Pré-Publicações do Departamento de Matemática Universidade de Coimbra Preprint Number 15–50

CHARACTERIZATIONS OF Δ-VOLTERRA LATTICE: A SYMMETRIC ORTHOGONAL POLYNOMIALS INTERPRETATION

I. AREA, A. BRANQUINHO, A. FOULQUIÉ MORENO AND E. GODOY

Abstract: In this paper we introduce the Δ-Volterra lattice which is interpreted in terms of symmetric orthogonal polynomials. It is shown that the measure of orthogonality associated with these systems of orthogonal polynomials evolve in t like (1+x^2)^{1−t}μ(x) where μ is a given positive Borel measure. Moreover, the Δ-Volterra lattice is related to the Δ-Toda lattice from Miura or Bäcklund transformations. The main ingredients are orthogonal polynomials which satisfy an Appell condition with respect to the forward difference operator Δ and the characterization of the point spectrum of a Jacobi operator that satisfies a Δ-Volterra equation (Lax type theorem). We also provide an explicit example of solutions of Δ-Volterra and Δ-Toda lattices, and connect this example with the results presented in the paper.

Keywords: Orthogonal polynomials, Difference operators, Operator theory, Toda lattices.

AMS Subject Classification (2010): 33C45, 37K10, 65Q10.

1. Introduction

Nonlinear evolution equations have been used as models to describe various physical phenomena as shallow water waves and ion-acoustic waves in plasmas. In 1967, M. Toda [28] introduced a model, that he named as exponential lattice, for a one-dimensional crystal in solid state physics with a nearest neighbor interaction, with potential

ϕ(r) = a b exp(−r) + ar + const. , a, b > 0 ,

Received November 16, 2015.

The work of IA and EG has been partially supported by the Ministerio de Economía y Competitividad of Spain under grant MTM2012–38794–C02–01, co-financed by the European Community fund FEDER. AB acknowledges Centro de Matemática da Universidade de Coimbra (CMUC)– UID/MAT/00324/2013, funded by the Portuguese Government through FCT/MEC and co-funded by the European Regional Development Fund through the Partnership Agreement PT2020. AFM was supported in part by Portuguese funds through the CIDMA– Center for Research and Development in Mathematics and Applications (University of Aveiro) and the Portuguese Foundation for Science and Technology (“FCT– Fundação para a Ciência e a Tecnologia”) within project UID/MAT/04106/2014. 1

2 AREA, BRANQUINHO, FOULQUIÉ AND GODOY

such that the particles are subject to

dp_k(t) dt = exp(q_{k−1}(t) − q_k(t)) − exp(q_k(t) − q_{k+1}(t)), dq_k(t) dt = p_k(t) ,

where q_k(t) and p_k(t) are the displacement of the k-th particle from its equilibrium position, and its momentum, respectively and the mass is assumed to be equal to the unity [5]. The latter Toda lattice describe the oscillations of an infinite system of points joined by spring masses, where the interaction is exponential in the distance between two spring masses [29]. Later on, Henón [13] and Flaschka [10] proved that the non–periodic Toda lattice is a completely Hamiltonian integrable system, with Hamiltonian function

H(q_1, . . . , q_m, p_1, . . . , p_m) = 1 2 m∑ n=1 p^2_n + m−1∑ n=1 exp ( q_n − q_{n+1} ) . By using the Flaschka transformation

a_n(t) = exp ( q_{n−1}(t) − q_n(t) ) , b_n(t) = dq_n(t) dt , the semi-infinite Toda lattice in one time variable is the system of ordinary differential equations

a_{−1}(t) ≡ 0 , a_0(t) ≡ 1 , da_n(t) dt = a_n(t) ( b_{n−1}(t) − b_n(t) ) , db_n(t) dt = a_n(t) − a_{n+1}(t) , n ∈ N . (1)

The Toda lattice is integrable in the sense of Liouville and it is mainly a theoretical mathematical model due to the rich mathematical structure encoded in it.

There exists a closed relation between the Toda system (1) and orthogonal polynomials shown by Moser [22, 23] and Kac and Moerbecke [15], that we briefly describe. Let t_0 ∈ R and μ(x; t_0) be a measure such that all the moments u_n = ∫ R x^n dμ(x; t_0) , n ∈ N , (2)

exist and are finite, and P_n(x) be the sequence of monic orthogonal polynomials with respect to μ(x; t_0), ∫ R P_n(x)P_m(x) dμ(x; t_0) = h^2_n δ_{n,m} ,

CHARACTERIZATIONS OF Δ-VOLTERRA LATTICE 3

where δ_{i,j} denotes the Kronecker delta. As it is very well-known [7, 14, 27], the monic polynomials P_n(x; t_0) ≡ P_n(x) satisfy a three-term recurrence relation

P_{n+1}(x) = (x − b_n)P_n(x) − a_nP_{n−1}(x) ,

with initial conditions P_0(x) = 1 and P_1(x) = x − b_0.

The dynamic of the solutions of the Toda lattice (1) corresponds to the evolution of the spectral measure [23, 24],

dμ(x; t) = exp(−xt)dμ(x, t_0) ∫ exp(−xt)dμ(x, t_0) , of a operator J(t) , defined in the standard basis of ℓ_2(0, ∞) ,

e_k = (0, . . . , 0, 1, 0, . . . )^T , k ∈ N ,

by a Jacobi matrix

J(t) = ( J_{i,j}(t) ) = b_0(t) 1 0 a_1(t) b_1(t) 1 0

0 a_2(t) b_2(t) 1 ...

... ... ... ...

, (3)

where the monic polynomials P_n(x; t) orthogonal with respect to the modified weight μ(x; t) satisfy

P_{n+1}(x; t) = (x − b_n(t))P_n(x; t) − a_n(t)P_{n−1}(x; t) , n = 1, . . . , (4)

with initial conditions P_0(x; t) = 1 and P_1(x; t) = x − b_0(t).

Let P be the column vector of monic orthogonal polynomials, i.e. P = (P_0, P_1, . . .)^T, with respect to a linear functional u(t), defined in terms of its moments (2) by (cf. [19])

u(t) : P → R , with ⟨ u(t), x^n ⟩ = u_n(t) , n ∈ N ,

and J(t) the corresponding Jacobi matrix (3). Then, the recurrence relation for the monic orthogonal polynomials can be written as

J(t) P = x P .

