTM2012-34478 (A.D.N. and J.C.M.), by the European Community IRSES-project GEOMECH-246981 (J.C.M.) and by Prin 2010/11 – Varietà reali e complesse: geometria, topologia e analisi armonica – Italy (B.C.M.), and by the exploratory research project in the frame of Programa Investigador FCT IF/00016/2013 (I.Y.). J.C.M. acknowledges the Centre for Mathematics of the University of Coimbra in Portugal for its support and hospitality in a visit where a part of this work was done.

References

[1] D. E. Blair, Riemannian geometry of contact and symplectic manifolds, Second Edition.

Progress in Mathematics 203, Birkhäuser, Boston, 2010.

[2] Ch. Boyer, K. Galicki, Sasakian geometry, Oxford Mathematical Monographs. Oxford University Press, Oxford, 2008.

[3] B. Cappelletti-Montano, A. De Nicola, J. C. Marrero, I. Yudin, Examples of compact Kcontact manifolds with no Sasakian metric, Int. J. Geom. Methods Mod. Phys. 11 (2014), 1460028 (10 pages).

[4] B. Cappelletti-Montano, A. De Nicola, J. C. Marrero, I. Yudin, A non-Sasakian compact Lefschetz K-contact manifold of Tievsky type, preprint available in arXiv:1507.04661.

[5] B. Cappelletti-Montano, A. De Nicola, I. Yudin, Hard Lefschetz Theorem for Sasakian manifolds, Journal of Differential Geometry 101 (2015), 47–66.

[6] D. Chinea, M. de León, and J. C. Marrero, Topology of cosymplectic manifolds, J. Math. Pures Appl. (9) 72 (1993), no. 6, 567–591.

[7] S. Dragomir, L. Ornea, Locally conformal Kähler manifolds, Progr. Math. 155, Birkhäuser, Boston, 1998.

[8] S. Goldberg, Curvature and homology, Pure and Applied Mathematics, Vol. XI, Academic Press, New York, 1962.

[9] W. Greub, S. Halperin, R. Vanstone, Connections, curvature, and cohomology. Vol. II: Lie groups, principal bundles, and characteristic classes, Academic Press, New York, 1973.

[10] G. Hector, U. Hirsch, Introduction to the geometry of foliations. Part A. Foliations on compact surfaces, fundamentals for arbitrary codimension, and holonomy, Aspects of Mathematics, 1. Friedr. Vieweg Sohn, Braunschweig, 1981.

[11] W. V. V. Hodge, The theory and applications of harmonic integrals, Cambridge, at the University Press, 1952, 2d ed.

[12] F. W. Kamber, P. Tondeur, Duality theorems for foliations, Asterisque 116 (1984), 108–116. [13] F. W. Kamber, P. Tondeur, de Rham-Hodge theory for Riemannian foliations, Math. Ann.

277 (1987), no. 3, 415–431.

[14] Jeffrey M. Lee, Manifolds and differential geometry, American Mathematical Society, Providence, 2009.

22 B. CAPPELLETTI-MONTANO, A. DE NICOLA, J. C. MARRERO AND I. YUDIN

Under the same conditions as in Proposition 6.1, it is clear that the basic Lefschetz property for the l.c.s. manifold M is equivalent to the Lefschetz property for the base contact manifold N. Therefore, using Theorem 1.4 and Proposition 6.1, we deduce the following result.

Corollary 6.2. Let M be a (2n + 2)-dimensional compact l.c.s. manifold of the first kind such that the space of orbits of the Lee vector field is the contact manifold N. Then, the following conditions are equivalent:

(1) The l.c.s. structure on M satisfies the Lefschetz property. (2) The l.c.s. structure on M satisfies the basic Lefschetz property. (3) The contact structure on N satisfies the Lefschetz property.

Now, let N be a compact contact manifold and consider the product manifold M = N × S^1 with its standard l.c.s. structure of the first kind, that is, the Lee 1-form is the length element of S^1 and the anti-Lee 1-form is the contact 1-form on N. Then, it is clear that the space of orbits of the Lee vector field of M is N. Thus, using Corollary 6.2 and taking as N the examples of non-Lefschetz compact contact manifolds considered in [3], we obtain examples of compact l.c.s. manifolds of the first kind which satisfy the following conditions:

(1) Their Betti numbers satisfy relations (1.3) in Theorem 1.4. (2) They do not satisfy neither the Lefschetz property nor the basic Lefschetz property (and, therefore, they do not admit compatible Vaisman metrics).

Note that (1) follows using that b_k(N) is even if k is odd and k ≤ n, with dimN = 2n + 1 and b_k(N) the k-th Betti number of N.

On the other hand, in [4], we present an example of a compact Lefschetz contact manifold N which does not admit any Sasakian structure. So, the standard l.c.s. structure of the first kind on M = N × S^1 is Lefschetz and basic Lefschetz. However, M does not admit compatible Vaisman metrics.

We conclude stating some open problems concerning these topics. An interesting problem is to find examples of compact l.c.s. manifolds of the first kind which satisfy the basic Lefschetz property but they do not satisfy the Lefschetz property and vice versa. These topics will be the subject of forthcoming papers.

HARD LEFSCHETZ THEOREM FOR VAISMAN MANIFOLDS 3

(i) for every [γ] ∈ H^k(M), there is γ^′ ∈ [γ] such that

L_U γ^′ = 0, i_V γ^′ = 0, L^{n−k+2}γ^′ = 0, L^{n−k+1}ϵ_ωγ^′ = 0; (ii) if γ^′ ∈ [γ] satisfies the conditions in (i) then Lef_k[γ] = [ϵ_ηL^{n−k}(Li_U γ^′ − ϵ_ωγ^′)].

In this theorem, we write ϵ_β for the operator of the exterior multiplication by a differential form β, and L is defined to be^1_2 ϵ_{dη}.

The map Lef_k : H^k(M) −→ H^{2n+2−k}(M), 0 ≤ k ≤ n, in Theorem 1.1 will be called the Lefschetz isomorphism in degree k for the compact Vaisman manifold M.

