16 S. BARBEIRO

[16] J. Kim, H. A. Tchelepi and R. Juanes, Stability, Accuracy, and Efficiency of Sequential Methods for Coupled Flow and Geomechanics. SPE Journal. 16:02 (2011).

[17] J.C. Nedelec, Mixed finite elements in R^3. Numerische Mathematik. 35 (1980), 315–341. [18] P.J. Philips, Finite element methods for linear poroelasticity: theoretical and computational results. Ph.D. thesis, UT Austin, 2005.

[19] P.J. Phillips and M. F. Wheeler, A coupling of mixed and continuous Galerkin finite element methods for poroelasticity II: the discrete-in-time case. Computational Geosciences, 11:2 (2007), 145–158.

[20] R. Raghavan and L.Y. Chin, Productivity changes in reservoirs with stress-dependent permeability. SPE Reservoir evaluation & engineering, 7:4, (2004), 308–315.

[21] P. A. Raviart and J.M. Thomas, A mixed finite element method for second order elliptic problems. Lecture Notes in Mathematics. Springer, 66 (1977), 292–315.

[22] A. Settari and F. Mourits, A coupled reservoir and geomechanical simulation system. SPE J, 3 (1998) 219–226.

[23] A. Settari and D.A. Walters, Advances in coupled geomechanical and reservoir modeling with applications to reservoir compaction. SPE J 6:3 (2001), 334–342.

[24] K. Terzaghi, Theoretical Soil Mechanics. John Wiley and Sons, New York, 1943. [25] T. Valent, Boundary Value Problems of Finite Elasticity. Local Theorems on Existence.

Uniqueness, and Analytic Dependence on Data., Springer Verlag, 1988.

[26] M. F. Wheeler, A Priori L_2 Error Estimates for Galerkin Approximations to Parabolic Partial Differential Equations, SIAM Journal on Numerical Analysis, 10:4 (1973), 723–759.

[27] M. F. Wheeler and X. Gai, Iteratively coupled mixed and Galerkin finite element methods for poro-elasticity. Numerical Methods for Partial Differential Equations, 23 (2007), 785–797.

Acknowledgements

This work was partially supported by the Centre for Mathematics of the University of Coimbra – UID/MAT/00324/2013, funded by the Portuguese Government through FCT/MCTES and co-funded by the European Regional Development Fund through the Partnership Agreement PT2020.

The research work compiled in this paper benefited from helpful suggestions of Mary Wheeler to whom the author wishes to express gratitude. The research visits of the author to UT Austin, where those discussions took place, were supported by the UT Austin | Portugal Program, International Collaboratory for Emerging Technologies (CoLab).

Sílvia Barbeiro CMUC, Department of Mathematics, University of Coimbra, Apartado 3008, EC Santa Cruz, 3001 - 501 Coimbra, Portugal E-mail address: silvia@mat.uc.pt URL: http://www.mat.uc.pt/~silvia

Pré-Publicações do Departamento de Matemática Universidade de Coimbra Preprint Number 18–20

ACCURACY OF A COUPLED MIXED AND GALERKIN FINITE ELEMENT APPROXIMATION FOR POROELASTICITY

SÍLVIA BARBEIRO

Abstract: In this paper, we consider a coupling mixed finite element and continuous Galerkin finite element formulation for a coupled flow and geomechanics model. We use the lowest order Raviart-Thomas space for the spatial approximation of the flow variables and continuous piecewise linear finite elements for the deformation variable while we consider the backward Euler method for the time discretization. This numerical scheme appears to be one common approach applied to existing reservoir engineering simulators. Theoretical convergence error estimates are derived in a discrete-in-time setting. Previous a priori error estimates described in the literature e.g. [2][19], which are optimal, show first order convergency with respect to the L^2-norm for the pressure and for the average fluid velocity approximation errors and with respect to the H^1-norm for the displacement approximation error. Here we prove one extra order of convergence for the displacement approximation with respect to the L^2-norm. We also demonstrate that, by including a post-processing step in the scheme, the order of convergence for the approximation of pressure can be improved. Even though this result is critical for deriving the L^2- norm error estimates for the approximation of the deformation variable, surprisingly the corresponding gain of one convergence order holds independently of including or not the post-processing step in the method.

Keywords: Maxwell’s equations, leap-frog DG method, stability and convergence.

1. Introduction

Poroelasticity theory is used to model the interaction of fluid flow and the mechanical response in fluid-saturated porous media. The deformation of the medium influences the flow of fluid and vice versa. The development of the necessity coupled geomechanics and flow models emerged in the context soil mechanics, in particular with the seminal work of Karl von Terzaghi [24] and the theory proposed by Maurice Anthony Biot [4][5], known as Biot Theory.

Poroelasticity models are widely used in geomechanics and reservoir engineering, and they have relevance in diverse other fields as, for example, biomechanics and environmental engineering. Due to high interest of applications there is an ever-growing demand for reliable models and numerical tools.

