Pré-Publicações do Departamento de Matemática Universidade de Coimbra Preprint Number 18–51

ON THE LIMIT BEHAVIOR OF ITERATED EQUILIBRIUM DISTRIBUTIONS FOR THE GAMMA AND WEIBULL FAMILIES

IDIR ARAB, MILTO HADJIKYRIAKOU AND PAULO EDUARDO OLIVEIRA

Abstract: In this paper, we study the evolution of iterated equilibrium distributions for the Gamma and Weibull families of distributions as the iteration step increases. We characterize their moments and the pointwise limit of the distribution functions corresponding to the iterated distributions. As a byproduct, we obtain approximations for higher order moments of the residual lifetime.

Keywords: iterated Gamma distribution, iterated Weibull distribution, stop-loss transform, s−FR order.

Math. Subject Classification (2000): 60E15, 62E20.

1. Introduction

Iterated distributions were introduced by Averous and Meste [2], in order to construct a classification of lifetime distributions, and were initially studied in a more systematic way by Fagiuoli and Pellerey [6]. The iteration procedure described below produces what is also known as equilibrium distributions in economics or actuarial activities, since they describe the distribution of the first drop below the initial reserve. Moreover, equilibrium distributions play an important role in ageing relations (see, for example, Chatterjee and Mukherjee [3]) or in renewal theory (see Cox [5]). A suitable representation of the iterated distributions describes their tails as normalized moments of stop-loss risk premiums with a given deductible, a common type of contract in actuarial activity, with interest to the characterization of ruin probabilities and insolvency. We obtain a characterization of the asymptotics of these moments, with respect to their order, for initial random variables with distribution in the Gamma or Weibull families. These results provide simple numerical approximations for the stop-loss premiums.

Let us describe our framework and introduce the basic notation and transformations. We will be assuming throughout that X is a nonnegative random

Received November 22, 2018.

This work was partially supported by the Centre for Mathematics of the University of Coimbra – UID/MAT/00324/2013, funded by the Portuguese Government through FCT/MEC and co-funded by the European Regional Development Fund through the Partnership Agreement PT2020. 1

2 IDIR ARAB, M. HADJIKYRIAKOU AND P.E. OLIVEIRA

variable with density function f_X , distribution function F_X , and tail function F_X = 1 − F_X .

Definition 1. For each x ≥ 0, define

T_{X,0}(x) = f_X (x) and ~μ_{X,0} =

�_∞ 0 T_{X,0}(t) dt = 1. (1)

For each s ≥ 1, define the s−iterated distribution induced by X, T_{X,s} by its tail T_{X,s} = 1 − T_{X,s} as follows:

T_{X,s}(x) = 1 ~μ_{X,s−1}

�_∞ x T_{X,s−1}(t) dt where ~μ_{X,s} =

�_∞ 0 T_{X,s}(t) dt, (2)

assuming the integrals above are finite.

The distribution T_{X,2} is known as the equilibrium distribution of X. Hence, the iteration process above defines, for each s ≥ 1, the equilibrium distribution T_{X,s} of a random variable with tail T_{X,s−1}. Thus, the iteration procedure given in Definition 1 may be restated in terms of the iterated equilibrium distribution.

Definition 2. The (s − 1)−iterated equilibrium distribution of X has tail given by T_{X,s}, that is, the s−iterated distribution induced by X described in Definition 1.

Taking into account this identification, we shall refer throughout to iterated distributions instead of iterated equilibrium, as these only differ on the count of the iteration steps.

It is easily verified that the s−iterated distribution induced by an exponential random variable X is exactly the same exponential distribution as X. That is, the exponential distributions are fixed points with respect to the iteration procedure introduced in Definition 1. Moreover, it is also easily verified that explicit identification of the iterated distributions may become in general quite complex once we leave the case of X being exponentially distributed.

As already mentioned, iterated distributions were used by Averous and Meste [2] to classify the distribution of X with respect to its tail behavior. General properties of the iterated distributions were studied in Fagiuoli and Pellerey [6] and Nanda et al. [10], but to the best of our knowledge, the behavior of the iterated distributions with respect to the iteration step has

22 IDIR ARAB, M. HADJIKYRIAKOU AND P.E. OLIVEIRA

[6] Fagiuoli, E. and Pellerey, F. (1993). New partial orderings and applications. Nav. Res.

Log. 40, 829–842. doi: 10.1002/1520-6750(199310)40:6<829::AID-NAV3220400607>3.0.CO;2- D [7] Khaledi, B. E. and Kochar, S. (2000). Some new results on stochastic comparisons of parallel systems. J. Appl. Probab. 37, 1123–1128. doi: 10.1239/jap/1014843091 [8] Nair, N.U., Sankaran, P.G. and Sunoj, S.M. (2013). Quantile based stop-loss transform and its applications. Stat Methods Appl. 22, 167–182. doi: 10.1007/s10260-012-0213-4 [9] Nanda, A. K., Jain, K. and Singh, H. (1996). Properties of moments for s-order equilibrium distributions. Journal of Applied Probability 33, 1108-1111. doi:10.2307/3214989 [10] Nanda, A. K., Hazra, N. K., Al-Mutairi, D.K. and Ghitany, M.E. (2017). On some generalized ageing orderings. Commun. Stat. Theory Methods 46, 5273–5291. doi: 10.1080/03610926.2015.1100738 [11] Rachev, S.T. and Rüschendorf, L. (1990). Approximation of sums by compound Poisson distributions with respect to stop-loss distances. Adv. Appl. Probab. 22,350-374. doi: 10.2307/1427540 [12] Cary Chi-Liang Tsai, C. C.-L. (2006). On the stop-loss transform and order for the surplus process perturbed by diffusion. Insurance: Mathematics and Economics 39, 151–170. doi: 10.1016/j.insmatheco.2006.02.002

Idir Arab CMUC, Department of Mathematics, University of Coimbra, EC Santa Cruz, 3001-501 Coimbra, Portugal.