In order to prove Theorem 1.1, we will first use a result which relates the de Rham cohomology of an oriented compact Riemannian manifold with the basic cohomology with respect to a unitary and parallel vector field.

Theorem 1.2. Let W be a unitary and parallel vector field on an oriented compact Riemannian manifold (P, g) of dimension p and let the 1-form w be the metric dual of W . Denote by H^∗_B(P ) the basic de Rham cohomology of P with respect to W .Then for each integer k between 0 and p, the map [(Id, ϵ_w)] : H^k_B(P ) ⊕ H^{k−1}_B (P ) −→ H^k(P ) defined by [(Id, ϵ_w)]([β]_B, [β^′]_B) = [β + w ∧ β^′] (1.1) is an isomorphism.

Another result that we will use for proving of Theorem 1.1 is the basic Hard Lefschetz theorem below.

Theorem 1.3. Let M be a compact Vaisman manifold of dimension 2n + 2 with Lee 1-form ω, anti-Lee 1-form η, Lee vector field U, and anti-Lee vector field V . Denote by H^∗_B(M) the basic cohomology of M with respect to U. Then for each integer k between 0 and n, there exists an isomorphism Lef^B_k : H^k_B(M) −→ H^{2n+1−k}_B (M) which can be computed by using the following properties:

(i) for every [β]_B ∈ H^k_B(M), there is β^′ ∈ [β]_B such that

i_V β^′ = 0, L^{n−k+1}β^′ = 0; (1.2)

4 B. CAPPELLETTI-MONTANO, A. DE NICOLA, J. C. MARRERO AND I. YUDIN

(ii) if β^′ ∈ [β]_B satisfies the conditions in (i) then

Lef^B_k [β]_B = [ϵ_ηL^{n−k}β^′]_B.

The map Lef^B_k : H^k_B(M) −→ H^{2n+1−k}_B (M), for 0 ≤ k ≤ n, will be called the basic Lefschetz isomorphism in degree k associated with the compact Vaisman manifold M.

For a Vaisman manifold M of dimension 2n+2, the couple (ω, η) of the Lee and anti-Lee 1-forms defines a locally conformal symplectic (l.c.s.) structure of the first kind with anti-Lee vector field V and infinitesimal automorphism U (see [23] and Section 2.2 for the definition of an l.c.s. structure of the first kind). Note that the definition of the Hard Lefschetz and the basic Hard Lefschetz isomorphism associated with M only depends on the l.c.s. structure of the first kind. Hence, both isomorphisms provide obstructions for an l.c.s. manifold to admit Vaisman structures.

Now, let M be a compact manifold of dimension 2n + 2 endowed with an l.c.s. structure of the first kind (ω, η). Suppose that U and V are the anti-Lee and Lee vector field, respectively, on M.

Then, the previous results suggest us to introduce the following Lefschetz relation between the cohomology groups H^k(M) and H^{2n+2−k}(M) , for 0 ≤ k ≤ n,

R_{Lefk} = � ([γ], [ϵ_ηL^{n−k}(Li_U γ − ϵ_ωγ)]) � γ ∈ Ω^k(M), dγ = 0, L_U γ = 0, i_V γ = 0,

L^{n−k+2}γ = 0, L^{n−k+1}ϵ_ωγ = 0 � . Similarly, we define the basic Lefschetz relation between the basic cohomology groups H^k_B(M) and H^{2n+1−k}_B (M), for 0 ≤ k ≤ n, by

R^B_{Lefk} = � ([β]_B, [ϵ_ηL^{n−k}β]_B) � � β ∈ Ω^k_B(M), dβ = 0, i_V β = 0, L^{n−k+1}β = 0� .

An l.c.s. structure on M of the first kind is said to be:

- Lefschetz if, for every 0 ≤ k ≤ n, the relation R_{Lef k} is the graph of an isomorphism Lef_k : H^k(M) −→ H^{2n+2−k}(M);

- Basic Lefschetz if, for every 0 ≤ k ≤ n, the relation R^B_{Lef k} is the graph of an isomorphism Lef^B_k : H^k_B(M) −→ H^{2n+1−k}_B (M).

It is not clear what is the relation between the Lefschetz property and the basic Lefschetz property in general. However, we may prove the following result.

HARD LEFSCHETZ THEOREM FOR VAISMAN MANIFOLDS 21

(Proof of Theorem 1.1). By Theorem 1.3, every compact Vaisman manifold satisfies the basic Lefschetz property. Thus from Theorem 1.4, we get that every Vaisman manifold has the Lefschetz property.

6. Examples of non Vaisman compact Lefschetz l.c.s.

manifolds

In this section, we will construct examples of compact l.c.s. manifolds of the first kind which do not satisfy the Lefschetz property. We will also present an example of a compact Lefschetz l.c.s. manifold of the first kind which does not admit compatible Vaisman metrics.

In order to do this we will use the following proposition.

Proposition 6.1. Let M be a (2n + 2)-dimensional compact l.c.s. manifold of the first kind such that the space of orbits N of the Lee vector field U of M is a quotient manifold.

(i) If π : M −→ N is the canonical projection then there exists a contact 1-form η_N on N such that π^∗η_N = η, η being the anti-Lee 1-form of M. Moreover, the anti-Lee vector field V of M is π-projectable and its projection ξ ∈ X(N) is the Reeb vector field of the contact manifold (N, η_N ).

(ii) There exists a Riemannian metric g on M such that U is parallel and unitary with respect to g, and, in addition,

ω(X) = g(X, U), for all X ∈ X(M),

where ω is the Lee 1-form of M.

Proof : The first claim is well known and can be found in [23].

We will prove (ii). Denote by F the vector subbundle induced by the foliation ω = 0. Then T M = F ⊕ ⟨U⟩. From an arbitrary Riemannian metric g_N on N, we can define a Riemannian metric g on M such that

π : (M, g) −→ (N, g_N )

is a Riemannian submersion with the horizontal subbundle F and the vector field U is unitary with respect to g. This implies that ω(X) = g(X, U). Moreover, it is easy to prove that U is a Killing vector field. Thus, since the dual 1-form to U with respect to g is ω and it is closed, we conclude that U is parallel.

