Pré-Publicações do Departamento de Matemática Universidade de Coimbra Preprint Number 19–15

VARIATIONAL SOLUTIONS TO THE ABSTRACT EULER EQUATION

DMITRY VOROTNIKOV

Abstract: We study a class of nonlinear evolutionary equations of a certain structure reminiscent of the incompressible Euler equations. This includes, in particular, the ideal MHD, multidimensional Camassa-Holm, EPDiff, Euler-α and Korteweg-de Vries equations, and two models of incompressible elastodynamics. We interpret the “abstract Euler equation” as a concave maximization problem in the spirit of Y. Brenier. Comm. Math. Phys. (2018) 364(2) 579-605. An optimizer determines a “time-noisy” version of the original unknown function, and the latter one may be retrieved by time-averaging. Assuming a certain “trace condition”, which holds for the above-mentioned examples, we prove the existence of the generalized solutions determined by the maximizers.

Keywords: generalized solution, fluid dynamics, elastodynamics, geodesic equation.

Math. Subject Classification (2010): 35Q35, 49J35, 58E99, 74B99.

1.Introduction

The Euler equations of motion of a homogeneous incompressible inviscid fluid [1] are

∂_tu + div(u ⊗ u) + ∇p = 0, (1.1) divu = 0, (1.2) (u · ν)|_{∂Ω} = 0, (1.3) u(0) = u_0. (1.4)

The unknowns are u : [0,T ] × Ω → R^d and p : [0,T ] × Ω → R. Here Ω is the periodic box T^d or an open domain in R^d with sufficiently regular boundary. The Euler equations may be rewritten in the form

∂_tu = P L(u ⊗ u), u(t,·) ∈ P (X^d), u(0,·) = u_0 ∈ P (X^d), (1.5)

where X := L^2(Ω) and P : X^d → X^d is the Leray-Helmholtz projector [40], whereas L = −div, L : D(L) ⊂ X^{d×d}_s → X^d

Received May 15, 2019. 1

2 D. VOROTNIKOV

(we refer to the Notation and conventions subsection at the end of the Introduction for the meaning of the symbol X^{d×d}_s ). The kinetic energy

K_t := 1 2 � Ω |u|^2(t,x)dx

is formally conserved due to

(L(u ⊗ u),u) = 0, u ∈ P (X^d) (1.6)

for any sufficiently smooth vector field u.

In this paper, we study the following abstract generalization of (1.5): find v : [0,T ] → X^n solving

∂_tv = P L(v ⊗ v), v(t,·) ∈ P (X^n), v(0,·) = v_0 ∈ P (X^n). (1.7)

Here (Ω,A,μ) is a measure space, X := L^2(Ω), n ∈ N,

P : X^n → X^n

is any orthogonal projector (i.e., a self-adjoint idempotent linear operator), and L : D(L) ⊂ X^{n×n}_s → X^n is a closed densely defined linear operator, satisfying

(L(v ⊗ v),v) = 0, v ∈ P (X^n), (1.8)

provided v is a sufficiently smooth vector field (see the Notation and conventions subsection for the meaning of this expression).

This setting can be further generalized, see Remarks 2.7 and 2.8. As we will see, the examples of (1.7) include the ideal MHD, multidimensional Camassa-Holm, EPDiff, Euler-α and Korteweg-de Vries equations, and two models of incompressible elastodynamics.

Brenier [5] recently suggested to regard the incompressible Euler system (1.1)–(1.4) as a concave maximization problem. He also discussed the relation of his approach with the theory of convex integration [11, 10]. In this paper, we adapt his ideas to suit the general equation (1.7). We will see that the concave maximization problem generates the “time-noisy” function V := v + (t − T )∂_tv, and hence the unknown v can be retrieved by time averaging.

26 D. VOROTNIKOV

Dmitry Vorotnikov CMUC, Department of Mathematics, University of Coimbra, 3001-501 Coimbra, Portugal E-mail address: mitvorot@mat.uc.pt

VARIATIONAL SOLUTIONS TO THE ABSTRACT EULER EQUATION 3

In Section 2, we discuss the abstract theory and prove an abstract existence theorem, and in Section 3 we examine the above-mentioned examples.

Notation and conventions. We use the notations R^{n×n} and R^{n×n}_s for the spaces of n × n matrices and symmetric matrices, resp., with the scalar product generated by the Frobenius norm. The symbol R^{(n×n)×(n×n)} denotes the space of matrices with matricial entries. For a tensor Ξ ∈ R^{(n×n)×(n×n)}, define the matrices ^Ξ, ^ Ξ ∈ R^{n×n} by ^Ξ_{ij} = � k Ξ_{ik,jk}, ^ Ξ_{ij} = � k Ξ_{ki,kj}.

For a matrix M ∈ R^{n×n}, define the tensors ^M^∗, ^ M^∗ ∈ R^{(n×n)×(n×n)} by ^M^∗_{ik,jl} = M_{ij} δ_{kl}, ^ M^∗_{ik,jl} = M_{kl} δ_{ij}.

For a tensor Υ ∈ R^{n×n×n}, denote ~Υ_{ijk} := Υ_{ikj}.

Let (Ω,A,μ) be a measure space. Denote for brevity X = L^2(Ω). Let X^{n×n}_s be the subspace of X^{n×n} consisting of symmetric-matrix-valued functions. The parentheses (·,·) will stand for the scalar products in X^n and X^{n×n}_s . For A,B ∈ X^{n×n}_s , we write A ≥ B and A > B when A−B is a nonnegative-definite-matrix-function and is a strictly-positive-definite-matrix-function, resp. The action of a matrix-function A from X^{n×n}_s on a vector-function ξ from X^n is denoted A.ξ or simply Aξ.

Fix n ∈ N and the operators P , L as above. Let L^∗ : D(L^∗) ⊂ X^n → X^{n×n}_s be the adjoint of L. Fix some linear dense subspace R ⊂ X. Assume that R ⊂ L^∞(Ω) and R^n ⊂ D(L) ⊂ X^n, R^{n×n}_s ⊂ D(L) ⊂ X^{n×n}_s , L(R^{n×n}_s ) ⊂ R^n, L^∗(R^n) ⊂ R^{n×n}_s , P (R^n) ⊂ R^n.

We will abuse the language and call the elements of R sufficiently smooth functions. For example, if Ω is a Riemannian manifold, we can take the set of conventional smooth functions as our R.

Fix also a linear dense subspace ^R ⊂ L^2((−ϵ,T + ϵ) × Ω). Assume that ^R ⊂ L^∞((−ϵ,T + ϵ) × Ω), ∂_t ^R ⊂ ^R, ^R(t) = R, t ∈ [0,T ],

4 D. VOROTNIKOV and L(^R^{n×n}_s ) ⊂ ^R^n, L^∗(^R^n) ⊂ ^R^{n×n}_s , P (^R^n) ⊂ ^R^n.

A time-dependent function υ : [0,T ] → X is called sufficiently smooth if υ ∈ ^R � �_{[0,T ]}.