E-mail address: idir.bhh@gmail.com

Milto Hadjikyriakou University of Central Lancashire, Cyprus. E-mail address: MHadjikyriakou@uclan.ac.uk

Paulo Eduardo Oliveira CMUC, Department of Mathematics, University of Coimbra, EC Santa Cruz, 3001-501 Coimbra, Portugal.

E-mail address: paulo@mat.uc.pt

ON THE LIMIT BEHAVIOR OF ITERATED EQUILIBRIUM DISTRIBUTIONS 3

not been studied before. In this paper, we will be mainly interested on this behavior of iterated distributions as the iteration step grows.

Although the iterated distributions are defined in a recursive way, the following theorem gives a useful closed form representation.

Theorem 3 (Lemma 2 and Remark 3 in Arab and Oliveira [1]). Assume X is an absolutely continuous nonnegative random variable with finite moment of order s − 1 for s = 1, 2, . . .. Then the s−iterated tail T_{X,s} may be represented as T_{X,s}(x) = 1 EX^{s−1}

�_∞ x f_X (t)(t − x)^{s−1} dt = 1 EX^{s−1}

E(X − x)^{s−1}_+ , (3)

where (X − x)_+ = max(0, X − x) is the residual lifetime at age x.

Remark 4. It follows from (3) that the s−iterated distribution may be interpreted as a normalized survival moment of order s − 1. It is also worth mentioning that (3) means that, up to a normalizing factor, the s−iterated distribution is the stop-loss transform of order s − 1, E(X − x)^{s−1}_+ , a common quantity of interest in actuarial models (see, for example, Cheng and Pai [4], Nair et al. [8], Tsai [12] or Rachev and Rüschendorf [11], among many other references).

Although Theorem 3 provides a closed representation for T_{X,s}, it does not seem to be very helpful for actual calculations. An illustrative example, that we will be exploring in detail later, is obtained by assuming that X has distribution in the Gamma or Weibull families, which are important classes of distributions in many different research fields such as reliability theory.

The paper is organized as follows: In Section 2, we provide a formula for the higher order moments of the iterated distributions. In Section 3, a recursive representation for the high order iterated distributions of a convolution is obtained and this result is used to find an expression for the iterated distributions of a random variable that is Gamma distributed with integer shape parameter. In Section 4, we derive an explicit expression for the s−iterated distribution of a Gamma distributed random variable, still assuming the shape parameter is an integer and furthermore, we study the limit behavior of the iterated distribution as the iteration step tends to infinity, now for general shape parameter. Finally in Section 5, we identify the limit behavior for the iterated distributions induced from the Weibull family of distributions.

4 IDIR ARAB, M. HADJIKYRIAKOU AND P.E. OLIVEIRA

2. Moments of iterated distributions

We shall start by a characterization of the moments of iterated distributions. First, remark that the normalizing constants ~μ_{X,s} in (2) are obviously the mathematical expectation of the s−iterated distributions. These first order moments have been characterized, in terms of moments of the inducing random variable, in Corollary 2.1 by Nanda et al. [9]:

~μ_{X,s} = 1 s EX^s EX^{s−1}

. (4)

The following result extends (4), characterizing higher order moments of the iterated distributions.

Proposition 5. Assume X is an absolutely continuous nonnegative random variable with finite moment of order m + s − 1, where m ≥ 1 and s ≥ 2. Then the s−iterated distribution induced by X has a finite moment of order m given by

μ_{s,m} = � m + s − 1 m �_{−1}

EX^{m+s−1} EX^{s−1} . Proof : It follows from (2) that the s−iterated distribution has density 1 ~μ_{X,s−1} T X,s−1. So, using the first representation for T X,s−1 in (3), we have

μ_{s,m} = s − 1 EX^{s−1}

�_∞ 0 �_∞ x x^m(t − x)^{s−2}f(t) dt dx.

By inverting the integration order, we easily find that

μ_{s,m} = s − 1 EX^{s−1}

�_∞ 0 �_t 0 x^m(t − x)^{s−2}f(t) dx dt

= s − 1 EX^{s−1}

Γ(m + 1)Γ(s − 1) Γ(m + s)

�_∞ 0 t^{m+s−1}f(t) dt,

where Γ is the Euler function, which leads to the desired result.

The following description for the variance of iterated distributions is now straightforward.

Corollary 6. Assume X is an absolutely continuous nonnegative random variable with finite moment of order s + 1. The variance of the s−iterated

ON THE LIMIT BEHAVIOR OF ITERATED EQUILIBRIUM DISTRIBUTIONS 21

Now, we use the Stirling approximation to describe the asymptotic behavior of A(s), as s −→ +∞. So, assuming that s is large enough, we have that

A(s) ≈ s � 2π^{s−1}_α

�_{s−1} αe � s−1_α � 2π^s_α

�_s αe � s_α ≈ s � 1 − 1 s �_{s−1} eα s �_{1/α}

≈ s � 1 e eα s �_{1/α} = α^{1/α}s s^{1/α} , hence lim_{s→+∞} A(s) = 0. Moreover, it is easy to verify that A(s) eventually becomes decreasing. Therefore, it follows that, for s ≥ s_0, V^′_s (0) ≥ 0, ruling out the sign variation “−, +, −”. Thus, the only possible sign variation for V^′_s is “+, −” which implies that V_s(x) ≥ 0. In other words, T_{X,s} ≥ e^{−βx} for sufficiently large s and by choosing β sufficiently close to zero, this means that lim_{s→+∞} T_{X,s} −→ 1.

Remark 24. The result of Theorem 23 provides upper and lower bounds for the higher order stop-loss transform of a random variable X with a Weibull distribution. In the case where the shape parameter is α < 1, then for sufficiently large s ≥ s_0 and β_{s0} > 0 we have that

e^{−βs0 x}Γ � 1 + s α � ≤ E(X − x)^s_+ ≤ Γ � 1 + s α � , where the notation β_{s0} highlights the dependence between the two parameters. For the case of α > 1, the moments of the residual lifetime approach zero as s −→ +∞.

