Pré-Publicações do Departamento de Matemática Universidade de Coimbra Preprint Number 16–06

THE RISE AND FALL OF V -FUNCTORS

MARIA MANUEL CLEMENTINO AND DIRK HOFMANN

Abstract: In this note we study function spaces (rise) and descent (fall) in quantaleenriched categories, paying particular attention to enrichment in the non-negative reals, the quantale of distribution functions and the unit interval equipped with a continuous t-norm.

Keywords: quantale, enriched category, (probabilistic) metric space, exponentiation, bounded enriched category, effective descent morphism.

Math. Subject Classification (2010): 18D10, 18D15, 18D20, 18B35, 18A20, 18A25, 54E35, 54E70.

Introduction

As implicitly suggested by the title, the two main themes of this paper are the study of function spaces (or exponentiation) and descent theory in certain categories of interest to topologists. The quest for appropriate function space topologies goes back to at least the work of Fox [14], the motivation coming from algebraic topology (“a path of paths should be a path”). Roughly speaking, the problem is to topologize Y^X in such a way that, for all spaces Z, there is a natural 1-1 correspondence between continuous maps Z → Y^X and continuous maps Z × X → Y . Such a topology does not always exist, and those spaces X where it does for all spaces Y were eventually identified as the core-compact spaces by Day and Kelly in [9]. Curiously, [9] does not mention function spaces at all, but it does characterise those spaces X so that the functor − × X preserves quotients. However, the original question about function spaces actually asks for a right adjoint of − × X, and then

Received March 09, 2016. Revised September 26, 2016.

Research partially supported by Centro de Matemática da Universidade de Coimbra – UID/MAT/00324/2013, by Centro de Investigação e Desenvolvimento em Matemática e Aplicações da Universidade de Aveiro/FCT – UID/MAT/04106/2013, funded by the Portuguese Government through FCT/MCTES and co-funded by the European Regional Development Fund through the Partnership Agreement PT2020. 1

2 M.M. CLEMENTINO AND D. HOFMANN

the well-known Special Adjoint Functor Theorem tells us that both questions are equivalent. A nice overview of this development can be found in [19]. The second theme, descent theory, is probably less known in topology. This topic has its roots in Galois theory à la Grothendieck and its categorical presentation was developed by Janelidze (see [2]). In a nutshell, for a morphism f : E → B, one asks when is it possible to describe bundles over B as algebras of bundles over E; in other words, when one can “descend” from bundles over E to bundles over B along f.

Our interest in categories of monad-quantale-enriched categories started 15 years ago, with the main goal of providing a unified setting for the study of exponentiation and descent theory in general topology. This framework was suggested by various results on topological spaces via convergence: the characterization of effective descent continuous maps given in [30] and [20], and the characterization of exponentiable topological spaces of [28] and [25, 26]. With this motivation, we presented a detailed study of effective descent morphisms of categories enriched in a quantale V in [4], and a characterization of exponentiable V -functors in [5, 7]. The purpose of this article is to complete the results obtained in these papers in the realm of quantale-enriched categories, with particular focus on specific examples such as probabilistic metric spaces and categories enriched in the unit interval equipped with a continuous t-norm.

In Section 1 we provide the necessary background on quantales and quantaleenriched categories. We introduce important examples, such as the quantale Δ of distribution functions, we recall the classification of continuous quantale structures on the unit interval [0, 1] due to [12] and [27], and the notion of complete distributive complete lattice, and introduce the notion of cancellable quantale which proves to be useful in our investigation of effective descent V -functors.

In Section 2 we recall the characterization of exponentiable V -categories obtained in [5, 7] and refine this description for the specific choices of quantales introduced in the previous section. Section 2 can be seen as a “warm-up” for Section 3 where we consider the less familiar notion of exponentiable V - functor; similarly to the object-case, we provide customised descriptions for

THE RISE AND FALL OF V -FUNCTORS 35

[20] George Janelidze and Manuela Sobral. Finite preorders and topological descent. I. J. Pure Appl. Algebra, 175(1-3):187–205, November 2002. Special volume celebrating the 70^{th} birthday of Professor Max Kelly.

[21] George Janelidze and Walter Tholen. Facets of descent, I. Appl. Categ. Struct., 2(3):245–281, 1994.

[22] G. Max Kelly. Basic concepts of enriched category theory, volume 64 of London Mathematical Society Lecture Note Series. Cambridge University Press, Cambridge, 1982. Republished in: Reprints in Theory and Applications of Categories. No. 10 (2005), 1–136.

[23] F. William Lawvere. Metric spaces, generalized logic, and closed categories. Rend. Semin.

Mat. Fis. Milano, 43:135–166, 1973. Republished in: Reprints in Theory and Applications of Categories, No. 1 (2002), 1–37.

[24] Karl Menger. Statistical metrics. Proc. Natl. Acad. Sci. USA, 28:535–537, 1942. [25] Axel Möbus. Relational-Algebren. PhD thesis, Mathematisch-Naturwissenschaftliche Fakultät, Universität Düsseldorf, 1981.

[26] Axel Möbus. Alexandrov compactification of relational algebras. Arch. Math., 40(6):526–537, December 1983.

[27] Paul S. Mostert and Allen L. Shields. On the structure of semi-groups on a compact manifold with boundary. Ann. Math. (2), 65(1):117–143, January 1957.

[28] Claudio Pisani. Convergence in exponentiable spaces. Theory Appl. Categ., 5(6):148–162, 1999. [29] George N. Raney. Completely distributive complete lattices. Proc. Am. Math. Soc., 3(5):677– 680, May 1952.

[30] Jan Reiterman and Walter Tholen. Effective descent maps of topological spaces. Topology Appl., 57(1):53–69, April 1994.

[31] Friedhelm Schwarz. Product compatible reflectors and exponentiability. In H.L. Bentley, editor, Proceedings of the International Conference Held at the University of Toledo, Ohio, U.S.A., August 1-5, 1983, pages 505–522, 1984.

[32] Berthold Schweizer and Abe Sklar. Probabilistic metric spaces. North-Holland Series in Probability and Applied Mathematics. North-Holland Publishing Co., New York, 1983.

[33] Walter Tholen. Injectives, exponentials, and model categories. In International Summer Conference in Category Theory, Como, Italy, pages 183–190, 2000.

[34] Robert F. C. Walters. Sheaves and cauchy-complete categories. Cah. Topologie Géom. Différ.

Catégoriques, 22(3):283–286, 1981.

[35] Richard J. Wood. Ordered Sets via Adjunction. In Maria Cristina Pedicchio and Walter Tholen, editors, Categorical Foundations: Special Topics in Order, Topology, Algebra, and Sheaf Theory, volume 97 of Encyclopedia Math. Appl., pages 5–47. Cambridge University Press (CUP), Cambridge, 2004.

Maria Manuel Clementino CMUC, Department of Mathematics, Univ. Coimbra, 3001-501 Coimbra, Portugal E-mail address: mmc@mat.uc.pt

Dirk Hofmann CIDMA, Departamento de Matemática, Univ. Aveiro, 3810-193 Aveiro, Portugal E-mail address: dirk@ua.pt

34 M.M. CLEMENTINO AND D. HOFMANN

References

[1] Andrei Akhvlediani, Maria Manuel Clementino, and Walter Tholen. On the categorical meaning of Hausdorff and Gromov distances. I. Topology Appl., 157(8):1275–1295, June 2010.

[2] Francis Borceux and George Janelidze. Galois theories, volume 72 of Cambridge Studies in Advanced Mathematics. Cambridge University Press, Cambridge, 2001.

[3] Ying-Ming Chai. A note on the probabilistic quasi-metric spaces. J. Sichuan Univ., Nat. Sci.

Ed., 46(3):543–547, 2009.

[4] Maria Manuel Clementino and Dirk Hofmann. Effective descent morphisms in categories of lax algebras. Appl. Categ. Struct., 12(5-6):413–425, October 2004.

[5] Maria Manuel Clementino and Dirk Hofmann. Exponentiation in V -categories. Topology Appl., 153(16):3113–3128, October 2006.

[6] Maria Manuel Clementino and Dirk Hofmann. Descent morphisms and a van Kampen theorem in categories of lax algebras. Topology Appl., 159(9):2310–2319, June 2012.

[7] Maria Manuel Clementino, Dirk Hofmann, and Isar Stubbe. Exponentiable functors between quantaloid-enriched categories. Appl. Categ. Struct., 17(1):91–101, September 2009.

[8] Maria Manuel Clementino, Dirk Hofmann, and Walter Tholen. Exponentiability in categories of lax algebras. Theory Appl. Categ., 11(15):337–352, 2003.

[9] Brian J. Day and G. Max Kelly. On topologically quotient maps preserved by pullbacks or products. Proc. Camb. Philos. Soc., 67(03):553–558, May 1970.

[10] Roy Dyckhoff and Walter Tholen. Exponentiable morphisms, partial products and pullback complements. J. Pure Appl. Algebra, 49(1-2):103–116, November 1987.

[11] Samuel Eilenberg and G. Max Kelly. Closed categories. In Proc. Conf. Categorical Algebra (La Jolla, Calif., 1965), pages 421–562. Springer, New York, 1966.

[12] William M. Faucett. Compact semigroups irreducibly connected between two idempotents.

Proc. Am. Math. Soc., 6(5):741–747, May 1955.

[13] Barry Fawcett and Richard J. Wood. Constructive complete distributivity. I. Math. Proc.

Camb. Philos. Soc., 107(1):81–89, January 1990.

[14] Ralph H. Fox. On topologies for function spaces. Bull. Am. Math. Soc., 51(6):429–432, June 1945.

[15] Olga Hadžić and Endre Pap. Fixed point theory in probabilistic metric spaces, volume 536.

Springer Science & Business Media, 2013.

[16] Hans Heymans and Isar Stubbe. Symmetry and Cauchy completion of quantaloid-enriched categories. Theory Appl. Categ., 25(11):276–294, May 2011.

[17] Dirk Hofmann and Carla D. Reis. Probabilistic metric spaces as enriched categories. Fuzzy Sets Syst., 210:1–21, January 2013.

[18] Dirk Hofmann, Gavin J. Seal, and Walter Tholen, editors. Monoidal Topology. A Categorical Approach to Order, Metric, and Topology. Cambridge University Press, July 2014. Authors: Maria Manuel Clementino, Eva Colebunders, Dirk Hofmann, Robert Lowen, Rory Lucyshyn- Wright, Gavin J. Seal and Walter Tholen.