Next, we define the Stieltjes function [24], S(z; t) = e^T_0 R_z(t) e_0 , for the resolvent operator, R_z(t) = [ J(t) − z I

]_{−1}

, associated with the operator J(t) (cf. [1]). We shall assume that linear functional, u(t), is normalized, i.e.

u_0(t) = 1 . (5)

4 AREA, BRANQUINHO, FOULQUIÉ AND GODOY

By using (cf. [3]) ⟨ u(t), x^n ⟩ = J^n_{1,1}(t) , n ∈ N , the Stieltjes function reads as

S(z; t) = e^T_0 R_z(t) e_0 = e^T_0 [ J(t) − z I

]_{−1} e_0 = e^T_0 ∞∑ n=0 J(t)^n z^{n+1} e_0 = ∞∑ n=0 J^n_{1,1}(t) z^{n+1} = ∞∑ n=0 u_n(t) z^{n+1} = ⟨ u(t), 1 z − x ⟩ . A difference analogue of a Korteweg-de Vries equation,

a_1(t) ≡ 0 , da_n(t) dt = a_n(t) ( a_{n+1}(t) − a_{n−1}(t) ) , n = 2, 3, . . . ,

is called Langmuir lattice, due to its applications in modeling Langmuir oscillations in plasmas [12] or finite difference KDV equation [25], whose dynamic is given by

dμ(x; t) = exp(−x^2t)dμ(x, t_0) ∫ exp(−x^2t)dμ(x, t_0)

. (6)

In [12] it was studied the construction of a solution of the Toda lattice da_n(t) dt = a_n(t) ( b_{n−1}(t) − b_n(t) ) , db_n(t) dt = a_n(t) − a_{n+1}(t) , n ∈ Z, (7)

from another given solution, considering sequences {a_n(t)}_{n∈Z}, {b_n(t)}_{n∈Z}, of real functions. Both solutions of (7) were linked by Bäcklund or Miura transformations

a_n(t) = γ_{2n}(t)γ_{2n−1}(t) , b_n(t) = γ_{2n+1}(t) + γ_{2n}(t) + c , n ∈ Z, ã_n(t) = γ_{2n+1}(t)γ_{2n}(t) , b̃_n(t) = γ_{2n+2}(t) + γ_{2n+1}(t) + c , n ∈ Z , with c an arbitrary complex constant independent of t and where {γ_n(t)}_{n∈Z} is a solution of the Volterra lattice or Langmuir lattice (cf. [25, Theorem 1]) γ̇_{n+1}(t) = γ_{n+1}(t) ( γ_{n+2}(t) − γ_n(t) ) , n ∈ Z . (8) This Volterra system, also known as the KM system, was solved in [15] using a discrete version of the inverse scattering method. The Lax pair for (8) can be found in [23]. There exists a relation, first discovered by Hénon,

CHARACTERIZATIONS OF Δ-VOLTERRA LATTICE 21

[26] F. Pekherstorfer, V. P. Spiridonov, and A. S. Zhedanov. Toda chain, the Stieltjes function, and orthogonal polynomials. Teoret. Mat. Fiz., 151(1):81–108, 2007.

[27] G. Szegő. Orthogonal polynomials. American Mathematical Society, Providence, R.I., fourth edition, 1975. American Mathematical Society, Colloquium Publications, Vol. XXIII.

[28] M. Toda. Vibration of a chain with nonlinear interaction. J. Phys. Soc. Jpn., 22(2):431–436, 1967.

[29] M. Toda. Theory of nonlinear lattices, volume 20 of Springer Series in Solid-State Sciences.

Springer-Verlag, Berlin, second edition, 1989.

I. Area Departamento de Matemática Aplicada II, E.E. Telecomunicación, Universidade de Vigo, 36310-Vigo, Spain.

E-mail address: area@uvigo.es

A. Branquinho CMUC, Department of Mathematics, University of Coimbra, Apartado 3008, EC Santa Cruz, 3001-501 COIMBRA, Portugal. E-mail address: ajplb@mat.uc.pt

A. Foulquié Moreno CIDMA, Department of Mathematics, University of Aveiro, Campus de Santiago, 3810– 193 Aveiro, Portugal. E-mail address: foulquie@ua.pt

E. Godoy Departamento de Matemática Aplicada II, E.E. Industrial, Universidade de Vigo, Campus Lagoas-Marcosende, 36310 Vigo, Spain. E-mail address: egodoy@dma.uvigo.es

20 AREA, BRANQUINHO, FOULQUIÉ AND GODOY

[4] I. Area, A. Branquinho, A. Foulquié Moreno and E. Godoy. Orthogonal polynomial interpretation of Δ-Toda equations. submitted. (Pré-publicações do Departamento de Matemática Universidade de Coimbra 14-25 (2014)).

[5] G. Ariznabarreta and M. Mañas. Multivariate orthogonal polynomial and integrable systems.

arXiv:1409.0570, 2014.

[6] D. Barrios Rolanía and A. Branquinho, Complex high order Toda and Volterra lattices. J.

Difference Equ. Appl., 15(2):197–213, 2009.

[7] T. S. Chihara. An introduction to orthogonal polynomials. Gordon and Breach Science Publishers, New York, 1978.

[8] P. A. Damianou. The Volterra model and its relation to the Toda lattice. Phys. Lett. A, 155(2–3):126–132, 1991.

[9] P. A. Damianou and R. L. Fernandes. From the Toda lattice to the Volterra lattice and back.

Rep. Math. Phys., 50(3):361–378, 2002.

[10] H. Flaschka. The Toda lattice I. Existence of integrals. Phys. Rev. B, 9:1924–1925, 1974. [11] C. S. Gardner, J. M. Greene, M. D. Kruskal, and R. M. Miura. Method for solving the Korteweg-de Vries equation. Phys. Rev. Lett., 19:1095–1097, 1967.

[12] F. Gesztesy, H. Holden, B. Simon, and Z. Zhao, On the Toda and Kac-van Moerbeke systems.

Trans. Amer. Math. Soc., 339(2):849–868, 1993.

[13] M. Henón. Integrals of the Toda lattice. Phys. Rev. B, 9:1921–1923, 1974. [14] M. E. H. Ismail. Classical and quantum orthogonal polynomials in one variable, volume 98 of Encyclopedia of Mathematics and its Applications. Cambridge University Press, Cambridge, 2005.

[15] M. Kac and P. van Moerbeke. On an explicitly soluble system of nonlinear differential equations related to certain Toda lattices. Adv. Math., 16(2):160–169, 1975.

[16] R. Koekoek, P. A. Lesky, and R. F. Swarttouw. Hypergeometric orthogonal polynomials and their q-analogues. Springer Monographs in Mathematics. Springer-Verlag, Berlin, 2010.

[17] P. D. Lax. Linear algebra and its applications. Pure and Applied Mathematics (Hoboken).