20 B. CAPPELLETTI-MONTANO, A. DE NICOLA, J. C. MARRERO AND I. YUDIN

Assume that the l.c.s. structure (ω, η) is Lefschetz (or, equivalently, basic Lefschetz) and denote by Lef^B_k : H^k_B(M) −→ H^{2n+1−k}_B (M), 1 ≤ k ≤ n, the isomorphism whose graph is the basic Lefschetz relation R^B_{Lefk} . Since U is a parallel vector field, we get that the mean curvature κ of the foliation ⟨U⟩ is zero. Moreover, it is shown on page 69 of [20] that the characteristic form of ⟨U⟩ is ω. Therefore, by Theorem 7.54 in [20], we have a non-degenerate pairing ⟨·, ·⟩ : H^{2n+1−k}

B (M) ⊗ H^k_B(M) −→ R given by ⟨[μ]_B, [β]_B⟩ = � M ω ∧ μ ∧ β. (5.8) Since Lef^B_k is an isomorphism, we get that the bilinear form ψ := ⟨·, ·⟩ ∘ (Lef^B_k , Id) (5.9) on H^k_B(M) is non-degenerate. Let α and β be closed basic k-forms on M. Then, for any α^′ ∈ [α]_B and β^′ ∈ [β]_B such that

i_V α^′ = 0, L^{n−k+1}α^′ = 0, i_V β^′ = 0, L^{n−k+1}β^′ = 0, we get that

ψ([α]_B, [β]_B) = � M ω ∧ ϵ_ηL^{n−k}α^′ ∧ β^′

= (−1)^{k2} � M ω ∧ ϵ_ηL^{n−k}β^′ ∧ α^′ = (−1)^kψ([β]_B, [α]_B).

This shows that ψ is symmetric if k is even, and skew-symmetric if k is odd.

Consequently, for odd k between 1 and n, c_k(M) := dim H^k_B(M) is even. On the other hand, from Theorem 1.2 we deduce that b_k(M) = c_k(M) + c_{k−1}(M), which implies that b_k(M) − b_{k−1}(M) = c_k(M) − c_{k−2}(M).

Since c_k(M) and c_{k−2}(M) are both even, we get that b_k(M)−b_{k−1}(M) is also even.

Finally, we derive Theorem 1.1 from the previously proved results.

HARD LEFSCHETZ THEOREM FOR VAISMAN MANIFOLDS 5

Theorem 1.4. Let M be a compact manifold of dimension 2n + 2 endowed with an l.c.s. structure of the first kind (ω, η) such that the Lee vector field U is unitary and parallel with respect to a Riemannian metric g on M and

ω(X) = g(X, U), for X ∈ X(M).

Then:

(1) The structure (ω, η) is Lefschetz if and only if it is basic Lefschetz. (2) If the structure (ω, η) is Lefschetz (or, equivalently, basic Lefschetz), then for each 1 ≤ k ≤ n there exists a non-degenerate bilinear form

ψ : H^k_B(M) × H^k_B(M) −→ R

ψ([β]_B, [β^′]_B) = � M Lef_k[β] ∪ [β^′]

which is skew-symmetric for odd k and symmetric for even k. As a consequence,

b_k(M) − b_{k−1}(M) is even if k is odd and 1 ≤ k ≤ n, (1.3)

where b_r(M) is the rth Betti number of M.

We remark that relations in (1.3) are well-known properties of a compact Vaisman manifold of dimension 2n + 2 (see [7, 22]).

1.3. Organization of the paper. In Section 2 we review the construction of a mapping torus and how it can be used to construct a Vaisman manifold. In Sections 3, 4, 5, we will prove Theorems 1.2, 1.3, and 1.4, respectively. As a consequence Theorem 1.1 is also proved in Section 5. Finally, in Section 6, we give several examples of compact l.c.s. manifolds of the fist kind which do not admit compatible Vaisman metrics. Some of these examples satisfy the Lefschetz property and the basic Lefschetz property and others not.

All manifolds considered in this paper will be assumed to be smooth and connected. For wedge product, exterior derivative and interior product we use the conventions as in Goldberg’s book [8].

2. Mapping torus and compact Vaisman manifolds

2.1. Mapping torus by an isometry. In this section, we will review the notion of a mapping torus by an isometry. More details can be found in [10].

Let N be a compact smooth manifold, f : N −→ N a diffeomorphism of N and α a positive real number.

6 B. CAPPELLETTI-MONTANO, A. DE NICOLA, J. C. MARRERO AND I. YUDIN

We will denote by (f, T_α) : N × R −→ N × R the transformation of the product manifold N × R given by (f, T_α)(x, t) = (f(x), t + α).

The map (f, T_α) induces a free and properly discontinuous action of the discrete subgroup Z on N × R defined by

Z × (N × R) −→ N × R, (k, (x, t)) → (f, T_α)^k(x, t) = (f^k(x), t + kα), for (x, t) ∈ N × R.

The mapping torus of N by the couple (f, α) is the space of orbits of this action N_{f,α} =

N × R Z . It is a compact smooth manifold and we have a canonical projection

π : N_{f,α} −→ S^1 = R αZ from N_{f,α} onto the circle S^1 = R αZ . We will denote by θ the closed 1-form on N_{f,α} given by θ = π^∗(θ_S1 ), where θ_S1 is the length element of the circle S^1.

Note that if τ_{f,α} : N × R −→ N_{f,α} is the canonical projection then τ^∗_{f,α}(θ) = dt. (2.1)

On the other hand, it is clear that the vector field ∂ ∂t on N × R is (f, T_α)- invariant. Thus, it induces a vector field U on the mapping torus N_{f,α} in such a way that θ(U) = 1. (2.2) Now, suppose that h is a Riemannian metric on N and that f : N −→ N is an isometry. Then, we can consider the metric h + dt^2 on the product manifold N × R. It follows that (f, T_α)^∗(h + dt^2) = h + dt^2 and, thus, the Riemannian metric h + dt^2 is Z-invariant.