[19] John R. Isbell. General function spaces, products and continuous lattices. Math. Proc. Camb.

Philos. Soc., 100(2):193–205, September 1986.

THE RISE AND FALL OF V -FUNCTORS 3

our main examples. Furthermore, we show that perfect and étale V -functors (naturally imported from topology) are exponentiable.

The interpretation of metric spaces as categories advocated in [23] puts the emphasis on the triangular inequality and the “self-distance is zero” axiom, and, consequently, on the study of generalised metric spaces which are not necessarily symmetric, separated and finitary. In Section 4 we show how our results about generalised (probabilistic) metric spaces lead to characterizations of exponentiable morphisms between classical spaces. In particular, we introduce finitary and bounded V -categories relative to a choice of “finite” elements of the quantale V .

Finally, Section 5 is devoted to the study of effective descent V -functors. Following the pattern of the previous sections, we recall and improve the results of [4] and specialise these results in our main examples.

1. V -categories

Throughout V is a commutative and unital quantale; that is, V is a complete lattice equipped with a symmetric tensor product ⊗, with unit k ≠ ⊥ and with right adjoint hom; that is, for each u, v, w ∈ V , u ⊗ v ≤ w ⇐⇒ v ≤ hom(u, w).

As a category, V is a symmetric monoidal closed category. We recall now the notion of a V -enriched category when V is a quantale. The general notion of V -category goes back to [11], [23] and [22].

Definition 1.1. A V -enriched category (or simply V -category) is a pair (X, a) with X a set and a : X × X → V a map satisfying the following conditions:

(R) for each x ∈ X, k ≤ a(x, x);

(T) for each x, x^′, x^{′′} ∈ X, a(x, x^′) ⊗ a(x^′, x^{′′}) ≤ a(x, x^{′′}).

A V -functor f : (X, a) → (Y, b), between the V -categories (X, a), (Y, b), is a map f : X → Y such that

(C) for each x, x^′ ∈ X, a(x, x^′) ≤ b(f(x), f(x^′)).

We will denote by V -Cat the category of V -categories and V -functors. Without assuming condition (T), the pair (X, a) is said to be a V -graph;

4 M.M. CLEMENTINO AND D. HOFMANN

together with V -functors (i.e., maps between V -graphs satisfying (C)), they form the category V -Gph.

Examples 1.2. (1) For V = 2 = ({0 < 1}, ∧, 1), a 2-category is an ordered set (not necessarily antisymmetric) and a 2-functor is a monotone map.

(2) For the complete lattice [0, ∞] ordered by the “greater or equal” relation ≥ (so that the infimum of two numbers is their maximum and the supremum of S ⊆ [0, ∞] is given by inf S) with tensor ⊗ = +, a [0, ∞]- category is a (generalised) metric space (see [23]) and a [0, ∞]-functor is a non-expansive map. We note that

hom(u, v) = v ⊖ u := max{v − u, 0},

for all u, v ∈ [0, ∞].

(3) The complete lattice [0, 1] with the usual “less or equal” relation ≤ is isomorphic to [0, ∞] via the map [0, 1] → [0, ∞], u → − ln(u) where − ln(0) = ∞. Under this isomorphism, the operation + on [0, ∞] corresponds to multiplication ∗ on [0, 1]. We denote this quantale as [0, 1]_∗; hence, [0, 1]_∗-Cat is isomorphic to the category [0, ∞]-Cat (with tensor ⊗ = + on [0, ∞]) of (generalised) metric spaces and non-expansive maps. To keep notation simple, we will often write uv instead of u ∗ v, for u, v ∈ [0, 1].

Since [0, 1] is a frame, we can also consider it as a quantale with ⊗ = ∧ given by infimum, and we denote it by [0, 1]_∧. The category [0, 1]_∧-Cat is isomorphic to the category of (generalised) ultrametric spaces and nonexpansive maps.

Quantale operations on [0, 1] are usually called t-norms. Another interesting t-norm is given by the Łukasiewicz tensor where u ⊕ v = max(0, u + v − 1); here hom(u, v) = min(1, 1 − u + v). In fact, it is shown in [12] and [27] that every continuous t-norm ⊗ : [0, 1] × [0, 1] → [0, 1] with neutral element 1 is a combination of the three operations on [0, 1] described above. To describe this result, we need some notation: an element u ∈ [0, 1] is called idempotent whenever u ⊗ u = u, and v ∈ [0, 1] is called nilpotent whenever v ≠ 0 and v^n = 0, for some n ∈ N. We have now the following facts.

THE RISE AND FALL OF V -FUNCTORS 33

When a^2 = e we consider the pullback:

(x_0, z_0)^{{a} �} (x_1, z_1)^{∅ �} (x_2, z_2)

(x^′_1, z_1)^{{a} �} (x^′_2, z_2) � π_1

x_0^{{e,a}�} x_1^{{e} �} x_2

x^′_1^{{e,a}�} x^′_2 z_0^{{a} �} z_1^{{a} �} z_2

� g

y_0^{{e,a}}� y_1^{{e,a}}� y_2

� π_2

�f

In both cases f is a ⋆-quotient morphism but π_2 is not.

Remark 5.5. As for exponentiability, one may want to work on descent in symmetric or separated V -categories, or in F-finitary ones. However, for these restrictions, the results obtained above remain unchanged, as we explain next.

Indeed, the techniques used in [4] to deduce sufficient conditions for effective descent in V -Cat, embedding this category in V -Gph, can also be used for V -Cat_{sym}, V -Cat_{sep} and V -Cat_{sym,sep} since they are also full subcategories of V -Gph closed under pullbacks (for details see [21, 4]). Moreover, it is easy to check that, for a final surjection f : (X, a) → (Y, b) between V -graphs, if (X, a) is symmetric (separated), then so is (Y, b). Therefore, all the results on descent stated above have corresponding formulations for these special cases.

The same happens in the case of F-finitary V -categories, given a ⊗-filter F. We have already observed, in Lemma 4.6, that F-finitary V -categories descend along surjective V -functors, and, once again, V -Cat_F is closed under pullbacks as a full subcategory of V -Gph.

In particular we can conclude that a morphism of classical (probabilistic) metric spaces is effective for descent precisely if it is so in the category of generalised (probabilistic) metric spaces.

32 M.M. CLEMENTINO AND D. HOFMANN

(b) If M has at least 3 distinct elements, e, m, n, consider the following pullback:

(x_0, z_0)^{{m} �} (x_1, z_1)^{∅ �} (x_2, z_2) (x^′_1, z_1)^{{n} �} (x^′_2, z_2) � π_1

x_0^{{mnk, k∈N0}�} x_1^{{e} �} x_2 x^′_1^{{e,n}�} x^′_2 y_0^{{mnk, k∈N0}}� y_1^{{e,n}}� y_2

� g

y_0^{{mnk, k∈N0}}� y_1^{{e,n}}� y_2

� π_2

�f

Then f is a ⋆-quotient morphism but its pullback π_2 is not, therefore f is not effective for descent.

If M = {e, a}, we distinguish two cases. When a^2 = a, we consider the pullback

(x_0, z_0)^{{a} �} (x_1, z_1)^{∅ �} (x_2, z_2) (x^′_1, z_1)^{{a} �} (x^′_2, z_2) � π_1

x_0^{{a} �} x_1^{{e} �} x_2 x^′_1^{{e,a}�} x^′_2 z_0^{{a} �} z_1^{{a} �} z_2

� g

y_0^{{a}} � y_1^{{e,a}}� y_2

� π_2

�f

THE RISE AND FALL OF V -FUNCTORS 5

Theorem. (a) If 0 and 1 are the only idempotent elements of [0, 1] and [0, 1] has no nilpotent element, then ⊗ = ∗ is the multiplication.

(b) If 0 and 1 are the only idempotent elements of [0, 1] and [0, 1] has a nilpotent element, then ⊗ = ⊕ is the Łukasiewicz tensor.

(c) For u, v ∈ [0, 1] and e ∈ [0, 1] idempotent with u ≤ e ≤ v: u ⊗ v = min(u, v) = u.

(d) For every non-idempotent u ∈ [0, 1], there exist idempotents e and f with e < u < f and such that the interval [e, f] (with the restriction of the tensor on [0, 1] and with neutral element f) is isomorphic to [0, 1] with either multiplication or Łukasiewicz tensor.

Throughout we will study the behaviour of [0, 1]_⊗-Cat for a general continuous tensor product ⊗ on [0, 1].

(4) We consider now the set

Δ = {φ : [0, ∞] → [0, 1] | for all α ∈ [0, ∞]: φ(α) = � β<α φ(β)},

of distribution functions. Δ is a complete lattice with the pointwise order. For φ, ψ ∈ Δ and α ∈ [0, ∞], define φ ⊗ ψ ∈ Δ by

φ ⊗ ψ(α) = � β+γ≤α

φ(β) ∗ ψ(γ).

One easily verifies that the operation ⊗ : Δ × Δ → Δ is associative and commutative, and that

κ : [0, ∞] → [0, 1], α → � 0 if α = 0, 1 else

is a neutral element for ⊗. Finally, ψ ⊗ − : Δ → Δ preserves suprema since u ∗ − : [0, 1] → [0, 1] does so, for all u ∈ [0, 1]. For the quantale Δ just described, a Δ-category is a (generalised) probabilistic metric space and a Δ-functor is a probabilistic non-expansive map. Probabilistic metric spaces are introduced in [24] and extensively described in [32]; a presentation as enriched categories can be found in [3] and [17]. There are two different ways of embedding the category of metric spaces in the

6 M.M. CLEMENTINO AND D. HOFMANN

category of probabilistic metric spaces, corresponding to the two different descriptions of metric spaces as [0, ∞]-Cat and [0, 1]_∗-Cat: σ : [0, ∞]-Cat → Δ-Cat and τ : [0, 1]_∗-Cat → Δ-Cat (1.i) (X, a) → (X, ã) (X, a) → (X, â) with ã(x, y)(β) = 1 if β > a(x, y) and ã(x, y)(β) = 0 elsewhere, while â(x, y)(β) = a(x, y) if β ≠ 0 and â(x, y)(0) = 0.

(5) If (M, ·, e) is a commutative monoid, then the lattice (P M, ⊆), with the tensor product defined by M^′ × N^′ = {m · n | m ∈ M^′, n ∈ N^′}, for M^′, N^′ ⊆ M, with unit {e}, is a commutative and unital quantale^∗; in fact, it is the free quantale over (M, ·, e). Categories enriched in such a quantale are extensively studied in [18].