References

[1] Arab, I. and Oliveira, P. E. (2018). Iterated Failure Rate Monotonicity And Ordering Relations Within Gamma And Weibull Distributions. To appear in Probab. Eng. Inform. Sc. doi:10.1017/S0269964817000481 [2] Averous, J. and Meste, M. (1989). Tailweight and Life Distributions. Stat. Probab. Lett. 8, 381–387. doi: 10.1016/0167-7152(89)90048-5 [3] Chatterjee, A. and Mukherjee, S. P. (2001). Equilibrium distribution – its role in reliability theory. In Handbook of Statistics 20, ed. N. Balakrishnan and C.R. Rao. North Holland, Amsterdam, pp. 105–137. doi: 10.1016/S0169-7161(01)20006-6 [4] Cheng, Y. and Pai, J. S. (2003). On the nth stop-loss transform order of ruin probability.

Insurance: Mathematics and Economics, 32, 51–60. doi: 10.1016/S0167-6687(02)00193-2. [5] Cox, D. R. (1962). Renewal Theory. Spottiswoode, Ballantyne and Company, London

20 IDIR ARAB, M. HADJIKYRIAKOU AND P.E. OLIVEIRA

Remember that EX^{s−1} = Γ(1+^{s−1}_α ), and using Stirling approximation for Gamma function, lim_{x→+∞}^{Γ(1+x)}√_{2πx}(_{xe} )x = 1, we get

EX^{s−1}α^{s−1}x^{(s−1)(α−1)} ≈ � 2π s − 1 α � s − 1 eα � s−1_α α^{s−1}x^{(s−1)(α−1)}

≈ � 2π s − 1 α � s − 1 eα � 1_α

αx^{α−1}

�_{s−1} , which goes to +∞ when s −→ +∞, consequently, lim_{s→+∞} T_{X,s}(x) = 0. The case α < 1.: First, we study the sign variation of

V_s(x) = T_{X,s+1}(x) − e^{−βx} = 1 Γ(1 +^s_α )

�_∞ x (t − x)^{s−1}t^{α−1}e^{−tα} − e^{−βx},

where β ≥ 0. We will describe the sign variation of

V^′_s (x) = βe^{−βx} − s Γ � 1 +^{s−1}_α � Γ � 1 +^s_α

� T_{X,s}(x).

If we represent V^′_s analogously as done in Proposition 21, its sign variation may be described from the sign variation of

H_{s−1}(x) = β^s (s − 1)!

e^{−βx} − s Γ � 1 +^s_α

�e^{−xα} = s Γ � 1 +^s_α

�e^{−βx} � β^s s! Γ � 1 + s α � − e^{βx−xα} � , which coincides with the sign variation of the large parenthesis above. Since α < 1 the function e^{βx−xα} has a minimum and therefore the possible sign variations for H_{s−1} are “−, +, −”,“−” or “+, −”. Hence the possible sign variations for V^′_s are “−, +, −”, “+, −” or “−”. Recalling that V_s(0) = 0 and lim_{x→+∞} V_s(x) = 0^+, the latter sign variation is not compatible. In order to decide among the two remaining possible sign variations for V^′_s , “−, +, −” or “+, −”, we start by remarking that

V^′_s (0) = β − sΓ � 1 +^{s−1}_α � Γ � 1 +^s_α

� = β − A(s).

ON THE LIMIT BEHAVIOR OF ITERATED EQUILIBRIUM DISTRIBUTIONS 5

distribution induced by X is

σ^2_s = 1 s EX^s EX^{s−1} � 2 s + 1

EX^{s+1} EX^s − 1 s EX^s EX^{s−1} � . As mentioned earlier, the exponential distributions are fixed points for the iteration procedure, so one could expect to have iterated distributions converging to the exponential. The above corollary shows that this may not happen. Indeed, it follows immediately that if the quotient^{EX s}_{EX s−1} is bounded with respect to s ≥ 1, then lim_{s→+∞} σ^2_s = 0, implying that the equilibrium distributions are, in such cases, converging to a degenerate distribution. We will prove later that the Weibull distributions satisfy this asymptotic degeneracy.

3. Iterated distribution of convolutions

Summing independent random variables is a common way to introduce new families of distributions, appearing as convolution powers built upon some initial distribution. With this in mind, we shall derive a characterization for the iterated distribution for the n-th convolution power based on expressions for the (n − 1)-th convolution power. For this purpose, it is convenient to describe the distribution in terms of their densities rather than using distribution functions. Of course, as follows from Definition 1, the density f_s for the s−iterated distribution is, up to multiplication by a constant, the tail for the (s − 1)−iterated distribution:

f_s(x) = 1 ~μ_{X,s−1}

T_{X,s−1}(x) = (s − 1)

E(X − x)^{s−2}_+ EX^{s−1} = (s − 1) EX^{s−1}

�_∞ x (t − x)^{s−2}f(t) dt. (5)

In the sequel, we will be representing the convolution of density functions by ∗ defined as follows:

f ∗ g(x) =

�_x 0 f(t)g(x − t) dt.

Moreover, the expression f^{n∗} will represent the n-th convolution power of a density function f.

6 IDIR ARAB, M. HADJIKYRIAKOU AND P.E. OLIVEIRA

Theorem 7. Let X_1, . . . , X_n be nonnegative i.i.d random variables with the same distribution as X and define S_n = X_1 + · · · + X_n. For every s, n ≥ 2, the density of the s−iterated distribution induced by S_n is given by

f^{n∗}_s (x) = μ^{(n−1)∗} s−1 μ^{n∗}_{s−1} f ∗ f^{(n−1)∗} s (x) + 1 μ^{n∗}_{s−1} s−1� ℓ=1 � s − 1 ℓ � μ^{(n−1)∗}

s−ℓ−1 μℓfℓ+1(x), (6)

where μ^{n∗}_s = ES^s_n and μ_s = EX^s.