Wiley-Interscience [John Wiley & Sons], Hoboken, NJ, second edition, 2007. [18] D. Levi. Nonlinear differential difference equations as Bäcklund transformations. J. Phys. A:

Math. Gen., 14(5):1083–1098, 1981.

[19] P. Maroni. Prolégomènes à l’étude des polynômes orthogonaux semi-classiques. Ann. Mat.

Pura Appl., 149(1):165–184, 1987.

[20] M. Masjed–Jamei. A basic class of symmetric orthogonal polynomials using the extended Sturm-Liouville theorem for symmetric functions. J. Math. Anal. Appl., 325(2):753–775, 2007.

[21] R. M. Miura. Korteweg–de Vries equation and generalizations. I. A remarkable explicit nonlinear transformation. J. Mathematical Phys., 9:1202–1204, 1968.

[22] J. Moser. Finitely many mass points on the line under the influence of an exponential potential– an integrable system. Dynamical systems, theory and applications (Rencontres, Battelle Res. Inst., Seattle, Wash., 1974), pp. 467–497. Lecture Notes in Phys., Vol. 38, Springer, Berlin, 1975.

[23] J. Moser. Three integrable Hamiltonian systems connected with isospectral deformations. Adv.

Math., 16:197–220, 1975.

[24] E. M. Nikishin and V. N. Sorokin. Rational approximations and orthogonality, volume 92 of Translations of Mathematical Monographs. American Mathematical Society, Providence, RI, 1991.

[25] F. Peherstorfer. On Toda lattices and orthogonal polynomials. J. Comput. Appl. Math., 133(1– 2):519–534, 2001.

CHARACTERIZATIONS OF Δ-VOLTERRA LATTICE 5

between the Volterra system and the non–periodic Toda lattice (cf. [8, 23] for more details).

In [6], this kind of analysis has been generalized to the full hierarchy of Toda and Volterra lattices studied in [1, 2] (cf. also [9]).

Recently in [4], the following system of nonlinear difference equations, named Δ-Toda lattice:

Δ_ta_n(t) = α^n_1 (t) ( b_{n−1}(t) − b_n(t + 1) ) , Δ_tb_n(t) = α^n_1 (t) − α^{n+1}_1 (t) , n ∈ N , (9)

and his characterization has been presented, where

α^n_1 (t) = g_n(t) b_0(t + 1) + 1

, and g_n(t) = n∏ k=1 a_k(t + 1) a_{k−1}(t) , assuming that b_0(t + 1) + 1 ≠ 0 and a_0(t) = 1, where the forward difference operator Δ_t is defined by

Δ_tg(t) = g(t + 1) − g(t) .

The Δ-Toda lattice (9) can be written in a Lax-type representation as a first–order linear difference system

Δ_tJ(t) = A(t) J(t) − J(t + 1) A(t) ,

where

A(t) = b_0(t + 1) 0 g_1(t) b_0(t + 1) 0 0 g_2(t) b_0(t + 1) ...

... ... ... ,

and J(t) was defined in (3). Let us now introduce the Δ-Volterra lattice (or Δ-Langmuir lattice) by means of a new Lax–type pair representation

Δ_tΓ(t) = B(t) Γ(t) − Γ(t + 1) B(t) , (10)

where

Γ(t) = ( Γ_{i,j}(t) ) = 0 1 0 γ_1(t) 0 1 0 0 γ_2(t) 0 1 ...

... ... ... ...

, (11)

6 AREA, BRANQUINHO, FOULQUIÉ AND GODOY

B(t) = γ_1(t + 1) 0 0 γ_1(t + 1) 0 η_1(t) 0 γ_1(t + 1) ...

0 η_2(t) 0 ...

... ... ...

, (12)

and η_1(t) = γ_1(t+1)γ_2(t+1) , η_n(t) = γ_1(t + 1) · · · γ_{n+1}(t + 1) γ_1(t) · · · γ_{n−1}(t)

, n = 2, . . . , (13)

with 1 + γ_1(t + 1) ≠ 0 and γ_n(t) ≠ 0.

The main goal of this work is to obtain characterizations of the Δ-Volterra lattice (10). This will be done in terms of the moments for the associated linear functional, the Stieltjes function, and in terms of the Appell type equation that these families of symmetric orthogonal polynomials satisfy. Besides, it is shown that the solutions of Δ-Toda lattice (9) are connected to Δ-Volterra lattice (10) through Miura or Bäcklund transformations [12, 18].

The structure of the paper is the following: In section 2, we present the main theorem of the Δ-Volterra lattices. We give a representation of the symmetric orthogonality functional and a Lax-type theorem. In section 3, we present the connection between the Bäcklund or Miura transformations in terms of the theory of orthogonal polynomials. Finally, in section 4, an explicit example of solutions of Δ-Volterra and Δ-Toda lattices related to Jacobi polynomials is given, and connected with the results presented in this paper.

2. Δ-Volterra system

Let us consider the following Δ-Volterra lattice (or Δ-Langmuir lattice) equivalent to (10):

Δ_tγ_1(t) = − γ_1(t + 1)γ_2(t + 1) 1 + γ_1(t + 1) , Δ_tγ_n(t) = γ_n(t + 1) · · · γ_1(t + 1) ( γ_{n−1}(t) − γ_{n+1}(t + 1) ) (1 + γ_1(t + 1))γ_{n−1}(t) · · · γ_1(t)

, n = 2, . . .

(14)

assuming that 1 + γ_1(t + 1) ≠ 0 and γ_n(t) ≠ 0.

We shall also consider the backward difference operator, ∇_t, defined by

∇_tg(t) = g(t) − g(t − 1) .

CHARACTERIZATIONS OF Δ-VOLTERRA LATTICE 19

In a similar way, using the transformations (29) we obtain the new recurrence coefficients

ã_n(t) =

4n(2n + 1)(2n − 2t + 3)(n − t + 1) (4n − 2t + 1)(4n − 2t + 3)^2(4n − 2t + 5)

, n = 1, . . . ,

b̃_n(t) = −4n(2n − 2t + 5) + 6t − 9

(4n − 2t + 3)(4n − 2t + 7)

, n ∈ N , t ≠ 1 ,

which also satisfy the chain of difference equations (9) for the Δ-Toda lattice. The monic polynomials {P̃_n(x; t)}_{n∈N} generated by P̃_{−1}(x; t) = 0,P̃_0(x; t) = 1, P̃_n(x; t) = (x − b̃_{n−1}(t))P̃_{n−1}(x; t) − ã_{n−1}(t)P̃_{n−2}(x; t), n = 1, . . . ,

can be identified in terms of monic shifted Jacobi polynomials (30) as P̃_n(x; t) = (−1)^n G^{(1−t,1/2)}_n (−x) , n ∈ N .

