Pré-Publicações do Departamento de Matemática Universidade de Coimbra Preprint Number 16–02

ORTHOGONAL POLYNOMIAL INTERPRETATION OF q-TODA AND q-VOLTERRA EQUATIONS

I. AREA, A. BRANQUINHO, A. FOULQUIÉ MORENO AND E. GODOY

Abstract: The correspondences between dynamics of q-Toda and q-Volterra equations for the coefficients of the Jacobi operator and its resolvent function are established. The main ingredient are orthogonal polynomials which satisfy an Appell condition, with respect to the q-difference operator D_q, and a Lax type theorem for the point spectrum of the Jacobi operator associated with these equations. Examples related with the big q-Legendre, discrete q-Hermite I, and little q-Laguerre orthogonal polynomials and q-Toda and q-Volterra equations are given.

Keywords: q-difference equations, recurrence relations, orthogonal polynomials, q-Toda equations, q-Volterra equations, Lax type theorems.

AMS Subject Classification (2010): 47N20, 65Q10, 65Q20, 65Q30, 42C05, 33D45.

1. Introduction

The Toda lattice equations describe the oscillations of an infinite system of points joined by spring masses, where the interaction is exponential in the distance between two spring masses [31]. The semi-infinite Toda lattice equations in one time variable are [22, 21]

a_{−1} ≡ 0 , a_0 ≡ 1 , da_n(t) dt = a_n(t) ( b_{n−1}(t) − b_n(t) ) , db_n(t) dt = a_n(t) − a_{n+1}(t), n ∈ N . (1)

Let t_0 ∈ R and μ(x; t_0) be a measure such that all the moments

u_n = ∫ R x^ndμ(x; t_0), n ∈ N ,

Received January 28, 2016.

The work of IA and EG has been partially supported by the Ministerio de Economía y Competitividad of Spain under grant MTM2012–38794–C02–01, co-financed by the European Community fund FEDER. AB was partially supported by the Centre for Mathematics of the University of Coimbra – UID/MAT/00324/2013, funded by the Portuguese Government through FCT/MEC and cofunded by the European Regional Development Fund through the Partnership Agreement PT2020. AFM was supported by Portuguese funds through the CIDMA - Center for Research and Development in Mathematics and Applications, and the Portuguese Foundation for Science and Technology (“FCT– Fundação para a Ciência e a Tecnologia”), within project PEst-OE/MAT/UI4106/2014. 1

2 AREA, BRANQUINHO, FOULQUIÉ AND GODOY

exist and are finite, and {P_n(x)} be the sequence of monic orthogonal polynomials with respect to μ(x; t_0), ∫ R P_n(x)P_m(x)dμ(x; t_0) = h^2_nδ_{n,m} ,

where δ_{i,j} denotes the Kronecker delta. As it is very well-known [4, 11, 30], the sequence {P_n(x; t_0) ≡ P_n(x)}_{n∈N} satisfies a three-term recurrence relation P_{n+1}(x) = (x − b_n)P_n(x) − a_nP_{n−1}(x) , (2) with initial conditions P_0(x) = 1 and P_1(x) = x − b_0.

The spectral measure of an operator J(t) is the Stieltjes function S(z; t) = e^T_0 R_z(t) e_0 , for the resolvent operator, R_z(t) = [J(t) − z I]^{−1} , associated with the operator J(t) (cf. [1]). In the case that J(t) is a Jacobi operator

J(t) = ( J_{i,j}(t) ) = b_0(t) 1 0 a_1(t) b_1(t) 1 0 0 a_2(t) b_2(t) 1 ...

... ... ... ...

, (3)

with {a_n(t)} and {b_n(t)} uniformly bounded, then

S(z; t) = ∞∑ n=0 J^n_{11}(t) z^{n+1}

, |z| > ‖J(t)‖, (4)

where ‖ · ‖ denotes the operator norm. Let P be the column vector of monic polynomials P_n(x; t) defined by J(t) P = x P . (5) By using the Stone-Favard theorem [4], there exists a linear functional u(t) such that the moments u_n(t) = ⟨u(t), x^n⟩ = J^n_{11}(t) , and so

S(z; t) = ∞∑ n=0 u_n(t) z^{n+1} = ⟨ u(t), 1 z − x ⟩ , |z| > ‖J(t)‖. (6)

By definition, the diagonal Padé aproximants of index n, Π_n, for S(z; t) is a rational function

Π_n(z) =

Q_n(z) P_n(z)

, with degP_n ≤ n and degQ_n ≤ n, (7)

q-TODA AND q-VOLTERRA EQUATIONS 23

[26] Pekherstorfer, F., Spiridonov, V.P., Zhedanov, A.S.: The Toda chain, the Stieltjes function, and orthogonal polynomials. Teoret. Mat. Fiz. 151(1), 81–108 (2007).

[27] Sakai, H.: A q-analog of the Garnier system. Funkcial. Ekvac. 48(2), 273–297 (2005). [28] Sakai, H.: Lax form of the q-Painlevé equation associated with the A^{(1)}_2 surface. J. Phys. A 39(39), 12,203–12,210 (2006).

[29] Silindir, B.: Soliton solutions of q-Toda lattice by Hirota direct method. Adv. Difference Equ.

pp. 2012:121, 22 (2012).

[30] Szegő, G.: Orthogonal polynomials, fourth edn. American Mathematical Society, Providence, R.I. (1975). American Mathematical Society, Colloquium Publications, Vol. XXIII [31] Toda, M.: Theory of nonlinear lattices, Springer Series in Solid-State Sciences, vol. 20, second edn. Springer-Verlag, Berlin (1989).

I. Area Departamento de Matemática Aplicada II, E.E. Telecomunicación, Universidade de Vigo, 36310-Vigo, Spain.

E-mail address: area@uvigo.es

A. Branquinho CMUC, Department of Mathematics, University of Coimbra, Apartado 3008, EC Santa Cruz, 3001-501 COIMBRA, Portugal. E-mail address: ajplb@mat.uc.pt

A. Foulquié Moreno CIDMA, Department of Mathematics, University of Aveiro, Campus de Santiago, 3810– 193 Aveiro, Portugal. E-mail address: foulquie@ua.pt

E. Godoy Departamento de Matemática Aplicada II, E.E. Industrial, Universidade de Vigo, Campus Lagoas-Marcosende, 36310 Vigo, Spain. E-mail address: egodoy@dma.uvigo.es

22 AREA, BRANQUINHO, FOULQUIÉ AND GODOY

[4] Chihara, T.S.: An introduction to orthogonal polynomials. Gordon and Breach Science Publishers, New York (1978).

[5] Damianou, P.A., Kouzaris, S.P.: Bogoyavlensky-Volterra and Birkhoff integrable systems.

Phys. D 195(1-2), 50–66 (2004).