2.The abstract results

The abstract Euler equation (1.7) admits the following natural weak formulation: �_T 0 [(v,w) + (v,∂_ta) + (v ⊗ v,L^∗a)] dt + (v_0,a(0)) = 0 (2.1) for all sufficiently smooth vector fields a : [0,T ] → P (X^n), a(T ) = 0, w : [0,T ] → (I − P )(X^n).

We now observe that (1.8) implies ((u + r) ⊗ (u + r),L^∗(u + r)) − ((u − r) ⊗ (u − r),L^∗(u − r)) − 2(r ⊗ r,L^∗r) = 0 for u,r ∈ P (X^n) sufficiently smooth, whence (u ⊗ u,L^∗r) + 2(r ⊗ u,L^∗u) = 0. (2.2) Consequently, (2.1) can be formally recast as �_T 0 [(v,w) + (v,∂_ta) − 2(a ⊗ v,L^∗v)] dt + (v_0,a(0)) = 0. (2.3) This implies the following strong reformulation of (1.7): ∂_tv + 2P [L^∗v.v] = 0, v(t,·) ∈ P (X^n), v(0,·) = v_0. (2.4) Let us now rewrite problem (2.1) in terms of the test functions B := L^∗a and E := ∂_ta + w. We first observe that

(v_0,a(0)) = −

�_T 0 (v_0,∂_ta) = −

�_T 0 (v_0,E) (2.5) since w is orthogonal to v_0. The link between B and E can alternatively be described by the conditions ∂_tB = (L^∗ ∘ P )E, B(T ) = 0. (2.6)

VARIATIONAL SOLUTIONS TO THE ABSTRACT EULER EQUATION 25

[26] R. G. Larson. Constitutive Equations for Polymer Melts and Solutions. Butterworth-Heinemann, 1988.

[27] S. Larsson, T. Matsuo, K. Modin, and M. Molteni. Discrete variational derivative methods for the epdiff equation. arXiv preprint arXiv:1604.06224, 2016.

[28] Z. Lei. Global well-posedness of incompressible elastodynamics in two dimensions. Communications on Pure and Applied Mathematics, 69(11):2072–2106, 2016.

[29] Z. Lei, T. Sideris, and Y. Zhou. Almost global existence for 2-d incompressible isotropic elastodynamics. Transactions of the American Mathematical Society, 367(11):8175–8197, 2015.

[30] Z. Lei and F. Wang. Uniform bound of the highest energy for the three dimensional incompressible elastodynamics. Archive for Rational Mechanics and Analysis, 216(2):593–622, 2015.

[31] M. Liero, A. Mielke, and G. Savaré. Optimal transport in competition with reaction: the Hellinger-Kantorovich distance and geodesic curves. SIAM J. Math. Anal., 48(4):2869–2911, 2016.

[32] F.-H. Lin, C. Liu, and P. Zhang. On hydrodynamics of viscoelastic fluids. Comm. Pure Appl.

Math., 58(11):1437–1471, 2005.

[33] P.-L. Lions. Mathematical topics in fluid mechanics. Vol. 1, volume 3 of Oxford Lecture Series in Mathematics and its Applications. The Clarendon Press, Oxford University Press, New York, 1996. Incompressible models, Oxford Science Publications.

[34] J. E. Marsden, T. S. Ratiu, and S. Shkoller. The geometry and analysis of the averaged Euler equations and a new diffeomorphism group. Geom. Funct. Anal., 10(3):582–599, 2000.

[35] D. Mumford and P. W. Michor. On Euler’s equation and’epdiff’. Journal of Geometric Mechanics, 5(3):319–344, 2013.

[36] J. Oldroyd. On the formulation of rheological equations of state. Proceedings of the Royal Society of London. Series A. Mathematical and Physical Sciences, 200(1063):523–541, 1950.

[37] S. Shkoller. Geometry and curvature of diffeomorphism groups with H^1 metric and mean hydrodynamics. J. Funct. Anal., 160(1):337–365, 1998.

[38] T. C. Sideris and B. Thomases. Global existence for three-dimensional incompressible isotropic elastodynamics via the incompressible limit. Communications on Pure and Applied Mathematics, 58(6):750–788, 2005.

[39] T. C. Sideris and B. Thomases. Global existence for three-dimensional incompressible isotropic elastodynamics. Communications on Pure and Applied Mathematics, 60(12):1707– 1730, 2007.

[40] R. Temam. Navier-Stokes equations, volume 2 of Studies in Mathematics and its Applications.

North-Holland Publishing Co., Amsterdam, Revised edition, 1979. Theory and numerical analysis, With an appendix by F. Thomasset.

[41] C. Villani. Topics in optimal transportation. American Mathematical Soc., 2003. [42] D. Vorotnikov. Global generalized solutions for Maxwell-alpha and Euler-alpha equations.

Nonlinearity, 25(2):309–327, 2012.

[43] J. Wu. Analytic results related to magneto-hydrodynamic turbulence. Physica D, 136(3- 4):353–372, 2000.

[44] L. Younes. Shapes and diffeomorphisms. Springer Science & Business Media, 2010. [45] Y. Zhu. Global small solutions of 3D incompressible Oldroyd-B model without damping mechanism. J. Funct. Anal., 274(7):2039–2060, 2018.

[46] V. G. Zvyagin and D. A. Vorotnikov. Topological approximation methods for evolutionary problems of nonlinear hydrodynamics, volume 12 of De Gruyter Series in Nonlinear Analysis and Applications. Walter de Gruyter & Co., Berlin, 2008.

24 D. VOROTNIKOV

[4] Y. Brenier. Polar factorization and monotone rearrangement of vector-valued functions.

Comm. Pure Appl. Math., 44(4):375–417, 1991.

[5] Y. Brenier. The initial value problem for the Euler equations of incompressible fluids viewed as a concave maximization problem. Comm. Math. Phys., 364(2):579–605, 2018.

[6] Y. Brenier and D. Vorotnikov. On optimal transport of matrix-valued measures. ArXiv eprints, Aug. 2018.

[7] A. C. Bronzi, M. C. Lopes Filho, and H. J. Nussenzveig Lopes. Wild solutions for 2d incompressible ideal flow with passive tracer. Communications in Mathematical Sciences, 13(5):1333–1343, 2015.

[8] L. Chizat, G. Peyré, B. Schmitzer, and F.-X. Vialard. An interpolating distance between optimal transport and Fisher–Rao metrics. Foundations of Computational Mathematics, 18(1):1– 44, 2018.

[9] J. Colliander, M. Keel, G. Staffilani, H. Takaoka, and T. Tao. Sharp global well-posedness for KdV and modified KdV on R and T. J. Amer. Math. Soc., 16(3):705–749, 2003.

[10] C. De Lellis and L. Székelyhidi, Jr. On admissibility criteria for weak solutions of the Euler equations. Arch. Ration. Mech. Anal., 195(1):225–260, 2010.

[11] C. de Lellis and L. Székelyhidi Jr. The Euler equations as a differential inclusion. Annals of mathematics, 170(3):1417–1436, 2009.