Proof : Using (5) for the n-th convolution power and reversing the integration order, we find that

f^{n∗}_s (x) =

(s − 1) μ^{n∗}_{s−1}

�_∞ x (t − x)^{s−2}f^{n∗}(t) dt = (s − 1) μ^{n∗}_{s−1}

�_∞ x (t − x)^{s−2}

�_t 0 f(u)f^{(n−1)∗}(t − u) du � dt = (s − 1) μ^{n∗}_{s−1}

�_x 0 f(u)

�_∞ x f^{(n−1)∗}(t − u)(t − x)^{s−2} dt � du + (s − 1) μ^{n∗}_{s−1}

�_∞ x f(u)

�_∞ u f^{(n−1)∗}(t − u)(t − x)^{s−2} dt � du = (s − 1) μ^{n∗}_{s−1}

�_x 0 f(u)

�_∞ x−u f^{(n−1)∗}(v)(v + u − x)^{s−2} dv � du + (s − 1) μ^{n∗}_{s−1}

�_∞ x f(u)

�_∞ 0 f^{(n−1)∗}(t)(t + u − x)^{s−2} dt � du = I_1 + I_2. (7)

We rewrite I_1 as

I_1 =

(s − 1) μ^{n∗}_{s−1}

�_x 0 f(u) μ^{(n−1)∗} s−1 (s − 1) f^{(n−1)∗} s (x − u) du

= μ^{(n−1)∗} s−1 μ^{n∗}_{s−1} f ∗ f^{(n−1)∗} s (x). (8)

ON THE LIMIT BEHAVIOR OF ITERATED EQUILIBRIUM DISTRIBUTIONS 19

Theorem 23. Let X be Weibull distributed with shape parameter α > 0. Then, for every x > 0 fixed,

lim s→+∞

T_{X,s}(x) = � � � 0 if α > 1, e^{−x} if α = 1, 1 if α < 1.

Proof : We need to separate the proof into three different cases, depending on the value for α. As mentioned before, it is enough to treat the case where the hazard rate is 1.

The case α = 1.: This is obvious, as this Weibull distribution becomes the exponential distribution.

The case α > 1.: By taking k = s − 1 in the representation given in Proposition 21, we get

T_{X,s}(x) = 1 EX^{s−1}

�_∞ x �_∞

x_1

· · ·

�_∞

x_{s−2}

F_X (x_{s−1}) dx_{s−1} · · · dx_2dx_1. (19)

We may bound the inner integral above:

�_∞

x_{s−2}

F_X (x_{s−1}) dx_{s−1} =

�_∞

x_{s−2}

e^{−xαs−1} dx_{s−1} = e^{−xαs−2} αx^{α−1}_{s−2} − α − 1 α �_∞

x_{s−2}

e^{−xαs−1} x^α_{s−1} dx_{s−1} ≤ e^{−xαs−2} αx^{α−1}_{s−2} . The next integral in the representation (19) is

�_∞

x_{s−3}

�_∞

x_{s−2}

F_X (x_{s−1}) dx_{s−1}dx_{s−2} ≤

�_∞

x_{s−3}

e^{−xαs−2} αx^{α−1}_{s−2} dx_{s−2}.

Multiplying and dividing this integrand by αx^{α−1}_{s−2} , and integrating by parts, we find the upper bound

�_∞

x_{s−3}

�_∞

x_{s−2}

F_X (x_{s−1}) dx_{s−1}dx_{s−2} ≤ e^{−xαs−3} α^2x^{2(α−1)} s−3 . Iterating now this argument, it follows that

T_{X,s}(x) ≤ 1 EX^{s−1} e^{−xα} α^{s−1}x^{(s−1)(α−1)} .

18 IDIR ARAB, M. HADJIKYRIAKOU AND P.E. OLIVEIRA

Remark 20. The characterization of the limits as the iteration step goes to infinity provides an approximation for the moments of the residual lifetime. Indeed, assuming that X has distribution Γ(α, θ) with α, θ > 0, and by recalling (3), it follows from the previous discussion that, for each x ≥ 0 fixed, lim s→+∞ 1 EX^{s−1}

E(X − x)^{s−1}_+ = e^{− xθ} .

Hence, for s large enough, an approximation for the higher order stop-loss transform E(X − x)^{s−1}_+ , is obtained by considering

E(X − x)^{s−1}_+ ≈ e^{− xθ} EX^{s−1} = e^{− xθ} θ^{s−1}

Γ(α + s − 1) Γ(α) . 5. Iterated distributions induced by Weibull variables

The Weibull family of distributions is also an important class in reliability theory and lifetime models. Although an explicit and closed form representation for the iterated distributions induced from this family does not seem possible, we may identify the limit behavior as the iteration step goes to +∞. Recall the following representation, mentioned in the proof of Theorem 27 in the corrigendum for [1].

Proposition 21. Let X be a random variable with absolutely continuous distribution with density f_X and distribution function F_X . Then, for s ≥ 1,

T_{X,s}(x) =

�_∞ x �_∞

x_1

· · ·

�_∞

x_{k−1}

H_k(x_k) dx_k · · · dx_2dx_1,

where H_k(x) = 1 �_k

j=1 ~μ_{X,s−j}

T_{X,s−k}(x).

Proof : Replace successively the representation of each T_{X,s} as an integral, as given by the definition of the iterated distributions, and the result follows immediately.

We also quote here the characterization corrersponding to Lemma 17 about Weibull distributions.

Lemma 22 (Theorem 10 in Arab and Oliveira [1]). Let X be a random variable with Weibull distribution with shape parameter α > 0, and s ≥ 1 an integer. If α > 1 (resp. α < 1), then the failure rate of the s−iterated distribution induced by X is increasing (resp. decreasing).