Received June 6, 2018. 1

2 S. BARBEIRO

Applications range from reservoir simulation [9][20][22][23], modelling carbon sequestration [12], the study the mechanical behaviour of fluid-saturated living bone tissue [11], among others as highlighted in [18].

As a prototype of the geomechanical coupling between the single-phase flow of pore fluids and the deformation of the solid skeleton, in this paper we consider the linear poroelastic Biot Theory. The flow (pressures and fluxes) and deformations (displacements) in the poroelastic medium are modeled based on the Darcy’s law and the momentum and mass conservation principles. The momentum equation is similar to linear elasticity, with a fluid pressure term acting as a force.

We summarize the governing equations below. Let Ω ⊂ R^d, d = 2 or 3, denote the domain of interest. The coupled balance equations are written as follow: find (u, p) such that −(λ + μ)∇(∇ · u) − μ∇^2u + α∇p = f in Ω × (0, T ] ∂ ∂t (c_op + α∇ · u) −^1_{μf} ∇ · K(∇p − ρ_f g) = s_f in Ω × (0, T ] p = p_D on Γ_p × (0, T ] −^1_{μf} K(∇p − ρ_f g) · η = q on Γ_f × (0, T ] u = u_D on Γ_0 × (0, T ] σ̃η = r_N on Γ_N × (0, T ] p(0) = p^0 in Ω,

(1)

where ∂Ω = Γ_p ∪ Γ_f and ∂Ω = Γ_0 ∪ Γ_N , with meas(Γ_0) > 0. The symbol η represents the outward normal vector on ∂Ω. The primary variables are the pressure p and the deformation u. The physical parameters of the model are: λ, μ, the Lamé constants, c_o, the constrained specific storage coefficient, α, the Biot-Willis constant, μ_f , the fluid viscosity, ρ_f , the fluid mass density and g, the body force per unit of mass. The effective stress σ, is the standard stress tensor from elasticity,

σ(u) = 2μϵ(u) + λtr(ϵ(u))I,

where ϵ(u) = 1 2 ( grad u + (grad u)^t ) , and I is the identity matrix in R^d × R^d, and the total stress, σ̃, is given by

σ̃(u, p) = σ(u) − αpI.

The Biot-Willis constant has the range of values 0 < α ≤ 1. K denotes the symmetric permeability tensor. We require the existence of the inverse of

ACCURACY OF A COUPLED MIXED AND GALERKIN FEM FOR POROELASTICITY 15

5. Conclusion

In this paper we have analyzed the convergence of a fully coupled numerical method for a coupled flow and geomechanics model. The numerical scheme combines lowest order mixed finite elements and Galerkin piecewise linear finite elements. We proposed a post-processing procedure to increase the order of convergence of the numerical approximation of pressure. Moreover, we were able to gain one order of convergence for the numerical approximation of displacement, estimating the error in the L^2-norm when compared to the error in the H^1-norm.

References

[1] T. Arbogast and M. F. Wheeler, A characteristics-mixed finite element method for advectiondominated transport problems. SIAM J. Numer. Anal. 32 (1995), 404–424.

[2] S. Barbeiro and M. F. Wheeler, A priori error estimates for the numerical solution of a coupled geomechanics and reservoir flow model with stress-dependent permeability. Computational Geosciences. 14:4 (2010), 755–768.

[3] S. Bartels, C. Carstensen and G. Dolzmann Inhomogeneous Dirichlet conditions in a priori and a posteriori finite element error analysis. Numerische Mathematik. 99 (2004), 1–24.

[4] M.A. Biot, General theory of three-dimensional consolidation. Journal of Applied Physics. 2 (1941), 155–164.

[5] M.A. Biot, Theory of Elasticity and Consolidation for a Porous Anisotropic Solid. Journal of Applied Physics, 26:2 (1955), 182–185.

[6] S. C. Brenner and L.-Y. Sung, Linear finite element methods for planar linear elasticity.

Mathematics of Computation. 59:200, (1992), 321–338.

[7] S. Brenner, L. Scott, The mathematical theory of finite element methods, Second Edition, Texts in Applied Mathematics, 15, Springer-Verlag, New York, 1994.

[8] F. Brezzi and M. Fortin, Mixed and Hybrid Finite Element Methods. Springer Series In Computational Mathematics. 15, 1991.

[9] L. Y. Chin, L. K. Thomas, J. E. Sylte and R. G. Pierson, Iterative coupled analysis of geomechanics and fluid flow for rock compaction in reservoir simulation. Oil and Gas Science and Technology, 57:5 (2002), 485–497.

[10] P. G. Ciarlet, The finite element method for elliptic problems. North-Holand, Amesterdam- Newyork-Oxford, 1987.

[11] S. C. Cowin, Bone poroelasticity. Journal of Biomechanics. 32:3 (1999), 217–238. [12] M. Delshad, S. A. Hosseini, X. Kong, R. Tavakoli, and M. F. Wheeler, Modeling and simulation of carbon sequestration at Cranfield incorporating new physical models. International Journal of Greenhouse Gas Control. 18, (2013), 463–473.