HARD LEFSCHETZ THEOREM FOR VAISMAN MANIFOLDS 19

Now, consider the following isomorphisms [(Id, ϵ_ω)]^{−1} : H^k(M) −→ H^k_B(M) ⊕ H^{k−1}_B (M),

Lef^B_k ⊕ Lef^B_{k−1} : H^k_B(M) ⊕ H^{k−1}_B (M) −→ H^{2n+1−k}_B (M) ⊕ H^{2n+2−k}_B (M),

σ : H^{2n+1−k}

B (M) ⊕ H^{2n+2−k}_B (M) −→ H^{2n+2−k}_B (M) ⊕ H^{2n+1−k}_B (M), [(Id, ϵ_ω)] : H^{2n+2−k}_B (M) ⊕ H^{2n+1−k}_B (M) −→ H^{2n+2−k}(M), where σ is the canonical involution and Lef^B_r : H^r_B(M) −→ H^{2n+1−r}_B (M) is the isomorphism whose graph is the basic Lefschetz relation R^B_{Lef r} . We define the map Lef_k : H^k(M) −→ H^{2n+2−k}(M) by Lef_k = [(Id, ϵ_ω)] ∘ σ ∘ (Lef^B_k ⊕ Lef^B_{k−1}) ∘ [(Id, ϵ_ω)]^{−1}.

It is straightforward that Lef_k is an isomorphism. It is left to show that for any closed form γ ∈ Ω^k(M) that satisfies (5.1), we have Lef_k[γ] = [ϵ_ηL^{n−k}(Li_U γ − ϵ_ωγ)]. (5.5) Let γ_1 = i_U (ω∧γ) and γ_2 = i_U γ. Note that the forms γ_1 and γ_2 are closed and obviously i_U γ_1 = i_U γ_2 = 0. Thus they represent certain classes in H^∗_B(M). We have [(Id, ϵ_ω)]^{−1}[γ] = ([γ_1]_B, [γ_2]_B).

Moreover, γ_1 satisfies the conditions i_V γ_1 = 0, L^{n−k+1}γ_1 = 0, and γ_2 satisfies i_V γ_2 = 0, L^{n−k+2}γ_2 = 0.

Thus Lef^B_k [γ_1]_B = [ϵ_ηL^{n−k}γ_1]_B = [ϵ_ηL^{n−k}i_U (ω ∧ γ)]_B (5.6) and Lef^B_{k−1}[γ_2]_B = [ϵ_ηL^{n−k+1}γ_2]_B = [ϵ_ηL^{n−k+1}i_U γ]_B. (5.7) Now, we get by definition of the map Lef_k that

Lef_k[γ] = [ϵ_ηL^{n−k+1}i_U γ + ϵ_ωϵ_ηL^{n−k}i_U (ω ∧ γ)] = [ϵ_ηL^{n−k}(Li_U γ − ϵ_ωγ)]. This proves the first part of Theorem 1.4. Proof of (2) in Theorem 1.4

18 B. CAPPELLETTI-MONTANO, A. DE NICOLA, J. C. MARRERO AND I. YUDIN

it is easy to check that β^′ and β^{′′} satisfy (5.1). Moreover, they are representatives of [β] ∈ H^k(M). Thus by the defining properties of Lef_k, we have [ϵ_ηL^{n−k}β^′] = Lef_k[β] = [ϵ_ηL^{n−k}β^{′′}]. (5.4) Thus [i][ϵ_ηL^{n−k}β^′]_B = [i][ϵ_ηL^{n−k}β^{′′}]_B. Since [i] is a monomorphism, we get [ϵ_ηL^{n−k}β^′]_B = [ϵ_ηL^{n−k}β^{′′}]_B. Hence Lef^B_k is well defined and satisfies the required property for its computation.

From (5.4), we get that

Lef_k ∘ [i][β]_B = [i] ∘ Lef^B_k [β]_B

for any [β]_B ∈ H^k_B(M). Thus if Lef^B_k [β]_B = 0 then Lef_k[i][β]_B = 0. As Lef_k is an isomorphism, we get that [i][β]_B = 0. Since [i] is monomorphism this implies that [β]_B = 0, that is Lef^B_k is injective.

By Poincaré duality for basic cohomology [20, Theorem 7.54] (see also calculations on page 69 of [20]), it follows that dim H^k_B(M) = dim H^{2n+1−k}_B (M).

Thus Lef^k_B is an isomorphism, being an injective map between two vector spaces of the same dimension. (Basic Lefschetz ⇒ Lefschetz)

Assume that the l.c.s. structure on M is basic Lefschetz. Let γ be a closed k-form on M, with k ≤ n. We have to show that there is γ^′ ∈ [γ] satisfying (5.1). Note that

[(Id, ϵ_ω)]^{−1}[γ] = ([γ_1]_B, [γ_2]_B) ∈ Ω^k_B(M) ⊕ Ω^{k−1}_B (M) for some basic forms γ_1 and γ_2 on M. Since the basic Lefschetz property holds, we can choose γ^′_1 ∈ [γ_1]_B and γ^′_2 ∈ [γ_2]_B such that

i_V γ^′_1 = 0, L^{n−k+1}γ^′_1 = 0, and i_V γ^′_2 = 0, L^{n−k+2}γ^′_2 = 0.

Thus, we can consider the closed k-form γ^′ = γ^′_1 + ω ∧ γ^′_2 and it is easy to see that γ^′ ∈ [γ] and

L_U γ^′ = 0, i_V γ^′ = 0, L^{n−k+2}γ^′ = 0, L^{n−k+1}ϵ_ωγ^′ = 0.

HARD LEFSCHETZ THEOREM FOR VAISMAN MANIFOLDS 7

This implies that h + dt^2 induces a Riemannian metric g on N_{f,α} which is characterized by the following condition

τ^∗_{f,α}g = h + dt^2. (2.3)

Moreover, one may prove the following result.

Proposition 2.1. The 1-form θ on N_{f,α} is unitary and parallel with respect to the Riemannian metric g and

θ(X) = g(X, U), for X ∈ X(N_{f,α}). (2.4)

2.2. Compact Sasakian and Vaisman manifolds. In this section, we will review the relation between compact Sasakian manifolds and compact Vaisman manifolds.

First of all, we will recall the notions of a contact and of a c-Sasakian manifold. The reader is referred to monographs [1] and [2] for detailed exposition on this subject.