ON THE LIMIT BEHAVIOR OF ITERATED EQUILIBRIUM DISTRIBUTIONS 7

As what regards I_2, we have that

I_2 =

(s − 1) μ^{n∗}_{s−1}

�_∞ x f(u)

�_∞ 0 f^{(n−1)∗}(t)(t + u − x)^{s−2} dt � du = (s − 1) μ^{n∗}_{s−1}

�_∞ x f(u)

�_{s−2} � ℓ=0 � s − 2 ℓ � (u − x)^ℓ

�_∞ 0 t^{s−2−ℓ}f^{(n−1)∗}(t) dt � du

= (s − 1) μ^{n∗}_{s−1}

�_∞ x f(u)

�_{s−2} � ℓ=0 � s − 2 ℓ � (u − x)^ℓμ^{(n−1)∗}_{s−2−ℓ} � du

= (s − 1) μ^{n∗}_{s−1} s−2� ℓ=0 � s − 2 ℓ � μ^{(n−1)∗}

s−2−ℓ

�_∞ x (u − x)^ℓf(u) du

= (s − 1) μ^{n∗}_{s−1} s−2� ℓ=0 � s − 2 ℓ � μ^{(n−1)∗}

s−2−ℓ

μ_{ℓ+1} ℓ + 1 f_{ℓ+2}(x)

= 1 μ^{n∗}_{s−1} s−1� ℓ=1 � s − 1 ℓ � μ^{(n−1)∗}

s−1−ℓ μℓfℓ+1(x). (9)

The conclusion (6) now follows by combining (7), (8) and (9).

The result above provides a recursive formula for the high order iterated distributions of the convolution f^{n∗}(x). A simple application is given next, identifying explicitly the iterated distributions induced by integer shape parameter Gamma distributions.

Example 8. The Γ(2, λ) is the 2-nd convolution power of the exponential distribution with hazard rate λ, whose density function is f(x) = λe^{−λx}, for x ≥ 0. With the notation introduced above, the density function g(x) of the Γ(2, λ) distribution is represented as g(x) = f^{2∗}(x), hence the s−iterated distribution induced by the Γ(2, λ) distribution has density g_s(x) = f^{2∗}_s (x), and we may use (6) to obtain a recursive representation.

As the exponential is a fixed point for the iterative procedure introduced in Definition 1, we have f^{1∗}_s (x) = f_s(x) = f(x) = λe^{−λx}, therefore μ^{1∗}_{s−1} is the moment of order s − 1 of an exponential random variable with hazard rate λ, that is, μ^{1∗}_{s−1} =^{(s−1)!}_{λs−1} . Moreover, as the 2-nd convolution power is the Γ(2, λ),

8 IDIR ARAB, M. HADJIKYRIAKOU AND P.E. OLIVEIRA

we also know that μ^{2∗}_{s−1} =^{Γ(s+1)}_{λs−1} =^{s!}_{λs−1} . Furthermore,

�_x 0 f(t)f^{1∗}_s (x − t) dt =

�_x 0 λe^{−λt}λe^{−λ(x−t)} dt = λ^2

�_x 0 e^{−λx} dt = λ^2xe^{−λx} and 1 μ^{n∗}_{s−1} s−1� ℓ=1 � s − 1 ℓ � μ^{(n−1)∗}

s−ℓ−1 μℓfℓ+1(x) =

λ^{s−1} s! s−1� ℓ=1 � s − 1 ℓ � (s − ℓ − 1)!

λ^{s−ℓ−1} ℓ! λ^ℓ λe^{−λx} = λ(s − 1) s e^{−λx}.

Hence, the s−iterated distribution induced by the Γ(2, λ) distribution has density g_s(x) = f^{2∗}_s (x) = 1 s λ^2xe^{−λx} + s − 1 s f(x). (10)

This approach may be extended to general Gamma distributions with integer valued shape parameter. The argument goes along the same line, needing some extra effort on the manipulation of some combinatorial sums. We first state an auxiliary combinatorial lemma that is useful for obtaining the results that follow.

Lemma 9. For every m, k ≥ 1, we have that m� j=0 � k + j k � = � k + m + 1 m � . Proof : This follows easily by induction on m.

Proposition 10. Let X be a random variable with distribution Γ(n, λ), and f(x) = λe^{−λx} be the density of an exponential distribution with hazard rate λ > 0. For every s, n ≥ 2, the density function of the s−iterated distribution induced by X is

g_s(x) = f^{n∗}_s (x) = n − 1 n + s − 2 f ∗ f^{(n−1)∗} s (x) + s − 1 n + s − 2 f(x). (11)

Proof : As g_s(x) = f^{n∗}_s (x), we will use the recursive representation from Theorem 7. Note that the moments of convolutions μ^{n∗}_{s−1} are just the moments of order s − 1 of the Γ(n, λ) distribution. Hence

μ^{n∗}_{s−1} = 1 λ^{s−1}

(n + s − 2)!

(n − 1)! and μ^{(n−1)∗} s−1 μ^{n∗}_{s−1} = n − 1 n + s − 2

. (12)

ON THE LIMIT BEHAVIOR OF ITERATED EQUILIBRIUM DISTRIBUTIONS 17

where m is an integer. By applying (3), we get that

T_{α+1,s+1}(x) = 1 Γ(α + s + 1)

�_∞ x (t − x)^st^αe^{−t} dt = s α + s

T_{α+1,s}(x) + α α + s

T_{α,s+1}(x).

Hence, U_{s+1} − U_s = s α + s

T_{α+1,s} + α α + s

T_{α,s+1} − � s m + s

T_{m+1,s} + m m + s

T_{m,s+1} �

−(T_{α+1,s} − T_{m+1,s}) = m m + s � T_{m+1,s} − T_{m,s+1} � + α α + s � T_{α,s+1} − T_{α+1,s} � . For m = 1 and using (17), the latter expression becomes

U_{s+1}(x) − U_s(x) = 1 s(s + 1) xe^{−x} + α α + s � T_{α,s+1}(x) − T_{α+1,s}(x) � . Recall that T_{α,s+1} ≤ g(x), while, based again on Lemma 17, we have that T_{α+1,s} ≥ e^{−x}. Therefore

U_{s+1}(x) − U_s(x) ≤ 1 s(s + 1) xe^{−x} − α α + s

(e^{−x} − g(x)). (18)

Assume now that g(x) < e^{−x}. Then, for each x ≥ 0 fixed and s (depending on x) large enough, the upper bound in (18) becomes negative, implying that U_s(x) is decreasing with respect to s. As, by definition, U_s is negative valued this is not compatible with the fact that lim_{s→+∞} U_s(x) = 0. Hence, indeed g(x) = e^{−x}.

For a general Gamma random variable, the following result is immediate.