Thus, y(x) = P̃_n(x; t) is solution of the equation of hypergeometric type

x(1 + x) y^{′′}(x) + 1 2 ((7 − 2t)x + 3) y^′(x) − 1 2 n(2n − 2t + 5) y(x) = 0 ,

and their polynomial solutions have the orthogonality property ∫_0 −1 (1 + x)^{1−t} √ −x P̃_n(x; t) P̃_m(x; t) dx = √ π 2^{−4n+2t−3}Γ(2n + 2)Γ

(_7 2 − t ) Γ(2n − 2t + 4) Γ(2 − t)Γ ( 2n − t +^5_2 ) Γ ( 2n − t +^7_2

) δ_{n,m} ,

n, m ∈ N, for t <^3_2 . It is easy to verify that in this case the new solution P̃_n(x; t) coincides with the monic kernel polynomials corresponding to {P_n(x; t)}_{n∈N} defined in (31), i.e. P̃_n(x; t) = Q_n(x; t), n ∈ N .

References

[1] A. I. Aptekarev and A. Branquinho. Padé approximants and complex high order Toda lattices.

J. Comput. Appl. Math., 155(2):231–237, 2003.

[2] A.I. Aptekarev, A. Branquinho, F. Marcellán. Toda-type differential equations for the recurrence coefficients of orthogonal polynomials and Freud transformation. J. Comput. Appl. Math., 78:139–160, 1997.

[3] A. I. Aptekarev, V. Kaliaguine, and W. Van Assche. Criterion for the resolvent set of nonsymmetric tridiagonal operators. Proc. Amer. Math. Soc., 123(8):2423–2430, 1995.

18 AREA, BRANQUINHO, FOULQUIÉ AND GODOY

Using the Miura transformations (28) we obtain explicitly the sequences

a_n(t) =

4n(2n − 1)(2n − 2t + 1)(n − t + 1) (4n − 2t − 1)(4n − 2t + 1)^2(4n − 2t + 3)

, n = 1, . . . ,

b_n(t) =

−4n(2n − 2t + 3) + 2t − 1 (4n − 2t + 1)(4n − 2t + 5)

, n ∈ N , t ≠ 1 ,

which are solutions of the Δ-Toda lattice defined in (9).

The sequence of monic polynomials {P_n(x; t)}_{n∈N} defined by the three term recurrence relation (4) can be identified in terms of monic shifted Jacobi polynomials

G^{(α,β)}_n (x) =

(−1)^n(β + 1)_n (α + β + n + 1)_n^2

F_1(−n, α+β+n+1; β+1; x), α, β > −1, (30) as P_n(x; t) = (−1)^n G^{(1−t,−1/2)} n (−x) , n ∈ N , and moreover y(x) = P_n(x; t) obey the following second order differential equation

x(1 + x)y^{′′}(x) + 1 2 ((5 − 2t)x + 1)y^′(x) − 1 2 n(2n − 2t + 3)y(x) = 0 .

Thus, the following orthogonality relation holds,

∫_0 −1 (1 + x)^{1−t} √ −x P_n(x; t)P_m(x; t) dx = √ π 4^{−2n+t−1}Γ(2n + 1)Γ

(_5 2 − t ) Γ(2n − 2t + 3) Γ(2 − t)Γ ( 2n − t +^3_2 ) Γ ( 2n − t +^5_2

) δ_{n,m} ,

n, m ∈ N, for t <^3_2. It is easy to verify that in this case

R_{2n}(x; t) = P_n(x^2; t), R_{2n+1}(x; t) = x Q_n(x^2; t) , n ∈ N , where the polynomials Q_n(x; t) are obtained from the polynomials P_n(x; t) by the Christoffel transformation, [7]:

Q_n(x; t) =

P_{n+1}(x; t) − ψ_n(t) P_n(x; t) x , (31)

where

ψ_n(t) =

P_{n+1}(0; t) P_n(0; t) = − (2n + 1)(2t − 2n − 3) (2t − 4n − 3)(2t − 4n − 5)

, n ∈ N .

CHARACTERIZATIONS OF Δ-VOLTERRA LATTICE 7

Theorem 1. Let us assume that the sequence {γ_n(t)}_{n∈N} is uniformly bounded. The following conditions are equivalent:

(1) The Jacobi matrix Γ(t) defined in (11) satisfies the matrix difference equation (10).

(2) The moments u_n(t) associated to a symmetric functional u(t), defined by (2), satisfy Δ_tu_n(t) = −u_{n+2}(t + 1) + u_2(t + 1)u_n(t) , when n is even , (15) since u_{2n+1}(t) = 0.

(3) The Stieltjes function associated with Γ(t) satisfies

Δ_tS(z; t) = −z^2 S(z; t + 1) + u_2(t + 1)S(z, t) + z . (16) (4) The linear functional u(t) associated with Γ(t) satisfies Δ_tu(t) = −x^2 u(t + 1) + u_2(t + 1)u(t) . (17) (5) The sequence of monic symmetric polynomials, {R_n(x; t)}_{n∈N}, orthogonal with respect to the functional u(t) associated with Γ(t) satisfy an Appell type property Δ_tR_n(x; t) = α^n_2 (t) R_{n−2}(x; t) , (18) where α^n_2 (t) = ⟨ u(t + 1), x^nR_n(x; t + 1) ⟩ (1 + u_2(t + 1)) ⟨ u(t), x^{n−2}R_{n−2}(x; t) ⟩ = η_{n−1}(t) 1 + γ_1(t + 1)

, (19)

for n = 2, . . ., and η_n(t) was defined in (13). Proof : (1) ⇒ (2). By induction it can be proved that Δ_tΓ^n(t) = B(t) Γ^n(t) − Γ^n(t + 1) B(t) , (20) where B(t) is defined in (12). By using (2) e^T_0 Δ_tΓ^n(t) e_0 = Δ_t ( e^T_0 Γ^n(t) e_0 ) = Δ_tu_n(t) , where e^T_0 = (1, 0, . . . ). Moreover, from (20) we have e^T_0 Δ_tΓ^n(t) e_0 = γ_1(t + 1) Γ^n_{1,1}(t) − ( Γ^n_{1,1}(t + 1) γ_1(t + 1) + Γ^n_{1,3}(t + 1) η_1(t) ) = u_2(t + 1)u_n(t) − u_{n+2}(t + 1) , because γ_1(t+1) = Γ^2_{1,1}(t+1) = u_2(t+1) and as a consequence of the product of matrices η_1(t) = Γ^2_{3,1}(t+1) = γ_1(t+1)γ_2(t+1), which completes the proof.