We discuss now some properties of V which will be useful in the sequel. Denoting by DnV the lattice of down-sets of V ordered by inclusion, the monotone map (=functor) ↓: V −→ DnV v −→ ↓v = {u ∈ V | u ≤ v} has a left adjoint � : DnV −→ V because V is a complete lattice (in fact, the existence of this adjoint is equivalent to completeness of V ). The lattice V is said to be constructively completely distributive (ccd) (see [29] and [13]) if this left adjoint has itself a left adjoint ⇓: V −→ DnV, so that ⇓ v ⊆ S ⇐⇒ v ≤ � S. (1.ii) Defining the totally below relation ≪ on V by

∗For simplicity here we assume commutativity of the tensor, although it is not essential for most of the results obtained.

THE RISE AND FALL OF V -FUNCTORS 31

and then χ_0(α^′_0) +^ε_2 ≥ χ_0(α^′_0) +^δ_{ψ1(β1)} > ψ_0(β_0), and so

χ_0(α_0) + ε ≥ χ_0(α^′_0) + ε > ψ_0(β_0) + ε 2 ≥ ψ_0(α_0),

as claimed. The condition for χ_1(α_1) is shown analogously.

(ii) =⇒ (iii): That f is a ⋆⋆-quotient morphism follows from (ii) considering α_0 = α_1 a general element of [0, ∞].

(iii) =⇒ (i) is shown in the proof of Proposition 5.3.

Remark. We do not know whether every ⋆-quotient morphism is effective for descent in Δ-Cat.

(4) Finally, we consider the quantale V = P M.

Theorem. If M is a non-trivial monoid, (i.e. it has at least two elements), then:

(a) A P M-functor is effective for descent in P M-Cat if and only if it is a ⋆⋆-quotient morphism.

(b) There are ⋆-quotient morphisms which are not effective for descent.

Proof : (a) First observe that f : (X, a) → (Y, b) is a ⋆⋆-quotient morphism in P M-Cat if and only if

∀y_0, y_1, y_2 ∈ Y ∀m_0 ∈ b(y_0, y_1), m_1 ∈ b(y_1, y_2) ∃x_i ∈ f^{−1}(y_i) :

m_0 ∈ a(x_0, x_1), m_1 ∈ a(x_1, x_2).

If this condition does not hold, that is, given y_0, y_1, y_2 ∈ Y , m_0 ∈ b(y_0, y_1), m_1 ∈ b(y_1, y_2) such that, for all x_0, x_1, x_2 ∈ X with f(x_i) = y_i, either m_0 ∉ a(x_0, x_1) or m_1 ∉ a(x_1, x_2), then it is easy to check that the pullback π_2 : (X ×_Y Z, d) → (Z, c) of f along g : (Z, c) → (Y, b), where Z = {y_0, y_1, y_2}, c(y_0, y_1) = {m_0}, c(y_1, y_2) = {m_1}, c(y_0, y_2) = {m_0m_1}, and g is the inclusion, is not a ⋆-quotient morphism: for all x_0, x_1, x_2 with f(x_i) = y_i, i = 0, 1, 2, either d((x_0, z_0), (x_1, z_1)) = ∅ or d((x_1, z_1), (x_2, z_2)) = ∅, hence f is not effective for descent.

30 M.M. CLEMENTINO AND D. HOFMANN

(i) f is a pullback-stable ⋆-quotient map in Δ-Gph.

(ii) For each y0^{ψ0 �} y1^{ψ1 �} y2 in Y , α_0, α_1 ∈ [0, ∞], ε > 0, there exist x_0^{χ0 �} x_1^{χ1 �} x_2 in X with f(x_i) = y_i, i = 0, 1, 2, and χ_0(α_0)+ε ≥ ψ_0(α_0), χ_1(α_1) + ε ≥ ψ_1(α_1).

(iii) f is a ⋆⋆-quotient morphism in Δ-Cat.

Proof : (i) =⇒ (ii): Let f : X → Y be a pullback-stable ⋆-quotient morphism in Δ-Gph. Consider the coproduct Z of

{ y0^{φα0,ψ0(α0) �} y1^{φα1,ψ1(α1) �} y2 },

for all y0^{ψ0 �} y1^{ψ1 �} y2 in Y and α_0, α_1 ∈ [0, ∞], and form the pullback of f : X → Y along g : Z → Y (with g(y_i) = y_i).

For each α_0, α_1 ∈ [0, ∞], y0^{ψ0 �} y1^{ψ1 �} y2 in Y and x0^{χ0 �} x1^{χ1 �} x2 in X with f(x_i) = y_i, i = 0, 1, 2, we denote by

(x_0, y_0)^{χ0,α0,ψ0�} (x_1, y_1)^{χ1,α1,ψ1�} (x_2, y_2) the corresponding chain in the pullback X ×_Y Z, that is, χ_{i,αi,ψi} = χ_i ∧ φ_{αi,ψi(αi)}.

Let us fix now y0^{ψ0 �} y1^{ψ1 �} y2 in Y , α_0, α_1 ∈ [0, ∞] and ε > 0. By definition of Δ, there exist β_0, β_1 ∈ [0, ∞] such that, for i = 0, 1, α_i −^ε_2 < β_i < α_i and ψ_i(β_i) +^ε_2 ≥ ψ_i(α_i). Since, by assumption, π_2 : X ×_Y Z → Z is a ⋆-quotient map,

ψ_0(β_0) ψ_1(β_1) = φ_{β0+β1,ψ0(β0)ψ1(β1)}(α_0 + α_1) = � α^′_0+α^′_1=α_0+α_1

χ_{0,β0,ψ0} (α^′_0) χ_{1,β1,ψ1(β1)}(α^′_1).

Therefore, for δ = min{^{εψ0(β0)}_2 ,^{εψ1(β1)}_2 } > 0 (if any of these values is 0 then (ii) is trivially satisfied), there exist α^′_0 > β_0, α^′_1 > β_1 such that α^′_0 + α^′_1 = α_0 + α_1 and χ_{0,β0,ψ0} (α^′_0) χ_{1,β1,ψ1} (α^′_1) + δ > ψ_0(β_0) ψ_1(β_1). Hence, χ_0(α^′_0) ψ_1(β_1) + δ ≥ χ_{0,β0,ψ0} (α^′_0) χ_{1,β1,ψ1} (α^′_1) + δ > ψ_0(β_0) ψ_1(β_1),

THE RISE AND FALL OF V -FUNCTORS 7

u ≪ v ⇐⇒ u ∈⇓ v ⇐⇒ ∀S ∈ DnV v ≤ � S =⇒ u ∈ S ⇐⇒ ∀A ⊆ V v ≤ � A =⇒ ∃w ∈ A : u ≤ w condition (1.ii) gives that, for every v ∈ V , v = � {u ∈ V | u ≪ v}.

(See [35] for details.)

Examples 1.3. (1) The lattice 2 is ccd and its totally below relation ≪ is given by 0 ≪ 1 and 1 ≪ 1.

(2) The lattice [0, ∞] (and so also [0, 1]) is ccd, with the totally below relation ≪ given by > (respectively by <).

(3) The lattice Δ is ccd. To describe its totally below relation, it is useful to consider some special elements of Δ: the step functions φ_{α,u} (where α ∈ [0, ∞] and u ∈ [0, 1]) defined by

φ_{α,u}(β) = � 0 if β ≤ α, u if β > α.

One has the following facts.

Lemma. For every ψ, χ ∈ Δ: (a) ψ = � {φ_{α,u} | u < ψ(α)};

(b) for every α ∈ [0, ∞] and u ∈ [0, 1], φ_{α,u} ≪ ψ ⇐⇒ u < ψ(α); (c) χ ≪ ψ ⇐⇒ ∃α ∈ [0, ∞] : χ(α) = 0 and χ(∞) < ψ(α).

Proof : The equality of (a) is straightforward. To prove (b), let α ∈ [0, ∞] and u ∈ [0, 1]. Assume first that u < ψ(α) and let (ψ_i)_{i∈I} be a family in Δ such that ψ ≤ � i∈I ψ_i. Then there exists j ∈ I with ψ_j (α) > u and this is enough to conclude that φ_{α,u} ≤ ψ_j. Assume now φ_{α,u} ≪ ψ; by (a) there is some β ∈ [0, ∞] and v ∈ [0, 1] with v < ψ(β) so that φ_{α,u} ≤ φ_{β,v}, that is, α ≥ β and u ≤ v. We conclude that ψ(α) ≥ ψ(β) > v ≥ u. To see (c) note that, by (a) and (b), χ ≪ ψ ⇐⇒ ∃α, u χ ≤ φ_{α,u} ≪ ψ, and this is equivalent to the conditions χ(α) = 0 and χ(∞) < ψ(α).

(4) P M is also ccd: S ≪ N ⇐⇒ S = {x} for some x ∈ N, for S, N ⊆ M.

8 M.M. CLEMENTINO AND D. HOFMANN

Now we will analyse a condition on V that plays a crucial role in the study of descent. We say that the tensor product ⊗ in V is cancellable (or simply that V is cancellable) if, for any u, v ∈ V \ {⊥}, for any families (u_i)_{i∈I} , (v_i)_{i∈I} in V with u_i ≤ u and v_i ≤ v for every i ∈ I, � i∈I (u_i ⊗ v_i) ≥ u ⊗ v in V =⇒ ∀u^′ ≪ u, v^′ ≪ v ∃i ∈ I : u^′ ≤ u_i and v^′ ≤ v_i.

Proposition 1.4. Let V be a ccd lattice where the set {w ∈ V | w ≪ k} is directed. If, for any v ∈ V \ {⊥}, v ⊗ − : V → V

(1) preserves the totally below relation, (2) is full, i.e. v ⊗ w ≤ v ⊗ w^′ =⇒ w ≤ w^′, then V is cancellable.

Proof : Let u, v ∈ V \ {⊥}, (u_i)_{i∈I} , (v_i)_{i∈I} be families in V with u_i ≤ u and v_i ≤ v for every i ∈ I, such that � i∈I (u_i ⊗ v_i) ≥ u ⊗ v.