Corollary 19. Assume X is a random variable with distribution Γ(α, θ), where α, θ > 0. Then, for each x ≥ 0 fixed, lim s→+∞

T_{X,s}(x) = lim_{s→+∞} T_{Y,s} �x θ � = e^{− xθ} ,

where Y ie a random variable with distribution Γ(α, 1).

16 IDIR ARAB, M. HADJIKYRIAKOU AND P.E. OLIVEIRA

Before addressing the proof of the limit behavior of the iterated distributions, we quote here, with a suitable rephrasing, a result needed in course of the proof. Recall that for a random variable X, the failure rate of its distribution function F_X at x is defined as f_X (x)/F_X (x).

Lemma 17 (Theorem 12 in Arab and Oliveira [1]). Let X be a random variable with distribution Γ(α, θ), where θ > 0, and s ≥ 1 an integer. If α > 1 (resp., α < 1), then the failure rate of the s−iterated distribution induced by X is increasing (resp., decreasing).

Theorem 18. Let X be a random variable with distribution Γ(α, 1), where α > 0. Then, for each x ≥ 0 fixed, lim_{s→+∞} T_{X,s}(x) = e^{−x}.

Proof : For the purpose of this proof, we shall denote by T_{α,s}(x) the s−iterated distribution induced by a Gamma random variable with shape parameter α. Hence, T_{X,s}(x) = T_{α,s}(x). We separate the proof into three cases, depending on the value of α.

The case α = 1.: This means that X is exponentially distributed, which is a fixed point for the iteration procedure, so the conclusion is obvious.

The case α > 1.: If α is integer, the result follows from Corollary 11. If α is not an integer, choose some integer β > α, and consider two random variables X_1 and X_2 with distribution Γ(1, 1) and Γ(β, 1), respectively. Then Theorem 16 implies that, for every s ≥ 1, X_1 ≤_{s−FR} X ≤_{s−FR} X_2, which further implies that

e^{−x} = T_{1,s}(x) ≤ T_{α,s}(x) ≤ T_{β,s}(x).

so, using again Corollary 11, the proof is concluded.

The case α < 1.: According to Lemma 17, the failure rate corresponding to the s−iterated distribution induced by X is decreasing, which implies that T_{α,s}(x) ≤ T_{α,s+1}(x), for every x ≥ 0 and s ≥ 1. Moreover, from Theorem 16, it follows T_{α,s}(x) ≤ e^{−x}, hence the limit g(x) = lim_{s→+∞} T_{α,s}(x) exists and g(x) ≤ e^{−x}, for every x ≥ 0. Now, we want to prove that the latter inequality is, indeed, an equality. For this purpose, define

U_s(x) = T_{α+1,s}(x) − T_{m+1,s}(x),

ON THE LIMIT BEHAVIOR OF ITERATED EQUILIBRIUM DISTRIBUTIONS 9

Furthermore, 1 μ^{n∗}_{s−1} s−1� ℓ=1 � s − 1 ℓ � μ^{(n−1)∗}

s−ℓ−1 μℓfℓ+1(x) = (n − 1)!λ^{s−1} (n + s − 2)!

s−1� ℓ=1 � s − 1 ℓ � Γ(n + s − ℓ − 2) Γ(n − 1)λ^{s−ℓ−1} ℓ! λ^ℓ λe^{−λx}

= (n − 1)λe^{−λx} s−1� ℓ=1 � s − 1 ℓ � ℓ! (n + s − ℓ − 3)!

(n + s − 2)!

= (n − 1) λe^{−λx} n + s − 2 s−1� ℓ=1 (s − 1)!

(s − 1 − ℓ)!

(n + s − (ℓ + 3))!

(n + s − 3)! = (n − 1)λe^{−λx} (n + s − 2) 1 �_{n+s−3} n−2 � s−1� ℓ=1 � n + s − ℓ − 3 n − 2 �

= (s − 1) (n + s − 2) f(x), (13)

where the last equality follows by applying Lemma 9. The proof is concluded by rewriting (6) taking into account (12) and (13).

The representation just proved in Proposition 10 allows for a first characterization of the behavior of the iterated distributions as the iteration step goes to +∞.

Corollary 11. Let X be a random variable with distribution Γ(n, λ). Then, for each x ≥ 0 fixed, lim_{s→+∞} g_s(x) = f(x), where f(x) is the density of an exponential distribution with hazard rate λ.

Proof : The proof follows easily by observing that the convolution that appears in the first term on the right hand side of (11) is bounded by λ. Allowing s to tend to +∞ we have the desired result.

One could prefer to have a recursive characterization for the density of the s−iterated distribution involving only elementary operations, that is, avoiding convolutions on the recursive expression. This can be obtained by iteratively using (6) to describe the (n − 1)-th convolution power that appears in the right-hand side of (6). We apply this technique for random variables that are Gamma distributed and this leads to a long algebraic manipulation

10 IDIR ARAB, M. HADJIKYRIAKOU AND P.E. OLIVEIRA

proving the representation given below. Note that the iterated distributions induced by the Gamma family will be studied with a more explicit approach in the next section.

Proposition 12. Let X be a random variable with distribution Γ(n, λ), with λ > 0, and let n ≥ 2. Then,

μ^{n∗}_{s−1}f^{n∗}_s (x) − μ^{(n−1)∗}_{s−1} f^{(n−1)∗}_s (x) = (s − 1)! λ^{s−1} � λ^{n−1}x^{n−2} (n − 2)!

e^{−λx} � λx n − 1 − 1 � + 1 − � n + s − 4 s − 2 � + e^{−λx} n−2� k=2 � s + k − 2 k � λ^{n−k}x^{n−k−1} (n − k − 1)! � .

Proof : In order to obtain an alternative to the characterization in Proposition 10 without convolutions, let us pick up from the expression in Theorem 7 which can be written as

μ^{n∗}_{s−1}f^{n∗}_s (x) = μ^{(n−1)∗}_{s−1} f ∗ f^{(n−1)∗}_s (x) + s−1� ℓ=1 � s − 1 ℓ � μ^{(n−1)∗}

s−ℓ−1 μℓfℓ+1(x). (14)

We may rewrite this for the (n − 1)-fold convolution, to get

μ^{(n−1)∗} s−1 f^{(n−1)∗}_s (x) = μ^{(n−2)∗}_{s−1} f ∗ f^{(n−2)∗}_s (x) + s−1� ℓ=1 � s − 1 ℓ � μ^{(n−2)∗}

s−ℓ−1 μℓfℓ+1(x).