8 AREA, BRANQUINHO, FOULQUIÉ AND GODOY

Moreover, from (10) we obtain

η_n(t) = γ_{n+1}(t + 1)

γ_{n−1}(t) η_{n−1}(t) , n = 2, . . . ,

and ( 1 + γ_1(t + 1) ) Δ_tγ_1(t) = −η_1(t) ( 1 + γ_1(t + 1) ) Δ_tγ_n(t) = η_{n−1}(t) − η_n(t) , n = 2, . . . ,

(21)

what leads to the Δ-Volterra lattice (14).

(2) ⇒ (3). From (15), then

Δ_tS(z; t) = ∞∑ n=0 Δ_tu_n(t) z^{n+1}

= −z^2 ∞∑ n=0 u_{n+2}(t + 1) z^{n+3}

+ u_2(t + 1) ∞∑ n=0 u_n(t) z^{n+1}

where we have used that u_0(t + 1) = 1 and u_1(t + 1) = 0. As a consequence, we obtain (16).

(3) ⇒ (4). By using

S(z; t) = ⟨ u(t), 1 z − x ⟩ , and (5), if we apply the Δ_t operator, we have that the equation (16) reads as

Δ_tS(z; t) = ⟨ Δ_tu(t), 1 z − x ⟩

= −z^2 ⟨ u(t + 1), 1 z − x ⟩ + u_2(t + 1) ⟨ u(t), 1 z − x ⟩ + z = ⟨ u(t + 1),

−z^2 z − x

+ z + x ⟩ + u_2(t + 1) ⟨ u(t), 1 z − x ⟩

= ⟨ u(t + 1),

−x^2 z − x ⟩ + u_2(t + 1) ⟨ u(t), 1 z − x ⟩ , which implies ⟨ Δ_tu(t) + x^2 u(t + 1) − u_2(t + 1)u(t), 1 z − x ⟩ = 0 ,

and so, all the moments for the linear functional Δ_tu(t) + x^2 u(t + 1) − u_2(t + 1) u(t) are zero, and (17) is obtained.

Moreover, we have ( 1 + u_2(t + 1) ) Δ_tu(t) = ( − x^2 + u_2(t + 1) ) u(t + 1) .

CHARACTERIZATIONS OF Δ-VOLTERRA LATTICE 17

Let us consider the sequence {γ_n(t)}_{n∈N} defined by

γ_n(t) = − n(n − 2t + 2) (2n − 2t + 1)(2n − 2t + 3)

, n = 1, . . . , γ_0(t) = 1 , t ≠ 1 ,

which is solution of the Δ-Volterra equations (14).

The sequence of monic symmetric polynomials {R_n(x; t)}_{n∈N} which satisfy the three term recurrence relation (24) are explicitly given, for n ∈ N, by

R_n(x; t) = ( −^i_2

)_n

n! C

(_3

2 −t ) n (ix) (_3 2 − t ) n = x^n_2F_1 (1 2 ( (−1)^n − 2 [n 2 ]) , − [n 2 ] ; t +

(−1)^n 2 − 2 [n 2 ] − 1; − 1 x^2 ) , t < 3 2 , where C^{(λ)}n (x) are the Gegenbauer (or ultraspherical) polynomials defined in [16, (9.8.19)] and [ x ] gives the integer part of x.

These polynomials are orthogonal with respect to the normalized linear functional

u(t) = − i ( x^2 + 1

)_{1−t} Γ (_5 2 − t ) √ π Γ(2 − t) = κ̃ ( 1 + x^2

)_{1−t} , i.e., for all n, m ∈ N,

∫_i −i κ̃ ( 1 + x^2

)_{1−t} R_n(x; t)R_m(x; t) dx = ( −^1_4

)_n

Γ(n + 1) ( 3 − 2t ) n (_3 2 − t ) n (_5 2 − t ) n δ_{nm}, t < 3 2 . The sequence of orthogonal polynomials {R_n(x; t)}_{n∈N} coincides with the monic orthogonal polynomials sequence defined in [20, (17)] for r = 4 − 2t, s = 0, p = 1 and q = 1 or with the polynomials defined in [20, (86)] with a = 0 and b = t − 1. It is shown that they are also finitely orthogonal with respect to the second kind of beta weight function x^{−2a}(1 + x^2)^{−b} on (−∞, ∞).

Observe that the difference equation (18) can be written as

Δ_tR_n(x; t) =

(n − 1)n (−2n + 2t − 1)(−2n + 2t + 1)

R_{n−2}(x; t) , n = 2, . . . .

16 AREA, BRANQUINHO, FOULQUIÉ AND GODOY

As a consequence, if {a_n(t)}_{n∈N} and {b_n(t)}_{n∈N} are solution of the Δ-Toda lattice defined in (9), then from Lemma 2 we construct a solution of the Δ-Volterra lattice (14) denoted by {γ_n(t)}_{n∈N}. Now, from Lemma 1 and these coefficients {γ_n(t)}_{n∈N} we construct another solution {ã_n(t)}_{n∈N} and {b̃_n(t)}_{n∈N} of the Δ-Toda lattice defined in (9).

Let us denote by Γ_n(t) the finite submatrix formed by the first n rows and columns of Γ(t). We may summarize these results as follows, which is a Δ_t-analogue of [6, Theorem 1.3], where the full Toda and Volterra hierarchy has been considered.

Theorem 4. Let us consider the family {Γ(t), t ∈ R}, of tridiagonal infinite matrices defined in (11) and let c ∈ C be such that det(Γ_n(t) − c I_n) ≠ 0, for each n ∈ N and for all t ∈ R. Then there exists a sequence {γ_n(t)}_{n∈N}, t ∈ R, solution of (14) and there exists a pair of two sequences {a_n(t)}_{n∈N}, {b_n(t)}_{n∈N}, and {ã_n(t)}_{n∈N}, {b̃_n(t)}_{n∈N}, t ∈ R, solutions of (9) such that (28) and (29) hold.

Moreover, for each c ∈ C in the above conditions, the sequences {γ_n(t)}_{n∈N}, {a_n(t)}_{n∈N}, {b_n(t)}_{n∈N}, and {ã_n(t)}_{n∈N}, {b̃_n(t)}_{n∈N} are the unique sequences verifying (28) and (29).

Notice that the condition det(Γ_n(t)−c I_n) ≠ 0, is equivalent to P_n(c; t) ≠ 0 for the monic polynomials P_n(x; t) defined by (4) [7, 24, 27].

4. Example: Modified Legendre functional

Let us consider ⟨ v, p(x) ⟩ = 1 2i ∫_i −i p(x) dx ,

the Legendre linear functional on [−i, i] normalized to have first moment equal to one, and let us consider the functional

u(t) = 2 Γ (_5 2 − t ) √ π Γ(2 − t)

(1 + x^2)^{1−t} v .