[6] Damianou, P.A., Loja Fernandes, R.: From the Toda lattice to the Volterra lattice and back.

Rep. Math. Phys. 50(3), 361–378 (2002).

[7] Ernst, T.: A comprehensive treatment of q-calculus. Birkhäuser/Springer Basel AG, Basel (2012).

[8] Euler, L.: Introductio in analysin infinitorum. No. vol. 1 in Introductio in analysin infinitorum.

apud Marcum-Michaelem Bousquet & socios (1748).

[9] Gasper, G., Rahman, M.: Basic hypergeometric series, Encyclopedia of Mathematics and its Applications, vol. 96, second edn. Cambridge University Press, Cambridge (2004).

[10] Gesztesy, F., Holden, H., Simon, B., Zhao, Z.: On the Toda and Kac-van Moerbeke systems.

Trans. Amer. Math. Soc. 339(2), 849–868 (1993).

[11] Ismail, M.E.H.: Classical and quantum orthogonal polynomials in one variable, Encyclopedia of Mathematics and its Applications, vol. 98. Cambridge University Press, Cambridge (2005).

[12] Jimbo, M., Sakai, H.: A q-analog of the sixth Painlevé equation. Lett. Math. Phys. 38(2), 145–154 (1996).

[13] Kac, M., van Moerbeke, P.: On an explicitly soluble system of nonlinear differential equations related to certain Toda lattices. Advances in Mathematics 16(2), 160–169 (1975).

[14] Koekoek, R., Lesky, P.A., Swarttouw, R.F.: Hypergeometric orthogonal polynomials and their q-analogues. Springer Monographs in Mathematics. Springer-Verlag, Berlin (2010).

[15] Lax, P.D.: Integrals of nonlinear equations of evolution and solitary waves. Commun. Pure Appl. Math. 21, 467–490 (1968).

[16] Lax, P.D.: Linear algebra and its applications, second edn. Pure and Applied Mathematics (Hoboken). Wiley-Interscience [John Wiley & Sons], Hoboken, NJ (2007).

[17] Magnus, A.P.: Associated Askey-Wilson polynomials as Laguerre-Hahn orthogonal polynomials. In: Orthogonal polynomials and their applications (Segovia, 1986), Lecture Notes in Math., vol. 1329, pp. 261–278. Springer, Berlin (1988).

[18] Magnus, A.P.: Painlevé-type differential equations for the recurrence coefficients of semiclassical orthogonal polynomials. J. Comput. Appl. Math. 57(1-2), 215–237 (1995).

[19] Maroni, P.: Une caractérisation des polynômes orthogonaux semi-classiques. C. R. Acad. Sci.

Paris Sér. I Math. 301(6), 269–272 (1985).

[20] Meng, A., Li, C., Huang, S.: Integrability on generalized q-Toda equation and hierarchy. J.

Nonlinear Math. Phys. 21(3), 429–441 (2014).

[21] Moser, J.: Finitely many mass points on the line under the influence of an exponential potential–an integrable system. In: Dynamical systems, theory and applications (Rencontres, Battelle Res. Inst., Seattle, Wash., 1974), pp. 467–497. Lecture Notes in Phys., Vol. 38. Springer, Berlin (1975).

[22] Moser, J.: Three integrable Hamiltonian systems connected with isospectral deformations.

Advances in Math. 16, 197–220 (1975).

[23] Nikishin, E.M., Sorokin, V.N.: Rational approximations and orthogonality, Translations of Mathematical Monographs, vol. 92. American Mathematical Society, Providence, RI (1991).

[24] Ormerod, C.M., Witte, N.S., Forrester, P.J.: Connection preserving deformations and q-semi-classical orthogonal polynomials. Nonlinearity 24(9), 2405–2434 (2011).

[25] Peherstorfer, F.: On Toda lattices and orthogonal polynomials. J. Comput. Appl. Math.

133(1-2), 519–534 (2001).

q-TODA AND q-VOLTERRA EQUATIONS 3

such that P_n(z)S(z; t) − Q_n(z) = c z^{n+1}

+ · · · .

An important property of the Padé aproximants for the Stieltjes function (6) of the operator (3) is that their numerators and denominators satisfy a three term recurrence relation as (2) with initial conditions P_0 = 1, P_{−1} = 0 and Q_0 = 0, Q_{−1} = 1, where a_n(t) and b_n(t) are the coefficients of the matrix J(t) in (3). The sequence of monic polynomials {P_n} is orthogonal with respect to the linear functional u(t).

We shall consider linear functionals normalized to have their first moment equal to one, i.e.

u_0(t) = ⟨u(t), 1⟩ = 1. (8)

If b_n(t) ∈ R and a_n(t) > 0, there exists a positive Borel measure dμ(x; t) supported on I ⊂ R such that

S(z; t) = ∫ I dμ(x; t) z − x

, |z| > ‖J(t)‖,

where

u_n(t) = ⟨u(t), x^n⟩ = ∫ I x^ndμ(x; t) = e^T_0 J^n(t) e_0 = J^n_{1,1}(t) , (9)

with e_0 = (1, 0, 0, . . .)^T .

Let {P_n(x; t)}_{n∈N} be the sequence of orthogonal with respect to μ(x; t). As it is well known (5) can be written as [4]

P_{n+1}(x; t) = ( x − b_n(t) ) P_n(x; t) − a_n(t)P_{n−1}(x; t) , n = 1, 2, . . . , (10)

with initial conditions P_0(x; t) = 1 and P_1(x; t) = x − b_0(t).

The dynamic of the solutions of the Toda equations (1) corresponds to the simple evolution of the measure [22, 21, 23],

dμ(x; t) = exp(−xt)dμ(x, t_0) ∫ exp(−xt)dμ(x, t_0)

, (11)

of the operator J(t) .

A difference analogue of a Korteweg-de Vries equation, d dt γ_{n+1}(t) = γ_{n+1}(t) ( γ_{n+2}(t) − γ_n(t) ) , n ∈ N ,

4 AREA, BRANQUINHO, FOULQUIÉ AND GODOY

is called Langmuir lattice or finite difference KDV equation, whose dynamic is given by

dμ(x; t) = exp(−x^2t)dμ(x, t_0) ∫ exp(−x^2t)dμ(x, t_0)

. (12)

In [10, 26] it was studied the construction of a solution of the Toda lattice da_n(t) dt = a_n(t) ( b_{n−1}(t) − b_n(t) ) , db_n(t) dt = a_n(t) − a_{n+1}(t) , n ∈ Z , (13)

from another given solution, considering sequences {a_n(t) , b_n(t)} , n ∈ Z, of real functions. Both solutions of (13) were linked to each other by a Bäcklund or Miura transformation

a_n(t) = γ_{2n}(t)γ_{2n−1}(t) , b_n(t) = γ_{2n+1}(t) + γ_{2n}(t) + C , n ∈ Z , (14a) ã_n(t) = γ_{2n+1}(t)γ_{2n}(t) , b̃_n(t) = γ_{2n+2}(t) + γ_{2n+1}(t) + C , n ∈ Z , (14b) with C = 0, where {γ_n(t)} is a solution of the Volterra lattice γ̇_{n+1}(t) = γ_{n+1}(t) ( γ_{n+2}(t) − γ_n(t) ) , n ∈ Z . (15) In [3], this kind of analysis has been generalized to the full hierarchy of Toda and Volterra lattices studied in [2] and [1] (see also [5, 6]).