[12] T. M. Elgindi and F. Rousset. Global regularity for some Oldroyd-B type models. Comm. Pure Appl. Math., 68(11):2005–2021, 2015.

[13] D. Faraco and S. Lindberg. Magnetic helicity and subsolutions in ideal MHD. arXiv e-prints, page arXiv:1801.04896, Jan 2018.

[14] T. Gallouët, A. Natale, and F.-X. Vialard. Generalized compressible fluid flows and solutions of the Camassa-Holm variational model. arXiv e-prints, page arXiv:1806.10825, Jun 2018.

[15] T. Gallouët and F.-X. Vialard. The Camassa-Holm equation as an incompressible Euler equation: a geometric point of view. J. Differential Equations, 264(7):4199–4234, 2018.

[16] D. D. Holm and J. E. Marsden. Momentum maps and measure-valued solutions (peakons, filaments, and sheets) for the epdiff equation. In The breadth of symplectic and Poisson geometry, pages 203–235. Springer, 2005.

[17] D. D. Holm, J. E. Marsden, and T. S. Ratiu. The Euler-Poincaré equations and semidirect products with applications to continuum theories. Adv. Math., 137(1):1–81, 1998.

[18] D. D. Holm, J. E. Marsden, and T. S. Ratiu. Euler-Poincaré models of ideal fluids with nonlinear dispersion. Phys. Rev. Lett., 80(19):4173–4176, 1998.

[19] D. D. Holm, T. Schmah, and C. Stoica. Geometric mechanics and symmetry: from finite to infinite dimensions. Oxford University Press, 2009.

[20] D. D. Holm and M. F. Staley. Interaction dynamics of singular wave fronts. arXiv preprint arXiv:1301.1460, 2013.

[21] X. Hu and F. Lin. Global solutions of two-dimensional incompressible viscoelastic flows with discontinuous initial data. Communications on Pure and Applied Mathematics, 69(2):372–404, 2016.

[22] B. Khesin, J. Lenells, G. Misioł ek, and S. C. Preston. Geometry of diffeomorphism groups, complete integrability and geometric statistics. Geom. Funct. Anal., 23(1):334–366, 2013.

[23] B. Khesin and R. Wendt. The geometry of infinite-dimensional groups. Springer Science & Business Media, 2008.

[24] S. Kondratyev, L. Monsaingeon, and D. Vorotnikov. A new optimal transport distance on the space of finite Radon measures. Adv. Differential Equations, 21(11-12):1117–1164, 2016.

[25] H.-P. Kruse, J. Scheurle, and W. Du. A two-dimensional version of the Camassa-Holm equation. In Symmetry and Perturbation Theory: SPT 2001, pages 120–127. World Scientific, 2001.

VARIATIONAL SOLUTIONS TO THE ABSTRACT EULER EQUATION 5

Indeed, any pair (B,E) satisfying (2.6) generates a pair (a,w) such that B = L^∗a, E = ∂_ta + w, and vice versa. It suffices to take a(t) =

�_t T P E, w = E − P E.

Hence, (2.1) becomes �_T 0 [(v − v_0,E) + (v ⊗ v,B)] dt = 0 (2.7)

for all sufficiently smooth vector fields B : [0,T ] → X^{n×n}_s , E : [0,T ] → X^n satisfying the constraints (2.6).

For a technical reason, we now need to extend the class of test functions in (2.7) (this may make the problem more difficult but definitely not simpler). Observe that (2.6) can be rewritten in the following weak form �_T 0 [(B,∂_tΨ ) + (E,P LΨ )] dt = 0 (2.8)

for all sufficiently smooth vector fields Ψ : [0,T ] → X^{n×n}_s , Ψ (0) = 0. Accordingly, the new weak formulation of (1.7) is to look for functions v ∈ L^2((0,T ) × Ω;R^n) which satisfy (2.7) for all vector fields B ∈ L^∞((0,T ) × Ω;R^{n×n}_s ), E ∈ L^2((0,T ) × Ω;R^n) meeting the constraint (2.8).

Formally, (1.8) implies that the energy

K_t := 1 2 (v(t),v(t))

is conserved, which yields �_T 0 K_t = T K_0.

Both of these properties may however fail for the weak solutions. The idea of Brenier [5], which we reemploy here, is to look for a solution that minimizes

�_T 0 K_t. This can be recast as a saddle-point problem:

I(v_0) = inf_v sup_{E,B}

�_T 0 � (v − v_0,E) + 1 2 (v ⊗ v,I + 2B) � dt (2.9)

where the supremum is taken along all pairs (E,B) satisfying the linear constraint (2.8). The dual problem is

J (v_0) = sup_{E,B:(2.8)} inf_v

�_T 0 � (v − v_0,E) + 1 2 (v ⊗ v,I + 2B) � dt. (2.10)

6 D. VOROTNIKOV

Since infsup ≥ supinf, one has I(v_0) ≥ J (v_0).

It is easy to see that any solution to (2.10) necessarily satisfies

I + 2B ≥ 0. (2.11)

Assume for a while that I + 2B > 0. (2.12) Then

inf_v � (v,E) + 1 2 (v ⊗ v,I + 2B) � = − 1 2 ((I + 2B)^{−1}E,E)

= inf_{z⊗z≤M} � (z,E) + 1 2 (M,I + 2B) � =: K_−(E,B), (2.13)

and the first infimum is achieved at v = −(I + 2B)^{−1}E. Consequently, (2.10) becomes

J (v_0) = sup

E,B:(2.8),(2.11) − �_T 0 (v_0,E)dt +

�_T 0 K_−(E,B)dt. (2.14)

As mentioned in [5], this is reminiscent of the Benamou-Brenier formula from the optimal transport theory [2, 41].

If I +2B is non-negative definite but not invertible at some (t,x) ∈ [0,T ]× Ω, (2.14) still makes sense with

�_T 0 K_−(E,B)dt := inf_{z⊗z≤M}

�_T 0 � (z,E) + 1 2 (M,I + 2B) � dt, (2.15)

cf. the last equality in (2.13), where (z,M) : [0,T ] → X^n × X^{n×n}_s are sufficiently smooth.

The following theorem shows that a sufficiently smooth solution to (1.7) on a small time interval [0,T ] determines a solution to the optimization problem (2.14), and vice versa. This advocates the possibility to view the maximizers of (2.14) as generalized variational solutions to (1.7), see also Remark 2.6 below.

Theorem 2.1. Let v be a sufficiently smooth solution to (1.7) (or, equivalently, to (2.4)), satisfying I ≥ 2(t − T )L^∗v(t), t ∈ [0,T ]. (2.16) Then there exists a pair (B_+,E_+) that maximizes (2.14). Namely, one has

B_+ = L^∗a, E_+ = ∂_ta + w,

VARIATIONAL SOLUTIONS TO THE ABSTRACT EULER EQUATION 23

If there is k ≥ 0 such that � 6ϕ_x + k −ϕ_{xxx} −ϕ_{xxx} k � ≥ 0,

then 6kϕ_x + k^2 − ϕ^2_{xxx} ≥ 0.