Let u^′ ≪ u and v^′ ≪ v. Since u = u⊗ � w≪k w = � w≪k u⊗w, v = � w≪k v⊗w and {w ∈ V | w ≪ k} is directed, there exists w ≪ k with u^′ ≤ u ⊗ w and v^′ ≤ v ⊗ w. Condition (1) guarantees that u ⊗ v ⊗ w ≪ u ⊗ v, and then, by definition of ≪, there exists j ∈ I such that u ⊗ v ⊗ w ≤ u_j ⊗ v_j. Therefore, from u ⊗ v ⊗ w ≤ u_j ⊗ v_j ≤ u ⊗ v_j and (2) we conclude that v ⊗ w ≤ v_j, and, analogously, that u ⊗ w ≤ u_j. Hence, � i∈I (u_i, v_i) ≥ � w≪k (u ⊗ w, v ⊗ w) = (u ⊗ � w≪k w, v ⊗ � w≪k w) = (u, v).

Examples 1.5. (1) It follows directly from Proposition 1.4 that the quantales 2, [0, ∞], [0, 1]_∗ are cancellable.

(2) The quantale [0, 1]_⊕ is not cancellable; for instance, if u_i = 0 = v_i and u = v =^1_2 , then 0 = � (u_i ⊕ v_i) = u ⊕ v although � u_i = 0 ≠ u.

(3) In Δ we do not know whether, for any ψ ∈ Δ, ψ ⊗ − is full, that is, ψ ⊗ χ ≤ ψ ⊗ χ^′ implies χ ≤ χ^′. We know, however, that {ψ ∈ Δ

THE RISE AND FALL OF V -FUNCTORS 29

Therefore u_0 ⊗ u_1 ≤ � π_2(w_i)=z_i

d(w_0, w_1) ⊗ d(w_1, w_2).

– If u_0 ⊗ u_1 is not idempotent, then there are idempotents u, u^′ ∈ [0, 1] with u < u_0 ⊗ u_1 < u^′ and an isomorphism of quantales φ : [u, u^′] → [0, 1] where [0, 1] is equipped with either the tensor ⊕ or the multiplication. We extend φ to φ : [0, 1] → [0, 1] by putting φ(v) = 0 for v < u and φ(v) = 1 for v > u^′. Then B_φ(π_2) is a ⋆-quotient morphism, therefore φ � � � π_2(w_i)=z_i

d(w_0, w_1) ⊗ d(w_1, w_2) � � = φ(u_0 ⊗ u_1).

Since u < u_0 ⊗ u_1 < u^′, we conclude that � π_2(w_i)=z_i

d(w_0, w_1) ⊗ d(w_1, w_2) = u_0 ⊗ u_1.

Theorem. Let ⊗ be a continuous quantale structure on [0, 1] with neutral element 1. Then a [0, 1]_⊗-functor is effective for descent in [0, 1]_⊗-Cat if and only if it is a ⋆-quotient morphism.

Remark. An effective descent [0, 1]_⊗-functor does not need to be ⋆⋆- quotient morphism. Consider, for instance, the [0, 1]_⊕-functor f : (X, a) → (Y, b) depicted below:

x_0^{12 �} x_1

x^′_1 1 2 � x^′_2 y_0^{12} � y_1^{12} � y_0 �f

Then f is a ⋆-quotient morphism (since^1_2 ⊕^1_2 = 0) but not a ⋆⋆-quotient morphism.

(3) We turn now our attention to Δ-categories.

Proposition. The following conditions are equivalent to be effective for descent, for a morphism f : X → Y in Δ-Cat.

28 M.M. CLEMENTINO AND D. HOFMANN

φ : V → W , the corresponding change-of-base functor

B_φ : V -Gph −→ W -Gph (f : (X, a) → (Y, b)) −→ (f : (X, φa) → (Y, φb))

preserves ⋆-quotient morphisms. If, moreover, φ preserves finite infima, then B_φ : V -Gph → W -Gph preserves pullbacks.

Proposition. Let ⊗ be a continuous quantale structure on [0, 1] with neutral element 1. Then the class of ⋆-quotient morphisms is pullback stable in [0, 1]_⊗-Gph.

Proof : As above, consider a pullback diagram

(X ×_Y Z, d)

π_1 � π_2

� (Z, c) g � (X, a)_f^� (Y, b)

in [0, 1]_⊗-Gph where f is a ⋆-quotient morphism, let z_0, z_1, z_2 ∈ Z and put y_i = g(z_i) (i = 0, 1, 2) and u_i = c(z_i, z_{i+1}), v_i = b(y_i, y_{i+1}) (i = 0, 1). We wish to show that

u_0 ⊗ u_1 ≤ � π_2(w_i)=z_i

d(w_0, w_1) ⊗ d(w_1, w_2).

– If u_0 ⊗ u_1 = 0, then the assertion follows trivially.

– If u_0 ⊗ u_1 = 1, then also u_0 = u_1 = v_0 = v_1 = v_0 ⊗ v_1 = 1, and the assertion follows.

– Assume now that u_0 ⊗ u_1 is idempotent. Then [0, u_0 ⊗ u_1] (with the restriction of ⊗) is isomorphic to [0, 1] with an appropriate tensor. Denote this isomorphism by φ : [0, u_0 ⊗ u_1] → [0, 1], and extend φ to a homomorphism of quantales φ : [0, 1] → [0, 1] by putting φ(u) = 1 for u > u_0 ⊗ u_1. Clearly, φ : [0, 1] → [0, 1] preserves finite infima. Then B_φf is a ⋆-quotient morphism; hence, by the previous case, φ � � � π_2(w_i)=z_i

d(w_0, w_1) ⊗ d(w_1, w_2) � � = 1.

THE RISE AND FALL OF V -FUNCTORS 9

, ψ ≪ κ} is directed, but in general ψ ⊗ − does not preserve the totally below relation: indeed, for α ∈ [0, ∞] and u ∈ V , φ_{α,u} ≪ k ⇐⇒ α > 0 and u < 1, while ψ ⊗ φ_{α,u} ≪ ψ ⇐⇒ ∃β ≤ α : ψ(β) < uψ(∞).

To remedy this problem we will study cancellability for the subset Δ_0 of Δ consisting of the step-functions. First we show that: (a) φ_{β,v} ≪ k =⇒ φ_{α,u} ⊗ φ_{β,v} ≪ φ_{α,u} for any φ_{α,u} ∈ Δ_0; (b) ψ ⊗ − : Δ_0 → Δ is full, for any ψ ∈ Δ.

To show (a), let φ_{β,v} ≪ k, that is, β > 0 and v < 1. Then φ_{α,u} ⊗ φ_{β,v} = φ_{α+β,uv} ≪ φ_{α,u} since uv < φ_{α,u}(α + β) = u.

For (b) first we compute ψ ⊗ φ_{α,u}(β) = uψ(β − α) for β > α, and 0 elsewhere. Then, if ψ⊗φ_{α,u} ≤ ψ⊗φ_{β,v}, (ψ⊗φ_{α,u})(β) = (ψ⊗φ_{β,v})(β) = 0, and so β ≤ α. Moreover, for γ ∈ ]0, ∞],

(ψ ⊗ φ_{α,u})(γ + α) = uψ(α) ≤ vψ(γ + α − β) = (ψ ⊗ φ_{β,v})(γ + α),

and then ψ(γ + n(α − β)) ≥ ψ(α) �u v �_n . Since ψ is bounded by 1,^u_v is necessarily less than or equal to 1, i.e. u ≤ v as claimed.

Now, adapting the proof that V is cancellable provided (a) and (b) hold, it is routine to show that Δ_0 is cancellable in Δ.

2. Exponentiable V -categories

An object X of a finitely complete category C is called exponentiable whenever the functor − × X : C → C is left adjoint; its right adjoint is typically denoted as (−)^X : C → C. Similarly, a morphism f : X → Y in C is called exponentiable if f is an exponentiable object in the slice category C ↓ Y . The category C is called cartesian closed whenever every object of C is exponentiable; and C is called locally cartesian closed if every morphism of C is exponentiable.

From now on we assume that V , as a category, is cartesian closed. The existence of a right adjoint to − ∧ v : V → V for every v ∈ V is in fact equivalent to the existence of a Heyting operation on V . Therefore, our assumption means that from now on V is a Heyting algebra. We remark that in all examples treated here this assumption is fulfilled.

10 M.M. CLEMENTINO AND D. HOFMANN

The categories V -Gph and V -Cat are both complete, in fact, V -Cat is closed under limits in V -Gph. In particular, for V -functors f : (X, a) → (Y, b) and g : (Z, c) → (Y, b), their pullback can be taken as the V -category (X ×_Y Z, d), where X ×_Y Z is the pullback in Set and d((x, y), (z, w)) = a(x, z) ∧ c(y, w), equipped with the canonical projections. Hence, one can investigate whether a V -category, or a V -functor, is exponentiable; and in this section we consider exponentiable V -categories, reserving the next one for the study of exponentiable V -functors.

The following characterization of exponentiable objects in V -Cat was proved in [5, Corollary 3.5] under the condition that k is the top element of V , and later, in [7, Section 5], without this extra condition.

Theorem 2.1. A V -category (X, a) is exponentiable in V -Cat if, and only if, for all x_0, x_1 ∈ X and v_0, v_1 ∈ V , � x∈X (a(x_0, x) ∧ v_0) ⊗ (a(x, x_1) ∧ v_1) ≥ a(x_0, x_1) ∧ (v_0 ⊗ v_1). (2.i)

When ⊗ = ∧ is the categorical product in V , then the condition above reduces to � x∈X a(x_0, x) ∧ a(x, x_1) ≥ a(x_0, x_1),

which is trivially true, and in this case V -Cat is a cartesian closed category.

In [17] it was shown that:

Proposition 2.2. The V -category V is exponentiable if, and only if, for all u, v, w ∈ V ,

(u ⊗ v) ∧ w = � {u^′ ⊗ v^′ | u^′ ≤ u, v^′ ≤ v, u^′ ⊗ v^′ ≤ w}.

Examples 2.3. (1) As observed after Theorem 2.1, since in 2 the tensor product is ∧, the category 2-Cat of ordered sets and monotone maps is cartesian closed. The same argument applies to [0, 1]_∧-Cat.