P. D. Lax in [15] put the inverse scattering method for solving the KdV equation into a more general framework which subsequently paved the way to generalizations of the technique as a method for solving other partial differential equations. He considered two time-dependent operators L and M, where L is the operator of the spectral problem and M is the operator governing the associated time evolution of the eigenfunctions

L v = λ v , dv(t) dt = M v ;

and hence we get dL dt = L M − M L

if, and only if, dλ(t) dt = 0 . Magnus [18] showed that Toda type integrable systems of the form ∂ ∂t A = ∂ ∂x H + HA − AH

q-TODA AND q-VOLTERRA EQUATIONS 21

Notice that the latter coefficients are solution of the Toda equations (1) d dt a^H_n (t) = a^H_n (t) ( b^H_{n−1}(t) − b^H_n (t) ) , d dt b^H_n (t) = a^H_n (t) − a^H_{n+1}(t) ,

and generate monic Laguerre polynomials t^{−n}L^{(−1/2)}n (xt). Moreover, lim_{q↑1} P_n(x, t) = t^{−n}L^{(−1/2)}_n (xt) .

Furthermore, from (52) the coefficients ã_n(t) and b̃_n(t) defined in (46) are given by

ã_n(t) = q^{2n+3/2} [n]_q [n + 1/2]_q t^2

, b̃_n(t) = q^{n+1} ( q^{n+ 1}2 + q^{n+ 3}2 − √ q − 1 ) (q − 1) t

, (54)

and they are new solutions of the q-Toda lattice (16) as compared with the previous subsection. We can identify again the sequence of monic polynomials {P̃_n(x, t)}_{n∈N} generated from the recurrence relation (10) in terms of the sequence of monic little q-Laguerre polynomials {P_n(x; a|q)}_{n∈N} [14, (14.20.1)] as

P̃_n(x, t) = ((1 q − 1 ) t )_{−n}

P_n ((1 q − 1 ) tx; √ q | |q ) . Moreover, the limit of the coefficients given in (54) as q ↑ 1 are

lim_{q↑1} ã_n(t) = n(2n + 1) 2t^2

= ã^H_n (t) , lim_{q↑1} b̃_n(t) =

4n + 3 2t = b̃^H_n (t) .

Notice that the latter coefficients are solution of the Toda equations d dt ã^H_n (t) = ã^H_n (t) (~ b^H_{n−1}(t) − b̃^H_n (t) ) , d dt b̃^H_n (t) = ã^H_n (t) − ã^H_{n+1}(t) ,

and generate monic Laguerre polynomials t^{−n}L^{(1/2)}n (xt). As a consequence, lim_{q↑1} P̃_n(x, t) = t^{−n}L^{(1/2)}_n (xt) .

References

[1] Aptekarev, A., Branquinho, A.: Padé approximants and complex high order Toda lattices.

Journal of Computational and Applied Mathematics 155(2), 231–237 (2003). [2] Aptekarev, A.I., Branquinho, A., Marcellán, F.: Toda-type differential equations for the recurrence coefficients of orthogonal polynomials and Freud transformation. J. Comput. Appl. Math. 78(1), 139–160 (1997).

[3] Barrios Rolanía, D., Branquinho, A.: Complex high order Toda and Volterra lattices. J.

Difference Equ. Appl. 15(2), 197–213 (2009).

20 AREA, BRANQUINHO, FOULQUIÉ AND GODOY

of symmetric orthogonal polynomials {R_n(x; t)} with respect to u(t) satisfy a three term recurrence relation as (40) with

γ_n(t) = q^{(n+1)/2}[n/2]_q t , [z]_q := q^z − 1 q − 1

. (52)

Observe that the difference equation (41) can be written as

D_qR_n(x; t) = σ^n_2 (t; q) R_{n−2}(x; t) , σ^n_2 (t; q) =

[n/2]_q [(n − 1)/2]_q t^2

, n = 2, 3, . . . .

It is easy to check that the coefficients γ_n(t) defined in (52) are solution of the q-Volterra equations (36). Moreover, if we consider the limit as q → 1 of γ_n(t) we obtain

lim_{q↑1} γ_n(t) = lim_{q↑1} q^{(n+1)/2}[n/2]_q t = n 2t , which are exactly the coefficients of the three term recurrence relation satisfied by the sequence of monic polynomials { ( 2 √ t )_{−n} H_n ( x √ t ) }_{n∈N}, associated to exp(−x^2t) which is the limit of the weight function. Therefore, for the sequence of monic polynomials {R_n(x, t)}_{n∈N}, we have

lim_{q↑1} R_n(x, t) = ( 2 √ t )_{−n}

H_n ( x √ t ) , where H_n(x) are the Hermite polynomials.

Using the Miura transformations (45) and relations (52) we obtain explicitly the sequences

a_n(t) = q^{2n+1/2} [n]_q [n − 1/2]_q t^2

, b_n(t) = q^{n+ 12} ( (q + 1)q^n − √ q − 1 ) (q − 1) t

, (53)

which are solutions of the q-Toda equations (16) and different as compared with the solution given in the previous subsection. Therefore, we can identify the sequence of monic polynomials {P_n(x, t)}_{n∈N} generated from the recurrence relation (10) in terms of the sequence of monic little q-Laguerre polynomials {P_n(x; a|q)}_{n∈N} [14, (14.20.1)] as

P_n(x, t) = ((1 q − 1 ) t )_{−n}

P_n ((1 q − 1 ) tx; 1 √ q | |q ) . Moreover, the limit of the coefficients given in (53) as q ↑ 1 are

lim_{q↑1} a_n(t) = n(2n − 1) 2t^2

= a^H_n (t) , lim_{q↑1} b_n(t) =

4n + 1 2t = b^H_n (t) .

q-TODA AND q-VOLTERRA EQUATIONS 5

is imbedded in the theory of semiclassical orthogonal polynomials (see e.g. [19]). Moreover, from this partial differential equation he derived Painlevé equations for the coefficients of the three term recurrence relation satisfied by these semiclassical orthogonal polynomials. Recently, Ormerod et. al. [24] presented a framework for the study of q-difference equations satisfied by q-semi-classical orthogonal systems, to derive as an example, the q-difference equation satisfied by a deformed version of the little q-Jacobi polynomials as a gauge transformation of a special case of the associated linear problem for q-Painlevé VI.