[13] X. Gai, R. H. Dean, M. F. Wheeler, R. Liu, Coupled Geomechanical and Reservoir Modeling on Parallel Computers. Society of Petroleum Engineers. (2003).

[14] V. Girault, K. Kumar, M. F. Wheeler, Convergence of iterative coupling of geomechanics with flow in a fractured poroelastic medium. Computational Geosciences. (2016) 20: 997, 997–1011.

[15] P. Grisvard, Singularités en élasticité. Archive for Rational Mechanics and Analysis, 107 (1989), 157–180.

14 S. BARBEIRO

Consider the dual problem: find ϕ ∈ V_0, such that a_u(ϕ, v) = (e^n_H , v), ∀v ∈ V_0. (42) For the derivation of L^2 error estimates we assume that the problem (42) is H^2-regular, that is, ϕ ∈ H^2(Ω) and ‖ϕ‖_H 2 ≤ C_{reg}‖e^n_H ‖_0, (43) where C_{reg} is a positive constant which depends on the domain Ω. A sufficient condition for the H^2 regularity estimate (43) to hold is that the domain Ω is a convex polygonal domain in R^2 and that (42) is a pure displacement problem (Γ_0 = ∂Ω) [6]. Other conditions which guarantee (43) to be true are discussed for instance in [15] and [25].

In the next theorem we present the L^2-estimates.

Theorem 3. Under the foregoing assumptions of Section 4 and the same conditions as in Theorem 2, the following estimate holds: ‖u − u_H ‖_L∞_{(L}2_) ≤ C(H^2 + h^2). (44) Proof : Let I_H ϕ ∈ V_{H,0} be the nodal interpolation of ϕ. It is well known that ‖ϕ − I_H ϕ‖_1 ≤ C_{interp}H‖ϕ‖_H 2 . (45) Since e_H ∈ V_0 then, ‖e^n_H ‖^2_0 = a_u(ϕ, e^n_H ) = a_u(e^n_H , ϕ − I_H ϕ) + a_u(e^n_H , I_H ϕ)

= a_u(e^n_H , ϕ − I_H ϕ) + α(∇ · I_H ϕ, p^n − p^n_h) = a_u(e^n_H , ϕ − I_H ϕ) + α(∇ · (I_H ϕ − ϕ), p^n − p^n_h) + α(∇ · ϕ, p^n − p^n_h).

Now, the trick is to sum and subtract the post-processed approximation for pressure. We get ‖e^n_H ‖^2_0 = a_u(e^n_H , ϕ − I_H ϕ) + α(∇ · (I_H ϕ − ϕ), p^n − p̃^n_h) + α(∇ · ϕ, p^n − p̃^n_h). Using (4), (43) and (45), we obtain ‖e^n_H ‖^2_0 ≤ C_{cont}C_{interp}C_{reg}H‖e^n_H ‖_1‖e^n_H ‖_0 + αC_{cont}C_{interp}C_{reg}H‖e^n_H ‖_0‖p^n − p̃^n_h‖_0 + αC_{reg}‖e^n_H ‖_0‖p^n − p̃^n_h‖_0, (46) and consequently, ‖e^n_H ‖_0 ≤ C (H‖e^n_H ‖_1 + H‖p^n − p̃^n_h‖_0 + ‖p^n − p̃^n_h‖_0) . (47)

ACCURACY OF A COUPLED MIXED AND GALERKIN FEM FOR POROELASTICITY 3

the operator K and we assume that K^{−1} is uniformly bounded and positive definite, that is, there exists a positive constant ζ such that, for all s ∈ (L^2(Ω))^d, (K^{−1}(x, t)s, s) ≥ ζ‖s‖_L2_{(Ω)}, ∀x ∈ Ω, t ∈ [0, T ], (2) and we assume the storage coefficient to be strictly positive and uniformly bounded, 0 < γ_c ≤ c_o(x) ≤ L_c, ∀x ∈ Ω. (3) In practice, if the initial condition p^0 is unknown, then p^0 can be found by considering ∇p(0) = ρ_f g and then use the first equation of (1) to find u(0).

The complete system (1) can be solved either simultaneously, in a fully coupled approach, or sequentially, in a loosely coupled scheme. The analysis of the fully coupled numerical method, combining a mixed method and a continuous or discontinuous Galerkin method, was considered e.g. in [2], [13] and [19]. The iteratively coupled solution methods were considered e.g. in [14], [16] and [27].

In this paper we focus on the fully coupled method which combines lowest order Raviart-Thomas mixed finite elements for the Darcy flow and Galerkin piecewise linear finite elements for elasticity. We analyze the effect on convergence of considering a post-processing step in the scheme and we prove second order of convergence in space for the pressure approximation. Moreover we derive L^2-error estimates for the approximation of the deformation and we also obtain second order of convergence in space. Both results, which are here proved considering the fully coupled approach, are also useful to analyse the iteratively coupled schemes which converge to fully coupled schemes [27].