(2) As shown in [5], a metric space (X, a) is exponentiable in [0, ∞]-Cat if, and only if, for each x_0, x_1 ∈ X, α_0, α_1 ∈ [0, ∞[ with α_0 + α_1 = a(x_0, x_1), and ε > 0,

∃x ∈ X : a(x_0, x) < α_0 + ε and a(x, x_1) < α_1 + ε,

THE RISE AND FALL OF V -FUNCTORS 27

Proof : Since the quantale ([0, 1], ∗, 1) is isomorphic to ([0, ∞], +, 0), the assertion about [0, 1]_∗-Gph is just a translation from [4, Proposition 6.3]. Consider now a pullback diagram

(X ×_Y Z, d)

π_1 � π_2

� (Z, c) g � (X, a)_f^� (Y, b)

in [0, 1]_⊕-Gph where f is a ⋆-quotient morphism. Let z_0, z_1, z_2 ∈ Z and put y_i = g(z_i) (i = 0, 1, 2) and u_i = c(z_i, z_{i+1}), v_i = b(y_i, y_{i+1}) (i = 0, 1). If u_0 + u_1 ≤ 1, then clearly

0 = v_0 ⊕ v_1 = � π_2(w_i)=z_i

d(w_0, w_1) ⊕ d(w_1, w_2).

Assume now u_0 + u_1 > 1. Then v_0 + v_1 > 1, that is, v_0 + v_1 > 0. Since f is ⋆-quotient,

v_0 ⊕ v_1 ≤ � f(x_i)=y_i

a(x_0, x_1) ⊕ a(x_1, x_2).

Hence, for every ε > 0 there exist x_i ∈ f^{−1}(y_i) (i = 0, 1, 2) with

a(x_0, x_1) ⊕ a(x_1, x_2) ≥ (v_0 ⊕ v_1) − ε,

or equivalently, a(x_0, x_1) + a(x_1, x_2) + ε ≥ v_0 + v_1. Since v^′_0 := a(x_0, x_1) ≤ v_0 and v^′_1 := a(x_1, x_2) ≤ v_1, we conclude v^′_0 + ε ≥ v_0 and v^′_1 + ε ≥ v_1 and therefore

d((x_0, z_0), (x_1, z_1)) = v^′_0 ∧ u_0 ≥ (v_0 − ε) ∧ u_0 ≥ u_0 − ε;

similarly, d((x_1, z_1), (x_2, z_2)) ≥ u_1 − ε.

Based on the lemma above as well as on Theorem 1.2 (3), we show now that ⋆-quotient morphisms are pullback stable in [0, 1]_⊗-Gph, where ⊗ is any continuous quantale structure on [0, 1] with neutral element 1. In order to do so, we first observe that, for every homomorphism of quantales

26 M.M. CLEMENTINO AND D. HOFMANN

Proposition 5.3. If V is cancellable, then the following conditions are equivalent, for a V -functor f : (X, a) → (Y, b).

(i) f is effective for descent. (ii) f is a ⋆-quotient morphism. (iii) f is a ⋆⋆-quotient morphism.

Proof : Every effective descent morphism is a ⋆-quotient morphism, and, when V is cancellable, every ⋆-quotient morphism is a ⋆⋆-quotient morphism.

To prove the remaining implication we show that ⋆⋆-quotient morphisms are pullback-stable in V -Gph, and use Theorem 5.2. Given a pullback diagram (X ×_Y Z, d)^{π2 �}

π_1 � (Z, c) g � (X, a)_f^� (Y, b)

with f a ⋆⋆-quotient morphism, let z_0, z_1, z_2 ∈ Z. If u ≪ c(z_0, z_1) and v ≪ c(z_1, z_2), then u ≪ b(g(z_0), g(z_1)) and v ≪ b(g(z_1), g(z_2)). Since f is a ⋆⋆-quotient morphism, for i = 0, 1, 2 there exist x_i in X such that f(x_i) = g(z_i), u ≤ a(x_0, x_1) and v ≤ a(x_1, x_2). Therefore (x_i, z_i) ∈ X ×_Y Z for i = 0, 1, 2, u ≤ a(x_0, x_1) ∧ c(z_0, z_1) = d((x_0, z_0), (x_1, z_1)) by definition of the pullback structure d, and, analogously, v ≤ d((x_1, z_1), (x_2, z_2)).

Below we present characterizations of effective descent morphisms in the categories under study. In particular our examples show that in V -Cat, in general, ⋆-quotient ⇏ effective descent ⇏ ⋆⋆-quotient. We do not know whether the conditions (1) − (3) of Theorem 5.2 are equivalent.

Examples 5.4. (1) From Proposition 5.3 it follows immediately:

Theorem ([4]). A morphism f in [0, ∞]-Cat or in 2-Cat is effective for descent if and only if f is ⋆-quotient if and only if f is ⋆⋆-quotient.

(2) We consider now categories enriched in [0, 1] equipped with a continuous tensor.

Lemma. In [0, 1]_⊕-Gph and in [0, 1]_∗-Gph, the class of ⋆-quotient morphisms is pullback stable.

THE RISE AND FALL OF V -FUNCTORS 11

based on the fact that it is enough to consider in (2.i) α_0, α_1 with α_0 + α_1 = a(x_0, x_1).

(3) The same happens in [0, 1]_⊕-Cat. Indeed:

Proposition. A [0, 1]_⊕-category (X, a) is exponentiable in [0, 1]_⊕-Cat if, and only if, for each x_0, x_1 ∈ X, v_0, v_1 ∈ [0, 1] with v_0⊕v_1 = a(x_0, x_1) ≠ 0, and ε > 0,

∃x ∈ X : a(x_0, x) + ε > v_0 and a(x, x_1) + ε > v_1. (2.ii)

Proof : If a(x_0, x_1) = 0, (2.i) is trivially valid. If v_0 ⊕ v_1 = a(x_0, x_1) ≠ 0, then from (2.i) we conclude that � x∈X (a(x_0, x) ∧ v_0) + (a(x, x_1) ∧ v_1) = v_0 + v_1,

and so we get (2.ii).

To prove the converse, for v_0 ⊕ v_1 < a(x_0, x_1) consider v^′_0 ≥ v_0 and v^′_1 ≥ v_1 such that v^′_0 ⊕ v^′_1 = a(x_0, x_1) and use (2.ii) to derive (2.i). For v_0 ⊕ v_1 > a(x_0, x_1) we consider v^′_0 ≤ v_0 and v^′_1 ≤ v_1 such that v^′_0 ⊕ v^′_1 = a(x_0, x_1) and use again (2.ii) to conclude (2.i).

(4) The characterization given in (2) transfers to [0, 1]_∗-Cat via the isomorphisms [0, 1] → [0, ∞], u → − ln u, and [0, ∞] → [0, 1], α → exp(−α), so that a [0, 1]_∗-category (X, a) is exponentiable in [0, 1]_∗-Cat if, and only if, for each x_0, x_1 ∈ X, u_0, u_1 ∈ ]0, 1] with u_0u_1 = a(x_0, x_1), and for each ε > 0,

∃x ∈ X : a(x_0, x) + ε > u_0 and a(x, x_1) + ε > u_1.

(5) We consider now V = Δ, the quantale of distribution functions. We omit the proof of the following result because it follows from the corresponding result for Δ-functors: see the proof of Proposition 3.7 (3).

Proposition. A Δ-category X is exponentiable in Δ-Cat if, and only if, for each x_0, x_1 ∈ X, α_0, α_1, β ∈ [0, ∞] with α_0 + α_1 < β, u_0, u_1 ∈ ]0, 1] with u_0u_1 = a(x_0, x_1)(β), ε > 0, there exists x ∈ X, α^′_0, α^′_1 ∈ [0, ∞] such that α^′_0 > α_0, α^′_1 > α_1, α^′_0 + α^′_1 = β and a(x_0, x)(α^′_0) + ε > u_0, a(x, x_1)(α^′_1) + ε > u_1.

12 M.M. CLEMENTINO AND D. HOFMANN

From this characterization one can conclude easily that both embeddings of metric spaces into probabilistic metric spaces of (1.i) preserve and reflect exponentiable objects:

Corollary. A metric space (X, a) ∈ [0, ∞]-Cat is exponentiable in [0, ∞]-Cat if, and only if, the probabilistic metric space σ(X, a) is exponentiable in Δ-Cat, and a metric space (X, a) ∈ [0, 1]_∗-Cat is exponentiable in [0, 1]_∗-Cat if, and only if, τ(X, a) is exponentiable in Δ-Cat.

(6) It is easy to conclude, from Theorem 2.1, that a P M-category (X, a) is exponentiable in P M-Cat if, and only if, for each x_0, x_1 ∈ X, m, n ∈ M, whenever mn ∈ a(x_0, x_1) there exists x ∈ X such that m ∈ a(x_0, x) and n ∈ a(x, x_1).

(7) We present now an example showing that the condition of Proposition 2.2 is not always satisfied; that is, V is not always exponentiable in V -Cat. This example also shows that the claim of [17] that every linearly ordered V is an exponentiable V -category is false. Indeed, if we take N = {0,^1_n , n ∈ N} with the usual order and multiplication, then, for u =^1_2 , v =^1_3 and w =^1_7, the condition does not hold. Indeed, there are very few exponentiable N-categories, as we show next. An N-category (X, a) is exponentiable if, and only if, for all x_0, x_1 ∈ X, (a) ∀n_0, n_1 ∈ N : a(x_0, x_1) =^1_{n0n1} =⇒ ∃x ∈ X : a(x_0, x) = 1 n_0 and a(x, x1) = 1 n_1 ;

(b) a(x_0, x_1) ∈ {0,^1_8,^1_4,^1_3,^1_2, 1}, and (c) a(x_0, x_1) =^1_8 =⇒ ∃x ∈ X : a(x_0, x) = a(x, x_1) =^1_3. Condition (a) follows directly from (2.i) when v_0 =^1_{n0} and v_1 =^1_{n1} .

To conclude (b) we split the problem in several cases: – If a(x_0, x_1) =^1_p with p prime > 3, take v_0 = v_1 =^1_2 in (2.i); then it is clear that there is no x ∈ X such that (a(x_0, x)∧^1_2 )(a(x, x_1)∧^1_2 ) =^1_p .

– If a(x_0, x_1) =^1_{24} , take v_0 =^1_3 and v_1 =^1_5. Then, again, there is no possible x satisfying (2.i): (a(x_0, x) ∧^1_3)(a(x, x_1) ∧^1_5) ≠^1_{16}.

– If a(x_0, x_1) =^1_{32} , take v_0 =^1_2 and v_1 =^1_4 and argue analogously. – If a(x_0, x_1) =^1_{23 3} , take v_0 = v_1 =^1_5 ; the only way of having (a(x_0, x)∧ 1 5)(a(x, x_1) ∧^1_5) =^1_{25} is when a(x_0, x) = a(x, x_1) =^1_5 and we know already that this value is never attained.

THE RISE AND FALL OF V -FUNCTORS 25

(i) f is a regular epimorphism in V -Gph.