Naturally arises the problem of characterizing, in terms of their spectral points, the Jacobi operators L such that

D_qL = L(qt) M − M L(t),

where the q-difference operator

D_qL =

L(qt) − L(t)

(q − 1)t . The history of q-calculus (and q-hypergeometric functions) dates back to the eighteenth century. In fact it can be taken as far back as Leonhard Euler (1707–1783), who first introduced the q in his Introductio [8] in the tracks of Newton’s infinite series.

In q-calculus we are looking for q-analogues of mathematical objects that have the original object as limits when q tends to 1. For instance, there are two types of q-addition [7], the Nalli-Ward-Al-Salam q-additionand the Jackson-Hahn-Cigler q-addition. The first one is commutative and associative, while the second one is neither. This is one of the reasons why sometimes more than one q-analogue exists.

Recently, it has been presented the q-analogue of Toda lattice system of difference equations by discussing the q-discretization in three aspects: differential q-difference, q-difference-q-difference and q-differential-q-difference Toda equation [29]. Moreover, a new integrable equation which is a generalization of q-Toda equation has been constructed in [20], presenting its soliton solutions. But the first studies to construct Lax pairs for the q-Painlevé equations were those of Jimbo and Sakai [12] and Sakai [27, 28] using the Birkhoff theory of linear difference and q-difference equations.

In this work we analyze the correspondence between dynamics of q-Toda and q-Volterra equations for the coefficients of the Jacobi operator. For a

6 AREA, BRANQUINHO, FOULQUIÉ AND GODOY

given solution of a q-Toda lattice we construct a solution of the q-Volterra lattice, and from the latter by using Bäcklund or Miura transformations we derive another solution of the initial q-Toda equation. Equivalent conditions in terms of q-difference equation for the Jacobi matrix, the linear functional, the moments and the Stieltjes function are proved. The main ingredient are orthogonal polynomials which satisfy an Appell condition with respect to the q-difference operator D_q as well as a Lax type theorem for the point spectrum of the Jacobi operator associated with these equations. By limit as q ↑ 1 we recover known results of the continuous case. An explicit example related with the big q-Laguerre orthogonal polynomials and q-Toda and q-Volterra equations is given.

2. q-Toda equations

Let μ ∈ R be fixed. A set A ⊆ R is called a μ-geometric set if for t ∈ A, μt ∈ A. Unless we say otherwise we shall always assume that 0 < q < 1. Let f be a function defined on a q-geometric set A ⊆ R. The q-difference operator, acting on the variable t, is defined by

D_qf(t) = f(qt) − f(t) (q − 1) t

, t ∈ A \ {0} .

If 0 ∈ A, we say that f has the q-derivative at zero if the limit

lim_{n→∞} f(tq^n) − f(0) tq^n

, t ∈ A ,

exists and does not depend on t. We then denote this limit by D_qf(0).

The main aim of this paper is to analyze the following system of difference equations (q-Toda equations):

D_qa_n(t; q) = α^n_1 (t; q) ( b_{n−1}(t; q) − b_n(qt; q) ) , D_qb_n(t; q) = α^n_1 (t; q) − α^{n+1}_1 (t; q) , n ∈ N , (16)

where α^n_1 (t; q) = g_n(t; q) 1 + (q − 1) t b_0(qt; q)

, (17) and g_n(t; q) = n∏ k=1 a_k(qt; q) a_{k−1}(t; q)

, (18)

assuming that 1 + (q − 1) t b_0(qt; q) ≠ 0 and a_0(t; q) = 1.

q-TODA AND q-VOLTERRA EQUATIONS 19

From (18), we have g_n(t; q) = q ( q^n − 1

)_2 ((q − 1) t + 1)/((q − 1)^2t^2) , and therefore, using (17), we get α^n_1 (t; q) = (q^n − 1)^2/((q − 1)^2t^2) . Thus, we have that {b_n(t)}_{n∈N}, {a_n(t)}_{n∈N} and {α^n_1 (t; q)}_{n∈N} are solution of the q-Toda equations (16), assuming that 1 + (q − 1)tb_0(qt) = q + (q − 1)qt ≠ 0.

Moreover, the limit as q ↑ 1 of b_n(t; q) and a_n(t; q) are

lim_{q↑1} b_n(t; q) =

2n + t + 1 t = b_n(t) , lim_{q↑1} a_n(t; q) = n^2 t^2

= a_n(t) ,

which are explicit solutions of the Toda equations (1). Thus, we have the following limit relation

lim_{q↑1} P_n(x, t; q) = t^{−n}L^{(0)}_n ( t(x − 1) ) , in terms of monic Laguerre polynomials L^{(α)}n (x), which satisfy a three-term recurrence relation as (10) with coefficients a_n(t) and b_n(t). Notice that {L^{(0)}n ( t(x − 1) ) } is the sequence of polynomials orthogonal with respect to exp(−xt) (see [14]).

5.2. q-Volterra lattices. Let us now consider the following modification of the big q-Legendre linear functional v^{(c)} already defined in (48),

u(t) = κ((1 − q)x^2t; q)_∞ v^{(c)}, (51)

where κ is a normalizing constant for u(t).

Let us recall the linear functional u_H of discrete q-Hermite I polynomials defined in terms of a Jackson’s q-integral [7, 9] ⟨ u_H , p(x) ⟩ = ∫_1 −1 (qx, −qx; q)_∞ p(x) d_qx ,

and the discrete q-Hermite I polynomials [14, (14.28.1)]

h_n(x; q) = q^{n(n−1)/2}_2ϕ_1 ( q^{−n}, x^{−1} 0 | | q; −qx ) . In this case, we can identify the linear functional u(t) and the sequence of symmetric orthogonal polynomials {R_n(x; t)} by doing the substitutions q → √ q and x → q^{−1/2} x √ (1 − q)t in the definition of u_H and h_n(x; q), respectively, i.e. R_n(x; t) = h_n ( q^{−1/2} x √ (1 − q)t; √ q ) . Therefore, the sequence

18 AREA, BRANQUINHO, FOULQUIÉ AND GODOY

solution of (36) and there exists a pair of two sequences {a_n(t)}, {b_n(t)}, and {ã_n(t)}, {b̃_n(t)}, t ∈ R, solutions of (16) such that (45) and (46) hold. Moreover, for each c in the above conditions, the sequences {γ_n(t)}, {a_n(t)}, {b_n(t)}, and {ã_n(t)}, {b̃_n(t)} are the unique sequences verifying (45) and (46).

Notice that the condition det ( J_n(t)−c I_n ) ≠ 0, is equivalent to P_n(c; t) ≠ 0 for the monic polynomials {P_n(x; t)}_{n∈N} defined by (10) [4, 23, 30].