Consequently, �

T^1

ϕ^2_{xxx} ≤ k^2.

By Wirtinger inequality, ϕ_x is uniformly bounded in W^{2,2}(T^1) and thus in L^∞(T^1). Accordingly, the trace of L^∗(ϕ,ψ) is uniformly bounded, which implies the trace condition.

Corollary 3.9. For any v_0 ∈ X, there exists a generalized solution (2.33) of the extended system (2.37) tantamount to (3.61).

Remark 3.10. Some of the examples above (namely, the Euler-α and the ideal MHD) as well as the incompressible Euler itself are known to have dissipative solutions in the spirit of Lions [33] (see [42], [43]). The quadratic conservative structure of the abstract Euler equation (1.7) complies nicely with Lions’ concept (see [42, Appendix] for a related discussion). We have little doubt that all the examples of Section 3 admit dissipative solutions (this should not be difficult to prove but lies beyond the scope of this article). It would be interesting to find a link between the variational solutions (2.33) and the dissipative solutions.

Acknowledgments. This research was partially supported by the Portuguese Government through FCT/MCTES and by the ERDF through PT2020 (projects UID/MAT/00324/2019, PTDC/MAT-PUR/28686/2017 and TUBITAK/0005/2014).

Conflict of interest statement. We have no conflict of interest to declare.

References

[1] V. I. Arnold and B. A. Khesin. Topological methods in hydrodynamics, volume 125 of Applied Mathematical Sciences. Springer-Verlag, New York, 1998.

[2] J.-D. Benamou and Y. Brenier. A computational fluid mechanics solution to the Monge - Kantorovich mass transfer problem. Numerische Mathematik, 84(3):375–393, 2000.

[3] Y. Brenier. The least action principle and the related concept of generalized flows for incompressible perfect fluids. Journal of the American Mathematical Society, 2(2):225–255, 1989.

22 D. VOROTNIKOV

A : D(A) ⊂ X^n → X^n, A(υ,ς) = − 1 2 (2divς,∇υ + (∇υ)^⊤),

L : D(L) ⊂ X^{n×n}_s → X^n, L � M Υ Υ^⊤ Ξ � = � −divM −div(Υ^⊤) � . Then (3.57)–(3.60) can be written in the abstract form (2.34). Condition (2.35) follows by integration by parts. Moreover, (2.29) is satisfied since P L � qI 0 0 q ^ I^∗ � = P � −div(qI) 0 � = � −P ∇q 0 � = 0 for each q ∈ X sufficiently smooth. In light of Remark 2.7, we have the following corollary:

Corollary 3.8. For any (u_0,τ_0) ∈ X^d × X^{d×d}_s with divu_0 = 0, there exists a generalized solution (2.33) of the extended system (2.37) tantamount to (3.57)– (3.60).

Korteweg-de Vries. Let Ω = T^1. The Korteweg-de Vries equation is ∂_tv + v_{xxx} = 6vv_x, v(0) = v_0. (3.61) The unknown is v : [0,T ]×Ω → R. It is the geodesic equation for the Virasoro group [23]. The Korteweg-de Vries equation is known to be globally well-posed [9] but we still consider this example for the sake of curiosity. Set n = 1, P = I, A : D(A) ⊂ X → X, A(υ) = −υ_{xxx}, L : D(L) ⊂ X → X, L(σ) = −3σ_x.

Then (3.61) can be written in the abstract form (2.34). Condition (2.35) can be easily verified via integration by parts. However, (2.29) is not satisfied.

As in Remark 2.7, consider the extended problem (2.37) with

P̃ (υ,a) = � υ, � Ω adμ � , L̃ � σ z z a � = � −3σ_x + z_{xxx} 0 � . The adjoint operator is

L^∗ : D(L^∗) ⊂ X^2 → X^{2×2}_s , L^∗ � ϕ ψ � = 1 2 � 6ϕ_x −ϕ_{xxx} −ϕ_{xxx} 0 � .

VARIATIONAL SOLUTIONS TO THE ABSTRACT EULER EQUATION 7

where a = (T − t)v, w = 2(t − T )(I − P )[L^∗v.v]. (2.17) The original variable v can be retrieved by means of the formula

v(t) = 1 T − t

�_T t (−P E_+)(s)ds, t < T . (2.18) Proof : By construction, (E_+,B_+) verify (2.6) and thus (2.8). Moreover, (2.16) implies (2.11) for B_+. Let us observe that v + 2B_+.v + E_+ = 0. (2.19) Indeed, using (2.4) we compute v + 2B_+.v + E_+ = v + 2(T − t)L^∗v.v + (−v + (T − t)∂_tv) + 2(t − T )(I − P )[L^∗v.v] = (T − t)∂_tv + 2(T − t)P [L^∗v.v] = 0. (2.20) On the other hand, since v satisfies (2.7), we have �_T 0 [(v − v_0,E_+) + (v ⊗ v,B_+)] dt = 0. (2.21)

Hence, by (2.19),

�_T 0 [−(v_0,E_+) + (v ⊗ v,B_+)] dt =

�_T 0 (v ⊗ v,(I + 2B_+))dt, (2.22)

whence �_T 0 [(v_0,E_+) + (v ⊗ v,B_+)] dt = −

�_T 0 (v ⊗ v,I)dt. (2.23)

Since v solves (2.7), we have I(v_0) =^1_2

�_T 0 (v ⊗ v,I)dt = T K_0. Thus, we need to show that �_T 0 −(v_0,E_+) + K_−(E_+,B_+)dt = T K_0, (2.24)

8 D. VOROTNIKOV

so that there is no duality gap. Indeed, (2.19) and (2.23) yield �_T 0 −(v_0,E_+) + K_−(E_+,B_+)dt = �_T 0 −(v_0,E_+)dt + inf_{z⊗z≤M}

�_T 0 � −(z,(I + 2B_+)v) + 1 2 (M,I + 2B_+) � dt = �_T 0 − � (v_0,E_+) + 1 2 ((I + 2B_+)v,v) � dt = �_T 0 � (v ⊗ v,I) − 1 2 (v,v) � dt = T K_0

because the energy conservation holds for the strong solutions.

Finally, − P E_+ = −∂_ta = v + (t − T )∂_tv, (2.25) so �_T t −P E_+(s)ds =

�_T t [v(s) + (s − T )∂_sv]ds = (T − t)v(t), (2.26)

providing (2.18).

Corollary 2.2. If in Theorem 2.1 one has I > 2(t − T )L^∗v(t), t ∈ [0,T ], (2.27) then the solution can be also retrieved by the formula

v(t) = � −(I + 2B_+)^{−1}E_+ � (t), t ∈ [0,T ]. (2.28)

Indeed, it suffices to observe that (2.27) means that I + 2B_+ > 0, and if this holds, (2.28) is equivalent to (2.19).