2. The coupled variational formulation

In order to introduce the mixed formulation for the flow [17] [21], we consider the variable for the flux z = −^1_{μf} K(∇p − ρ_f g).

For the mixed variational formulation of the problem (1), the function space for pressure is L^2(Ω). The space used for the flux variable is

H(div) := {s ∈ (L^2(Ω))^d : ∇ · s ∈ L^2(Ω)}

and we define its subset

S_0 := {s ∈ H(div) : s · η|_{Γf} = 0}.

The function space for the deformation is

V_0 := {v ∈ H^1((Ω))^d : v|_{Γ0} = 0}.

4 S. BARBEIRO

Associated to this space we define the bilinear form a_u(., .) by

a_u(u, v) := ∫ Ω σ(u) : ϵ(v) dx, or equivalently a_u(u, v) = ∫ Ω (2μ(ϵ(u) : ϵ(v)) + λ(∇ · u)(∇ · u)) dx.

The bilinear form is continuous and coercive in V_0 × V_0 ([7]); therefore, for some positive real number C_{cont} and C_{coer} holds a_u(u, v) ≤ C_{cont}‖u‖_H 1 ‖v‖_H 1 , ∀u, v ∈ V_0, (4)

a_u(v, v) ≥ C_{coer}‖v‖^2_H 1 , ∀v ∈ V_0. We define the linear functional ℓ_1(v) = ∫ Ω f · v + ∫ Γ_N

r_N · v, v ∈ V_0,

ℓ_2(w) = ∫ Ω s_f w, w ∈ L^2(Ω), ℓ_3(s) = − ∫ Γ_p

p_Ds · η + ∫ Ω ρ_f g · s, s ∈ S_0.

Since the boundary conditions are allowed to be inhomogeneous, we need to select, for each t ∈ [0, T ], a function u_d(., t) ∈ (H^1(Ω))^d such that u_d(., t)|_{Γ0} = u_D(., t) and a function z_d(., t) ∈ H(div) such that z_d(., t)|_{Γf} · η = q(., t).

The variational problem becomes: find u ∈ u_d + H^1([0, T ]; V_0), p ∈ H^1([0, T ]; L^2(Ω)) and z ∈ z_d + L^2([0, T ]; S_0) such that a_u(u, v) − α(∇ · v, p) = ℓ_1(v), (5) ( c_o ∂p ∂t , w ) + α ( ∂ ∂t ∇ · u, w ) + (∇ · z, w) = ℓ_2(w), (6) μ_f (K^{−1}z, s) − (p, ∇ · s) = ℓ_3(s) (7) holds for all (v, w, s) ∈ (V_0, L^2(Ω), S_0) and t ∈ [0, T ].

ACCURACY OF A COUPLED MIXED AND GALERKIN FEM FOR POROELASTICITY 13

Combining (32) with (33) and using (21), (34), (36), (37), (38) and (39) we obtain 1 2 (( c_oξ̃^n, ξ̃^n ) − ( c_oξ̃^{n−1}, ξ̃^{n−1} )) + ( (K^n)^{−1}ζ^n, ζ^n ) (Δtμ_f − 1 2 Qh^2) ≤ C ( ‖ξ̃^n‖^2_0 +

∫_tn

t^{n−1}

‖(∇ · z)_t‖^2_0dtΔt ) Δt + C 4ϵ ΔtH^4‖u_t‖^2_L∞_{((t}n−1_{,t}n_{),H} 2_) + ϵΔtH^{−2}‖ξ^n‖^2_0 + 3 2 α^2 λ ‖ξ̃^n‖^2_0 + 1 2 α^2 λ ‖ξ̃^{n−1}‖^2_0 + C ( h^4

∫_tn

t^{n−1}

‖z‖^2_1 + ‖∇ · z‖^2_1 + ‖(z)_t‖^2_1 + ‖∇ · z_t‖^2_1 dt )

+ Ch^4Δt ( ‖z^n‖^2_1 + ‖∇ · z^n‖^2_1 ) . (40)

A summation on n, and an application of Gronwall’s inequality yield to

max_n ‖ξ̃^n‖^2_0 ≤ C ( ‖ξ̃^0‖^2_0 + h^4

∫_T 0 ‖z‖^2_1 + ‖∇ · z‖^2_1 + ‖(z)_t‖^2_1 + ‖∇ · z_t‖^2_1 dt

+ h^4 ( ‖z‖^2_L∞_{((0,T ),H} 1_) + ‖∇ · z‖^2_L∞_{((0,T ),H} 1_) ) + H^4‖u_t‖^2_L∞_{((0,T ),H} 2_) ) . (41)

Remark 1. It is interesting to observe that equation (10) remains unaltered if we replace p̃^n_h by p^n_h, under the assumption that E_h and E_H coincide or that E_h is a refinement of E_H . In fact, for any test function v ∈ V_{H,0} we have that ∇ · v is constant in every element R ∈ E_h and consequently (p^n_h, ∇ · v)_R = (p̃^n_h, ∇ · v)_R.