A 1-form η on a smooth manifold N of dimension 2n + 1 is said to be a contact 1-form if η∧(dη)^n is a volume form on N. In this case, the pair (N, η) is called a contact manifold. One can show that in a contact manifold (N, η) there exists a global vector field ξ, called Reeb vector field, characterized by the properties η(ξ) = 1, i_ξdη = 0.

We will denote by I : T N −→ T N the identity map acting on the tangent bundle.

Let c be a positive real number. A c-Sasakian manifold is a contact manifold (N, η) which carries a Riemannian metric h such that ξ is the metric dual of η and a (1, 1)-tensor field ϕ satisfying the following conditions (i) ϕ^2 = −I + η ⊗ ξ;

(ii) dη(X, Y ) = 2c h(X, ϕY ) for any vector fields X, Y on N; (iii) the tensor field J on N × R defined by J � X, f ∂ ∂t � := � ϕX + fξ, −η(X) ∂ ∂t � , (2.5)

where X, Y ∈ X(N) and f ∈ C^∞(N × R), is a complex structure. If c = 1, then N is called a Sasakian manifold. Note that given a Sasakian structure (ϕ, ξ, η, h) on a manifold N, we can obtain a c-Sasakian structure

8 B. CAPPELLETTI-MONTANO, A. DE NICOLA, J. C. MARRERO AND I. YUDIN

(ϕ, ξ, η, h^′) on N with the same underlying contact structure by the following transformation

ϕ^′ = ϕ, ξ^′ = ξ, η^′ = η, h^′ = c^{−1} h + � 1 − c^{−1} � η ⊗ η. (2.6)

Next, we will recall the definition of a locally conformal symplectic (l.c.s.) structure of the first kind and of a Vaisman manifold. More details can be found in [7, 16, 23].

An l.c.s. structure of the first kind on a manifold M of dimension 2n + 2 is a couple (ω, η) of 1-forms such that:

(i) ω is closed;

(ii) the rank of dη is 2n and ω ∧ η ∧ (dη)^n is a volume form. The form ω is called the Lee 1-form while η is said to be the anti-Lee 1-form.

If (ω, η) is an l.c.s. structure of the first kind on M then there exists a unique vector field V , the anti-Lee vector field of M, which is characterized by the following conditions

ω(V ) = 0, η(V ) = 1, i_V dη = 0.

Moreover, there exists a unique vector field U, the Lee vector field of M, which is characterized by the following conditions

ω(U) = 1, η(U) = 0, i_U dη = 0.

Remark 2.2. If (ω, η) is an l.c.s. structure of the first kind then the 2-form

Ω := dη + η ∧ ω

is non-degenerate and dΩ = ω ∧ Ω.

Moreover, the Lee vector field U satisfies the condition L_U Ω = 0. In other words, Ω is an l.c.s. structure of the first kind in the sense of Vaisman [23] with Lee 1-form ω and infinitesimal automorphism U. Conversely, if Ω is an l.c.s. structure of the first kind with Lee 1-form ω and infinitesimal automorphism U then the rank of dη is 2n and ω ∧ η ∧ (dη)^n is a volume form, with η the 1-form on M given by

η = −i_U Ω.

A Vaisman manifold is an l.c.s. manifold of the first kind (M, ω, η) which carries a Riemannian metric g such that:

HARD LEFSCHETZ THEOREM FOR VAISMAN MANIFOLDS 17

the canonical monomorphism, that is, [i] = [(Id, ϵ_ω)]|_H k_{B (M)⊕{0}} (cf. Theorem 1.2).

Let β be a closed basic k-form on M, with k ≤ n. Then, there exists a closed k-form β^′ on M such that β^′ ∈ [β] and

L_U β^′ = 0, i_V β^′ = 0, L^{n−k+2}β^′ = 0, L^{n−k+1}ϵ_ωβ^′ = 0. (5.1) Let β̄ = Gδ(β^′ − β), where G is the Green operator on M. Then L_Uβ̄ = 0 since L_U β = 0 and L_U commutes with G and δ because U is a Killing vector field.

From the properties of the Green operator, it follows that β^′ = β + dβ̄.

Therefore, if we take β^{′′} = β^′ − ω ∧ i_U β^′ (5.2) then dβ^{′′} = 0, β^{′′} ∈ Ω^k_B(M) and β^{′′} = β + d(β̄ − ω ∧ i_Uβ̄).

This implies that β^{′′} ∈ [β]_B.

Moreover, from (5.1) and (5.2), it follows that i_V β^{′′} = 0, L^{n−k+1}β^{′′} = 0.

This shows that every class [β]_B contains a representative β^{′′} that satisfies (1.2).

We define Lef^B_k : H^k_B(M) −→ H^{2n+1−k}_B (M) by Lef^B_k [β]_B = [ϵ_ηL^{n−k}β^′]_B, (5.3) where β^′ is any representative of [β]_B that satisfies (1.2). Note that ϵ_ηL^{n−k}β^′ is closed as d(ϵ_ηL^{n−k}β^′) = 2L^{n−k+1}β^′ = 0 and basic because i_U ϵ_ηL^{n−k}β^′ = ϵ_ηL^{n−k}i_U β^′ = 0. We must prove that Lef^B_k is well defined and is an isomorphism. To show that Lef^B_k is well defined, we have to check that for any β^′, β^{′′} ∈ [β]_B that satisfy (1.2), one has [ϵ_ηL^{n−k}β^′]_B = [ϵ_ηL^{n−k}β^{′′}]_B.

Since β^′ and β^{′′} are basic and

i_V β^′ = 0, L^{n−k+1}β^′ = 0, i_V β^{′′} = 0, L^{n−k+1}β^{′′} = 0,

16 B. CAPPELLETTI-MONTANO, A. DE NICOLA, J. C. MARRERO AND I. YUDIN

Thus, from (4.9) and since [γ]_f ∈ H^{2n+1−k}(N)^f , we have that Lef^N_k [β] = [γ] = [f^∗][γ] = [f^∗][i][γ]_f = ([f^∗] ∘ Lef^N_k )[β] = (Lef^N_k ∘[f^∗])[β].