Definition 2.3. The operator L is said to satisfy the trace condition if a uniform (w.r.t. to a.e. x ∈ Ω or any extra parameter) lower bound on the eigenvalues of the matrix L^∗ζ(x), ζ ∈ D(L^∗) ∩ P (X^n), implies a uniform upper bound on its eigenvalues (a.e. in Ω).

Remark 2.4. The trace condition is particularly satisfied provided P L(qI) = 0 (2.29)

VARIATIONAL SOLUTIONS TO THE ABSTRACT EULER EQUATION 21

Conservative incompressible elastic fluid. The motion of the incompressible Oldroyd-B viscoelastic material (also known as Jeffreys’ fluid) is described [36, 26, 46] by the problem ∂_tu + div(u ⊗ u) − μΔu + ∇p = divτ, (3.52)

∂_tτ + div(τ ⊗ u) + Q(∇u,τ) + aτ = 1 2 (∇u + (∇u)^⊤), (3.53)

divu = 0, (3.54) u(0) = u_0, τ(0) = τ_0. (3.55)

The unknowns are u : [0,T ] × Ω → R^d, τ : [0,T ] × Ω → R^{d×d}_s and p : [0,T ] × Ω → R. When the retardation time vanishes, we get Maxwell’s fluid (this corresponds to μ = 0). The choice a = 0 (cf. [32, 45]) tallies with the damping-free case when the relaxation time blows up. We restrict ourselves to the purely hyperbolic case a = μ = 0, which coheres with a purely elastic fluid. Note that (cf. [32, 21]) the purely hyperbolic system with Q = −∇uτ − τ(∇u)^⊤(the upper-convective case) can be made equivalent to (3.46)-(3.50) if one assumes the ansätze τ = FF^⊤, divF^⊤ = 0. (3.56) This makes sense because the constraints (3.56) are preserved along the flow. Here we do not assume neither (3.56) nor even positive-definiteness of τ. The term Q is related to frame-invariance and is known to create mathematical difficulties. We consider the simplified model with Q ≡ 0, cf. [12, 32, 45, 46, 26]. This model, unlike (3.46)–(3.50), is not frameindifferent, but it is invariant to the transformations which keep the frame inertial (e.g., to the Galilean transformation). We arrive at the following conservative problem:

∂_tu + div(u ⊗ u) + ∇p = divτ, (3.57)

∂_tτ + div(τ ⊗ u) = 1 2 (∇u + (∇u)^⊤), (3.58)

divu = 0, (3.59) u(0) = u_0, τ(0) = τ_0. (3.60) Set n = d + d(d + 1)/2, v = (u,τ) : [0,T ] → X^n ≃ X^d × X^{d×d}_s , P : X^n → X^n, P (υ,ς) = (P υ,ς),

20 D. VOROTNIKOV

The unknowns are u : [0,T ] × Ω → R^d , F : [0,T ] × Ω → R^{d×d} and p : [0,T ] × Ω → R. Consider the projector

P : X^{d×d} → X^{d×d}, P (M) = P_d(M) := � P M_1 P M_2 ··· P M_d � , (3.51)

where M_1,... ,M_d ∈ X^d are the columns of the matrix M. Obviously,

div(P_dM)^⊤ = 0, M ∈ X^{d×d}.

It is straigtforward to check that

div(div(F ⊗ u))^⊤ = div((∇u)F)^⊤,

which allows us to project (3.47) onto P_dX^{n×n}. Set

n = d(1 + d), v = (u,F) : [0,T ] → X^n ≃ X^d × X^{d×d},

P : X^n → X^n, P (υ,Φ) = (P υ,P_d Φ),

L : D(L) ⊂ X^{n×n}_s → X^n, L � M Υ Υ^⊤ Ξ � = � div^Ξ − divM div ~Υ − div(Υ^⊤) � . Then (3.46)–(3.50) can be recast in the form of the abstract Euler equation (1.7). The structure of equations (3.46)–(3.50) (in particular, their similarity with the ideal MHD equations) allows us to conjecture that they determine the geodesics on some Lie group. The conservativity condition (1.8) holds for v = (u,F) sufficiently smooth (this can be verified straightforwardly). Let us check (2.29). Let q ∈ X be a sufficiently smooth function. Then P L � qI 0 0 q ^ I^∗ � = P � d∇q − ∇q 0 � = 0.

As a result, we have

Corollary 3.7. For any (u_0,F_0) ∈ X^d × X^{d×d} with divu_0 = 0, divF^⊤_0 = 0, there exists a generalized solution (2.33) to (3.46)–(3.50).

VARIATIONAL SOLUTIONS TO THE ABSTRACT EULER EQUATION 9

for any q ∈ X sufficiently smooth. where I ∈ R^{n×n}_s is the identity matrix. It suffices to observe that the trace of L^∗ζ vanishes almost everywhere. Indeed, (Tr(L^∗ζ),q) = (L^∗ζ,qI) = (ζ,P L(qI)) since ζ ∈ P (X^n). This applies to the Euler equation (1.5) because P [−div(qI)] = P (−∇q) = 0.

The next theorem shows existence of variational solutions. Theorem 2.5. Assume that L satisfies the trace condition. Then for any v_0 ∈ P (X^n) there exists a maximizer (E,B) ∈ L^2((0,T ) × Ω;R^n) × L^∞((0,T ) × Ω;R^{n×n}_s ) of (2.14), and J (v_0) ≥ 0.

Proof : It suffices to consider to the pairs (E,B) that meet the restrictions (2.8), (2.11). Testing (2.14) with E = 0, B = 0, we see that J (v_0) ≥ 0. Let (E_m,B_m) be a maximizing sequence. Without loss of generality, it satisfies

0 ≤ J(v_0) ≤ 1 n − �_T 0 (v_0,E_m)dt +

�_T 0 K_−(E_m,B_m)dt. (2.30)

Since I+2B_m ≥ 0, the eigenvalues of B_m are uniformly bounded from below, and the trace condition implies a uniform L^∞ bound on B_m. Hence, I + 2B_m ≤ kI with some constant k > 0. By the definition of K_− in (2.13), we have

K_−(E_m,B_m) ≤ inf_{z⊗z≤M} � (z,E_m) + k 2 (M,I) � = − 1 2k (E_m,E_m). (2.31)

We infer that 1 2k �_T 0 (E_m,E_m) ≤ 1 n − �_T 0 (v_0,E_m)dt ≤ 1 n + 2kT K_0 + 1 4k �_T 0 (E_m,E_m), (2.32)

which gives a uniform L^2((0,T ) × Ω;R^n)-bound on E_m. The functional (2.15) is concave and upper semicontinuous on L^2((0,T )×Ω;R^n)×L^∞((0,T )× Ω;R^{n×n}_s ) as an infimum of affine continuous functionals. The functional �_T 0 (v_0,·)dt is a linear bounded functional on L^2((0,T ) × Ω;R^n). Consequently, every weak-∗ accumulation point of (E_m,B_m) is a maximizer of (2.14). Note that the constraints (2.8), (2.11) are preserved by the limit.