5. Examples

We shall show how orthogonal polynomials can be used to provide an explicit solution of q-Volterra equations (16) and q-Toda equations (36).

Let v^{(c)} be the normalized linear functional corresponding to the big q- Legendre polynomials [14, p. 443] defined in terms of a Jackson’s q-integral [7, 9, 14] ⟨ v^{(c)}, p(x) ⟩ = 1 q(1 − c)

∫_q cq p(x) d_qx , (48)

where c < 0.

We have the moments,

(v^{(c)})_0 = ⟨ v^{(c)}, 1 ⟩ = 1 , (v^{(c)})_1 = ⟨ v^{(c)}, x ⟩ = − (c^2 − 1)q^2 q + 1

. (49)

5.1. q-Toda lattices. Let us consider a q-exponential modification of the linear functional v^{(c)} —see (29)—

u(t) = κ((1 − q)xt; q)_∞ v^{(c)}, (50)

where κ is a normalizing constant for u(t). This linear functional u(t) is a particular case of the big q-Laguerre linear functional [14, p. 479] defined by

⟨u^{(a,b)}, p(x)⟩ =

∫_{aq} bq (a^{−1}x, b^{−1}x; q)_∞ (x; q)_∞ p(x) d_qx ,

which is positive-definite for 0 < aq < 1 and b < 0, for the specific values a = 1 and b^{−1} = (1 − q)t.

We have that the sequence of monic polynomials {P_n(x, t; q)}_{n∈N} orthogonal with respect to u(t) defined in (50) satisfy a three term recurrence relation with coefficients [14, Eq. (14.11.4)]

b_n(t) = q^{n+1} ( (q + 1)q^n + qt − t − 2 ) (q − 1) t

, a_n(t) = q^{n+1} ( q^n − 1

)_2(

q^n + (q − 1) t ) (q − 1)^2t^2 .

q-TODA AND q-VOLTERRA EQUATIONS 7

Next, we present the central theorem of this work.

Theorem 1. Let us assume that the sequences {a_n(t) ≡ a_n(t; q)}_{n∈N} and {b_n(t) ≡ b_n(t; q)}_{n∈N} are uniformly bounded. The following conditions are equivalent:

(1) The Jacobi matrix J(t) defined in (3) satisfies the matrix q-difference equation D_qJ(t) = A(t)J(t) − J(qt)A(t) , (19) where

A(t) = b_0(qt) 0 g_1(t) b_0(qt) 0 0 g_2(t) b_0(qt) ...

... ... ...

. (20)

(2) The moments u_n(t), defined by (9), satisfy

D_qu_n(t) = −u_{n+1}(qt) + u_1(qt)u_n(t) , n ∈ N . (21) (3) The Stieltjes function associated with J(t) satisfies D_qS(z; t) = −zS(z; qt) + u_1(qt)S(z, t) + 1. (22) (4) The linear functional u(t) associated with J(t) satisfies D_qu(t) = −xu(qt) + u_1(qt)u(t) . (23) (5) The monic polynomials {P_n(x, t; q) ≡ P_n(x; t)}_{n∈N} defined by the three term recurrence relation P_{n+1}(x; t) = (x − b_n(t))P_n(x; t) − a_n(t)P_{n−1}(x; t) , n = 1, 2, . . . , with P_{−1}(x; t) = 0 and P_0(x; t) = 1, satisfy an Appell condition D_qP_n(x; t) = α^n_1 (t) P_{n−1}(x; t) , (24) where

α^n_1 (t) ≡ α^n_1 (t; q) = g_n(t) 1 + (q − 1) t u_1(qt)

, n = 1, 2, . . . , (25) and g_n(t) ≡ g_n(t; q) is given in (18).

8 AREA, BRANQUINHO, FOULQUIÉ AND GODOY

Proof : (1) ⇒ (2). By induction it can be proved that

D_qJ^n(t) = A(t)J^n(t) − J^n(qt)A(t) , (26)

where A(t) is defined in (20). By using (9)

e^T_0 D_qJ^n(t)e_0 = D_q ( e^T_0 J^n(t)e_0 ) = D_qu_n(t) ,

where e^T_0 = (1, 0, . . . ). Moreover, from (26) we have

e^T_0 D_qJ^n(t)e_0 = u_1(qt)J^n_{1,1}(t) − ( J^n_{1,1}(qt)u_1(qt) + J^n_{1,2}(qt)a_1(qt) ) = u_1(qt)u_n(t) − J^{n+1}_{1,1} (qt) ,

since b_0(qt) = u_1(qt), which completes the proof.

(2) ⇒ (3). From (6), then

D_qS(z; t) = ∞∑ n=0 D_qu_n(t) z^{n+1} = − ∞∑ n=0 u_{n+1}(qt)

z^{n+1}

+ u_1(qt) ∞∑ n=0 u_n(t) z^{n+1}

= −zS(z; qt) + u_1(qt)S(z; t) + 1 ,

where we have used that u_0(t) = 1.

(3) ⇒ (4). By using (6) and (8), if we apply the D_q operator, we have that the equation (22) reads as

D_qS(z; t) := ⟨ D_qu(t), 1 z − x ⟩ = ⟨ u(qt), −z z − x + 1 ⟩ + ⟨ u(t), u_1(qt) z − x ⟩

= ⟨ u(qt), −x z − x ⟩ + ⟨ u(t), u_1(qt) z − x ⟩ , which implies ⟨ D_qu(t) + xu(qt) − u_1(qt)u(t), 1 z − x ⟩ = 0 ,

and so, all the moments for the linear functional D_qu(t)+xu(qt)−u_1(qt)u(t) are zero, and (23) is obtained.

(4) ⇒ (5). First of all, let us show that a regular linear functional u(t) satisfying (21), is such that 1 + (q − 1) t u_1(qt) ≠ 0. Let us assume that u_1(qt) = 1/((1−q)t). Then, from (21) we obtain that u_2(qt) = 1/((1−q)^2 t^2) which yields

det H_1(qt) = | | | u_0(qt) u_1(qt) u_1(qt) u_2(qt) | | | = | | | 1 1/((1 − q)t) 1/((1 − q)t) 1/((1 − q)^2 t^2) | | | = 0 ,

q-TODA AND q-VOLTERRA EQUATIONS 17

where by using (45) we finally obtain

D_qa_n(t) = a_n(qt) · · · a_1(qt) (1 + (q − 1) t γ_1(qt))a_{n−1}(t) · · · a_1(t) ( b_{n−1}(t) − b_n(qt) ) . Moreover, if we apply the D_q operator to the second equation of (45) we obtain D_qb_n(t) = D_qγ_{2n+1}(t) + D_qγ_{2n}(t) , where by using (45) the result follows.