Then, the even moments are explicitly given by

u_{2n}(t) =

(−1)^n Γ ( n +^1_2 ) Γ (_5 2 − t ) √ π Γ ( n − t +^5_2 ) and u_{2n+1}(t) = 0, n ∈ N due to the symmetry of u(t).

CHARACTERIZATIONS OF Δ-VOLTERRA LATTICE 9

(4) ⇒ (5). First of all, let us show that a symmetric regular linear functional u(t) satisfying (15), is such that 1 + u_2(t + 1) = 1 + γ_1(t + 1) ≠ 0. Let us assume that u_2(t + 1) = −1. Then, from (15) for n = 2, we obtain that u_4(t + 1) = 1 which yields

det(H_3(t + 1)) = | | | | | u_0(t + 1) u_1(t + 1) u_2(t + 1) u_1(t + 1) u_2(t + 1) u_3(t + 1) u_2(t + 1) u_3(t + 1) u_4(t + 1)

| | | | | = | | | | | 1 0 −1 0 −1 0 −1 0 1

| | | | | = 0 ,

in contradiction with being u(t) a regular linear functional (cf. for instance [7]).

Let {R_n(x; t)}_{n∈N} be the sequence of monic symmetric orthogonal polynomials with respect to the linear functional u(t), i.e.

R_n(−x; t) = (−1)^nR_n(x; t) , n ∈ N .

Since {R_n(x; t)}_{n∈N} is a basis in the space of polynomials of degree n, we have

∇_tR_n(x; t + 1) = n∑ k=1 α^n_k (t) R_{n−k}(x; t) . (22)

By convention we shall assume that α^0_1 = 0. For n = 1, from (22) it is easy to check that α^1(t) = 0 because R_0(x; t) = 1. Now, if we suppose that we already have tested that

Δ_tR_n(x; t) = α^n_1 (t) R_{n−1}(x; t) + α^n_2 (t) R_{n−2}(x; t) ,

by comparison of the coefficients in x we have that α^n_1 (t) = 0, using that R_n(x; t) is symmetric.

We shall prove for n = 1, . . . that α^n_k = 0 for k = 3, . . . , n and α^n_2 ≠ 0. From (22) we can write

R_n(x; t + 1) = R_n(x; t) + n∑ k=1 α^n_k (t) R_{n−k}(x; t) , (23)

and by using the orthogonality of R_n(x; t) it holds ⟨ u(t), R_n(x; t + 1) ⟩ = α^n(t) ⟨ u(t), 1 ⟩ . Moreover, since ⟨ u(t + 1), x^2R_n(x; t + 1) ⟩ = 0, for n = 3, . . ., we have

α^n(t) ⟨ u(t), 1 ⟩ = α^n(t) ⟨ u(t), R_0(x; t) ⟩ = n∑ k=1 α^n_k (t) ⟨ u(t), R_{n−k}(x; t) ⟩

10 AREA, BRANQUINHO, FOULQUIÉ AND GODOY = ⟨ u(t + 1), ∇_tR_n(x; t + 1) ⟩ = − ⟨ Δ_t(u(t)), R_n(x; t + 1) ⟩ = ⟨ u(t + 1), x^2R_n(x; t + 1) ⟩ − u_2(t + 1) ⟨ u(t), R_n(x; t + 1) ⟩ = −u_2(t + 1) ⟨ u(t), R_n(x; t + 1) ⟩ . We now obtain (1+u_2(t+1))α^n(t) ⟨ u(t), 1 ⟩ = 0. Assuming that 1+u_2(t+1) ≠

0 and since ⟨ u(t), 1 ⟩ ≠ 0, we have α^n(t) = 0.

In the next step we shall prove that α^n_{−1}(t) = 0. From

n−1∑ k=1 α^n_k (t) ⟨ u(t), xR_{n−k}(x; t) ⟩ = α^n_{−1}(t) ⟨ u(t), xR_1(x; t) ⟩

= ⟨ u(t), x∇_tR_n(x; t + 1) ⟩ = − ⟨ Δ_t(u(t)), xR_n(x; t + 1) ⟩ = ⟨ u(t + 1), x^3R_n(x; t + 1) ⟩ − u_2(t + 1) ⟨ u(t), xR_n(x; t + 1) ⟩ = −u_2(t + 1) ⟨ u(t), R_n(x; t + 1) ⟩ = −u_2(t + 1)α^n_{−1}(t) ⟨ u(t), xR_1(x; t) ⟩ , using that ⟨ u(t + 1), x^3R_n(x; t + 1) ⟩ = 0, for n = 4, . . . and (23), we obtain ( 1 + u_2(t + 1) ) α^n_{−1}(t) ⟨ u(t), xR_1(x; t) ⟩ = 0 .

Since 1+u_2(t+1) ≠ 0 and ⟨ u(t), xR_1(x; t) ⟩ ≠ 0 by orthogonality, we conclude

that α^n_{−1}(t) = 0.

Repeating this process we obtain that α^n_k (t) = 0 for k = 4, . . . , n. Let us

prove in the last step that α^n_3 (t) = 0. From 3∑ k=1 α^n_k (t) ⟨ u(t), x^{n−3}R_{n−k}(x; t) ⟩ = α^n_3 (t) ⟨ u(t), x^{n−3}R_{n−3}(x; t) ⟩

= ⟨ u(t), x^{n−3}∇_tR_n(x; t + 1) ⟩ = − ⟨ Δ_t(u(t)), x^{n−3}R_n(x; t + 1) ⟩ = ⟨ u(t + 1), x^{n−1}R_n(x; t + 1) ⟩ − u_2(t + 1) ⟨ u(t), xR_n(x; t + 1) ⟩ = −u_2(t + 1) ⟨ u(t), x^{n−3}R_n(x; t + 1) ⟩ = −u_2(t + 1)α^n_3 (t) ⟨ u(t), x^{n−3}R_{n−3}(x; t) ⟩ , using that ⟨ u(t + 1), x^{n−1}R_n(x; t + 1) ⟩ = 0 and (23), we obtain

(1 + u_2(t + 1))α^n_3 (t) ⟨ u(t), x^{n−3}R_{n−3}(x; t) ⟩ = 0 .

Since 1 + u_2(t + 1) ≠ 0 and ⟨ u(t), x^{n−3}R_{n−3}(x; t) ⟩ ≠ 0 by orthogonality, we

conclude that α^n_3 (t) = 0.