4. The L^2 estimates for deformation

The objective of this section is to derive the convergence order for the displacement approximation error with respect to the L^2-norm. The estimate we will derive is based on duality techniques.

Let e^n_H = u^n −u^n_H . We will restrict our study to the case e_H ∈ V_0, which is satisfied for example when the Dirichlet condition for u in Γ_0 is homogeneous. If the general case of inhomogeneous Dirichlet data for u in Γ_0, the analysis required is more involving. We refer the paper [3] for some insight in this question, even though therein the study is restricted to the Laplace equation.

12 S. BARBEIRO

Let us now consider the first term of the right-hand side of (35). For any ϵ > 0, holds

∫_tn

t^{n−1}

ℓ_4(u − E_H u, ξ^n) dt ≤ CΔtH‖u_t‖_L∞_{(H} 2_)‖ξ^n‖_0 ≤ C 4ϵ ΔtH^4‖u_t‖^2_L∞_{(H} 2_) + ϵΔtH^{−2}‖ξ^n‖^2_0. (36)

For the other term, we use Lemma 3 and (25) to obtain the estimate

Δtℓ̄_4(E_H u − u^n_H , ξ^n) ≤ α^2 λ (‖p^n − p̃^n_h‖_0 + ‖p^{n−1} − p̃^{n−1}_h ‖_0)‖ξ^n‖_0 ≤ α^2 λ (‖η̃^n‖_0 + ‖η̃^{n−1}‖_0 + ‖ξ̃^n‖_0 + ‖ξ̃^{n−1}‖_0)‖ξ^n‖_0 ≤ C ( ‖z‖_L∞_{(H} 1_) + ‖∇ · z‖_L∞_{(H} 1_) ) h^2‖ξ̃^n‖_0 + 3 2 α^2 λ ‖ξ̃^n‖^2_0 + 1 2 α^2 λ ‖ξ̃^{n−1}‖^2_0. (37)

It remains to analyze the last term of the right hand-side of (32). Using Lemma 2 we deduce that

− (c_oη̃^n, ξ^n) + (c_oη̃^{n−1}, ξ^n) = −

∫_tn

t^{n−1}

((c_oη̃)_t, ξ^n) dt ≤ C (∫_tn

t^{n−1}

‖η̃‖^2_0 dt + ‖ξ^n‖^2_0Δt )

≤ C ( h^4

∫_tn

t^{n−1}

‖z‖^2_1 + ‖∇ · z‖^2_1 + ‖(z)_t‖^2_1 + ‖∇ · z_t‖^2_1 dt + ‖ξ^n‖^2_0Δt ) , (38)

and Δt(c_oη̃^n, ξ^n) ≤ Ch^2Δt ( ‖z^n‖^2_1 + ‖∇ · z^n‖^2_1 ) + ‖ξ^n‖^2_0Δt. (39)

ACCURACY OF A COUPLED MIXED AND GALERKIN FEM FOR POROELASTICITY 5

We also make the following smoothness assumptions, in order the above variational formulation makes sense: f ∈ C^1([0, T ]; (H^{−1}(Ω))^d), s_f ∈ C([0, T ]; L^2(Ω)), p_D ∈ C([0, T ]; L^2(Γ_p)), q ∈ C([0, T ]; T rS), T rS = {s · η_{|Γf} : s ∈ H(div)}, u_D ∈ C^1([0, T ]; (H^{1/2}(Γ_0))^d), r_N ∈ C^1([0, T ]; (H^{−1/2}(Γ_N )^d)), g ∈ C([0, T ]; (L^2(Ω))^d), u^0 ∈ (H^1(Ω))^d, p^0 ∈ L^2(Ω).

In order to approximate the variational problem (5)-(7) with a finite element scheme we need to provide some definitions.

Let E_h and E_H be two nondegenerate partitions of the polyhedral domain Ω, with maximal element diameter h and H, respectively. The elements of E_h and E_H are triangles, if d = 2, and tetrahedra, if d = 3.

Let (W_h, S_h) ⊂ (L^2(Ω) × H(div)) denote a standard mixed finite element space on E_h, called lowest order Raviart-Thomas approximating space (RT0) (e.g. [8], [21]) and

S_{h,0} := {s ∈ S_h : s · η_{|Γf} = 0}.

We consider the linear operators Π_h : H(div) → S_h and I_h : L^2 → W_h which satisfy the following properties:

(∇ · (s − Π_hs), w) = 0, ∀w ∈ W_h,

‖s − Π_hs‖_L2_{(Ω)} ≤ Ch‖s‖_H 1_{(Ω)}, ∇ · Π_h = I_h∇·, (∇ · s_h, p − I_hp) = 0, ∀s_h ∈ S_h, ‖p − I_hp‖_L2_{(Ω)} ≤ Ch‖p‖_H 1_{(Ω)}.

Let V_H be the space of continuous piecewise polynomials of degree 1 defined on E_H and V_{H,0} := {v ∈ V_H : v|_{Γ0} = 0}.