The first term on the right in (14) may be written as f ∗(μ^{(n−1)∗}_{s−1} f^{(n−1)∗}s )(x), so it can be replaced by the previous expression to find, after a rearrangement of the terms:

μ^{n∗}_{s−1}f^{n∗}_s (x) = μ^{(n−2)∗}_{s−1} f^{2∗} ∗ f^{(n−2)∗}_s (x) + s−1� ℓ=1 � s − 1 ℓ � μ_ℓ � μ^{(n−2)∗}

s−ℓ−1 f ∗ fℓ+1(x) + μ

(n−1)∗ s−ℓ−1 fℓ+1(x) � .

ON THE LIMIT BEHAVIOR OF ITERATED EQUILIBRIUM DISTRIBUTIONS 15

The definition given above introduces an order relation between nonnegative random variables that, according to the result that follows, is hereditary with respect to the iteration parameter. Note that although the result is known, we were not able to find its proof in any published paper. Therefore, the proof is provided here for the sake of completeness.

Lemma 15 (Theorem 3.4 in Fagiuoli and Pellerey [6]). Assume X and Y are nonnegative valued random variables and s ≥ 1. If X ≤_{s−FR} Y , then X ≤_{(s+1)−FR} Y .

Proof : Let a be a positive real number. In order to prove that^{T Y,s+1}_{T X,s+1} is increasing, it is enough to prove that H(x) = T_{Y,s+1}(x) − aT_{X,s+1}(x) changes sign at most once in the order “−, +”, when x traverses from 0 to +∞. It is easily verified that H^′(x) has the same sign variation as V (x) = −(T_{Y,s}(x) − bT_{X,s}(x)), where b = a^{EX s−1EY s}_{EX sEY s−1} . Now, using the fact that^{T Y,s}_{T X,s} is nondecreasing, the sign variation of H^′ is either “−”, “+” or “+, −”. Taking into account that lim_{x→+∞} H(x) = 0, we get that the sign variation of H(x) is at most “−, +”.

Next, we establish the s−FR order relationship within the Gamma family of distributions.

Theorem 16. Let X be a random variable with distribution Γ(α, 1) and Y be a random variable with distribution Γ(β, 1) where α, β > 0. Then X ≤_{s−FR} Y if and only if α < β.

Proof : Taking into account Lemma 15, it is enough to prove that X ≤_{1−FR} Y , that is, that^{T Y,1}_{T X,1} is nondecreasing. For this purpose, it is enough to prove that, for every a > 0, H(x) = T_{Y,1}(x) − aT_{X,1}(x) changes sign at most once when x goes from 0 to +∞, and that if the change occurs it is in the order “−, +”. Differentiating, we find that

H^′(x) = a f_X (x) EX − f_Y (x) EY = x^{α−1}e^{−x} � a Γ(α) − x^{β−α} Γ(β) � . As β > α, the sign variation of H^′(x) is “+, −”, so the sign variation of H(x) is either “+” or “−, +” which means that H(x) is nondecreasing, hence X ≤_{1−FR} Y .

14 IDIR ARAB, M. HADJIKYRIAKOU AND P.E. OLIVEIRA

Theorem 13. Assume X is Γ(α, 1) distributed with integer shape parameter α ≥ 2. For every s ≥ 2, the s−iterated distribution induced by X has tail given by

T_{X,s}(x) = e^{−x} + e^{−x} �_{α+s−2} α−1 � α−1� ℓ=1 � s + α − ℓ − 2 α − ℓ − 1 � x^ℓ ℓ! . (17)

Proof : We start by calculating the stop-loss transform of order s for the random variable X.

E(X − x)^s_+ = 1 Γ(α)

�_∞ x (t − x)^st^{α−1}e^{−t}dt = e^{−x} Γ(α)

�_∞ 0 u^s(u + x)^{α−1}e^{−u}du

= e^{−x}

(s + α − 1)!

(α − 1)!

+ e^{−x} α−1� k=1 (s + α − 1 − k)!

(α − 1 − k)!

x^k k! , where the last equality follows by applying the binomial expansion. The result follows by writing

T_{X,s}(x) = 1 EX^{s−1}

E(X − x)^{s−1}_+ =

(α − 1)!

(α + s − 2)!

E(X − x)^{s−1}_+ .

Note that the representation (17) can also be derived using (11) recursively. However, the argument used above makes the derivation much simpler.

The formula obtained in (17) allows for an easy and direct verification that it is compatible with the result of Corollary 11, that is, that T_{X,s} converges pointwise to the survival function of the exponential distribution as s −→ +∞. However, as in Corollary 11, this convergence is only established for the case where the shape parameter is an integer.

The remaining part of this section extends the characterization of the pointwise limit behavior of the Gamma distribution, to non-integer shape parameter. To this end, we need a way to control the iterated tails with respect to the variation of the shape parameter. For this purpose, we recall a definition introduced by Fagiuoli and Pellerey [6].

Definition 14. Let X and Y be nonnegative valued random variables and s ≥ 1. The random variable Y is said to be larger than X in s−FR ordering (X ≤_{s−FR} Y ) if^{T Y,s}_{T X,s} is nondecreasing in x ≥ 0.

ON THE LIMIT BEHAVIOR OF ITERATED EQUILIBRIUM DISTRIBUTIONS 11

Again, we apply (14) to the first term on the right-hand side above. So, iterating this substitution, we finally get the representation:

μ^{n∗}_{s−1}f^{n∗}_s (x) = μ_{s−1}f^{(n−1)∗} ∗ f_s(x)

+ s−1� ℓ=1 � s − 1 ℓ � μ_ℓ � μ_{s−ℓ−1}f^{(n−2)∗}(x) + μ^{2∗}_{s−ℓ−1}f^{(n−3)∗}(x)

+ · · · + μ^{(n−2)∗}_{s−ℓ−1} f(x) + μ^{(n−1)∗}_{s−ℓ−1} � ∗ f_{ℓ+1}(x).