10 D. VOROTNIKOV

Remark 2.6. Let (E,B) be any maximizer of (2.14). Set V := −P E. Formula (2.18), in contrast to (2.28), does not rely on strict positive-definiteness of I + 2B. We thus can define a generalized solution to (1.7) by setting

v := 1 T − t

�_T t V (s)ds ∈ H^1_{loc} ∩ C([0,T );X^n), (2.33)

cf. (2.18).

Remark 2.7. Assume that μ(Ω) is finite. Then the theory above can be adapted to the setting

∂_tv + P Av = P L(v ⊗ v), v(t,·) ∈ P (X^n), v(0,·) = v_0 ∈ P (X^n) (2.34) where P : X^n → X^n is any orthogonal projector, and L : D(L) ⊂ X^{n×n}_s → X^n, A : D(A) ⊂ X^n → X^n are linear operators, satisfying (L(v ⊗ v),v) = (Av,v) = 0, v ∈ P (X^n), (2.35) for any sufficiently smooth vector field v. Set ṽ_0 = (v_0,1) ∈ X^{n+1} ≃ X^n × X, ṽ = (v,1) : [0,T ] → X^{n+1},

P̃ : X^{n+1} → X^{n+1}, P̃ (v,q) = � P v, � Ω q dμ � , L̃ : D(L̃) ⊂ X^{(n+1)×(n+1)} s → X^{n+1}, D(L̃) = � D(L) D(A) D(A)^⊤ X � , L̃ � M υ υ^⊤ q � = � LM − Aυ 0 � . Tautologically, ∂_t1 = 0. (2.36) The “system” (2.34), (2.36) can be recast as

∂_tṽ = P̃ L̃(ṽ ⊗ ṽ), ṽ(t,·) ∈ P̃ (X^{n+1}), ṽ(0,·) = ṽ_0 ∈ P̃ (X^{n+1}), (2.37)

VARIATIONAL SOLUTIONS TO THE ABSTRACT EULER EQUATION 19

where P_∇ was defined in (3.27). It is clear that Y is a closed linear subspace of X^n. Let P : X^n → Y be the corresponding orthogonal projector. The orthogonal complement of Y consists of the elements of the form (divξ,ξ + qI), ξ ∈ X^{d×d}, q ∈ X. Rewrite the system (3.39)–(3.43) as

∂_tv = L(v ⊗ v) + � divξ ξ + pI � , v(0) = v_0, (3.44)

where v(t) = � u(t) G(t) � ∈ P (X^n) and ξ = ∂_tG+div(G⊗u)−u⊗u− ^(G ⊗ G)+ ^ (G ⊗ G)− 1 2 I Tru⊗u− 1 2 I Tr ^

(G ⊗ G)−pI.

(3.45) Applying the projector P to both sides of (3.44), we get the abstract Euler equation (1.7). Reciprocally, (1.7) implies (3.44) where ξ necessarily satisfies (3.45) due to the trivial equality (3.40).

As in the previous example, (1.8) holds for v = (u,∇u) sufficiently smooth. In contrast to EPDiff, (2.29) is now valid since P L � qI 0 0 q ^ I^∗ � = P � 0 (d + 1)qI � = 0.

Thus we have Corollary 3.6. For every u_0 ∈ X^d, divu_0 = 0, there exists a generalized solution (2.33) to (3.35)–(3.38).

Incompressible isotropic Hookean elastodynamics. The “neo-Hookean” model of motion of incompressible isotropic elastic fluid [32, 38, 39, 29, 30, 28] reads ∂_tu + div(u ⊗ u) + ∇p = div(FF^⊤), (3.46) ∂_tF + div(F ⊗ u) = (∇u)F, (3.47) divu = 0, (3.48) divF^⊤ = 0, (3.49) u(0) = u_0, F(0) = F_0. (3.50)

18 D. VOROTNIKOV

Euler-α. The Euler-α equations [17, 18, 34, 37] (with α = 1 for definiteness) may be written as ∂_tm + (∇u)^⊤.m + div(m ⊗ u) + ∇p = 0, (3.35) m = u − Δu, (3.36) divu = 0, (3.37) u(0) = u_0. (3.38) The unknowns are u : [0,T ] × Ω → R^d and p : [0,T ] × Ω → R. These equations are the geodesic equations on the group of volume-preserving diffeomorphisms with H^1 metric, see, e.g., [22]. This example is quite similar to the previous one. We first recast (3.35)–(3.38) in the form

∂_tu + ∇p = div � ∂_tG + div(G ⊗ u) − u ⊗ u − ^(G ⊗ G) + ^ (G ⊗ G) − 1 2 I Tru ⊗ u − 1 2 I Tr ^

(G ⊗ G) � , (3.39)

∂_tG = −div(G ⊗ u) + u ⊗ u + ^(G ⊗ G) − ^ (G ⊗ G) + 1 2 I Tru ⊗ u + 1 2 I Tr ^

(G ⊗ G) + � ∂_tG + div(G ⊗ u) − u ⊗ u − ^(G ⊗ G) + ^ (G ⊗ G) − 1 2 I Tru ⊗ u − 1 2 I Tr ^

(G ⊗ G) � . (3.40) G = ∇u, (3.41) TrG = 0, (3.42) u(0) = u_0, G(0) = G_0, (3.43) cf. (3.28)–(3.31). Set n = d(1 + d), v = (u,G) : [0,T ] → X^n ≃ X^d × X^{d×d},

L : D(L) ⊂ X^{n×n}_s → X^n, L � M Υ Υ^⊤ Ξ � = � 0 −div(Υ^⊤) + M + ^Ξ − ^ Ξ +^1_2 I TrM +^1_2 I Tr^Ξ � . Consider the set Y := P_∇X^n ∩ {(u,G)|TrG = 0},

VARIATIONAL SOLUTIONS TO THE ABSTRACT EULER EQUATION 11

which has the structure of (1.7). Moreover, any ṽ ∈ P̃ (X^{n+1}) can be expressed as

(v,a) ≃ � v a � , v ∈ P (X^n), a = cst.

Hence, due to (2.35), � L̃(ṽ ⊗ ṽ),ṽ � = � L̃ � v a � ⊗ � v a � , � v a � = � L(v ⊗ v) − aAv 0 � , � v a � = 0, (2.38)

i.e., condition (1.8) is met. If (2.29) holds for L, it is valid for L̃ as well. Indeed, in this situation we have

P̃ L̃ � qI 0 0 q � = P̃ � L(qI) 0 � = 0 for any q ∈ X sufficiently smooth.

Remark 2.8. We reckon that with some effort the theory above can be generalized to the situation when X^n is replaced with the space of L^2 vector fields on a Riemannian manifold.

3.Applications

To fix the ideas, in this section we restrict ourselves to the case of the periodic box Ω = T^d. The symbol P denotes the Leray-Helmholtz projector in X^d, and I in most cases stands for the d × d identity matrix. Many of the examples below are known to be the geodesic equations on infinitedimensional Lie groups, cf. [1, 23]. To the best of our knowledge, for d > 2 the existence of global weak solutions akin to (2.1) for arbitrary initial data has never been established for any of these examples excluding the last one.