CHARACTERIZATIONS OF Δ-VOLTERRA LATTICE 15

Given a family of tridiagonal matrices {J(t), t ∈ R}, as in (3), we consider the sequence of polynomials {P_n(x; t)}_{n∈N} defined in (4). It is well-known [7] that, if a_n(t) ≠ 0 for n = 1, 2, . . . , then the sequence {P_n(x; t)}_{n∈N} is orthogonal with respect to some quasi-definite moment functional.

Lemma 2. Let {a_n(t)}_{n∈N} and {b_n(t)}_{n∈N} be solution of the Δ-Toda lattice (9), and {P_n(x; t)}_{n∈N} be the sequence of orthogonal polynomials with Jacobi matrix (3). Let c ∈ C such that P_n(c; t) ≠ 0, for each n ∈ N and for all t ∈ R. Then the sequence {γ_n(t)}_{n∈N} defined in (28) is solution of the Δ-Volterra lattice (14), assuming that γ_0(t) = 1.

Proof : From [7, Exercise 9.6, page 49] we have that the coefficients γ_n(t) have the following representation

γ_{2n+1}(t) = −

P_{n+1}(c; t) P_n(c; t)

, γ_{2n+2}(t) = −a_{n+1}(t)

P_n(c; t) P_{n+1}(c; t)

, n = 0, 1, . . . ,

for the odd and even cases.

If we apply the Δ_t operator to the first equation, we obtain

Δ_tγ_{2n+1}(t) = −

Δ_tP_{n+1}(c; t)

P_n(c; t) + P_{n+1}(c; t + 1) Δ_tP_n(c; t) P_n(c; t)P_n(c; t + 1) . In [4] we have proved that a necessary and sufficient condition for {a_n(t)}_{n∈N} and {b_n(t)}_{n∈N} be a solution of a Δ-Toda lattice (9) is that {P_n(x; t)}_{n∈N} satisfy an Appell property

Δ_tP_n(x; t) = α^n_1 (t) P_{n−1}(x; t) , α^n_1 (t) = 1 1 + γ_1(t + 1) n∏ k=1 a_k(t + 1) a_{k−1}(t) , assuming that 1 + γ_1(t + 1) ≠ 0 and a_0(t) = 1. Therefore,

Δ_tγ_{2n+1}(t) = −α^{n+1}_1 (t) − γ_{2n+1}(t + 1)α^n_1 (t)P_{n−1}(c; t) P_n(c; t)

= −α^{n+1}_1 (t) + γ_{2n+1}(t + 1)γ_{2n}(t)α^n_1 (t) a_n(t)

= α^{n+1}_1 (t) ( − 1 + γ_{2n+1}(t + 1)γ_{2n}(t) a_{n+1}(t + 1) )

= α^{n+1}_1 (t) γ_{2n+2}(t + 1) ( − γ_{2n+2}(t + 1) + γ_{2n}(t) ) , which yields the odd part of (14). The even part can be proved in a similar way.

14 AREA, BRANQUINHO, FOULQUIÉ AND GODOY

3. Bäcklund or Miura transformations and sequences of polynomials

Bäcklund or Miura transformations are equations that relate different solutions of the same nonlinear evolution equation [11, 18, 21]. In this section we give a simple connection between Δ-Volterra and Δ-Toda lattices by using background knowledge of the theory of orthogonal polynomials [7].

Lemma 1. Let {γ_n(t)}_{n∈N} be a solution of the Δ-Volterra lattice (14). Then {a_n(t)}_{n∈N} and {b_n(t)}_{n∈N} defined by a_0(t) = 1 and

a_n(t) = γ_{2n}(t)γ_{2n−1}(t) , b_n(t) = γ_{2n+1}(t) + γ_{2n}(t) + c , n = 1, . . . , (28)

are solution of the Δ-Toda lattice (9). Moreover, the sequences {ã_n(t)}_{n∈N} and {b̃_n(t)}_{n∈N} defined by ã_0(t) = 1 and

ã_n(t) = γ_{2n+1}(t)γ_{2n}(t) , b̃_n(t) = γ_{2n+2}(t) + γ_{2n+1}(t) + c , n = 1, . . . , (29)

are also solution of the Δ-Toda lattice (9), assuming that γ_0(t) = 1.

Proof : If we apply the Δ_t operator to the first equation of (28) we obtain

Δ_ta_n(t) = Δ_tγ_{2n}(t) γ_{2n−1}(t) + γ_{2n}(t + 1) Δ_tγ_{2n−1}(t) .

From (14) it yields

Δ_ta_n(t) = γ_{2n}(t + 1) · · · γ_1(t + 1) ( 1 + γ_1(t + 1) ) γ_{2n−1}(t) · · · γ_1(t) ( γ_{2n−1}(t) − γ_{2n+1}(t + 1) ) γ_{2n−1}(t)

+ γ_{2n}(t + 1) γ_{2n−1}(t + 1) · · · γ_1(t + 1) ( 1 + γ_1(t + 1) ) γ_{2n−2}(t) · · · γ_1(t) ( γ_{2n−2}(t) − γ_{2n}(t + 1) )

= γ_{2n}(t + 1) · · · γ_1(t + 1) ( γ_{2n−1}(t) + γ_{2n−2}(t) − γ_{2n+1}(t + 1) − γ_{2n}(t + 1) ) ( 1 + γ_1(t + 1) ) γ_{2n−2}(t) · · · γ_1(t)

where by using (28) we finally obtain

Δ_ta_n(t) = a_n(t + 1) · · · a_1(t + 1) ( 1 + γ_1(t + 1) ) a_{n−1}(t) · · · a_1(t) ( b_{n−1}(t) − b_n(t + 1) ) . Moreover, if we apply the Δ_t operator to the second equation of (28) we obtain Δ_tb_n(t) = Δ_tγ_{2n+1}(t) + Δ_tγ_{2n}(t) , where by using (28) the result follows.

The results for {ã_n(t)}_{n∈N} and {b̃_n(t)}_{n∈N} follow in a similar way.

CHARACTERIZATIONS OF Δ-VOLTERRA LATTICE 11

Therefore, we have obtained that ∇_tR_n(x; t + 1) = α^n_2 (t) R_{n−2}(x; t) .