(15)

We may, of course, rewrite the representation above for (n − 1)-fold convolution:

μ^{(n−1)∗} s−1 f^{(n−1)∗}_s (x) = μ_{s−1}f^{(n−2)∗} ∗ f_s(x)

+ s−1� ℓ=1 � s − 1 ℓ � μ_ℓ � μ_{s−ℓ−1}f^{(n−3)∗}(x) + μ^{2∗}_{s−ℓ−1}f^{(n−4)∗}(x)

+ · · · + μ^{(n−3)∗}_{s−ℓ−1} f(x) + μ^{(n−2)∗}_{s−ℓ−1} � ∗ f_{ℓ+1}(x),

(16)

from which follows that

μ^{n∗}_{s−1}f^{n∗}_s (x) − μ^{(n−1)∗}_{s−1} f^{(n−1)∗}_s (x)

= μ_{s−1} � f^{(n−1)∗} − f^{(n−2)∗} � ∗ f_s(x) + s−1� ℓ=1 � s − 1 ℓ � μ_ℓ � μ_{s−ℓ−1}f^{(n−2)∗} − μ^{(n−2)∗}_{s−ℓ−1} � ∗ f_{ℓ+1}(x)

+ s−1� ℓ=1 � s − 1 ℓ � μ_ℓ

�_{n−2} � k=2 � μ^{k∗}_{s−ℓ−1} − μ^{(k−1)∗}_{s−ℓ−1} � f^{(n−k−1)∗} � ∗ f_{ℓ+1}(x).

12 IDIR ARAB, M. HADJIKYRIAKOU AND P.E. OLIVEIRA

Since f is the exponential density, the iterated density f_ℓ = f, hence, we may rewrite:

μ^{n∗}_{s−1}f^{n∗}_s (x) − μ^{(n−1)∗}_{s−1} f^{(n−1)∗}_s (x) = μ_{s−1} � f^{n∗} − f^{(n−1)∗} �

+ s−1� ℓ=1 � s − 1 ℓ � μ_ℓ � μ_{s−ℓ−1}f^{(n−1)∗} − μ^{(n−2)∗}_{s−ℓ−1} f �

+ s−1� ℓ=1 � s − 1 ℓ � μ_ℓ

�_{n−2} � k=2 � μ^{k∗}_{s−ℓ−1} − μ^{(k−1)∗}_{s−ℓ−1} � f^{(n−k)∗} �

= A_1 + A_2 + A_3.

We may now compute each of these three terms. Recalling that the convolution of exponentials is a gamma density, and the expressions for the moments, it follows easily that

A_1 =

(s − 1)! λ^{s−1} λ^{n−1}x^{n−2} (n − 2)!

e^{−λx} � λx n − 1 − 1 � . Recall that

A_2 = s−1� ℓ=1 � s − 1 ℓ � μ_ℓ � μ_{s−ℓ−1}f^{(n−1)∗} − μ^{(n−2)∗}_{s−ℓ−1} f �

= s−1� ℓ=1 � s − 1 ℓ � ℓ! λ^{s−1} � (s − ℓ − 1)!f^{(n−1)∗} −

(n + s − ℓ − 4)!

(n − 3)! f � . So, we need to compute two summations: s−1� ℓ=1 � s − 1 ℓ � ℓ! λ^{s−1}

(s − ℓ − 1)! =

(s − 1)! λ^{s−1} . and, using Lemma 9,

s−1� ℓ=1 � s − 1 ℓ � ℓ! λ^{s−1}

(n + s − ℓ − 4)!

(n − 3)! = (s − 1)! λ^{s−1} s−1� ℓ=1 � n + s − ℓ − 4 n − 3 �

= (s − 1)! λ^{s−1} � n + s − 4

s − 2 � .

ON THE LIMIT BEHAVIOR OF ITERATED EQUILIBRIUM DISTRIBUTIONS 13

We now compute

A_3 = s−1� ℓ=1 � s − 1 ℓ � μ_ℓ

�_{n−2} � k=2 � μ^{k∗}_{s−ℓ−1} − μ^{(k−1)∗}_{s−ℓ−1} � f^{(n−k)∗} � . Note first that μ^{k∗}_0 − μ^{(k−1)∗}_0 = 0, so the summation ranges only from ℓ = 1 up to s − 2. Further, for ℓ > 0,

μ^{k∗}_ℓ − μ^{(k−1)∗}_ℓ = ℓ λ^ℓ

(k + ℓ − 2)!

(k − 1)! . Replacing these expressions and inverting the summations, we find

A_3 = s−2� ℓ=1 (s − 1)!

ℓ!(s − ℓ − 1)! ℓ! λ^ℓ

�_{n−2} � k=2 � μ^{k∗}_{s−ℓ−1} − μ^{(k−1)∗}_{s−ℓ−1} � f^{(n−k)∗} �

= n−2� k=2 s−2� ℓ=1 (s − 1)!

(s − ℓ − 2)! 1 λ^{s−1}

(s + k − ℓ − 3)!

(k − 1)!

f^{(n−k)∗}

= (s − 1)! λ^{s−1} n−2� k=2 s−2� ℓ=1 � s + k − ℓ − 3 k − 1 � f^{(n−k)∗}

= (s − 1)! λ^{s−1} n−2� k=2 � s + k − 2 k � , using Lemma 9 for the final equality.

4. Iterated distributions induced by Gamma distributions

Given a random variable X, the iterated distributions induced by^X_θ , where θ > 0, are easily related to the iterated distributions induced by X. Indeed, it follows immediately from (3) that, for every s ≥ 1 and θ > 0, T X_{θ ,s}(x) = T_{X,s}(^x_θ ). Therefore, in order to characterize the iterated distributions induced by a Gamma distributed random variable, it is enough to treat the case where X has distribution Γ(α, 1). We first derive an explicit expression for the s−iterated distribution when the shape parameter α is an integer.