The elliptic projector E_H : (H^1(Ω))^d → V_H is defined by

a_u(u − E_H u, v_H ) = 0, ∀v_H ∈ V_H , (8)

6 S. BARBEIRO

and satisfies (see [7])

‖u − E_H u‖_{au} ≤ CH‖u‖_{(H} 2_{(Ω))}d . (9)

Let u_{dH} (x, t) = E_H u_d(x, t) and z_{dh}(x, t) = Π_hz_d(x, t). We define Δt = T/N, where N denotes the number of time steps and t^n = nΔt and we will use the following notation g^n = g(., t^n).

The fully discrete method is derived by discretizing the time derivatives. Here we considered the backward Euler method.

The complete numerical formulation becomes: find u^n_H ∈ u^n_{dH} + V_{H,0}, p^n_h ∈ W_h, z^n_h ∈ z^n_{dh} + S_{h,0} such that

a_u(u^n_H , v) − α(p^n_h, ∇ · v) = ℓ^n_1 (v), (10) ( c_o p^n_h − p^{n−1}_h Δt , w ) + α ( ∇ · u^n_H − u^{n−1}_H Δt , w ) + (∇ · z^n_h, w) = ℓ^n_2 (w), (11)

μ_f ((K^n)^{−1}z^n_h, s) − (p^n_h, ∇ · s) = ℓ^3(s), (12)

for all (v, w, s) ∈ (V_{H,0}, W_h, S_{h,0}). Here (σ_m)^n_H is defined locally in E_H by

(σ_m)^n_H = 1 d tr(σ(u^n_H )).

Additionally, we consider the initial conditions u^0_H ∈ u^0_{dH} + V_{H,0}, p^0_h ∈ W_h, such that

a_u(u_H , v)_{|t=0} = a_u(u^0, v), ∀v ∈ V_H ,

(p_h, w)_{|t=0} = (p^0, w), ∀w ∈ W_h.

The fully coupled scheme involves calculating u^n_H , p^n_h and z^n_h simultaneously.

The convergence result in the next theorem can be found in [2], [19].

Theorem 1. Let (u, p, z) be the solution of (5)–(7) and (u_H , p_h, z_h) be the solution of (10)–(12). Then, for Δt small enough, there exists C > 0 such that

‖u − u_H ‖_L∞_{(H} 1_) + ‖p − p_h‖_L∞_{(L}2_) + ‖z − z_h‖_L2_{(L}2_) ≤ C(H + h) + O(Δt), (13)

where C depends on the model parameters, and on the true solution but is not dependent on H, h and Δt.

ACCURACY OF A COUPLED MIXED AND GALERKIN FEM FOR POROELASTICITY 11

Using (18) we get ( c_oξ̃^n, ξ^n ) − ( c_oξ̃^{n−1}, ξ^n ) + Δtμ_f ( K^{−1}ζ^n, ζ^n )

= ∫_tn

t^{n−1}

(∇ · z − ∇ · z^n, ξ^n) dt +

∫_tn

t^{n−1}

ℓ_4(u, ξ^n) dt − Δtℓ̄_4(u^n_H , ξ^n)

−(1 − Δt)(c_oη̃^n, ξ^n) + (c_oη̃^{n−1}, ξ^n). (32)

Since ( c_oξ̃^{n−1}, ξ^n ) ≤ 1 2 ( c_oξ̃^{n−1}, ξ̃^{n−1} ) + 1 2 (c_oξ^n, ξ^n)

then ( c_oξ̃^n, ξ^n ) − ( c_oξ̃^{n−1}, ξ^n ) ≥ ( c_oξ̃^n, ξ^n ) − 1 2 ( c_oξ̃^{n−1}, ξ̃^{n−1} ) − 1 2 (c_oξ^n, ξ^n) .

From (14) and (18) we obtain ( c_oξ̃^n, ξ^n ) = (c_oξ^n, ξ^n) and consequently, ( c_oξ̃^n, ξ^n ) − ( c_oξ̃^{n−1}, ξ^n ) ≥ 1 2 ( c_oξ̃^n, ξ^n ) − 1 2 ( c_oξ̃^{n−1}, ξ̃^{n−1} )

= 1 2 ( c_oξ̃^n, ξ̃^n ) − 1 2 ( c_oξ̃^{n−1}, ξ̃^{n−1} ) − 1 2 ( c_o(ξ̃^n − ξ^n), ξ̃^n ) . (33)

We will now analyze the right-hand side of (32). Bramble-Hilbert Lemma (e.g. [10]) implies that ‖ ∫_tn

t^{n−1}

∇ · z − ∇ · z^n dt‖_0 ≤ C(Δt)^{3/2}‖

∫_tn

t^{n−1}

(∇ · z)_t dt‖_0,

where C is independent of t, z, h and Δt. Hence, ∫_tn

t^{n−1}

(∇ · z − ∇ · z^n, ξ^n) dt ≤ C ( ‖ξ^n‖^2_0Δt +

∫_tn

t^{n−1}

‖(∇ · z)_t‖^2_0 dt(Δt)^2 ) . (34)