(ii) f is a pullback-stable regular epimorphism in V -Gph. (iii) f is an effective descent morphism in V -Gph. (iv) f is final and surjective.

Moreover, if f is a surjective V -functor in V -Cat, f is a pullback-stable regular epimorphism in V -Cat if, and only if, it is final.

We observe that a surjection f : (X, a) → (Y, b) is final if

∀y_0, y_1 ∈ Y b(y_0, y_1) = � x_i∈f^{−1}(y_i)

a(x_0, x_1).

Finality of a functor f is in general not sufficient for f being effective for descent in V -Cat, reason why we will focus on the following stronger properties. A V -functor f : (X, a) → (Y, b) is said to be a ⋆-quotient morphism if it satisfies the following condition

∀y_0, y_1, y_2 ∈ Y b(y_0, y_1) ⊗ b(y_1, y_2) = � x_i∈f^{−1}(y_i)

a(x_0, x_1) ⊗ a(x_1, x_2)

(see [30, 4]).

Theorem 5.2. For a V -functor f : (X, a) → (Y, b) in V -Cat, (1) =⇒ (2) =⇒ (3) =⇒ (4).

(1) f is a pullback-stable ⋆-quotient morphism in V -Gph. (2) f is an effective descent morphism in V -Cat. (3) f is a pullback-stable ⋆-quotient morphism in V -Cat. (4) f is a ⋆-quotient morphism.

Proof : (1) =⇒ (2) =⇒ (4) are shown in [4, Section 5]; since effective descent morphisms are pullback-stable, (2) =⇒ (3) follows and (3) =⇒ (4) is obvious.

Let us call ⋆⋆-quotient morphism every V -functor f : (X, a) → (Y, b) such that ∀y_0, y_1, y_2 ∈ Y, u ≪ b(y_0, y_1), v ≪ b(y_1, y_2) ∃x_i ∈ f^{−1}(y_i) (i = 0, 1, 2) : u ≤ a(x_0, x_1), v ≤ a(x_1, x_2).

Clearly, every ⋆⋆-quotient morphism is ⋆-quotient, and, if the quantale V is cancellable, the converse holds.

24 M.M. CLEMENTINO AND D. HOFMANN

By our hypothesis, � x∈f^{−1}(y)

((a(x_0, x) ∧ ~φ_0) ⊗ (a(x, x_1) ∧ ~φ_1))(α) ≥ a(x_0, x_1)(α) ∧ ( ~φ_0 ⊗ ~φ_1)(α);

and the assertion follows from ((a(x_0, x) ∧ ~φ_0) ⊗ (a(x, x_1) ∧ ~φ_1))(α) = ((a(x_0, x) ∧ φ_0) ⊗ (a(x, x_1) ∧ φ_1))(α) and a(x_0, x_1)(α) ∧ ( ~φ_0 ⊗ ~φ_1)(α) = a(x_0, x_1)(α) ∧ (φ_0 ⊗ φ_1)(α).

Corollary 4.10. In the category Δ-Cat_{sep,sym,F1} of classical probabilistic metric spaces, a morphism f : (X, a) → (Y, b) with X ≠ ∅ is surjective and exponentiable if and only if f has probabilistic bounded fibres and satisfies the condition of Proposition 3.7(3).

Remarks 4.11. (1) We do not know if there are non-surjective Δ-functors which are exponentiable in the category of classical probabilistic metric spaces but do not satisfy the condition of Proposition 3.7(3).

(2) The arguments used in Lemma 4.9 apply equally to F_2. Therefore:

In the category Δ-Cat_{sep,sym,F2} , a morphism f : (X, a) → (Y, b) with X ≠ ∅ is surjective and exponentiable if and only if f has F_2-bounded fibres and satisfies the condition of Proposition 3.7(3).

5. Effective descent V -functors

In this section we will focus on effective descent morphisms in V -Cat. First we recall that a V -functor f : X → Y is said to be effective for descent in V -Cat if the pullback functor f^∗ : (V -Cat) ↓ Y −→ (V -Cat) ↓ X is monadic.

In locally cartesian closed categories effective descent morphisms coincide with regular epimorphisms, that is, coequalisers of a pair of morphisms (see [30] for details). This is the case of V -Gph when V is a Heyting algebra, as stated in Theorem 3.1.

Proposition 5.1 ([6]). For a V -functor f : (X, a) → (Y, b) in V -Gph, the following conditions are equivalent.

THE RISE AND FALL OF V -FUNCTORS 13

If a(x_0, x_1) =^1_8, then the only case in (2.i) that is not guaranteed by (a) is when v_0 = v_1 =^1_3 , and that is why condition (c) is necessary.

If a(x_0, x_1) is either^1_4 ,^1_3 or^1_2, then (a) is enough to assure that (2.i) holds.

3. Exponentiable V -functors

In order to identify exponentiable morphisms in V -Cat, we shall make use of the characterization of exponentiability in slice categories given in [10]: f : X → Y is exponentiable in C ↓ Y if, and only if, for every object Z in C, the partial product of Z over f exists.

Theorem 3.1 ([8]). The category V -Gph is locally cartesian closed.

For f : (X, a) → (Y, b) and (Z, c) in V -Gph, the partial product of (Z, c) over f can be constructed as follows. For y ∈ Y , consider the V -graph X_y = {x ∈ X | f(x) = y} with structure a_y defined by a_y(x_0, x_1) = k ∧ a(x_0, x_1), and put P = {(s, y) | y ∈ Y, s : (X_y, a_y) → (Z, c) in V -Gph}.

The set P becomes a V -graph when equipped with the largest map d : P × P → V (w.r.t. the pointwise order induced by V ) making the maps p : P → Y, ev : P ×_Y X → Z (s, y) → y (s, y, x) → s(x) V -functors. Z P ×Y X

ev� π2 �

π_1 � X f � P_p^� Y

14 M.M. CLEMENTINO AND D. HOFMANN

We note that for an element (s, y, x) of the pullback P ×_Y X one has y = f(x), hence we will simply write (s, x). Explicitly, for (s_0, y_0) and (s_1, y_1) in P ,

d((s_0, y_0), (s_1, y_1)) = � {u ≤ b(y_0, y_1) | ∀x_0 ∈ f^{−1}(y_0), x_1 ∈ f^{−1}(y_1),

(u ∧ a(x_0, x_1) ≤ c(s_0(x_0), s_1(x_1)))}.

Regarding the connection with exponentiability in V -Cat, we recall (see [31, Theorem 2.3]):

Theorem 3.2. For a V -functor f : (X, a) → (Y, b) the following assertions are equivalent.

(i) f is exponentiable in V -Cat.

(ii) For every V -category (Z, c), the partial product of (Z, c) over f constructed in V -Gph is actually a V -category.

(iii) The partial product of (V, hom) over f constructed in V -Gph is a V -category.

Finally, the following characterization of exponentiable morphisms in V -Cat can be found in [5] and [7].

Theorem 3.3. A V -functor f : X → Y is exponentiable in V -Cat if, and only if, for any x_0, x_1 ∈ X, y ∈ Y , v_0, v_1 ∈ V such that v_0 ≤ b(f(x_0), y) and v_1 ≤ b(y, f(x_1)), � x∈f^{−1}(y)

(a(x_0, x) ∧ v_0) ⊗ (a(x, x_1) ∧ v_1) ≥ a(x_0, x_1) ∧ (v_0 ⊗ v_1). (3.i)

To show that the condition above is necessary, the proof of [5] makes use of the V -functors

s : X_y → V, s^′ : X_y → V, (3.ii) z → a(x_0, z) ∧ k z → a(x_0, z) ∧ v_0 s^{′′} : X_y → V ; z → � x∈f^{−1}(y)

(a(x_0, x) ∧ v_0) ⊗ (a(x, z) ∧ v_1)

and in the sequel we will adapt this argument to certain subcategories of V -Cat.

THE RISE AND FALL OF V -FUNCTORS 23

Proposition 4.7. Furthermore, the maps s, s^′, s^{′′} of (3.ii) can be restricted to the codomain (F, hom) and therefore are morphisms in V -Cat_F, now one can use the same argument as in the proof of [5, Theorem 3.4].

As we already mentioned, we cannot drop the surjectivity condition in the theorem above. On the other hand, in [5, Theorem 4.2] it is shown that for classical metric spaces exponentiability implies surjectivity; so that the exponentiable morphisms of classical metric spaces are precisely the morphisms which are exponentiable in [0, ∞]-Cat and have bounded fibres. We do not know whether the same is true for classical probabilistic metric spaces; however, we can still state a characterization of exponentiable morphisms of classical probabilistic metric spaces by combining Theorem 4.8 and Proposition 3.7(3). Before doing so, we have to deal with a slight technical problem: in general, step functions are not elements of F_1.

Lemma 4.9. Let f : (X, a) → (Y, b) be a morphism in Δ-Cat_{F1} and let x_0, x_1 ∈ X and y ∈ Y . Then the inequality � x∈f^{−1}(y)

(a(x_0, x) ∧ φ_0) ⊗ (a(x, x_1) ∧ φ_1) ≥ a(x_0, x_1) ∧ (φ_0 ⊗ φ_1). (4.i)

holds for all φ_0, φ_1 ∈ F_1 with φ_0 ≤ b(f(x_0), y) and φ_1 ≤ b(y, f(x_1)) if and only if (4.i) holds for all φ_0, φ_1 ∈ Δ with φ_0 ≤ b(f(x_0), y) and φ_1 ≤ b(y, f(x_1)).

Proof : Assume that (4.i) holds for all values in F_1 and let φ_0, φ_1 ∈ Δ with φ_0 ≤ b(f(x_0), y) and φ_1 ≤ b(y, f(x_1)). Then φ_0(∞) ≤ 1 = a(x_0, x)(∞), φ_1(∞) ≤ 1 = a(x, x_1) and (φ_0 ⊗ φ_1)(∞) ≤ 1 = a(x_0, x_1)(∞); hence (4.i) holds for the argument α = ∞ since f is surjective and φ_0(∞) ⊗ φ_1(∞) = (φ_0 ⊗ φ_1)(∞). Let now α < ∞. Define ~φ_0, ~φ_1 ∈ F_1 by

~φ_0(β) = � φ_0(β) if β ≤ α + 1, b(f(x_0), y)(β) if β > α + 1

~φ_1(β) = � φ_1(β) if β ≤ α + 1, b(y, f(x_1))(β) if β > α + 1.