Incompressible ideal MHD. The incompressible ideal MHD equations [1] read

∂_tu + div(u ⊗ u) + ∇p = div(b ⊗ b), (3.1) ∂_tb + div(b ⊗ u) = div(u ⊗ b), (3.2) divu = 0, (3.3) divb = 0, (3.4) u(0) = u_0, b(0) = b_0. (3.5)

12 D. VOROTNIKOV

The unknowns are u,b : [0,T ] × Ω → R^d and p : [0,T ] × Ω → R. The ideal MHD equations are the geodesic equations on the semidirect product of the Lie group of volume-preserving diffeomorphisms with the dual of its Lie algebra [1]. We refer to [7, 13] for some recent results concerning existence and non-existence of weak solutions. Since divdiv(b ⊗ u) = divdiv(u ⊗ b), we can rewrite (3.1), (3.2) in the equivalent form ∂_tu = P (div(b ⊗ b) − div(u ⊗ u)), (3.6) ∂_tb = P (div(u ⊗ b) − div(b ⊗ u)). (3.7) Set n = 2d, v = (u,b) : [0,T ] → X^n ≃ X^d × X^d, P : X^n → X^n, P (υ,β) = (P υ,P β),

L : D(L) ⊂ X^{n×n}_s → X^n, L � M N N^⊤ S � = � divS − divM divN − div(N^⊤) � . Then (3.1)–(3.5) becomes the abstract Euler equation (1.7). It is straightforward to check that (1.8) holds for v = (u,b) sufficiently smooth. Let q ∈ X be a sufficiently smooth function. Then P L � qI 0 0 qI � = P � ∇q − ∇q 0 � = 0.

In view of Remark 2.4, Theorem 2.5 and Remark 2.6 are applicable, and we get Corollary 3.1. For any (u_0,b_0) ∈ X^d × X^d with divu_0 = divb_0 = 0, there exists a generalized solution (2.33) to (3.1)–(3.5).

Multidimensional Camassa-Holm. The multidimensional Camassa-Holm system [25, 15] looks like ∂_tm + (∇u)^⊤.m + div(m ⊗ u) = 0, (3.8) m = u − ∇divu, (3.9) u(0) = u_0. (3.10) The unknown is u : [0,T ] × Ω → R^d. It describes the geodesics of the diffeomorphism group with H^1_{div} metric, see, e.g., [22]. A distinct geodesic interpretation was discussed in [15]. Relaxed solutions in the spirit of

VARIATIONAL SOLUTIONS TO THE ABSTRACT EULER EQUATION 17

where v(t) = � u(t) G(t) � ∈ P (X^n) and ξ = ∂_tG + div(G ⊗ u) − u ⊗ u − ^(G ⊗ G) + ^ (G ⊗ G) − 1 2 I Tru ⊗ u − 1 2 I Tr ^

(G ⊗ G).

(3.33) Applying the projector P to both sides of (3.32), we get (1.7). Reciprocally, (1.7) implies (3.32) where ξ necessarily satisfies (3.33) due to (3.31).

A direct calculation shows that (1.8) holds for v = (u,∇u) sufficiently smooth, but the requirement (2.29) is not met.

The adjoint operator is L^∗ : D(L^∗) ⊂ X^n → X^{n×n}_s ,

L^∗ � ϕ Φ � = 1 2 � Φ + Φ^⊤ + I TrΦ ∇Φ (∇Φ)^⊤ ^Φ^∗ + ^(Φ^⊤)^∗ − ^ Φ^∗ − ^ (Φ^⊤)^∗ + (TrΦ) ^ I^∗ � . If (ϕ,Φ) ∈ P (X^n), then Φ = ∇ϕ. If the eigenvalues of � Φ + Φ^⊤ + I TrΦ ∇Φ

(∇Φ)^⊤ ^Φ^∗ + ^(Φ^⊤)^∗ − ^ Φ^∗ − ^ (Φ^⊤)^∗ + (TrΦ) ^ I^∗ � (x), Φ = ∇ϕ, (3.34)

are bounded from below, there is k ≥ 0 such that � Φ + Φ^⊤ + (k + TrΦ)I ∇Φ (∇Φ)^⊤ ^Φ^∗ + ^(Φ^⊤)^∗ − ^ Φ^∗ − ^ (Φ^⊤)^∗ + (k + TrΦ) ^ I^∗ � (x) ≥ 0.

Taking the trace of the last block, we deduce that k + TrΦ ≥ 0. Moreover, the non-negativity of the principal minors of order 2 yields (k + TrΦ + 2Φ_{ii} )(2Φ_{jj} − 2Φ_{ll} + k + TrΦ) ≥ (∂_{xi} Φ_{jl})^2.

Letting j = l and performing the summation w.r.t. to the remaining indices, we arrive at 3(k + TrΦ)^2 ≥ (k + 3TrΦ)(k + TrΦ) ≥ |∇TrΦ|^2.

But Φ = ∇ϕ, so � T^d TrΦ(y)dy = 0. As in the Camassa-Holm case above,

Lemma 3.2 implies a uniform bound on TrΦ and thus on the trace of the matrix in (3.34). This yields the trace condition, and leads to Corollary 3.5. For every u_0 ∈ X^d, there exists a generalized solution (2.33) to (3.24)–(3.26).

16 D. VOROTNIKOV P � υ M � = P_∇ � υ M � := � υ − div(I − ∇div)^{−1}(M − ∇υ) M − (I − ∇div)^{−1}(M − ∇υ) � . (3.27)

Remark 3.4. The operator (I − ∇div)^{−1} can be viewed as the Riesz isomorphism between the Hilbert spaces E^∗ and E, where E := {M ∈ X^{d×d}|divM ∈ X^d} is equipped with the scalar product (M,N )_E = (M,N ) + (divM,div N ), cf. [40]. Consequently, (3.27) defines a bounded linear operator on X^{d(1+d)}. Set n = d(1 + d), v = (u,∇u) : [0,T ] → X^n ≃ X^d × X^{d×d}, L : D(L) ⊂ X^{n×n}_s → X^n, L � M Υ Υ^⊤ Ξ � = � 0 −div(Υ^⊤) + M + ^Ξ − ^ Ξ +^1_2 I TrM +^1_2 I Tr^Ξ � . Let us now interpret the EPDiff equations as an abstract Euler equation.