Summing and subtracting (E_H u)^n, where E_H is the elliptic projector defined by (9), we have that

∫_tn

t^{n−1}

ℓ_4(u, ξ^n) dt − Δtℓ̄_4(u^n_H , ξ^n) =

∫_tn

t^{n−1}

ℓ_4(u − E_H u, ξ^n) dt

+ Δtℓ̄_4((E_H u)^n − u^n_H , ξ^n). (35)

10 S. BARBEIRO

Then ( c_o(ξ̃^n + η̃^n), w ) − ( c_o(ξ̃^{n−1} + η̃^{n−1}), w ) + Δt(∇ · ζ^n, w)

+Δt(∇ · Z^n_h, w) −

∫_tn

t^{n−1}

(∇ · z, w) dt

= Δt ( ℓ_2(w) − ℓ̄_4(u^n_H , w) ) − ∫_tn

t^{n−1}

(ℓ_2(w) − ℓ_4(u, w)) dt,

and by (16) we get ( c_o(ξ̃^n + η̃^n), w ) − ( c_o(ξ̃^{n−1} + η̃^{n−1}), w ) + Δt(∇ · ζ^n, w) + ∫_tn

t^{n−1}

(ℓ_2(w) − ℓ_4(u, w)) dt

= Δt ( ℓ_2(w) − ℓ̄_4(u^n_H , w) ) + ∫_tn

t^{n−1}

(∇ · z, w) dt − Δt(∇ · z^n, w)

+ Δt (c_oη^n, w) . (29)

Combining (7), (12) and (17), we have

μ_f ( K^{−1}ζ^n, s ) = (p^n_h, ∇ · s) + (ℓ_3, s) − μ_f ( K^{−1}(Z^n_h − z^n), s ) − μ_f ( (K^n)^{−1}z^n, s ) = (p^n_h, ∇ · s) + (ℓ_3, s) − (P^n_h , ∇ · s) − μ_f ( (K^n)^{−1}z^n, s ) + (p^n, ∇ · s)

= (ξ^n, ∇ · s). (30)

Taking in (29) and (30) w = ξ^n and s = ζ^n, respectively, we obtain ( c_o(ξ̃^n + η̃^n), ξ^n ) − ( c_o(ξ̃^{n−1} + η̃^{n−1}), ξ^n ) + Δt(∇ · ζ^n, ξ^n) + ∫_tn

t^{n−1}

(ℓ_2(ξ^n) − ℓ_4(u, ξ^n)) dt

= Δt ( ℓ_2(ξ^n) − ℓ̄_4(u^n_H , ξ^n) ) + ∫_tn

t^{n−1}

(∇ · z, ξ^n) dt − Δt(∇ · z^n, ξ^n)

+Δt(c_oη^n, ξ^n) and μ_f ( K^{−1}ζ^n, ζ^n ) = (ξ^n, ∇ · ζ^n). (31)

ACCURACY OF A COUPLED MIXED AND GALERKIN FEM FOR POROELASTICITY 7

3. Post-processing step for pressure

The objective of this section is to obtain a higher order approximation for pressure. To improve accuracy, a post-processing step can be included in the numerical scheme, following the idea by Arbogast and Wheeler in [1].

We start by defining the space W̃_h consisting of functions that are discontinuous and piecewise linear over the grid E_h. We locally post-process the pressure by finding p̃_h ∈ W̃_h such that on each element of R ∈ E_h,

(c_o(p̃^n_h − p^n_h), w)_R = 0 ∀w ∈ W_h, (14)

(K^n∇p̃^n_h + z^n_h, ∇w)_R = 0 ∀w ∈ W̃_h. (15)

We will demonstrate that this post-processing technique improves the approximation p^n_h so that the L^2-error between p̃^n_h and p(t^n) is of second order in space.

In the error analysis we will compare the post-processed finite element solution to an elliptic projection of the solution of (5)-(7). We define the projection (P_h, Z_h) ∈ W_h × S_h of (p, z) [1] [26], by

(c_o(P_h − p), w) + (∇ · (Z_h − z), w) = 0 ∀w ∈ W_h, (16) μ_f ( K^{−1}(Z_h − z), s ) = (P_h − p, ∇ · s) ∀s ∈ S_h, (17)

and on each element R ∈ E_h we define P̃_h ∈ W̃_h by ( c_o(P̃_h − P_h), w ) R = 0 ∀w ∈ W_h, (18) ( K∇P̃_h + Z_h, ∇w ) R = 0 ∀w ∈ W̃_h. (19)

For convenience, we now introduce some additional notation, in particular for auxiliary and projection errors:

ξ^n = p^n_h − P^n_h ∈ W_h, ξ̃^n = p̃^n_h − P̃^n_h ∈ W̃_h, ζ^n = z^n_h − Z^n_h ∈ S_h, and η^n = P^n_h − p^n, η̃^n = P̃^n_h − p^n.