The results for {ã_n(t)} and {b̃_n(t)} follow in a similar way.

Lemma 2. Let {a_n(t)} and {b_n(t)} be solution of the q-Toda lattice (16), and {P_n(x; t)} be the sequence of orthogonal polynomials with Jacobi matrix (3). Let c ∈ R such that P_n(c; t) ≠ 0, for each n ∈ N and for all t ∈ R. Then the sequence {γ_n(t)} defined in (45) are solution of the q-Volterra lattice (36), assuming that γ_0(t) = 1.

Proof : From [4, Exercise 9.6, page 49] we have that the coefficients γ_n(t) have the following representation

γ_{2n+1}(t) = −

P_{n+1}(c; t) P_n(c; t)

, γ_{2n+2}(t) = −a_{n+1}(t)

P_n(c; t) P_{n+1}(c; t)

, n ∈ N , (47)

for the odd and even cases.

In Section 2 we have proved that a necessary and sufficient condition for {a_n(t)} and {b_n(t)} be a solution of a q-Toda lattice is that {P_n(x; t)} satisfy the Appell condition (24). The result follows by applying the D_q operator to both equations.

As a consequence, if {a_n(t)} and {b_n(t)} are solution of the q-Toda lattice defined in (16), then from Lemma 2 we construct a solution of the q-Volterra lattice (36) denoted by {γ_n(t)}. Now, from Lemma 1 and these coefficients {γ_n(t)} we construct another solution {ã_n(t)} and {b̃_n(t)} of the q-Toda lattice defined in (16).

Let us denote by J_n(t) the finite submatrix formed by the first n rows and columns of J(t). We may summarize these result as follows, which is a qanalogue of [3, Theorem 1.3], where the full Toda and Volterra hierarchy has been considered.

Theorem 7. Let us consider the family {J(t)}, t ∈ R, of tridiagonal infinite matrices defined in (33) and let c ∈ C be such that det ( J_n(t) − c I_n ) ≠ 0, for each n ∈ N and for all t ∈ R. Then there exists a sequence {γ_n(t)}, t ∈ R,

16 AREA, BRANQUINHO, FOULQUIÉ AND GODOY

Proof : Following the same ideas of the proof of Theorem 3 we deduce the equivalence between the existence of a real parameter s (we can show that s = γ_1(qt)) such that D_qR(λ(t)) − B(t)R(λ(t)) = s R(λ(qt)) , (44) and, as 1 + (q − 1) t γ_1(qt) ≠ 0, that D_qλ(t) = 0 , which completes the proof, since (44) coincides (41) in vector notation.

4. Bäcklund or Miura transformations and sequences of orthogonal polynomials

Given a family of tridiagonal matrices {J(t), t ∈ R}, as in (3), we consider the sequence of polynomials {P_n(x; t)}_{n∈N} defined in (10). It is well-known [4] that, if a_n(t) ≠ 0 for n = 1, 2, . . . , then the sequence {P_n(x; t)} is orthogonal with respect to some quasi-definite moment functional.

Lemma 1. Let {γ_n(t)} be a solution of the q-Volterra lattice (36). Then {a_n(t)} and {b_n(t)} defined by a_0(t) = 1 and

a_n(t) = γ_{2n}(t)γ_{2n−1}(t) , b_n(t) = γ_{2n+1}(t) + γ_{2n}(t) + C , n = 1, . . . , (45) are solution of the q-Toda lattice (16). Moreover, the sequences {ã_n(t)} and {b̃_n(t)} defined by ã_0(t) = 1 and

ã_n(t) = γ_{2n+1}(t)γ_{2n}(t) , b̃_n(t) = γ_{2n+2}(t) + γ_{2n+1}(t) + C , n = 1, . . . , (46) are also solution of the q-Toda lattice (16), assuming that γ_0(t) = 1. Proof : If we apply the D_q operator to the first equation of (45) we obtain D_qa_n(t) = D_qγ_{2n}(t)γ_{2n−1}(t) + γ_{2n}(qt)D_qγ_{2n−1}(t) .

From (36) it yields

D_qa_n(t) = γ_{2n}(qt) · · · γ_1(qt) ( γ_{2n−1}(t) − γ_{2n+1}(qt) ) γ_{2n−1}(t) (1 + (q − 1) t γ_1(qt))γ_{2n−1}(t) · · · γ_1(t) + γ_{2n}(qt) γ_{2n−1}(qt) · · · γ_1(qt) ( γ_{2n−2}(t) − γ_{2n}(qt) ) (1 + (q − 1) t γ_1(qt))γ_{2n−2}(t) · · · γ_1(t) = γ_{2n}(qt) · · · γ_1(qt) ( γ_{2n−1}(t) + γ_{2n−2}(t) − γ_{2n+1}(qt) − γ_{2n}(qt) ) (1 + (q − 1) t γ_1(qt))γ_{2n−2}(t) · · · γ_1(t)

q-TODA AND q-VOLTERRA EQUATIONS 9

in contradiction with being u(t) a regular linear functional (cf. for instance [4]).

Let {P_n(x; t)}_{n∈N} be the sequence of monic orthogonal polynomials with respect to the linear functional u(t). Since {P_n(x; t)}_{n∈N} is a basis in the space of polynomials of degree n, we have

D_q−1 P_n(x; qt) = n∑ k=1 α^n_k (t) P_{n−k}(x; t) . (27)

By convention we shall assume that α^0_1(t) = 0. We shall prove for n > 1 that α^n_k (t) = 0 for k = 2, . . . , n and α^n_1 (t) ≠ 0. By applying the linear functional u(t) to (27) and using the orthogonality of P_n(x; t) it holds

α^n(t) ⟨ u(t), P_0(x; t) ⟩ = ⟨ u(t), D_q−1P_n(x; qt) ⟩ = − ⟨ D_qu(t), P_n(x; qt) ⟩ , where we have used that [17] ⟨ D_qu, p(x; t) ⟩ = − 1 q ⟨ u, D_q−1 p(x; t) ⟩ , and D_qD_q−1 f(t) = 1 q D_q−1 D_qf(t) .

From (23) we obtain

α^n(t) ⟨ u(t), P_0(x; t) ⟩ = ⟨ xu(qt), P_n(x; qt) ⟩ − u_1(qt) ⟨ u(t), P_n(x; qt) ⟩ = −u_1(qt) ⟨ u(t), P_n(x; qt) ⟩ , for n > 1, by using the orthogonality. From (27) the above expression can be written as

α^n(t) ⟨ u(t), P_0(x; t) ⟩ = −u_1(qt) ⟨ u(t), P_n(x; t) + (q − 1) t n∑ k=1 α^n_k (t) P_{n−k}(x; t) ⟩

= −u_1(qt)(q − 1) t α^n(t)⟨u(t), P_0(x; t)⟩ ,

for n > 1, by using again the orthogonality. Since ⟨ u(t), P_0(x; t) ⟩ = 1 ,

(1 + (q − 1) t u_1(qt))α^n(t) = 0 ,

and we obtain α^n(t) = 0. Similar arguments recursively can be used to prove that α^n_k (t) = 0, for k = 2, . . . , n. Therefore,

D_q−1 P_n(x; qt) = α^n_1 (t) P_{n−1}(x; t) .