22 M.M. CLEMENTINO AND D. HOFMANN

X_y, x → x_0. Then

u := d((s, y), (s^′, y^′)) ∈ F, u^′ := d((s^′, y^′), (s, y)) ∈ F

hence, for all x, x^′ ∈ X_y,

u ∧ a(x, x^′) ≤ a_y(x, x_0), u^′ ∧ a(x, x^′) ≤ a_y(x_0, x^′).

Taking x = x^′ gives F ∋ u ∧ k ≤ a_y(x, x_0) and F ∋ u^′ ∧ k ≤ a_y(x_0, x), which shows that X_y is F-bounded. (2) As in [5, Proposition 4.3].

As before, one can now deduce that every f : (X, a) → (Y, b) in V -Cat_F which is exponentiable in V -Cat and has F-bounded fibres is also exponentiable in V -Cat_F. However, this is not an equivalence; for instance, taking F = {1} for V = 2 gives V -Cat_F ≃ Set where every morphism is exponentiable, while f in V -Cat_F is exponentiable in V -Cat if, and only if, it is surjective. To understand better exponentiability in V -Cat_F, we shall assume that F is closed under hom: for all u, v ∈ F, also hom(u, v) ∈ F. We note that every ⊗-filter F ⊆ V satisfies this condition if k = ⊤ since then hom(u, v) ≥ hom(k, v) = v. Under this condition, we can consider F as the V -category (F, hom).

Theorem 4.8. Let F ⊆ V be a ⊗-filter closed under hom. Let f : (X, a) → (Y, b) be a morphism in V -Cat_F where X ≠ ∅. Then f is surjective and exponentiable in V -Cat_F if, and only if, f has F-bounded fibres and, for all x_0, x_1 ∈ X, y ∈ Y , v_0, v_1 ∈ F such that v_0 ≤ b(f(x_0), y) and v_1 ≤ b(y, f(x_1)), � x∈f^{−1}(y)

(a(x_0, x) ∧ v_0) ⊗ (a(x, x_1) ∧ v_1) ≥ a(x_0, x_1) ∧ (v_0 ⊗ v_1).

Proof : We show first that these conditions are sufficient for exponentiability and surjectivity of f. Firstly, since f has F-bounded fibres, the partial product (P, d) in V -Gph of a V -category (Z, c) over f is bounded; and, analysing the proof of [5, Theorem 3.4], in order to conclude that (P, d) is a V -category one only needs to consider v_0, v_1 in the image of d, hence v_0, v_1 ∈ F. Taking now x_0 = x_1 ∈ X and v_0 = v_1 = ⊤ in the formula above, it follows that f^{−1}(y) ≠ ∅, for every y ∈ Y . Assume now that f : (X, a) → (Y, b) is surjective and exponentiable in V -Cat_F. Then f has F-bounded fibres by

THE RISE AND FALL OF V -FUNCTORS 15

Corollary 3.4. When ⊗ = ∧ is the categorical product in V , then a V - functor f : (X, a) → (Y, b) is exponentiable in V -Cat if, and only if, for any x_0, x_1 ∈ X and y ∈ Y , � x∈f^{−1}(y)

a(x_0, x) ∧ a(x, x_1) ≥ a(x_0, x_1) ∧ b(f(x_0), y) ∧ b(y, f(x_1)).

We recall from [4, Definition 4.1] that a V -functor f : (X, a) → (Y, b) (in V -Gph or V -Cat) is called proper if, for all x_0 ∈ X and y ∈ Y , b(f(x_0), y) = � x∈f^{−1}(y)

a(x_0, x);

dually, f is called open if b(y, f(x_1)) = � x∈f^{−1}(y)

a(x, x_1),

for all x_1 ∈ X and y ∈ Y .

Clearly, f : (X, a) → (Y, b) is open if, and only if, the V -functor f^{op} : (X, a)^{op} → (Y, b)^{op} is proper, where (X, a)^{op} = (X, a^∘), with a^∘(x, y) = a(y, x), is the dual V -category of (X, a). Furthermore, f : (X, a) → (Y, b) is called perfect (étale) whenever both f and the canonical map δ_f : (X, a) → (X, a) ×_{(Y,b)} (X, a), x → (x, x) are proper (open). One easily verifies that δ_f : (X, a) → (X, a) ×_{(Y,b)} (X, a) is proper if, and only if, for all x, x_0, x_1 ∈ X with f(x_0) = f(x_1) and x_0 ≠ x_1, a(x, x_0) ∧ a(x, x_1) = ⊥.

Theorem 3.5. Every perfect V -functor is exponentiable in V -Cat. Proof : Let f : (X, a) → (Y, b) in V -Cat be perfect, and let (Z, c) be a V - category. We prove that the partial product (P, d) of (Z, c) over f formed in V -Gph is a V -category. To this end, let (s_0, y_0), (s, y) and (s_1, y_1) be in P . To conclude

d((s_0, y_0), (s, y)) ⊗ d((s, y), (s_1, y_1)) ≤ d((s_0, y_0), (s_1, y_1)), we show that

(d((s_0, y_0), (s, y)) ⊗ d((s, y), (s_1, y_1))) ∧ a(x_0, x_1) ≤ c(s_0(x_0), s_1(x_1)),

16 M.M. CLEMENTINO AND D. HOFMANN

for all x_0 ∈ f^{−1}(y_0) and x_1 ∈ f^{−1}(y_1). Recall from [4, Proposition 4.2 (1)] that proper maps are pullback-stable in V -Cat. Therefore, since with f also the V -functor π_1 : P ×_Y X → P is proper, we get (with d̃ denoting the structure on P ×_Y X) d((s_0, y_0), (s, y)) ⊗ d((s, y), (s_1, y_1)) = � x∈f^{−1}(y)

d̃((s_0, x_0), (s, x)) ⊗ d((s, y), (s_1, y_1))

= � x∈f^{−1}(y),x^′_1∈f^{−1}(y_1)

d̃((s_0, x_0), (s, x)) ⊗ d̃((s, x), (s_1, x^′_1)).

Now let x ∈ f^{−1}(y) and x^′_1 ∈ f^{−1}(y_1). If x_1 ≠ x^′_1, then (d̃((s_0, x_0), (s, x)) ⊗ d̃((s, x), (s_1, x^′_1))) ∧ a(x_0, x_1) ≤ a(x_0, x^′_1) ∧ a(x_0, x_1) = ⊥; otherwise we obtain

(d̃((s_0, x_0), (s, x)) ⊗ d̃((s, x), (s_1, x_1))) ∧ a(x_0, x_1) ≤ c(s_0(x_0), s(x)) ⊗ c(s(x), s_1(x_1)) ≤ c(s_0(x_0), s_1(x_1)).

The dual version of the result above reads as:

Corollary 3.6. Every étale V -functor is exponentiable in V -Cat. Examples 3.7. (1) As stated in [5], from Theorem 3.3 it follows that a monotone map f : (X, ≤) → (Y, ≤) is exponentiable in 2-Cat if, and only if, for each x_0, x_1 ∈ X and y ∈ Y with x_0 ≤ x_1 and f(x_0) ≤ y ≤ f(x_1), there exists x ∈ f^{−1}(y) such that x_0 ≤ x ≤ x_1 (see also [33]).

(2) In [5] it was shown that a non-expansive map f : (X, a) → (Y, b) is exponentiable in [0, ∞]-Cat if, and only if, for each x_0, x_1 ∈ X, y ∈ Y , α_0, α_1 ∈ [0, ∞[ with α_0 ≥ b(f(x_0), y), α_1 ≥ b(y, f(x_1)) and α_0 + α_1 = max{a(x_0, x_1), b(f(x_0), y) + b(y, f(x_1))}, and ε > 0,

∃x ∈ f^{−1}(y) : a(x_0, x) < α_0 + ε and a(x, x_1) < α_1 + ε. (3) For V = Δ, we have:

Proposition. A Δ-functor f : X → Y is exponentiable in Δ-Cat if, and only if, for each x_0, x_1 ∈ X, α_0, α_1, β ∈ [0, ∞] with α_0 + α_1 < β,

THE RISE AND FALL OF V -FUNCTORS 21

Lemma 4.6. Let F ⊆ V be a ⊗-filter.

(1) The empty V -graph is F-bounded. (2) Every F-bounded V -graph is F-finitary.

(3) Let f : (X, a) → (Y, b) be a surjective V -functor. If (X, a) is F-finitary (F-bounded), then so is (Y, b).

(4) Let (X, a) be a V -category with X ≠ ∅ and let x_0 ∈ X. Then (X, a) is F-bounded if, and only if, there exist some u, u^′ ∈ F such that, for all x ∈ X, u ≤ a(x_0, x) and u^′ ≤ a(x, x_0).

Clearly, in the last statement above one can always choose u = u^′. We write V -Cat_F for the full subcategory of V -Cat defined by all F-finitary V - categories. Since F ⊆ V is closed under finite infima, V -Cat_F is closed in V -Cat under subspaces and finite products, hence V -Cat_F is finitely complete. We study now, inspired by [5, Subsection 4.3], exponentiation in V -Cat_F.

Proposition 4.7. Let F ⊆ V be a ⊗-filter.

(1) Let f : (X, a) → (Y, b) be a morphism in V -Cat_F. Then the following assertions are equivalent.

(i) For every F-finitary V -category (Z, c), the partial product of (Z, c) over f in V -Gph is F-finitary.

(ii) All fibres of f are F-bounded.

(2) Let f : (X, a) → (Y, b) and (Z, c) be in V -Cat_F. If the partial product of (Z, c) over f exists in V -Cat_F, then it coincides with the one in V -Gph.

Proof : (1) Assume first that all fibres of f are F-bounded. Let (Z, c) be a V -category and let (s, y), (s^′, y^′) be elements of the partial product (P, d) of (Z, c) over f. If either f^{−1}(y) = ∅ or f^{−1}(y^′) = ∅, then d((s, y), (s^′, y^′)) = b(y, y^′) ∈ F. Let x_0 ∈ f^{−1}(y), x^′_0 ∈ f^{−1}(y^′) and put v := c(s(x_0), s(x^′_0)) ∈ F; and let u, u^′ ∈ F so that, for all x ∈ f^{−1}(y) and x^′ ∈ f^{−1}(y^′), a(x, x_0) ≥ u and a(x^′, x^′_0) ≥ u^′. Then, for all x ∈ f^{−1}(y) and x^′ ∈ f^{−1}(y^′),

c(s(x), s^′(x^′)) ≥ c(s(x), s(x_0)) ⊗ c(s(x_0), s^′(x^′_0)) ⊗ c(s^′(x^′_0), s^′(x^′)) ≥ u ⊗ v ⊗ u^′;

which implies d((s, y), (s^′, y^′)) ≥ u⊗v⊗u^′ ∈ F. To see the reverse implication, take y ∈ Y and x_0 ∈ X_y, and consider s : X_y → X_y, x → x and s^′ : X_y →

20 M.M. CLEMENTINO AND D. HOFMANN

then F = {v ∈ V | v ≠ ⊥} is a ⊗-filter. The condition above is certainly satisfied by the quantales 2, [0, 1]_∗, [0, 1]_∧ and Δ, but fails in [0, 1]_⊕.