Finally, we will determine α^n_2 explicitly:

α^n_2 (t) ⟨ u(t), x^{n−2}R_{n−2}(x; t) ⟩ = ⟨ u(t), x^{n−2}∇_t(R_n(x; t + 1)) ⟩ = − ⟨ Δ_t(u(t)), x^{n−2}R_n(x; t + 1) ⟩ = ⟨ u(t + 1), x^nR_n(x; t + 1) ⟩ − u_2(t + 1) ⟨ u(t), x^{n−2}R_n(x; t + 1) ⟩ = ⟨ u(t + 1), x^nR_n(x; t + 1) ⟩ − u_2(t + 1) ⟨ u(t), x^{n−2} ( R_n(x; t) + α^n_2 (t)R_{n−2}(x; t) )⟩ , using (17). Hence ( 1 + u_2(t + 1) ) α^n_2 (t) ⟨ u(t), x^{n−2}R_{n−2}(x; t) ⟩ = ⟨ u(t + 1), x^nR_n(x; t + 1) ⟩ , which gives the value of α^n_2 (t) given in (19). Moreover, when n = 2, we can obtain easily that α^2(t) = −Δ_tγ_1(t) , taking into account that R_2(x; t) = x^2 − γ_1(t) and α^2(t) = α^2(t)R_0(x; t) = Δ_tR_2(x; t).

(5) ⇒ (1) If we apply Δ_t to the recurrence relation xR_n(x; t) = R_{n+1}(x; t) + γ_n(t) R_{n−1}(x; t) , n = 1, . . . , (24) with R_{−1}(x; t) = 0 and R_0(x; t) = 1, we get

α^n_2 xR_{n−2}(x; t) = Δ_tR_{n+1}(x; t) + Δ_tγ_n(t) R_{n−1}(x; t) + γ_n(t + 1) Δ_tR_{n−1}(x; t) . (25) If we use again the recurrence relation to expand xR_{n−2}(x; t) = R_{n−1}(x; t) + γ_{n−2}(t) R_{n−3}(x; t) , and Δ_tR_{n+1}(x; t) = α^{n+1}_2 R_{n−1}(x; t), by equating in (25) the coefficients in R_{n−1}(x, t) and R_{n−3}(x; t), we get the equations α^{n+1}_2 (t) γ_{n−1}(t) = α^n_2 (t) γ_{n+1}(t + 1) , α^n_2 (t) = α^{n+1}_2 (t) + Δ_tγ_n(t) , n = 2, . . . . As a consequence, using (19) we obtain (21) and

α^n_2 (t) = 1 1 + γ_1(t + 1) γ_n(t + 1)γ_{n−1}(t + 1) · · · γ_2(t + 1)γ_1(t + 1) γ_{n−2}(t)γ_{n−3}(t) · · · γ_1(t) .

12 AREA, BRANQUINHO, FOULQUIÉ AND GODOY

Thus, we have ( 1 + γ_1(t + 1) ) Δ_tγ_n(t) = α^n_2 (t) − α^{n+1}_2 (t) = γ_n(t + 1)γ_{n−1}(t + 1) · · · γ_2(t + 1)γ_1(t + 1) γ_{n−1}(t)γ_{n−2}(t) · · · γ_1(t) ( γ_{n−1}(t) − γ_{n+1}(t + 1) ) , and we get the desired result.

Theorem 2. Assume that the normalized symmetric functional u(t) verifies

u(t) = κ ( 1 + x^2

)_{1−t} v , where κ is the normalizing constant and v is a positive definite linear functional. Then, the coefficients {γ_n(t)}_{n∈N} of the Jacobi matrix Γ(t) associated to the functional u(t) are solution of the Δ-Volterra lattice (14).

Proof : Let f(x, t) = ( 1 + x^2

)_{1−t} , (26) and the moments ⟨ v, x^n ⟩ = ∫ x^n dϱ(x) , n = 0, 1, . . . .

Let u_n(t) the moments of the linear functional u(t),

u_n(t) = ∫ f(x, t)x^n dϱ(x) ∫ f(x, t) dϱ(x) . Since Δ_t(f(t)/g(t)) =

Δ_tf(t) g(t) − f(t) Δ_tg(t) g(t)g(t + 1) , then

Δ_tu_n(t) = ∫ Δ_tf(x, t) x^n dϱ(x) ∫ f(x, t + 1) dϱ(x) − ( ∫ f(x, t) x^n dϱ(x) )( ∫ Δ_tf(x, t) dϱ(x) ) ( ∫ f(x, t) dϱ(x) )( ∫ f(x, t + 1) dϱ(x) ) . By using Δ_tf(x, t) = −x^2 f(x, t + 1), we obtain

Δ_tu_n(t) = −u_{n+2}(t + 1) + u_2(t + 1) u_n(t) ,

which completes the proof.

CHARACTERIZATIONS OF Δ-VOLTERRA LATTICE 13

Remark 1. Let us consider the difference operator

Δ_{t,h}f(x, t) = f(x, t + h) − f(x, t) h , lim_{h→0} Δ_{t,h}f(x, t) = ∂ ∂t f(x, t) .

In this case, the function f_h(x, t) to be considered analogue of (26) is f_h(x, t) = ( 1 + hx^2

)_{1−t/h} . It yields, lim_{h→0} f_h(x, t) = exp(−x^2t) , which is the evolution (6) associated to the continuous case [25].

Next, we prove a Lax-type theorem [17, Theorem 3, p. 270]. Theorem 3. Let λ(t) be a spectral point of the Jacobi matrix Γ(t), i.e. Γ(t) P(λ(t)) = λ(t) P(λ(t)); (27) then, Γ(t) satisfies (10) if, and only if, Δ_tλ(t) = 0. Proof : If we apply the Δ_t operator to (27) we obtain

Δ_tΓ(t)P(λ(t)) + Γ(t + 1)Δ_tP(λ(t)) = Δ_tλ(t)P(λ) + λ(t + 1)Δ_tP(λ(t)). Then, B(t)λ(t)P(λ(t)) − Γ(t + 1)B(t)P(λ(t)) + (Γ(t + 1) − λ(t + 1) I) Δ_tP(λ(t)) = (Δ_tλ(t)) P(λ(t)), and so, ( Γ(t + 1) − λ(t + 1) )( Δ_tP(λ(t)) − B(t) P(λ(t)) ) = ( Δ_tλ(t) I − (λ(t + 1) − λ(t))B(t) ) P(λ(t)), with B(t) defined by (12), or equivalently, ( Γ(t+1)−λ(t+1) )( Δ_tP(λ(t))−B(t) P(λ(t)) ) = Δ_tλ(t)(I −B(t)) P(λ(t)).

From this we get, as 1 + γ_1(t + 1) ≠ 0, that Δ_tλ(t) = 0 if and only if ( Γ(t + 1) − λ(t + 1) )( Δ_tP(λ(t)) − B(t) P(λ(t)) ) = 0, or, what is equivalent, there exists s ∈ R such that Δ_tP(λ(t)) = B(t) P(λ(t)) + sP(λ(t + 1)), which is equation (18) in vector notation, as s = γ_1(t + 1).