Therefore, using that Lef^N_k is an isomorphism, it follows that [f^∗][β] = [β].

Note that both Hβ and f^∗Hβ are harmonic representatives of the cohomology class [β] = [f^∗][β]. Therefore f^∗Hβ = Hβ. So, we can consider [Hβ]_f ∈ H^k(N)^f and, using (4.8) and (4.10), we have that

[i](Lef^{N,f}_k [Hβ]_f ) = [i][γ]_f .

Finally, as [i] is a monomorphism, we conclude that

Lef^{N,f}_k [Hβ]_f = [γ]_f .

This proves that Lef^{N,f}_k is also surjective and hence it is an isomorphism.

Third step. We will prove that Lef^{N,f}_k satisfies Conditions 4.1 and 4.2.

To prove that every class in H^k(N)^f has a representative satisfying Condition 4.1, we start with [β]_f ∈ H^k(N)^f and then, proceeding as above, we deduce that f^∗(Hβ) = Hβ. Since [i] is a monomorphism, we get that [i][Hβ]_f = [i][β]_f implies that [Hβ]_f = [β]_f . Moreover, the form Hβ satisfies Condition 4.1 (see [5]).

Now, let [β]_f ∈ H^k(N)^f and β^′ ∈ [β]_f satisfying (4.6). Then β^′ ∈ [β]. Thus by [5, Theorem 4.5] we have Lef^N_k [β] = [ϵ_ηL^{n−k}_N β^′] in H^{2n+1−k}(N). Since f^∗β^′ = β^′, we get also that f^∗(ϵ_ηL^{n−k}_N β^′) = ϵ_ηL^{n−k}_N β^′. Thus by (4.8) we get [i] Lef^{N,f}_k [β]_f = [i][ϵ_ηL^{n−k}_N β^′]_f .

Since [i] is a monomorphism, we get Lef^{N,f}_k [β]_f = [ϵ_ηL^{n−k}_N β^′] which ends the proof.

5. Proof of Theorem 1.4

Proof : Proof of (1) in Theorem 1.4 (Lefschetz ⇒ basic Lefschetz)

Assume that the l.c.s. structure (ω, η) is Lefschetz and denote by [i] : H^k_B(M) −→ H^k(M)

HARD LEFSCHETZ THEOREM FOR VAISMAN MANIFOLDS 9

(1) the tensor field J of type (1, 1), given by

g(X, JY ) = Ω(X, Y ), for X, Y ∈ X(M),

is a complex structure which is compatible with g, that is,

g(JX, JY ) = g(X, Y );

(2) the Lee 1-form ω is parallel with respect to g.

Remark 2.3. If ω is the Lee 1-form of a Vaisman manifold M then ‖ω‖ is a constant λ > 0. We will assume, without loss of generality, that ω is unitary which implies that the anti-Lee and Lee vector fields U and V also are unitary.

If (M, J, g) is a Vaisman manifold one may prove that U is parallel (and, thus, Killing), V is Killing and

[U, V ] = 0, L_U J = 0, L_V J = 0.

Moreover, under the assumption in Remark 2.3, the leaves of the foliation ω = 0 have an induced^1_2-Sasakian structure (for more details, see [7, Chapter 5]).

Now, suppose that N is a compact Sasakian manifold with Sasakian structure (ϕ, ξ, η, h) and that f : N −→ N is a contact isometry. This means that f^∗η = η, f^∗h = h, (2.7) which implies that f^∗(dη) = dη and, thus,

ϕ_{f(x)} ∘ T_xf = T_{f(x)}f ∘ ϕ_x, T_xf(ξ_x) = ξ_{f(x)}, (2.8)

for every x ∈ M, where T_xf is the tangent map to f at x.

By considering a homothetic transformation as in (2.6) we can obtain a c-Sasakian structure (ϕ, ξ, η, h^′) on N with c =^1_2. Note that f is a contact isometry also with respect to the new structure.

In addition, let α be a positive real number and N_{f,α} =

N × R Z the mapping torus of (N, ϕ, ξ, η, h^′) defined by f and α.

In Section 2.1, we constructed a Riemannian metric g on N_{f,α} from the metric h^′ on N. Moreover, using (2.7) and (2.8), we deduce that the complex structure on N × R given by (2.5) is Z-invariant. Therefore, it induces a complex structure J on N_{f,α} in such a way that (N_{f,α}, J, g) is a compact Vaisman manifold.

10 B. CAPPELLETTI-MONTANO, A. DE NICOLA, J. C. MARRERO AND I. YUDIN

Note that the exact 1-form dt on N × R is Z-invariant and it induces a closed 1-form ω on N_{f,α} which is in fact the Lee 1-form of N_{f,α}.

The anti-Lee vector field V is just the vector field on N_{f,α} which is induced by the Reeb vector field ξ, while the Lee vector field U is induced by^∂_{∂t}.

In particular, the leaves of the foliation ω = 0 are diffeomorphic to N. In fact, in [17], the authors prove the following result.

Theorem 2.4 ([17]). Let M be a compact Vaisman manifold of dimension 2n + 2. Then, there exists a compact Sasakian manifold N of dimension 2n + 1, a contact isometry f : N −→ N and a positive real number α such that M is holomorphically isometric to N_{f,α} =

N × R Z with the structure defined above.

3. Proof of Theorem 1.2

Proof : Denote by ⋆ the Hodge star isomorphism on P and by

δ = (−1)^{pk+p+1} ⋆ d ⋆

the codifferential on the space of k-forms on P . Note that (see page 97 in [8]) ⋆ ⋆ = (−1)^{k(p−k)}Id, ⋆ δ = (−1)^pd ⋆ . (3.1) Let {W_1, . . . , W_p} be a local orthonormal basis of vector fields on P and {W^1, . . . , W^p} the corresponding dual basis of 1-forms. For a k-form θ on P , we have that

dθ = p� j=1 ϵ_W j ∇_{Wj} θ, δθ = − p� j=1 i_{Wj} ∇_{Wj} θ, (3.2)

where ∇ is the Levi-Civita connection on P and ϵ_W j is the operator of the exterior multiplication by the 1-form W^j.