Denote G := ∇u, G_0 := ∇u_0 in (3.24)–(3.26). A tedious calculation shows that (3.24)–(3.26) is equivalent to

∂_tu = div � ∂_tG + div(G ⊗ u) − u ⊗ u − ^(G ⊗ G) + ^ (G ⊗ G) − 1 2 I Tru ⊗ u − 1 2 I Tr ^

(G ⊗ G) � , (3.28) G = ∇u, (3.29) u(0) = u_0, G(0) = G_0. (3.30) Tautologically,

∂_tG = −div(G ⊗ u) + u ⊗ u + ^(G ⊗ G) − ^ (G ⊗ G) + 1 2 I Tru ⊗ u + 1 2 I Tr ^

(G ⊗ G) + � ∂_tG + div(G ⊗ u) − u ⊗ u − ^(G ⊗ G) + ^ (G ⊗ G) − 1 2 I Tru ⊗ u − 1 2 I Tr ^

(G ⊗ G) � . (3.31)

The system (3.28)–(3.31) can be rewritten as

∂_tv = L(v ⊗ v) + � divξ ξ � , v(0) = v_0, (3.32)

VARIATIONAL SOLUTIONS TO THE ABSTRACT EULER EQUATION 13

the generalized flows of Brenier [3] were recently constructed in [14]. We recall (cf. [22, 4]) that, loosely speaking, there is a “fiber-base” duality between the Monge-Kantorovich transport [41] and Euler’s equations (1.1)- (1.4). In a similar way, one can think, cf. [15], about a “fiber-base” duality between (3.8)–(3.10) and the unbalanced optimal transport [24, 8, 31].

We now define the relevant projector. Namely, for each (υ,σ) ∈ X^{d+1} ≃ X^d × X, we consider its orthogonal projection over the vector fields of the form (u,div u). This is related to the “duality” above and to the unbalanced version of Brenier’s polar factorization theorem [4] that was discussed in preliminary preprint versions of [15]. The explicit expression of the projector is P : X^{d+1} → X^{d+1}, P � υ σ � = P_{div} � υ σ � := � υ − ∇(I − Δ)^{−1}(σ − divυ) σ − (I − Δ)^{−1}(σ − divυ) � . (3.11) Set n = d + 1, v = (u,divu) : [0,T ] → X^n ≃ X^d × X,

L : D(L) ⊂ X^{n×n}_s → X^n, L � M υ υ^⊤ q � = � −divM −divυ +^1_2 TrM +^1_2 q � . We claim that the Camassa-Holm system (3.8)–(3.10) is tantamount to the abstract Euler equation (1.7) with P and L just defined. Indeed, denote p := divu, p_0 := divu_0 in (3.8)–(3.10). After some calculations, one finds that (3.8)–(3.10) is equivalent to

∂_tu = −div(u ⊗ u) + ∇ � ∂_tp + div(up) − 1 2 |u|^2 − 1 2 p^2 � , (3.12)

p = divu, (3.13) u(0) = u_0, p(0) = p_0. (3.14)

Tautologically,

∂_tp = −div(up) + 1 2 |u|^2 + 1 2 p^2 + � ∂_tp + div(up) − 1 2 |u|^2 − 1 2 p^2 � . (3.15)

The system (3.12)–(3.15) can be rewritten as

∂_tv = L(v ⊗ v) + � ∇ξ ξ � , v(0) = v_0, (3.16)

14 D. VOROTNIKOV

where v(t) = � u(t) p(t) � ∈ P (X^n) and ξ = ∂_tp + div(up) − 1 2 |u|^2 − 1 2 p^2. (3.17) Applying the projector P to both sides of (3.16), we get (1.7). Reciprocally, (1.7) implies (3.16) where ξ necessarily satisfies (3.17) due to (3.15).

A not very tedious calculation verifies (1.8) for v = (u,divu) sufficiently smooth. However, P L � qI 0 0 q � = P � −∇q_{d+1} 2 q � , which yields that the requirement (2.29) is not met, and we need to find another way to secure the trace condition. It will be based on the following simple multidimensional variant of the Grönwall-Bellman lemma. Lemma 3.2. Consider a function ψ ∈ W^{1,1}(T^d) such that a.e. in T^d one has |∇ψ(x)| ≤ cψ(x) (3.18) with a constant c. Then ψ ∈ C(T^d), and

|ψ(x)| ≤ e^c √ d 2 � T^d

ψ(y)dy, x ∈ T^d. (3.19)

Proof : By Sobolev embedding, ψ ∈ L^p(T^d), 1 −^1_n =^1_p , whence ψ ∈ W^{1,p}(T^d). Bootstrapping, we derive that ψ ∈ W^{1,∞}(T^d) ⊂ C(T^d). Consequently, logψ ∈ W^{1,∞}(T^d) because |∇logψ(x)| ≤ c (3.20) due to (3.18). Since |T^d| = 1, there is x^0 ∈ T^d such that ψ(x^0) = � T^d ψ(y)dy.

By (3.20),

|logψ(x) − logψ(x^0)| ≤ c|x − x^0| ≤ c √ d 2 , x ∈ T^d, (3.21)

which implies (3.19).

We return to the Camassa-Holm system. The adjoint operator is

L^∗ : D(L^∗) ⊂ X^n → X^{n×n}_s , L^∗ � ϕ χ � = 1 2 � ∇ϕ + (∇ϕ)^⊤ + χI ∇χ (∇χ)^⊤ χ � .

VARIATIONAL SOLUTIONS TO THE ABSTRACT EULER EQUATION 15

If (ϕ,χ) ∈ P (X^n), then χ = divϕ. If the eigenvalues of � ∇ϕ + (∇ϕ)^⊤ + χI ∇χ (∇χ)^⊤ χ � (x), χ = divϕ, (3.22)

are bounded from below, there is k ≥ 0 such that � ∇ϕ + (∇ϕ)^⊤ + (χ + k)I ∇χ

(∇χ)^⊤ χ + k � (x) ≥ 0.

In particular, χ + k ≥ 0. Moreover, considering the principal minors of order 2, we see that (χ + k + 2∂_{xi} ϕ_i)(χ + k) ≥ (∂_{xi} χ)^2.

Thus, 3(χ + k)^2 = (3χ + 3k)(χ + k) ≥ (3χ + k)(χ + k) ≥ |∇χ|^2.

Since � T^d χ(y)dy = 0, Lemma 3.2 implies that

χ(x) + k ≤ ke √ 3d 2 , x ∈ T^d. (3.23) This provides a uniform bound on the trace of the matrix in (3.22). Hence, the eigenvalues of this matrix are bounded from above, and the trace condition holds. We infer

Corollary 3.3. For every u_0 ∈ X^d, there exists a generalized solution (2.33) to (3.8)–(3.10).

EPDiff. The EPDiff equations [16, 19, 44, 20, 35, 27] are ∂_tm + (∇u)^⊤.m + div(m ⊗ u) = 0, (3.24) m = u − Δu, (3.25) u(0) = u_0. (3.26)

The unknown is u : [0,T ]×Ω → R^d. The EPDiff equations are the geodesic equations on the diffeomorphism group with H^1 metric, see, e.g., [22].

For each (υ,M) ∈ X^{d(1+d)} ≃ X^d × X^{d×d}, we consider its orthogonal projection over the fields of the form (u,∇u). This is related to the matricial optimal transport [6]. More profoundly, we reckon that there is a “fiberbase” duality between the matricial transport as considered in [6] and the EPDiff equations, cf. the discussion of the Camassa-Holm example. The explicit expression of the projector is

P : X^{d(1+d)} → X^{d(1+d)},