To simplify the notation in we use ‖.‖_0, ‖.‖_∞ and ‖.‖_1, respectively, for the L^2, L^∞ and H^1 norms.

Lemma 1. The following inequalities hold ‖ √ c_oξ^n‖_0 ≤ ‖ √ c_oξ̃^n‖_0, (20)

8 S. BARBEIRO ( c_o(ξ̃^n − ξ^n), ξ̃^n ) ≤ Q‖(K^n)^{−1/2}ζ^n‖^2_0h^2, (21) where Q depends on the positive upper and lower bounds for c_o and K^n. Proof : For any element R ∈ E_h, by (14), (15), (18) and (19) we note that ( c_o(ξ̃^n − ξ^n), 1 ) R = 0, (22) (K^n∇ξ^n + ζ^n, ∇w)_R = 0, w ∈ W̃_h. (23) Since ξ^n is constant on R, from (22) we have (c_oξ^n, ξ^n)_R = ( c_o(ξ^n − ξ̃^n), ξ^n ) R + ( c_oξ̃^n, ξ^n ) R , and (20) follows.

For a good choice of the constant C, we get ( c_o(ξ̃^n − ξ^n), ξ̃^n − ξ^n ) R = ( c_o(ξ̃^n − ξ^n), ξ̃^n ) R = ( c_o(ξ̃^n − ξ^n), ξ̃^n − C ) R ≤ Q‖ √ c_o(ξ̃^n − ξ^n)‖_{0,R}‖∇ξ̃^n‖_{0,R} h and then ‖ √ c_o(ξ̃^n − ξ^n)‖_{0,R} ≤ Q‖∇ξ̃^n‖_{0,R} h.

Taking w = ξ̃^n in (23) results ‖(K^n)^{1/2}∇ξ̃^n‖_{0,R} ≤ ‖(K^n)^{−1/2}ζ^n‖_{0,R}, and we obtain (21).

The detailed arguments that proof of the next lemma can be found in the demonstration of Theorem 2 of [1].

Lemma 2. Assume sufficient regularity of data and of the true solution of (5)-(7). For each t ∈ (0, T ] and for h sufficiently small, holds ‖η‖_0 = ‖P_h − p‖_0 ≤ C‖z‖_1h, (24)

‖η̃‖_0 = ‖P̃_h − p‖_0 ≤ C (‖z‖_1 + ‖∇ · z‖_1) h^2, (25)

‖(η̃)_t‖_0 = ‖(P̃_h − p)_t‖_0 ≤ C (‖z‖_1 + ‖∇ · z‖_1 + ‖(z)_t‖_1 + ‖∇ · z_t‖_1) h^2, (26) where C is independent of t, p, h and Δt.

The next result will be central in the convergence analysis.

ACCURACY OF A COUPLED MIXED AND GALERKIN FEM FOR POROELASTICITY 9

Lemma 3. Let E_H be defined by (8). The following estimate holds ‖∇ · E_H u − ∇ · u_H ‖_0 ≤ α λ ‖p − p_h‖_0. (27)

Proof : For any element R ∈ E_H we have

λ‖∇ · (E_H u − u_H )‖^2_{0,R} ≤ a_u(E_H u − u_H , E_H u − u_H ) = α (p − p_h, ∇ · (E_H u − u_H ))_R = α (p − p̃_h, ∇ · (E_H u − u_H ))_R ≤ α‖p − p̃_h‖_{0,R}‖∇ · (E_H u − u_H )‖_{0,R}.

The convergence result for the post-processed numerical solution for pressure is given in the next theorem.

Theorem 2. Consider that E_h and E_H coincide or E_h to be a refinement of E_H . Assume sufficient regularity of the true solution and that the initialization error satisfy ‖p̃^0_h − p^0‖_0 ≤ C_0(p_0)h^2, for some constant C_0 depending on p_0. Let Δt satisfy Δt^{μf}_2 > Qh^2 and Δt = c^′H^2 for some positive constant c^′. If^{α2}_λ <^1_4 γ_c, then for h and H sufficiently small, max_n ‖p^n − p̃^n_h‖_0 ≤ C(p)(h^2 + H^2), (28) where C(p) depends on p but not on h, H or Δt. Proof : For convenience, we use the notation

ℓ_4(u, w) = α ( ∂ ∂t ∇ · u, w ) , ℓ̄_4(u^n_H , w) = α ( ∇ · u^n_H − u^{n−1}_H Δt , w ) . Combining (6), (11) and (14), we obtain, for all w ∈ W_h,

(c_o(p̃^n_h − p^n), w) − ( c_o(p̃^{n−1}_h − p^{n−1}), w ) + Δt(∇ · z^n_h, w) − ∫_tn

t^{n−1}

(∇ · z, w) dt

= Δt ( ℓ_2(w) − ℓ̄_4(u^n_H , w) ) − ∫_tn

t^{n−1}

(ℓ_2(w) − ℓ_4(u, w)) dt.