Using (3.2), the following result follows.

Lemma 3.1. If θ is a parallel k-form on P , then θ is harmonic.

Now, we will proceed in two steps.

First step. We will prove that if γ is a closed k-form on P which is basic with respect to W (that is, i_W γ = 0 and L_W γ = 0) and Hγ is the harmonic representative of [γ], then Hγ also is basic with respect to W and w ∧ Hγ is a harmonic (k + 1)-form.

HARD LEFSCHETZ THEOREM FOR VAISMAN MANIFOLDS 15

Let [f^∗] : H^l(N) −→ H^l(N) be the isomorphism induced by the contact isometry f : N −→ N. Now, we check that

Lef^N_k ∘[i](H^k(N)^f ) ⊂ [i](H^{2n+1−k}(N)^f ). (4.7)

Let [β]_f ∈ H^k(N)^f . Choose β^′ ∈ [β] that satisfies (4.6). Then also f^∗β^′ satisfies (4.6), as f is an automorphism of the Sasakian manifold N. Moreover, f^∗β^′ belongs to [β], since f^∗β = β. Thus we can compute Lef^N_k ([β]) using either β^′ or f^∗β^′ in (4.5). Hence

[f^∗] ∘ Lef^N_k ([β]) = [f^∗]([ϵ_ηL^{n−k}_N β^′]) = [ϵ_ηL^{n−k}_N (f^∗β^′)] = Lef^N_k ([β]).

This shows that the cohomology class Lef^N_k ([β]) is [f^∗]-invariant.

Let γ be the harmonic representative in Lef^N_k ∘[i]([β]_f ). Then f^∗γ is also a harmonic representative of the same class. Hence f^∗γ = γ, so that [γ]_f is a well-defined class in H^k(N)^f and Lef^N_k ∘[i]([β]_f ) = [i]([γ]_f). This proves (4.7).

Since [i] is a monomorphism and (4.7) holds, we can define

Lef^{N,f}_k : H^k(N)^f −→ H^{2n+1−k}(N)^f

as the unique map such that

[i] ∘ Lef^{N,f}_k = Lef^N_k ∘[i], for 0 ≤ k ≤ n. (4.8)

Since the right hand side of (4.8) is a monomorphism, we deduce that Lef^{N,f}_k is also a monomorphism.

Next, we will prove that Lef^{N,f}_k is an epimorphism.

If β^′ ∈ [β] satisfies the conditions (4.6), then also f^∗β^′ ∈ [f^∗][β] satisfies (4.6). Thus

[f^∗] Lef^N_k [β] = [f^∗][η ∧ L^{n−k}_N β^′] = [η ∧ L^{n−k}_N f^∗β^′] = Lef^N_k [f^∗][β].

Hence, [f^∗] ∘ Lef^N_k = Lef^N_k ∘[f^∗], for 0 ≤ k ≤ n. (4.9)

Now, let [γ]_f be an element in H^{2n+1−k}(N)^f .

As we know, Lef^N_k is an isomorphism (see [5]). This implies that there exists a unique [β] ∈ H^k(N) such that

Lef^N_k [β] = [i][γ]_f . (4.10)

14 B. CAPPELLETTI-MONTANO, A. DE NICOLA, J. C. MARRERO AND I. YUDIN

Condition 4.1. For every [β]_f ∈ H^k(N)^f there is β^′ ∈ [β]_f such that i_ξβ^′ = 0, L^{n−k+1}_N β^′ = 0.

Condition 4.2. For every closed f-invariant form β that satisfies Condition 4.1, one has Lef^{N,f}_k [β]_f = [ϵ_ηL^{n−k}_N β]_f .

In the next step we will prove the existence of the isomorphism (4.4). The fact that such an isomorphism satisfies Conditions 4.1 and 4.2 will be proved in the third step. Second step. Let [i] : H^l(N)^f −→ H^l(N) be the linear morphism induced by the canonical inclusion i : Ω^l(N)^f −→ Ω^l(N), 0 ≤ l ≤ 2n + 1, and let Lef^N_k : H^k(N) −→ H^{2n+1−k}(N) be the Lefschetz isomorphism associated with the Sasakian structure on N (see [5, Theorem 4.5]), which is defined as follows: Lef^N_k [β] = [η ∧ L^{n−k}_N β^′], (4.5) where β^′ is any representative of [β] ∈ H^k(N) such that i_ξβ^′ = 0, L^{n−k+1}_N β^′ = 0. (4.6) Note that such a representative β^′ exists, due to [5].

Now, we prove that [i] is a monomorphism, for all 0 ≤ l ≤ 2n + 1. In fact, assume that [β]_f ∈ H^l(N)^f and [i][β]_f = 0.

It follows that β is exact and hence β = d(Gδβ), where G is the Green operator on N. Therefore, using that f is an isometry and the fact that β ∈ Ω^k(N)^f , we obtain f^∗(Gδβ) = Gδ(f^∗β) = Gδβ.

Thus β is exact in the complex Ω^∗(N)^f and hence [β]_f = 0. Therefore [i] is a monomorphism.

HARD LEFSCHETZ THEOREM FOR VAISMAN MANIFOLDS 11

Lemma 3.2. Under the assumptions of Theorem 1.2, if α is a harmonic form, then i_W α and w ∧ α are also harmonic.

Proof : By [8, Theorem 3.7.1] we have L_W α = 0, since W is Killing and α is harmonic. As dα = 0, we get di_W α = 0, that is i_W α is closed.

Now, we compute the codifferential of i_W α. Using (3.2), we get

δi_W α = − p� j=1 i_{Wj} ∇_{Wj} i_W α.

Since W is parallel, we have � ∇_{Wj} , i_W � = i_{∇Wj W} = 0. Thus

δi_W α = p� j=1 i_W i_{Wj} ∇_{Wj} α = −i_W δα = 0.

Therefore i_W α is also coclosed and hence harmonic. The second part of the claim follows from the first by using Hodge duality.