(3) In the quantale Δ we have two natural choices of ⊗-filters:

F_1 = {ψ ∈ Δ | ψ(∞) = 1} and F_2 = {ψ ∈ Δ | ∃α < ∞ ψ(α) = 1}.

Cleary, F_2 ⊊ F_1.

Definition 4.5. Let F ⊆ V be a ⊗-filter. A V -graph (X, a) is called Ffinitary whenever a(x, x^′) ∈ F, for all x, x^′ ∈ X; and a V -graph (X, a) is called F-bounded whenever there exists some u ∈ F so that u ≤ a(x, x^′), for all x, x^′ ∈ X.

One observes immediately that (X, a) is F-bounded if and only if � x,y∈X a(x, y) ∈ F. Choosing in the metric case

F = {u ∈ [0, ∞] | u < ∞}

leads to the usual notions of finitary, respectively bounded, metric space. Similarly to the situation for metric spaces, also probabilistic metric spaces are usually assumed to have only “finite” distances, more specifically, they are assumed to be F_1-finitary. To identify F_1-bounded probabilistic metric spaces, we note first that infima in Δ are in general not calculated pointwise. However, infima are calculated pointwise in the ordered set

Ord([0, ∞], [0, 1]) = {φ : [0, ∞] → [0, 1] | φ is monotone};

and the inclusion function i : Δ → Ord([0, ∞], [0, 1]) has a right adjoint c : Ord([0, ∞], [0, 1]) → Δ sending φ to the distribution function

c(φ) : [0, ∞] −→ [0, 1], α −→ sup_{β<α} φ(β).

Since c sends infima to infima, we conclude that a probabilistic metric space (X, a) is F_1-bounded if and only if � � � x,y∈X

a(x, y) � � (∞) = sup α<∞ inf_{x,y∈X} a(x, y)(α) = 1,

that is, (X, a) is probabilistic bounded (see [15]).

We have the following obvious facts.

THE RISE AND FALL OF V -FUNCTORS 17

u_0, u_1 ∈ ]0, 1] with u_0u_1 ≤ a(x_0, x_1)(β), u_0 ≤ b(f(x_0), y)(α) for all α > α_0 and u_1 ≤ b(y, f(x_1))(α) for all α > α_1, and ε > 0,

∃x ∈ f^{−1}(y), α^′_0 > α_0, α^′_1 > α_1, α^′_0 + α^′_1 = β : (3.iii) a(x_0, x)(α^′_0) + ε > u_0, a(x, x_1)(α^′_1) + ε > u_1.

Proof : We split the proof in three parts: (a) (3.i) =⇒ (3.iii); (b) (3.iii) =⇒ (3.i) when v_0, v_1 ∈ Δ_0; (c) (3.i) for Δ_0 =⇒ (3.i).

(a) Let x_0, x_1, y, α_0, α_1, β, u_0, u_1, ε be as in (3.iii). In (3.i) let v_i = φ_{αi,ui} for i = 0, 1. Note that φ_{α0,u0} ≤ b(f(x_0), y) and φ_{α1,u1} ≤ b(y, f(x_1)). Denote a(x_0, x) ∧ φ_{α0,u0} by ψ_{0,x} and φ_{α1,u1} ∧ a(x, x_1) by ψ_{1,x}. Then (3.i) gives: � x∈f^{−1}(y) � α^′_0+α^′_1=β

ψ_{0,x}(α^′_0) ψ_{1,x}(α^′_1) ≥ (a(x_0, x_1) ∧ φ_{α0+α1,u0u1} )(β) = u_0u_1.

Let δ = u_0u_1ε > 0; there exist x ∈ f^{−1}(y), α^′_0, α^′_1 ∈ [0, ∞] with α^′_0 + α^′_1 = β such that ψ_{0,x}(α^′_0)ψ_{1,x}(α^′_1) + δ > u_0u_1, and therefore

u_0ψ_{1,x}(α^′_1) + u_0u_1ε ≥ ψ_{0,x}(α^′_0) + ψ_{1,x}(α^′_1) + u_0u_1ε > u_0u_1 =⇒

ψ_{1,x}(α^′_1) + ε ≥ ψ_{1,x}(α^′_1) + u_1ε > u_1, and this implies a(x, x_1)(α^′_1) + ε > u_1. The condition for u_0 is proved analogously.

(b) Let x_0, x_1, y, v_0, v_1 as in (3.i) with v_i = φ_{αi,ui} . Then u_0 ≤ b(f(x_0), y)(α) for every α > α_0 and u_1 ≤ b(y, f(x_1)) for every α > α_1. We want to show that, for any β ∈ [0, ∞], � x∈f^{−1}(y)

(a(x_0, x) ∧ φ_{α0,u0} ) ⊗ (a(x, x_1) ∧ φ_{α1,u1} )(β) ≥ (a(x_0, x_1) ∧ φ_{α0+α1,u0u1} )(β).

For β ≤ α_0 + α_1 the condition is trivially satisfied. Let β > α_1 + α_0. If u_0u_1 ≤ a(x_0, x_1)(β), so that the right side of the inequality is equal to u_0u_1, then, applying (3.iii) for ε > 0 we obtain α^′_0, α^′_1 with α^′_0+α^′_1 = β and a(x_0, x)(α^′_0) + ε > u_0, a(x, x_1)(α^′_1) + ε > u_1. Therefore the left side of the inequality is necessarily larger or equal to u_0u_1. If u_0u_1 > a(x_0, x_1)(β),

18 M.M. CLEMENTINO AND D. HOFMANN

then take u^′_1 such that u_0u^′_1 = a(x_0, x_1)(β) and use the previous argument for u_0, u^′_1; the conclusion follows.

(c) To conclude one has to observe that every element of Δ is the join of step functions and that both ∧ and ⊗ commute with joins.

(4) A P M-functor f : (X, a) → (Y, b) is exponentiable in P M-Cat if, and only if, for each x_0, x_1 ∈ X, y ∈ Y , and m ∈ b(f(x_0), y), n ∈ b(y, f(x_1)) with mn ∈ a(x_0, x_1), there exists x ∈ f^{−1}(y) such that m ∈ a(x_0, x) and n ∈ a(x, x_1).

4. Restricting to classical spaces

In this paper we considered so far (probabilistic) metric spaces in a generalised sense; classically these spaces are also assumed to be symmetric, separated and finitary. In a metric space, the latter property requires all distances to be less than ∞; whereby for a probabilistic metric space (X, a) this is usually expressed as “the distance from x to y is less than ∞ with probability 1”: a(x, y)(∞) = 1.

For a general V -category, the notions of symmetry and separatedness can be introduced in a straightforward way; but it is less obvious what finitary should mean. Here we adopt a relative approach and introduce F-finitary V -categories, for a given choice F ⊆ V of “finite values”.

Definition 4.1. Let (X, a) be a V -graph. Then (X, a) is called symmetric whenever a(x, y) = a(y, x), for all x, y ∈ X; and (X, a) is called separated if k ≤ a(x, y) and k ≤ a(y, x) imply x = y, for all x, y ∈ X.

The definitions above are formulated at the level of V -graphs; however, our main interest is in V -categories. The full subcategory of V -Cat defined by all symmetric, separated, and separated and symmetric V -categories is denoted by

V -Cat_{sym}, V -Cat_{sep}, V -Cat_{sym,sep},

respectively. We note that symmetric V -categories have played a significant role in [34, 1, 16]. The V -category (V, hom) is separated, and we also consider its symmetrization (V, hom_s) where hom_s(u, v) = hom(u, v) ∧ hom(v, u).

THE RISE AND FALL OF V -FUNCTORS 19

It is easy to see that all categories above are closed under limits in V -Cat, therefore one might wonder about exponentiable morphisms in these categories.

Proposition 4.2. (1) Let f : (X, a) → (Y, b) be a morphism in V -Gph where (X, a) and (Y, b) are symmetric (separated). Then, for every symmetric (separated) V -graph (Z, c), the partial product of (Z, c) over f is symmetric (separated).

(2) Let f : (X, a) → (Y, b) and (Z, c) be in V -Cat_{sym} (V -Cat_{sep}, V -Cat_{sym,sep}).

If the partial product of (Z, c) over f exists in V -Cat_{sym} (V -Cat_{sep}, V -Cat_{sym,sep}), then it coincides with the partial product of (Z, c) over f in V -Gph.

(3) A morphism f : (X, a) → (Y, b) is exponentiable in V -Cat_{sym} (V -Cat_{sep}, V -Cat_{sym,sep}) if, and only if, f : (X, a) → (Y, b) is exponentiable in V -Cat.

Proof : The first two statements are easy to prove, where for the second one the same argument as in [5, Proposition 3.3] is used. It follows immediately that every exponentiable V -functor f : (X, a) → (Y, b) between symmetric (separated) V -categories is also exponentiable in V -Cat_{sym}, V -Cat_{sep} and V -Cat_{sym,sep}. For the reverse implication one can use the same argument as in [5, Theorem 3.4], but with (V, hom_s) as codomain of the maps (3.ii) in the symmetric case.

In order to deal with the notion of “finitary”, we will now consider certain subsets of V thinking of their elements as “finite elements”.

Definition 4.3. A subset F ⊆ V is called a ⊗-filter if F is a filter of the lattice V , k ∈ F and u ⊗ v ∈ F whenever u ∈ F and v ∈ F.

Examples 4.4. (1) For every quantale V , F_k = {v ∈ V | k ≤ v} is a ⊗- filter. More generally, if u ≤ k is idempotent, then F_u = {v ∈ V | u ≤ v} is a ⊗-filter. Note that, in particular, F_⊥ = V is a ⊗-filter. Certainly, for every ⊗-filter F one has F_k ⊆ F ⊆ F_⊥.

(2) If V satisfies

∀u, v ∈ V (u ⊗ v = ⊥ =⇒ (u = ⊥ or v = ⊥)),