Finally, we will determine α^n_1 (t) by using the orthogonality of P_n(x; t):

α^n_1 ⟨ u(t), x^{n−1}P_{n−1}(x; t) ⟩ = ⟨ u(t), D_q−1 (x^{n−1}P_n(x; qt)) ⟩ = − ⟨ D_qu(t), x^{n−1}P_n(x; qt) ⟩ .

10 AREA, BRANQUINHO, FOULQUIÉ AND GODOY

In order to compute the last inner product we shall use

P_n(x; qt) = P_n(x; t) + α^n_1 (t)(q − 1) t P_{n−1}(x; t) ,

as well as the orthogonality: ⟨ D_qu(t), x^{n−1}P_n(x; qt) ⟩ = ⟨ u(qt), x^nP_n(x; qt) ⟩ − u_1(qt) ⟨ u(t), x^{n−1}P_n(x; qt) ⟩ = ⟨ u(qt), x^nP_n(x; qt) ⟩ −u_1(qt) ⟨ u(t), x^{n−1} ( P_n(x; t)+α^n_1 (t)(q−1) t P_{n−1}(x; t) )⟩ = ⟨ u(qt), x^nP_n(x; qt) ⟩ − u_1(qt)α^n_1 (q − 1) t ⟨ u(t), x^{n−1}P_{n−1}(x; t) ⟩ , which gives the value of α^n_1 (t) given in (25).

(5) ⇒ (1) If we apply D_q−1 to the recurrence relation

xP_n(x; qt) = P_{n+1}(x; qt) + b_n(qt)P_n(x; qt) + a_n(qt)P_{n−1}(x; qt),

we get

α^n_1 (t)xP_{n−1}(x; t) = α^{n+1}_1 (t)P_n(x; t) + b_n(qt)α^n_1 (t)P_{n−1}(x; t)

+ D_qb_n(t)P_n(x; t) + a_n(qt)α^{n−1}_1 (t)P_{n−2}(x; t) + D_qa_n(t)P_{n−1}(x; t).

If we use again the recurrence relation to expand

xP_{n−1}(x; t) = P_n(x; t) + b_{n−1}(t)P_{n−1}(x; t) + a_{n−1}(t)P_{n−2}(x; t),

by equating the coefficients in P_n(x, t), P_{n−1}(x; t) and P_{n−2}(x; t), we get the q-Toda equations

α^n_1 (t) = α^{n+1}_1 (t) + D_qb_n(t) , α^n_1 (t) ( b_{n−1}(t) − b_n(qt) ) = D_qa_n(t) , (28)

with α^n_1 (t)a_{n−1}(t) = α^{n−1}_1 (t)a_n(qt) , n ∈ N, which completes the proof.

Remark 1. As a consequence, if we consider the limit as q ↑ 1 in the above Theorem we recover a number of results in relation with the dynamic solutions of the Toda equations (1) that are dispersed in the literature (see [1, 18, 25, 26] and references therein).

The modification of a orthogonality measure by multiplying it by the qexponential of a polynomial is studied in the next theorem. The notation to be used is that of [9, Chapter 1]. In particular

(x; q)_∞ = ∞∏ j=0 (1 − aq^j ).

q-TODA AND q-VOLTERRA EQUATIONS 15

u_4(t) =^{q2}_{(q−1)2t2} and therefore | | | | u_0(qt) u_1(qt) u_2(qt) u_1(qt) u_2(qt) u_3(qt) u_2(qt) u_3(qt) u_4(qt)

| | | | = | | | | | 1 0^1_{t(1−q)} 0^1_{t(1−q)} 0 1 t(1−q) 0 1 (1−q)^2t^2

| | | | | = 0,

in contradiction with being u(t) a regular linear functional [4]. The proof follows by using similar arguments as in Theorem 1.

(5) ⇒ (1) It follows from (40) by applying the q-difference operator and using (41).

Next, we state the evolution theorem for q-Volterra lattices.

Theorem 5. Assume that the normalized symmetric functional u(t) verifies

u(t) = κ((1 − q)x^2t; q)_∞v , (43)

where κ is the normalizing constant and v is a positive definite linear functional. Then, the coefficients {γ_n(t)}_{n∈N} of the Jacobi matrix Γ(t) associated to u(t) are solution of the q-Volterra lattice (36).

Proof : It follows from the fact that the moments of the linear functional u(t) satisfy (37).

Remark 3. If we introduce g(x, t; q) = ((1 − q)x^2t; q)_∞ , we have that [14],

lim_{q→1} g(x, t; q) = lim_{q→1} E_q((q − 1) x^2 t) = exp(−x^2t) ,

which is the evolution (12) associated to the continuous case [13, 22], and the q-exponential function E_q is defined in (31).

Next, we state a Lax-type theorem [16, Theorem 3, p. 270] for q-Volterra lattices.

Theorem 6. Let R be the column vector of monic polynomials R_n(x; t) and let λ be a spectral point of the Jacobi matrix Γ(t), i.e.

Γ(t) R(λ(t)) = λ(t) R(λ(t));

then, Γ(t) satisfies (32) with the matrix B(t) defined by (33) if, and only if, D_qλ(t) = 0 .

14 AREA, BRANQUINHO, FOULQUIÉ AND GODOY

since u_{2n+1}(t) = 0.

(3) The Stieltjes function associated with Γ(t) satisfies D_qS(z; t) = −z^2S(z; qt) + u_2(qt)S(z, t) + z . (38) (4) The linear functional u(t) associated with Γ(t) satisfies D_qu(t) = −x^2u(qt) + u_2(qt)u(t) . (39) (5) The monic symmetric polynomials {R_n(x; t)}_{n∈N}, R_n(−x; t) = (−1)^nR_n(x; t), defined by the three term recurrence relation

R_{n+1}(x; t) = xR_n(x; t) − γ_n(t)R_{n−1}(x; t) , (40) with R_{−1}(x; t) = 0 and R_0(x; t) = 1, satisfy an Appell condition D_qR_n(x; t) = σ^n_2 (t) R_{n−2}(x; t) , (41) where for n = 2, 3, . . .

σ^n_2 (t) =

⟨u(qt), x^nR_n(x; qt)⟩ (1 + (q − 1)tu_2(qt))⟨u(t), x^{n−2}R_{n−2}(x; t)⟩ = η_{n−1}(t) 1 + (q − 1) t γ_1(qt)

, (42) and η_n(t) is defined in (35).

Proof : (1) ⇒ (2) Since the moments u_n can be expressed as u_n = e^T_0 Γ^n(t)e_0, from (32) we obtain

e^T_0 D_qΓ^n(t)e_0 = γ_1(qt)Γ^n_{1,1}(t) − ( Γ^n_{1,1}(qt)γ_1(qt) + Γ^n_{1,3}(qt)η_1(t) ) = u_2(qt)u_n(t) − Γ^{n+2}_{1,1} (qt) = −u_{n+2}(qt) + u_2(qt)u_n(t) .

(2) ⇒ (3) It follows from the definition of the Stieltjes function S(z) in terms of moments (6).

(3) ⇒ (4) It is a consequence of (6) and (8).

(4) ⇒ (5) Let us prove that if u(t) is a regular linear functional satisfying (37) then 1 + (q − 1)tu_2(qt) ≠ 0. If u_2(t) =^q_{(1−q)t} then from (37) we obtain

q-TODA AND q-VOLTERRA EQUATIONS 11

Theorem 2. In the hypothesis of Theorem 1, assume that the normalized functional u(t) verifies u(t) = κ((1 − q)xt; q)_∞ v , (29) where κ is the normalizing constant and v is a positive definite linear functional. Then, the coefficients {a_n(t)}_{n∈N}, {b_n(t)}_{n∈N} of the Jacobi matrix J(t) associated to u(t) are solution of the q-Toda equations (16). Proof : Let f(x, t; q) = ((1 − q)xt; q)_∞ , (30) and the moments

⟨v, x^n⟩ = ∫ x^ndϱ(x) , n = 0, 1, . . . .

Let u_n(t) the moments of the linear functional u(t),

u_n(t) = ∫ f(x, t; q)x^ndϱ(x) ∫ f(x, t; q)dϱ(x) . Since D_q(f(t)/g(t)) =

D_qf(t)g(t) − f(t)D_qg(t) g(t)g(qt) , then

D_qu_n(t) = ∫ D_qf(x, t; q)x^ndϱ(x) ∫ f(x, qt; q)dϱ(x) − ( ∫ f(x, t; q)x^ndϱ(x) )( ∫ D_qf(x, t; q)dϱ(x) ) ( ∫ f(x, t; q)dϱ(x) )( ∫ f(x, qt; q)dϱ(x) ) . By using D_qf(x, t) = −xf(x, qt), we obtain D_qu_n(t) = −u_{n+1}(qt)+u_1(qt)u_n(t), which completes the proof.

Remark 2. Notice that [14] from (30) lim_{q→1} f(x, t; q) = lim_{q→1} E_q((q − 1) x t) = exp(−xt) ,

which is the evolution (11) associated to the continuous case [13, 22], where

E_q(z) = (−z; q)_∞ = ∞∏ k=0 (1 + zq^k) = ∞∑ n=0 q^{n(n−1)/2}z^n (q; q)_n

, (31)

12 AREA, BRANQUINHO, FOULQUIÉ AND GODOY

denotes a q-exponential function [11, p. 306], where the q-shifted factorial is

(a; q)_n = n−1∏ j=0 (1 − aq^j ) .

Next, we prove a Lax-type theorem [16, Theorem 3, p. 270]. Theorem 3. Let P be the column vector of monic polynomials P_n(x; t) and Let λ be a spectral point of the Jacobi matrix J(t), i.e. J P(λ(t)) = λ(t) P(λ(t));

then, J(t) satisfies (19) with the matrix A(t) defined by (20) if, and only if, D_qλ(t) = 0 .

Proof : If we apply the D_q operator to J(t)P(λ(t)) = λ(t)P(λ(t)) we obtain

D_qJ(t)P(λ(t)) + J(qt)D_qP(λ(t)) = D_qλ(t)P(λ) + λ(qt)D_qP(λ(t)) . Then, A(t)λ(t)P(λ(t)) − J(qt)A(t)P(λ(t)) + ( J(qt) − λ(qt) I ) D_qP(λ(t)) = ( D_qλ(t) ) P(λ(t)) .

and so (J(qt) − λ(qt) I) ( D_qP(λ(t)) − A(t)P(λ(t)) ) = ( D_qλ(t) I + ( λ(qt) − λ(t) ) A(t) ) P(λ(t)) .

Taking into account that the condition (J(qt) − λ(qt) I) ( D_qP(λ(t)) − A(t)P(λ(t)) ) = 0 , implies the existence of a real parameter s (we can show that s = b_0(qt)) such that D_qP(λ(t)) − A(t)P(λ(t)) = s P(λ(qt)) , and that this equation is the vector representation of (24) (which is equivalent to (19) by Theorem 1), we get that, as 1 + (q − 1) t b_0(qt) ≠ 0, D_qλ(t) = 0 , and this completes the proof.

q-TODA AND q-VOLTERRA EQUATIONS 13

3. q-Volterra lattices

Let us now consider the q-Volterra lattice (or q-Langmuir lattice): D_qΓ(t) = B(t)Γ(t) − Γ(qt)B(t) , (32) where

Γ(t) = (Γ_{i,j}(t)) =

0 1 0 γ_1(t) 0 1 0 0 γ_2(t) 0 1 0

... ... ...

, (33)

B(t) = γ_1(qt) 0 0

0 γ_1(qt) 0 η_1(t) 0 γ_1(qt) ...

0 η_2(t) 0 γ_1(qt) ... ... ...

, (34)

and η_n(t) = γ_1(qt) · · · γ_{n+1}(qt) γ_1(t) · · · γ_{n−1}(t)

, n = 2, 3, . . . , η_1(t) = γ_1(qt)γ_2(qt) . (35)

The following equations constitute another formulation of q-Volterra lattice equivalent to (32):

D_qγ_1(t) = − γ_1(qt)γ_2(qt) 1 + (q − 1) t γ_1(qt) , D_qγ_n(t) = γ_n(qt) · · · γ_1(qt)(γ_{n−1}(t) − γ_{n+1}(qt)) (1 + (q − 1) t γ_1(qt))γ_{n−1}(t) · · · γ_1(t)

, n ≥ 2,

(36)

assuming that 1 + (q − 1)tγ_1(qt) ≠ 0 and γ_n(t) ≠ 0.

In a similar way as Theorem 1 for the q-Toda lattices, it can be proved the following result.

Theorem 4. Let us assume that the sequence {γ_n(t)}_{n∈N} is uniformly bounded. The following conditions are equivalent:

(1) The Jacobi matrix Γ(t) defined in (33) satisfies the matrix difference equation (32).

(2) The moments u_n(t) associated to a symmetric functional u(t), defined by (9), satisfy D_qu_n(t) = −u_{n+2}(qt) + u_2(qt)u_n(t) , when n is even, (37)