Now, let β := γ − Hγ. By [8, Theorem 3.7.1], we get L_W Hγ = 0 as W is Killing. Since γ is basic, we obtain that L_W β = 0. Since β is exact, by Hodge theory we have dGδβ = β, where G denotes the Green operator on P . As δHγ = 0, we get dGδγ = γ − Hγ. (3.3) Let us apply i_W to both sides of (3.3). We get

i_W Hγ = −i_W dGδγ = −L_W Gδγ+di_W Gδγ = −GδL_W γ+di_W Gδγ = di_W Gδγ,

where we use that L_W commutes with G and δ, because W is Killing. Therefore, i_W Hγ is exact. But it is also harmonic by Lemma 3.2. Hence i_W Hγ = 0. This shows that Hγ is basic. Moreover, the form w ∧ Hγ is harmonic by Lemma 3.2.

Second step. We will prove that the map

[(Id, ϵ_w)] : H^k_B(P ) ⊕ H^{k−1}_B (P ) −→ H^k(P )

defined by (1.1) is an isomorphism.

Since w is a parallel 1-form, we have that w is closed by Lemma 3.1. This implies that the map [(Id, ϵ_w)] is a well-defined linear morphism.

Next, denote by Hγ the harmonic representative of a closed k-form γ on P . Note that [Hγ] = [γ]. (3.4)

12 B. CAPPELLETTI-MONTANO, A. DE NICOLA, J. C. MARRERO AND I. YUDIN

Then, we can consider the map

([H − ϵ_wi_W H]_B, [i_W H]_B) : H^k(P ) −→ H^k_B(P ) ⊕ H^{k−1}_B (P ) (3.5)

defined by

([H − ϵ_wi_W H]_B, [i_W H]_B)[γ] = ([Hγ − w ∧ i_W Hγ]_B, [i_W Hγ]_B). (3.6)

First of all, we show that this map is well defined. In fact, we have that

[γ] = [γ^′] ⇒ Hγ = Hγ^′. (3.7)

This implies that the right hand side of (3.6) does not depend on the choice of the representative in the cohomology class [γ]. It is left to check that the forms Hγ − w ∧ i_W Hγ and i_W Hγ are basic and closed. It follows from Lemma 3.2 that they are harmonic and, hence, closed. It is obvious that Hγ − w ∧ i_W Hγ and i_W Hγ are in the kernel of i_W . Thus both of them are closed and basic, and the map (3.5) is well defined.

Now, from (3.4), it follows that

[(Id, ϵ_w)] ∘ ([H − ϵ_wi_W H]_B, [i_W H]_B) = Id.

Therefore the map [(Id, ϵ_w)] is surjective. Next, let β ∈ Ω^k_B(M) and β^′ ∈ Ω^{k−1}_B (M) be closed basic forms. Using Lemma 3.2, we deduce that Hβ + w ∧ Hβ^′ ∈ [β + w ∧ β^′] is a harmonic form, and thus

H(β + w ∧ β^′) = Hβ + w ∧ Hβ^′. (3.8)

Now, from (3.8) and since Hβ, Hβ^′ are basic (see Step 1), we conclude that

([H − ϵ_wi_W H], [i_W H]) ∘ [(Id, ϵ_w)] = Id.

This proves that the map [(Id, ϵ_w)] is a injection and, thus, an isomorphism.

4. Proof of Theorem 1.3

Thanks to Theorem 2.4, it is sufficient to prove the result for the case when M is a mapping torus of a compact Sasakian manifold N. We will denote by L_N the exterior multiplication by the 2-form^1_2dη, acting on the space of forms on N.

We will proceed in three steps.

First step. We will show that the claim of Theorem 1.3 follows from an analogous statement for the cohomology of invariant forms on the Sasakian manifold N.

HARD LEFSCHETZ THEOREM FOR VAISMAN MANIFOLDS 13

Let Ω^k(N)^f be the subspace of k-forms on N which are f-invariant. Denote by pr_1 : N × R −→ N the canonical projection on the first factor.

We have that if β ∈ Ω^k(N)^f then the k-form pr^∗_1 β on N × R is Z-invariant. Thus, there exists a unique basic k-form ^β on N_{f,α} such that τ^∗_{f,α} ^β = pr^∗_1 β, (4.1) where we recall that τ_{f,α} : N ×R −→ N_{f,α} =^{N×R}_Z is the canonical projection.

On the other hand, it is clear that d(Ω^k(N)^f ) ⊆ Ω^{k+1}(N)^f .

Therefore, we can consider the subcomplex . . . −→ Ω^{k−1}(N)^{f d}−→ Ω^k(N)^{f d}−→ Ω^{k+1}(N)^f −→ . . .

of the de Rham complex of M and the corresponding cohomology H^∗(N)^f . For a closed β ∈ Ω^k(N)^f , we write [β]_f for the corresponding class in H^∗(N)^f .

Denote by Ω^l_B(N_{f,α}) the subspace of l-forms which are basic with respect to the Lee vector field U of N_{f,α}, that is Ω^l_B(N_{f,α}) = {γ ∈ Ω^l(N_{f,α}) | i_U γ = 0, L_U γ = 0}.

Then, the basic de Rham cohomology complex is

. . . −→ Ω^{l−1}_B (N_{f,α})^d−→ Ω^l_B(N_{f,α})^d−→ Ω^{l+1}_B (N_{f,α}) −→ . . .

We recall that U is the vector field on N_{f,α} which is induced by the Z-invariant vector field^∂_{∂t} on N × R. Using this fact, it is easy to prove that the map ^ : Ω^∗(N)^f −→ Ω^∗_B(N_{f,α}) (4.2) defined by (4.1) is an isomorphism of chain complexes. Moreover, the map (4.2) has the following compatibility properties with respect to the action of the operators ϵ_η, i_ξ, L_N on Ω^k(N)^f and ϵ_η, i_V , L on Ω^k_B(N_{f,α}):

�L_N β = L^β, ^ϵ_ηβ = ϵ_η ^β, ^i_ξβ = i_V ^β. (4.3) In addition, using this isomorphism, we see that for proving the claim of the theorem it is enough to prove that there exists an isomorphism Lef^{N,f}_k : H^k(N)^f −→ H^{2n+1−k}(N)^f (4.4) and that the following properties hold: