Pré-Publicações do Departamento de Matemática Universidade de Coimbra Preprint Number 19–27

NON COMPARABILITY WITH RESPECT TO THE CONVEX TRANSFORM ORDER WITH APPLICATIONS

IDIR ARAB, MILTO HADJIKYRIAKOU AND PAULO EDUARDO OLIVEIRA

Abstract: In the literature of stochastic orders, one rarely finds results that can be considered as criteria for the non-comparability of random variables. In this paper, we provide results that enable researchers to use simple tools to conclude that two random variables are not comparable with respect to the convex transform order. The criteria are applied to prove the non-comparability of parallel systems with components that are either exponential, Weibull or Gamma distributed, providing a negative answer for a conjecture about comparability with respect to the convex transform order in a much broader scope than its initial statement.

Keywords: convex transform order; failure rate; rapidly varying functions. Math. Subject Classification (2010): 60E15, 60E05, 62N05.

1. Introduction

Failure rates functions provide a natural way to describe ageing properties of lifetime distributions. The monotonicity of the failure rate studied, among others, by Barlow and Proschan [6], Patel [17], Sengupta [20], El-Bassiouny [8] or, for a more recent account of results, by Shaked and Shanthikumar [21] or Marshall and Olkin [14], is amidst the first relevant properties of interest as this gives an easily interpretable evolution of the trend of the ageing process. The comparison of this evolution for complex systems whose lifetimes are random arises naturally, once we have defined a criterium to measure this ageing. Being interested in the properties of the failure rate, the comparison of different systems should be based on the long run behaviour of the corresponding failure rate functions. Such comparisons of ageing properties may be thought of as orderings between the lifetime distributions, for which there are several alternative notions available in the literature.

Received July 31, 2019.

This work was partially supported by the Centre for Mathematics of the University of Coimbra – UID/MAT/00324/2013, funded by the Portuguese Government through FCT/MEC and co-funded by the European Regional Development Fund through the Partnership Agreement PT2020. 1

2 I. ARAB, M. HADJIKYRIAKOU AND P.E. OLIVEIRA

The specific order relation we will be considering was introduced by van Zwet [23] and is known either as the convex transform order (as in Shaked and Shanthikumar [21] or Kochar and Xu [11, 12]) or as the increasing failure rate order (as in Averous and Meste [1], Fagiuoli and Pellerey [9], Nanda et al. [16], Arab and Oliveira [2, 3] or Arab et al. [4, 5]). As expressed by Definition 2 below, the convex transform order is defined through the relative convexity between the quantile functions. This notion of relative convexity between two functions has been introduced in Hardy et al. [10] and is, in general, characterized by properties of the quotient between the derivatives of the functions (see Rajba [18] for some recent results). Computationally this is a difficult relationship to be established as in most cases the quantile functions do not have closed representations. However, the convex transform order may be adequately expressed through a control on the number of intersection points of the graphical representations of the distribution functions subject to the effect of zooming or shifting on the elapsing of time. This approach has been explored in Arab and Oliveira [2, 3] and Arab et al. [4, 5] to derive explicit order relations within the Gamma and Weibull families of distributions and between these two families. Applications to ageing comparisons of parallel systems have been discussed by Kochar and Xu [11, 12] and Arab et al. [4, 5]. The lifetime of parallel systems, described by the maximum of the lifetimes of each component, means that we need to consider distribution functions for which either it is not possible to obtain the inverse or this inverse is very difficult to be studied, even in the case of exponentially distributed components. The results that are the motivation for this work, stem from the comparison between parallel systems. The ordering with respect to the convex transform order of homogeneous parallel systems of exponentially distributed components with non-homogenous ones was proved by Kochar and Xu [11, 12] showing that homogeneous parallel systems age faster than nonhomogeneous systems. Using a completely different approach, Arab et al. [4] extended this ordering relationship to a broader framework. The comparison of parallel systems with exponentially distributed components, each one with a different hazard rate, was discussed in Kochar and Xu [11], conjecturing, based on numerical evidence, that the same convex transform order should hold under suitable relationships between the hazard rates of the components. The conjectured ordering was proved to be false by Arab et al. [5], were it is shown that parallel systems with two components, with hazard rates satisfying the adequate relationship, are non-comparable

22 I. ARAB, M. HADJIKYRIAKOU AND P.E. OLIVEIRA

Milto Hadjikyriakou University of Central Lancashire, Cyprus. E-mail address: MHadjikyriakou@uclan.ac.uk

Paulo Eduardo Oliveira CMUC, Department of Mathematics, University of Coimbra, EC Santa Cruz, 3001-501 Coimbra, Portugal.

E-mail address: paulo@mat.uc.pt

NON COMPARABILITY WITH RESPECT TO THE CONVEX TRANSFORM ORDER 3

by providing a general way to build counterexamples. However, as proved by Kochar and Xu [12] the ordering relationship holds with respect to a weaker form of transform order, namely the star transform order. Arab et al. [5] provided a simpler proof of this latter ordering.

The results and arguments for the proofs introduced in Arab et al. [5] suggested looking for the identification of relationships between the distributions functions leading to the non-comparability results to be discussed below. These results are then applied to obtain the non-comparability with respect to the convex transform order of more general parallel systems, allowing to consider systems with arbitrarily large number of components that may even have lifetime distributions that are Gamma or Weibull distributed, which was out of scope of the applicability of the methodology used in Arab et al. [4, 5].

The paper is structured as follows. In Section 2 we provide some definitions and results that will be useful for the sequel. In Section 3, orderings of parallel systems with homogeneous components are studied while in Section 4 we provide some criteria for identifying non-comparable parallel systems. A subclass of rapidly varying functions is employed in Section 5 in order to get results that will allow us to discuss non-comparability of random variables with respect to the convex transform order and finally, a number of applications is presented in Section 6.

2. Preliminaries

Let X be a nonnegative random variable with density function f_X , distribution function F_X , and tail function F_X = 1 − F_X . Moreover, recall that, for each x ≥ 0, the failure rate function of X is given by r_X (x) =^{fX (x)}_{1−FX (x)} . Two of the most simple and common ageing notions are defined in terms of the failure rate function. Their definitions are given below.

Definition 1. Let X be a nonnegative valued random variable.

(1) X is said IFR (resp., DFR) if r_X is increasing (resp., decreasing) for x ≥ 0.

(2) X is said IFRA (resp., DFRA) if^1_x

∫_x 0 r_{X,s}(t) dt is increasing (resp., decreasing) for x > 0.

The above definitions refer to failure rate monotonicity properties of the distribution. Next, we recall the transform orders defining the comparison between distribution functions.

4 I. ARAB, M. HADJIKYRIAKOU AND P.E. OLIVEIRA

Definition 2. Let F denote the family of distributions functions such that F (0) = 0. Let X and Y be nonnegative random variables with distribution functions F_X , F_Y ∈ F.

(1) The random variable X is said to be smaller than Y in the convex transform order, and we write X ≤_c Y , if F^{−1}_Y (F_X (x)) is convex.

(2) The random variable X is said to be smaller than Y in the star transform order, and we write X ≤_∗ Y , if^{F −1Y (F X (x))}_x is increasing (this is also known as F^{−1}_Y (F_X (x)) being star-shaped).

Remark 3. Some notational issues and an alternative formulation of the previous definition.

(1) The convex and star transform orders are also known as IFR and IFRA orders, respectively (see, for example, Nanda et al. [16]).

(2) X being smaller, in either sense, is often read as X ageing faster than Y . (3) As F^{−1}_Y (F_X (x)) = F^{−1}_Y (F_X (x)), Definition 2 may also be presented referring to the distribution functions instead of the tails.

A general characterization of the above transform order relations is given below (see Propositions 3.1 and 4.1 in Nanda et al. [16]). Theorem 4. Let X and Y be random variables with distribution functions F_X , F_Y ∈ F.

(1) X ≤_∗ Y if and only if for any real number a, F_Y (x)−F_X (ax) changes sign at most once, and if the change of signs occurs, it is in the order “−, +”, as x traverses from 0 to +∞.

(2) X ≤_c Y if and only if for any real numbers a and b, the function V (x) = F_Y (x) − F_X (ax + b) changes sign at most twice, and if the change of signs occurs twice, it is in the order “+, −, +”, as x traverses from 0 to +∞.

Remark 5. It is obvious from Theorem 4 that if X ≤_c Y , then we also have that X ≤_∗ Y .

Remark 6. As mentioned in Remark 25 in Arab and Oliveira [2, 3], it is enough to verify the above characterizations for a > 0.

The actual verification of the sign variation required by Theorem 4 is often not directly achievable. Computationally tractable alternatives with applications were studied in Arab and Oliveira [2, 3] and Arab et al. [4] (see,

NON COMPARABILITY WITH RESPECT TO THE CONVEX TRANSFORM ORDER 21

[5] Arab, I., Hadjikyriakou, M. and Oliveira, P. E. (2019). On a conjecture about the comparability of parallel systems with respect to convex transform order. Preprint, Pré-Publicações do Departamento de Matemática da Universidade de Coimbra, 19-01 [6] Barlow, R. E. and Proschan, F. (1975). Statistical theory of reliability and life testing.

Probability models. Holt, Rinehart and Winston, Inc., New York-Montreal, Que.-London. [7] Bingham, N. H., Goldie, C. M. and Teugels, J. L. (1989). Regular variation. Cambridge Univ. Press, Cambridge. doi: 10.1017/CBO9780511721434 [8] El-Bassiouny, A. H. (2003). On testing exponentiality against IFRA alternatives. Appl.

Math. Comput. 146, 445–453. doi: 10.1016/S0096-3003(02)00597-0 [9] Fagiuoli, E. and Pellerey, F. (1993). New partial orderings and applications. Nav. Res.

Log. 40, 829–842. doi: 10.1002/1520-6750(199310)40:6<829::AID-NAV3220400607>3.0.CO;2- D [10] Hardy, G.H., Littlewood J.E. and Pólya, G. (1952). Inequalities. Cambridge Univ. Press, Cambridge.

[11] Kochar, S. C. and Xu, M. (2009). Comparisons of parallel systems according to the convex transform order. J. Appl. Probab. 46, 342–352. doi: 10.1239/jap/1245676091 [12] Kochar, S. C. and Xu, M. (2011). On the skewness of order statistics in multiple-outlier models. J. Appl. Probab. 48, 271–284. doi: 10.1239/jap/1300198149 [13] Kotz, S., Balakrishnan, N., Johnson, N.L. (2000). Continuous multivariate distributions. Wiley, New York. doi: 10.1002/0471722065 [14] Marshall, A.W. and Olkin, I. (2007). Life Distributions. Springer, New York. doi:

10.1007/978-0-387-68477-2 [15] Mudholkar, G. S., and Srivastava, D. K. (1993). Exponentiated Weibull family for analyzing bathtub failure-rate data. IEEE Transactions on Reliability 42, 299-–302. doi:10.1109/24.229504 [16] Nanda, A. K., Hazra, N. K., Al-Mutairi, D.K. and Ghitany, M.E. (2017). On some generalized ageing orderings. Commun. Stat. Theory Methods 46, 5273–5291. doi: 10.1080/03610926.2015.1100738 [17] Patel, J. K. (1983). Hazard rate and other classifications of distributions. In Encyclopedia in Statistical Sciences 3, John Wiley & Sons, pp. 590–594. doi: 10.1002/0471667196.ess0935.pub2 [18] Rajba, T. (2014). On some relative convexities. J. Math. Anal. Appl. 411(2):876–886. doi:

10.1016/j.jmaa.2013.10.034 [19] Saunders, I. W. and Moran, P. A. P. (1978). On the quantiles of the gamma and F distributions. J. Appl. Prob. 15, 426–432. doi: 10.2307/3213414 [20] Sengupta, D. (1994). Another look at the moment bounds on reliability. J. Appl. Probab. 31, 777–787. doi: 10.2307/3215155 [21] Shaked, S. and Shanthikumar, J. G. (2007). Stochastic orders. Springer, New York. doi:

10.1007/978-0-387-34675-5 [22] Tossavainen, T. (2007). The Lost Cousin of the Fundamental Theorem of Algebra. Maths.

Magazine 80, 290–294. doi: 10.1080/0025570X.2007.11953496 [23] van Zwet, W. R. (1964). Convex transformations of random variables. MC Tracts 7, Amsterdam.

Idir Arab CMUC, Department of Mathematics, University of Coimbra, EC Santa Cruz, 3001-501 Coimbra, Portugal.

E-mail address: idir.bhh@gmail.com

20 I. ARAB, M. HADJIKYRIAKOU AND P.E. OLIVEIRA

Just for the sake of completeness, we also provide the result described above for the case of Weibull distributions.

Proposition 42. Let X_1, . . . , X_n be independent random variables with Weibull distributions with shape parameters α_1 ≤ · · · ≤ α_n and hazard rates λ_1, . . . , λ_n. Similarly, let Y_1, . . . , Y_n be Weibull distributed random variables with shape parameters β_1 ≤ · · · ≤ β_n and hazard rates θ_1, . . . , θ_n such that their joint distribution is described by

F_{Y1,...,Yn} (x_1, . . . , x_n) = n∏ i=1 (1 − e^{−θβii xβii} ) ( 1 + ∑ 1≤i<j≤n

c_{ij}e^{−(θβii xβii +θβjj xβjj )} )

where ∑ 1≤i<j≤k |cij| ≤ 1. Assume that α1 = β1 and the number of occur-

rences of α_1 and β_1 is the same. Then for any given integers m, k ≤ n the random variables X_{k:k} and Y_{m:m} are not comparable with respect to convex transform order.

Proof : Similarly to the proof of the previous result, F_k(x) =

∏_k i=1(1−e^{−λαii xαi} ) and G_m(x) = m∏ i=1 (1 − e^{−θβii xβi} ) ( 1 + ∑ 1≤i<j≤n

c_{ij}e^{−(θβii xβi +θβjj xβj )} ) , while the corresponding survival functions are given by F_k(x) = Ne^{−λα11 xα1} + o(e^{−λα11 xα1} ) and G_m(x) = Ne^{−θβ11 xβ1} + o(e^{−θβ11 xβ1} ) and N is the number of occurrences of α_1 and β_1. Recalling that α_1 = β_1, the conclusion follows in a similar manner as in the results described earlier.

References

[1] Averous, J. and Meste, M. (1989). Tailweight and Life Distributions. Stat. Probab. Lett. 8, 381–387. doi: 10.1016/0167-7152(89)90048-5 [2] Arab, I. and Oliveira, P. E. (2019). Iterated Failure Rate Monotonicity And Ordering Relations Within Gamma And Weibull Distributions. Probab. Eng. Inform. Sc. 33, 64–80. doi: 10.1017/S0269964817000481 [3] Arab, I. and Oliveira, P. E. (2018). Iterated Failure Rate Monotonicity And Ordering Relations Within Gamma And Weibull Distributions – Corrigendum. Probab. Eng. Inform. Sc. 32, 640–641. doi: 10.1017/S0269964818000372 [4] Arab, I., Hadjikyriakou, M. and Oliveira, P. E. (2018). Failure rate properties of parallel systems. Preprint, Pré-Publicações do Departamento de Matemática da Universidade de Coimbra, 18-51

NON COMPARABILITY WITH RESPECT TO THE CONVEX TRANSFORM ORDER 5

Theorems 2.3 and 2.4 in the latter reference). As stated in Theorem 7 below, establishing first the star transform ordering simplifies the condition to be verified for the convex transform order.

Theorem 7 (Theorem 29 in Arab et al. [4]). Let X and Y be random variables with distribution functions F_X , F_Y ∈ F, respectively. If X ≤_∗ Y and the criterium in (2) from Theorem 4 is verified for b ≥ 0, then X ≤_c Y .

The convex and the star transform orders fall in the family of iterated IFR and IFRA orders, respectively, introduced and studied in Nanda et al. [16], Arab and Oliveira [2, 3] or Arab et al. [4]. It is useful to recall that Nanda et al. [16] proved that the iterated IFR and IFRA orderings define partial order relations in the equivalence classes of F corresponding to the equivalence relation F ∼ G defined by F (x) = G(kx), for some k > 0. In case of families of distributions that have a scale parameter, this allows to choose the parameter in the most convenient way.

Finally, we introduce some notation to be used throughout our results.

Definition 8. Let X_1, . . . , X_n be a sample of the random variable X. The order statistics of the sample are denoted by X_{1:n} ≤ X_{2:n} ≤ · · · ≤ X_{n:n}.

3. Parallel systems with homogeneous components

Comparing the ageing properties of parallel systems based on homogeneous components with exponentially distributed lifetimes was a byproduct of the results proved in the final section of Arab et al. [4]. Indeed, Corollary 40 in [4] proves that such parallel systems age faster with respect to the convex transform order as the number of components increases. This comparability of the ageing behaviour with respect to each of the transform orders defined may show a different pattern depending on the components lifetime. The following results describe the ordering relations for the case of Weibull distributed components, where, opposite to the result proved in Corollary 40 in Arab et al. [4], a different behaviour with respect to each of the orders is found. Moreover, this extends Theorem 3.1 in Kochar and Xu [12], going beyond exponentially distributed components.

Proposition 9. Let X_1, . . . , X_n be independent and identically distributed Weibull random variables with distribution functions F (x) = 1 − e^{−xα} , for x ≥ 0, where α > 0. Given integers m ≤ k ≤ n, we have X_{k:k} ≤_∗ X_{m:m}

6 I. ARAB, M. HADJIKYRIAKOU AND P.E. OLIVEIRA

Proof : Denote by F_k(x) = F^k(x) and F_m(x) = F^m(x) the distribution functions of X_{k:k} and X_{m:m}, respectively. We need to prove that

C_{k,m}(x) = F^{−1}_m (F_k(x)) = ( − ln ( 1 − ( 1 − e^{−xα}

) k_m ))^1α

is star-shaped. This is equivalent to verifying that H(x) = F_k(x) − F_m(ax) changes sign at most once in the order “−, +”, when x goes from 0 to +∞, for every a > 0. In fact, as F_m(x) > F_k(x), it is enough to consider 0 < a < 1. As the logarithmic function is an increasing transformation, H(x) has the same sign variation as

H_1(x) = k log(1 − e^{−xα} ) − m log(1 − e^{−aαxα} ).

It is easily verified that lim_{x→0} H_1(x) = −∞ and lim_{x→+∞} H_1(x) = k−m > 0. To characterize the behaviour of H_1 we look at its derivative. After simple algebraic manipulation, the sign of H^′_1 is easily seen to be the same as the sign of

H^∗_1 (x) = −ma^αe^{−aαxα} + ke^{−xα} + (ma^α − k)e^{−(aα+1)xα} .

This is a polynomial of exponentials. Taking into account the results in Tossavainen [22], this polynomial, hence H^′_1, has at most two real roots and its sign variation is either “−” or “+, −”. Consequently, the sign variation of H_1 is at most “−, +”, so the proof is concluded.

As what regards the convex transform ordering between X_{k:k} and X_{m:m}, the following example shows that, in general, they are not comparable.

Example 10. We prove that C_{k,m}(x) is, in general, neither convex nor concave. For this purpose, choose k = 2m and α = 2. Then, we may compute explicitly to find

C^′_{2m,m}(x) = 2x ( e^{x2} − 1 ) (2e^{x2} − 1) √ − ln (2e^{−x2} − e^{−2x2} ) . A direct verification shows that lim_{x→0} C^′_{2m,m}(x) = 0, lim_{x→+∞} C^′_{2m,m}(x) = 1, and C^′_{2m,m}(1) ≈ 1.08453, which means that C^′_{2m,m}(x) is not monotone, hence C_{2m,m} is neither convex nor concave. A more general statement about the non-comparability with respect to the convex transform order is stated later in Proposition 16.

NON COMPARABILITY WITH RESPECT TO THE CONVEX TRANSFORM ORDER 19

occurrences of θ = min(θ_i + θ_j, i ∈ I_3, j ∈ I_4). If N = M then the variables W and Z are not comparable with respect to the convex transform order. Proof : We have the following representations for the tail functions:

F_W (x) = ( 1 − ∏ i∈I_1

(1 − e^{−λix}) ) ( 1 − ∏ i∈I_2

(1 − e^{−λix}) ) = Ne^{−λx} + o(e^{−λx}) and F_Z (x) = ( 1 − ∏ i∈I_3

(1 − e^{−θix}) ) ( 1 − ∏ i∈I_4

(1 − e^{−θix}) ) = Me^{−θx} + o(e^{−θx}).

Both tail functions are of class ERPV(−∞), so, taking c =^λ_θ , it follows that lim x→+∞

F_W (x) F_Z (cx)

= lim_{x→+∞}

Ne^{−λx} Me^{−θcx} = N M = 1,

so, taking into account Theorems 31 and 15, the conclusion follows. Proposition 41. Let X_1, . . . , X_n be independent exponentially distributed random variables with hazard rates 0 < λ_1 ≤ · · · ≤ λ_n and Y_1, . . . , Y_n be exponentially distributed random variables with hazard rates 0 < θ_1 ≤ · · · ≤ θ_n such that their joint distribution is described by the F-G-M system

F_{Y1,...,Yn} (x_1, . . . , x_n) = n∏ i=1 (1 − e^{−θixi} ) ( 1 + ∑ 1≤i<j≤n

c_{ij}e^{−(θixi+θj xj )} )

where ∑ 1≤i<j≤k |cij| ≤ 1. Assuming that the number of occurrences of λ1 and

θ_1 is the same, then for any given integers m, k ≤ n, the random variables X_{k:k} and Y_{m:m} are not comparable with respect to the convex transform order. Proof : Observe that the distribution function F_k(x) of X_{k:k} is given by F_k(x) = ∏_k

i=1(1 − e^{−λix}), while the distribution function G_m(x) of Y_{m:m} is of the form G_m(x) =

∏_m i=1(1 − e^{−θix}) ( 1 + ∑ 1≤i<j≤m cije

−(θ_i+θ_j )x ) . The corresponding survival functions can be written as F_k(x) = Ne^{−λ1x} + o(e^{−λ1x}) and G_m(x) = Ne^{−θ1x} + o(e^{−θ1x}) and N is the number of occurrences of λ_1 and θ_1. Then, by choosing c =^{λ1}_{θ1} , we have that as x −→ ∞, the ratio^{F k(x)}_{Gm(cx)} tends to 1, proving the non-comparability of the two random variables with respect to the convex transform order.

18 I. ARAB, M. HADJIKYRIAKOU AND P.E. OLIVEIRA

Proposition 38. Let X_i ∼ GE(α_i, λ_i), i = 1, . . . , n, be independent with parameters α_i, λ_i > 0 and Y_i ∼ GE(β_i, θ_i), i = 1, . . . , n, be independent random variables with parameters β_i, θ_i > 0. Assume, without loss of generality, that both families of parameters are ordered increasingly. Given integers m, k ≤ n, if

∏_k ℓ=1 α_ℓ =

∏_m ℓ=1 β_ℓ, then the random variables X_{1:k} and Y_{1:m} are not comparable with respect to convex transform order.

Proof : The tail functions of X_{1:k} and Y_{1:m} are F_k(x) =

∏_k ℓ=1(1−(1−e^{−λℓx})^{αℓ} ) and G_m(x) =

∏_m

ℓ=1(1 − (1 − e^{−θℓx})^{βℓ} ), respectively. Expanding and taking into account that the parameters are ordered increasingly, it follows that for x large enough F_k(x) ≃

∏_k

ℓ=1 α_ℓe^{− ∑kj=1 λj x} and G_m(x) ≃

∏_m

ℓ=1 β_ℓe^{− ∑mj=1 θj x}.

Therefore, F_k, G_m ∈ ERPV(−∞), so, choosing c =

∑_k j=1 λ_j ∑_m j=1 θ_j lim x→+∞

F_k(x) G_m(cx) = ∏_k ℓ=1 α_ℓ ∏_m ℓ=1 β_ℓ

= 1,

consequently, taking into account Theorems 31 and 15, the conclusion follows.

Proposition 39. Take X_1, . . . , X_n and Y_1, . . . , Y_n as in Proposition 38. If α_1 = β_1, then the variables X_{k:k} and Y_{m:m} are not comparable with respect to convex transform order.

Proof : Just remark that, as x −→ +∞, F_k(x) = 1 −

∏_k

ℓ=1(1 − α_ℓe^{−λℓx}) = α_1e^{−λ1x} + o(e^{−λ1x}) and G_m(x) = 1 −

∏_m

ℓ_1 (1 − βℓe

−θ_ℓx) = β

1e^{−θ1x} + o(e^{−θ1x}) and choose c =^{λ1}_{θ1} .

Finally, we go back to the case of exponential components, but consider more complex models: first we look at the lifetime of a series system whose components are themselves parallel systems, and in the second model we consider a case where one of the vectors that are involved has an F-G-M joint distribution (see for example Kotz et al. [13]).

Proposition 40. Let X_1, . . . , X_n be independent exponentially distributed random variables with hazard rates λ_i > 0, while Y_1, . . . , Y_n are independent exponentially distributed random variables with hazard rates θ_j > 0. Let I_1, I_2, I_3, I_4 ⊂ {1, . . . , n} be sets of integers and define X_{(n1)} = max(X_i, i ∈ I_1), X_{(n2)} = max(X_j, j ∈ I_2), Y_{(m1)} = max(Y_i, i ∈ I_3), Y_{(m2)} = max(X_j, j ∈ I_4), and W = min(X_{(n1)}, X_{(n2)}), Z = min(Y_{(m1)}, Y_{(m2)}). Let N be the number of occurrences of λ = min(λ_i + λ_j , i ∈ I_1, j ∈ I_2) and M be the number of

NON COMPARABILITY WITH RESPECT TO THE CONVEX TRANSFORM ORDER 7

A convenient adaptation of a monotonicity result for families of functions depending on a single parameter provides another criterium for the star transform order.

First, recall the following monotonicity characterization.

Theorem 11 (Saunders and Moran [19]). Let F_α, where α is a real number, be a family of distribution functions. Then^{F −1α (x)}_{F −1α (y)} decreases (resp., increases) with respect to α, for each fixed x ≥ y, if and only if D(α, x) =^{F ′α(x)}_{xfα(x)} increases (resp., decreases) with respect to x, where F^′_α(x) =^∂_{∂α} F_α(x) and f_α(x) =^∂_{∂x} F_α(x).

Lemma 12. Let F_α, where α is a real number, be a family of distribution functions. Then F_α is increasing (resp., decreasing) in the star transform order with respect to α, (that is, if α_1 ≤ α_2 then F_{α1} ≤_∗ F_{α2} ) if and only if, with the notations of Theorem 11, D(α, x) =^{F ′α(x)}_{xfα(x)} is decreasing (resp., increasing) with respect to x.

Proof : Consider two real numbers α_1 ≤ α_2. If F_{α1} ≤_∗ F_{α2} , then, due to the increasingness of F^{−1}_{α1} , it follows that, for y ≤ x, we have F^{−1}_{α2} F^{−1}_{α1}

(y) ≤

F^{−1}_{α2} F^{−1}_{α1}

(x) ⇔

F^{−1}_{α2} (x) F^{−1}_{α2} (y) ≥ F^{−1}_{α1} (x) F^{−1}_{α1} (y) , which is equivalent to^{F −1α (x)}_F −1_{α (y)} being increasing with respect to α, hence, using Theorem 11, still equivalent to^{F ′α(x)}_{xfα(x)} being decreasing with respect to x.

The previous lemma enables a few more comparisons with respect to the star transform order. We present next an example showing that even with respect to the star transform order, the comparison between parallel systems may fail to hold.

Example 13. Let X_1, . . . , X_n be independent and identically distributed random variables with u-quadratic distribution with density f(x) =^3_{16}(x−2)^2I_{[0,4]}(x), and distribution function F (x) =^1_{16} ( (x − 2)^3 + 8) ) , for 0 ≤ x ≤ 4. Given distinct integers k and m to decide about the star transform order between X_{k:k} and X_{m:m}, according to Lemma 12, it is enough to look at the monotonicity with respect to x of D(α, x) =^{F ′α(x)}_{xfα(x)} , where F_α(x) = F^α(x) and F^′_α(x) =^∂_{∂α} F^α(x). Then D(α, x) =^{F (x) log(F (x))}_{xf(x)} and it is easy to check that,

8 I. ARAB, M. HADJIKYRIAKOU AND P.E. OLIVEIRA

for each α > 0 fixed, lim_{x→0} D(α, x) = −∞, lim_{x→2} D(α, x) = −∞, and D(α, 4) = 0, which means that D(α, x) is, for each α > 0 fixed, not monotone with respect to x, hence X_{k:k} and X_{m:m} are not comparable with respect to the star transform order. Of course, taking into account Remark 5, these variables are also not comparable with respect to the convex transform order.

We complete this section with some positive results about the comparison of parallel systems with respect to the star transform order applying Theorem 11. Recall that a nonnegative random variable is said to have the generalized exponential distribution, denoted by GE(α, λ) if its distribution function is F_X (x) = (1 − e^{−λx})^α, for x ≥ 0, where α, λ > 0 are the shape and scale parameters, respectively.

Proposition 14. Let X_1, . . . , X_n be independent random variables with GE(α, λ) distributions, and Y_1, . . . , Y_n be independent random variables with GE(α^∗, λ^∗) distributions.

(1) Given m > k, it holds that X_{m:m} ≤_∗ X_{k:k}.

(2) If α > α^∗ and λ = λ^∗, then for every n ≥ 1, X_{n:n} ≤_∗ Y_{n:n}. (3) If α = α^∗, then given integers m and k, X_{k:k} and X_{m:m} are equivalent with respect to the star transform order.

Proof : The proof reduces to identifying the function D(·, x) corresponding to the adequate parameter for the usage of Theorem 11, and verifying that it satisfies the appropriate monotonicity.

(1) For this case we take the parameter to be n, considering F_n(x) = F_{Xn:n} (x) = (1 − e^{−λx})^{αn} (α and λ are considered constant). Then

D(n, x) =

F^′_n(x) xf_n(x) = 1 nλ ( e^{λx} − 1 x ) log(1 − e^{−λx}) and ∂D ∂x (n, x) =

((λx − 1)e^{λx} + 1) log(1 − e^{−λx}) + λx x^2λn . Some elementary calculus arguments show that^{∂D}_{∂x} (n, x) > 0, for every x > 0, thus, taking into account Theorem 11, F_n(x) decreases in star transform order with respect to n, that is, for m > k, X_{m:m} ≤_∗ X_{k:k}.

(2) We now consider α as the parameter: F_α(x) = F_{Xn:n} (x) (n and λ constant). It is easily verified that F_α(x) decreases with respect to α, so the conclusion follows.

NON COMPARABILITY WITH RESPECT TO THE CONVEX TRANSFORM ORDER 17

Proof : Let F_k(x) = 1 −

∏_k ℓ=1(1 − e^{−λαℓ xα} ) and G_m(x) = 1 −

∏_m

ℓ=1(1 − e^{−θαℓ xα} ) be the tail functions of X_{k:k} and Y_{m:m}, respectively. Both tail functions are in the class ERPV(−∞). The corresponding densities are represented as f_k(x) = αx^{α−1} ( λ^α_1 e^{−λα1 xα} + P_k(x) ) and g_m(x) = αx^{α−1} ( θ^α_1 e^{−θα1 xα} + L_m(x) ) , where P_j(x) = o(e^{−λα1 xα} ) and L_m(x) = o(e^{−θα1 xα} ). Choosing now c =^{λ1}_{θ1} , it follows that lim x→+∞

f_k(x) cg_m(cx)

= lim_{x→+∞} λ^α_1 e^{−λα1 xα} + P_k(x) (cθ_1)^αe^{−(cθ1)αxα} + L_m(cx)

= 1,

hence G^{−1}_m (F_k(x)) is neither convex nor concave, thus, taking into account Corollary 33, X_{k:k} and Y_{m:m} are not comparable with respect to the convex transform order.

A similar non-comparability result also holds for parallel systems with Gamma distributed components with integer shape parameters. We need the following auxiliary lemma to handle this case.

Lemma 36. Assume X is Γ(α, 1) where α ≥ 2 is an integer. Then the tail function of X is F (x) = e^{−x} ( 1 + ∑_{α−1} ℓ=1 x^ℓ ℓ! ) . Proposition 37. Let X_1, . . . , X_n be independent random variables with Gamma distributions with integer shape parameters 0 < α_1 ≤ · · · ≤ α_n and scale parameters 0 < λ_1 < λ_2 ≤ · · · ≤ λ_n. Analogously, let Y_1, . . . , Y_n be independent random variables with Gamma distributions with integer shape parameters 0 < β_1 ≤ · · · ≤ β_n and scale parameters 0 < θ_1 < θ_2 ≤ · · · ≤ θ_n. Given integers m and k, if α_k = β_m and λ_k = θ_m, then X_{k:k} and Y_{m:m} are not comparable with respect to the convex transform order.

Proof : After identifying the distribution functions of X_{k:k} and Y_{m:m}, we may proceed as for the proof of Proposition 35. The distribution functions of X_{k:k} is given by F_k(x) =

∏_k ℓ=1 ( 1 − e^{−λℓx}P_{αℓ,λℓ} (x) ) , while the distribution function of Y_{m:m} is G_m(x) =

∏_m ℓ=1 ( 1 − e^{−θℓx}P_{βℓ,θℓ} (x) ) , where P_{a,b}(x) = 1 + ∑_{a−1} ℓ=1 b^ℓx^ℓ

ℓ! . One may now easily verify that both tail functions are in the class ERPV(−∞) and that, under assumptions on the parameters, the corresponding density functions satisfy lim_{x→+∞}^{fk(x)}_{gm(x)} = 1, so, taking into account Corollary 33, the conclusion follows.

16 I. ARAB, M. HADJIKYRIAKOU AND P.E. OLIVEIRA

(2) Choose now G(x) =^1_{x2+1} and F (x) = G(x + √ x), so F , G ∈ RV(−2).

Then, as for the previous case, we have that lim_{x→+∞}^{F (x)}_{G(x)} = 1 and lim x→+∞ ( G^{−1}(F (x)) − bx ) = lim_{x→+∞} ( (1 − b)x + √ x ) = { +∞, if b ≤ 1 −∞, if b > 1.

(3) Finally, an example showing that even under the assumption G ∈ RPV(−∞) the asymptotic approximation to a linear function may fail. Consider G(x) = e^{− log2(x+1)} and F (x) = G(x + log(x + 1)). It is easily verified that F , G ∈ RPV(−∞). Moreover, it may also be verified, by simple calculus, that lim_{x→+∞}^{F (x)}_{G(x)} = 1 and lim x→+∞ ( G^{−1}(F (x)) − bx ) = lim_{x→+∞} ((1 − b)x + log(x + 1)) = { +∞, if b ≤ 1 −∞, if b > 1.

The assumption in Theorem 31 deals with tail functions. A version with an assumption on density functions is immediate.

Corollary 33. Let X and Y be two exponentially rapidly varying random variables with corresponding densities f and g. If lim_{x→+∞}^{f(x)}_{cg(cx)} = 1, then X and Y are not comparable with respect to the convex transform order.

Example 34. The previous corollary provides an easy alternative proof for the result stated in Theorem 22. Indeed, with the notation introduced for the proof of Theorem 22, it follows easily, choosing again c =^{λ1}_{θ1} , that lim_{x→+∞}^{fk(x)}_{cgm(cx)} = 1, hence G^{−1}_m (F_k(x)) is neither convex nor concave.

6. Applications

In this section we present a few results about the non-comparability of parallel systems with components that have distributions other than the exponential.

Proposition 35. Let X_1, . . . , X_n be independent random variables with Weibull distributions with the same shape parameter α > 0 and scale parameters 0 < λ_1 < λ_2 ≤ · · · ≤ λ_n. Analogously, let Y_1, . . . , Y_n be independent random variables with Weibull distributions with the same shape parameter α and scale parameters 0 < θ_1 < θ_2 ≤ · · · ≤ θ_n. Then, for every integers m and k, X_{k:k} and Y_{m:m} are not comparable with respect to the convex transform order.

NON COMPARABILITY WITH RESPECT TO THE CONVEX TRANSFORM ORDER 9

(3) Considering n and α constant, it follows that D(λ, x) =^1_λ , meaning the X_{m:m} and X_{k:k} are equivalent with respect to the star transform order.

4. Non-comparability of parallel systems

The arguments used in Arab et al. [5] to prove the non-comparability of systems suggested we should look at the function V introduced in Theorem 4 as function of three variables (x, a, b), instead of the usual approach that fixed the choices for a and b, and then studied the sign variation with respect to x. The proof of Theorem 11 in Arab et al. [5] shows that exploring the general behaviour based on all the three variables provides the information needed for concluding the non-comparability of the parallel systems treated there. As a result of a few numerical simulations, this approach suggested that whenever F^{−1}_Y (F_X (x)) is asymptotically linear, then non-comparability should hold. In the sequel we prove this assertion, provide some applications to the comparability between parallel systems, and, in particular, respond negatively to the conjecture raised by Kochar and Xu [11] with a weaker assumption on the hazard rates for the distributions involved.

The next result provides simple characterization of non-convexity or nonconcavity.

Theorem 15. Let h be an increasing function defined on the positive real line such that h(0) = 0, and assume that there exist real numbers b and c such that lim_{x→+∞} ( h(x) − (bx + c) ) = 0.

(1) If c > 0, then h is not convex. (2) If c < 0, then h is not concave.

(3) If c = 0 and h(x) ≠ bx, then h is neither convex nor concave. Proof : As lim_{x→+∞} ( h(x) − (bx + c) ) = 0, it follows that lim_{x→+∞} h^′(x) = b.

Define now g(x) = h(x) − (bx + c). Assume c > 0 and that h is convex. Then, it follows that g is decreasing, which is impossible as g(0) = −c < 0 and lim_{x→+∞} g(x) = 0. Likewise, if we assume that c ≤ 0 and h is concave, then it follows that h is increasing, which is not compatible with the fact that g(0) = −c > 0 and lim_{x→+∞} g(x) = 0. Finally, if c = 0, then h cannot be monotonic as g(0) = 0 and lim_{x→+∞} g(x) = 0. Consequently, h^′ is not monotonic.

We may now complete the description of ordering relationship between the random variables considered in Proposition 9.

10 I. ARAB, M. HADJIKYRIAKOU AND P.E. OLIVEIRA

Proposition 16. Let X_1, . . . , X_n be independent and identically distributed Weibull random variables with distribution functions F (x) = 1 − e^{−xα} , for x ≥ 0, with α > 1. Given distinct integers m, k ≤ n, the random variables X_{k:k} and X_{m:m} are not comparable with respect to the convex transform order.

Proof : With the notation introduced in the course of the proof of Proposition 9, it follows that lim_{x→+∞} ( C_{k,m}(x) − x ) = 0. Therefore, according to Theorem 15, as C_{k,m} is obviously not linear, it is neither convex nor concave, so X_{k:k} and X_{m:m} are not comparable with respect to the convex transform order.

Remark 17. The limit lim_{x→+∞} ( C_{k,m}(x) − x ) = 0 mentioned above holds even if k and m are not integers. Consequently, the non comparability follows between random variables with exponentiated Weibull distributions (see Mudholkar and Srivastava [15] for properties and applications of this family of distributions).

Example 18. We now consider an extension of Proposition 9. Let X_1, . . . , X_n be independent and identically distributed Weibull random variables with shape parameter α > 0 and scale parameter λ > 0. Given integers m, k ≤ n, consider the random variables X_{m:m} and X_{1:k}. Denoting by F_m the distribution function of X_{m:m}, as before, and by G_k the distribution function of X_{1:k} we may compute explicitly

F^{−1}_m (G_k(x)) = 1 λ ( − ln ( 1 − ( 1 − e^−(^{λk1/αx})^α

) 1_m ))^1_α , and verify that lim_{x→+∞} ( F^{−1}_m (G_k(x)) − λk^{1/α}x ) = 0. Therefore, according to Theorem 15, X_{m:m} and X_{1:k} are not comparable with respect to the convex transform order.

Using Theorem 15 to conclude about the non-comparability of random variables X and Y requires being able to characterize the asymptotic behaviour of F^{−1}_Y (F_X (x)). These functions are often not available, so it is preferable to have a criterium based on the comparison of the density functions.

Theorem 19. Let F and G be distribution functions of class F with densities f and g, respectively. Assume there exists c > 0 such that

∀ε > 0, ∃A > 0, x ≥ A ⇒ cg(cx + ε) ≤ f(x) ≤ cg(cx − ε). (1)

Then G^{−1}(F (x)) is neither convex nor concave or else G^{−1}(F (x)) = cx.

NON COMPARABILITY WITH RESPECT TO THE CONVEX TRANSFORM ORDER 15

Proof : Assume that lim_{x→+∞} ( G^{−1}(F (x)) − cx ) ≠ 0. Then, for x large enough, we may write G^{−1}(F (x)) = cx + a(x), where lim_{x→+∞} a(x) ≠ 0. We consider the three following cases:

(1) lim_{x→+∞}^{a(x)}_x = 0. In this case, as G ∈ ERPV(−∞), it follows that lim x→+∞

F (x) G(cx)

= lim_{x→+∞}

G(cx + a(x)) G(cx)

≠ 1,

as lim_{x→+∞}^{cx+a(x)}_{cx} = 1 and lim_{x→+∞}(cx+a(x)−cx) = lim_{x→+∞} a(x) ≠ 0. (2) lim_{x→+∞}^{a(x)}_x = b_1 > 0. Then lim_{x→+∞}^{cx+a(x)}_{cx} =^{c+b1}_c , and, taking into account Theorem 28, it follows that lim x→+∞

F (x) G(cx)

= lim_{x→+∞}

G(cx + a(x)) G(cx) = { +∞, if b_1 < 0 0, if b_1 > 0

(3) lim_{x→+∞}^{a(x)}_x = +∞. In this case we have lim_{x→+∞}^{cx+a(x)}_{cx} = +∞, and, taking again into account Theorem 28, it follows that lim x→+∞

F (x) G(cx)

= lim_{x→+∞}

G(cx + a(x)) G(cx)

= 0.

Remark 32. The assumption G ∈ ERPV(−∞) is only used to prove the first case in the proof of Theorem 31. However, we cannot relax this assumption to any of the larger classes introduced above. Indeed, it follows from Lemma 26 and Corollary 27, that if G ∈ RV(α), for any real α, and F (x) = G(x + a(x)) where lim_{x→+∞}^{a(x)}_x = 0 and lim_{x→+∞} a(x) ≠ 0, then we will have lim_{x→+∞}^{F (x)}_{G(x)} = 1 and lim_{x→+∞} ( G^{−1}(F (x)) − bx ) ≠ 0 for every b > 0.

We exhibit next a few concrete examples of the above, and also showing that if we assume only that G ∈ RPV(−∞) the conclusion of Theorem 31 may fail:

(1) Take G(x) =^1_{ln(x+1)+1} and F_d(x) = G(dx + √ x). Then both tails are

slowly varying and it is easy to verify that lim_{x→+∞}^{F (x)}_{G(x)} = 1 and lim x→+∞ ( G^{−1}(F_d(x)) − bx ) = lim_{x→+∞} ( (d − b)x + √ x ) = { +∞, if d ≥ b −∞, if d < b.

14 I. ARAB, M. HADJIKYRIAKOU AND P.E. OLIVEIRA

Corollary 27. Let f ∈ RV(α), a(x) be such that lim_{x→+∞}^{a(x)}_x = 0, and b, c > 0. Then lim x→+∞

f(bx + a(x)) f(cx) = ( b c )_α

where α is the index of regular variation of f and lim_{x→+∞}^{a(x)}_x = 0. Proof : As f ∈ RV(α), there exists a slowly varying function L(x) such that f(x) = x^αL(x), so the conclusion follows immediately from the definition of slow variation and Lemma 26.

Theorem 28. Let f ∈ RPV(+∞) be monotone, and assume ϕ and ψ real functions such that lim inf_{x→+∞}^{ϕ(x)}_{ψ(x)} > 1 and lim_{x→+∞} ψ(x) = +∞. Then lim_{x→+∞}^{f(ϕ(x))}_{f(ψ(x))} = +∞.

Proof : For every ε > 0, and for x large enough we have that (1 − ε)ψ(x) ≤ ϕ(x) ≤ (1 + ε)ψ(x). The conclusion follows immediately using the monotonicity of f.

In order to prove non-comparability results with respect to the convex transform order, assuming the tail functions are of class RPV(−∞) seems not enough (see Remark 32 below for some counterexamples). We need to introduce a suitable subclass of functions.

Definition 29. A measurable function f : (0, ∞) −→ (0, ∞) is said to be exponentially rapidly varying of index +∞, denoted f ∈ ERPV(+∞), if f ∈ RPV(+∞) and verifies ( lim x→+∞

ϕ(x) x = 1, and lim_{x→+∞} ϕ(x) − x ≠ 0 ) ⇒ lim_{x→+∞} f(ϕ(x)) f(x)

≠ 1.

The function f is said to be exponentially rapidly varying of index −∞, denoted f ∈ RPV(−∞), if^1_f ∈ ERPV(+∞).

As before, the random variable X, with tail function F_X , is said exponentially rapidly varying if F_X ∈ ERPV(−∞).

Remark 30. The inclusion ERPV(+∞) ⊂ RPV(+∞) is strict: it is easily verified that f(x) = e^{log2(x+1)} is in the class RPV(+∞), but f ∉ ERPV(+∞). Theorem 31. Let F , G ∈ ERPV(−∞) be two tail functions. If there exists c > 0, such that lim_{x→+∞}^{F (x)}_{G(cx)} = 1 then, lim_{x→+∞}(G^{−1}(F (x)) − cx) = 0.

NON COMPARABILITY WITH RESPECT TO THE CONVEX TRANSFORM ORDER 11

Proof : Assume (1) holds, choose an arbitrary ε > 0, and define

H_1(x) = F (x) − G(cx + ε), and H_2(x) = F (x) − G(cx − ε).

As lim_{x→+∞} H_1(x) = 0 and H^′_1(x) = f(x) − cg(cx + ε) ≥ 0, for every x ≥ A, it follows that F (x) ≤ G(cx + ε). Analogously, using now H_2, it also follows that G(cx − ε) ≤ F (x). Consequently, when x ≥ A, we have that G(cx−ε) ≤ F (x) ≤ G(cx+ε), which implies | |G−1(F (x)) − cx | | ≤ ε, therefore, lim_{x→+∞} ( G^{−1}(F (x)) − cx ) = 0. Taking now into account Theorem 15, the conclusion follows.

As mentioned earlier, Arab et al. [5] proved that parallel systems with two components with exponentially distributed lifetimes are not comparable with respect to the convex transform order. As suggested by the conjecture by Kochar and Xu [11], the hazard rates must satisfy a specific relation. We recall here the complete result.

Proposition 20 (Theorem 11 in Arab et al. [5]). Let X_1, X_2, Y_1 and Y_2 be exponential random variables with hazard rates λ_1, λ_2, θ_1 and θ_2 satisfying, 0 < λ_1 < λ_2, 0 < θ_1 < θ_2, λ_1 < θ_1 and λ_1 + λ_2 = θ_1 + θ_2, and assume X_1 is independent from X_2 and Y_1 is independent from Y_2. Then the variables X_{2:2} = max(X_1, X_2) and Y_{2:2} = max(Y_1, Y_2) are not comparable with respect to the convex transform order.

Remark 21. Using the fact that the convex transform order is invariant with respect to the multiplication of the random variables by constants, it is easily seen that the conclusion in Proposition 20 still holds when (i) the hazard rates of X_1 and X_2 are 1 and λ ≠ 1, respectively, and the hazard rates of Y_1 and Y_2 are 1 and θ ≠ 1, respectively, assuming that λ ≠ θ, or (ii) the hazard rates of X_1 and X_2 are λ_1 and λ_2, respectively, and the hazard rates of Y_1 and Y_2 are θ_1 and θ_2, respectively, assuming that^{λ2}_{λ1} ≥^{θ2}_{θ1} . Hence, the negative answer to the validity of the Kochar and Xu [11] conjecture proved by Arab et al. [5] holds for a broader choice of parameters than described in Proposition 20. However, the proof given in [5] only applies to parallel systems with two components in each system. Using Theorem 19, we may prove a more general non-comparability result.

Theorem 22. Let X_1, . . . , X_n be independent exponential random variables with hazard rates λ_1 < λ_2 ≤ λ_3 ≤ · · · ≤ λ_n, and Y_1, . . . , Y_n be independent exponential random variables with hazard rates θ_1 < θ_2 ≤ θ_3 ≤ · · · ≤ θ_n.

12 I. ARAB, M. HADJIKYRIAKOU AND P.E. OLIVEIRA

Then, for every integers m and k, X_{k:k} and Y_{m:m} are not comparable with respect to the convex transform order.

Proof : Denote by F_k(x) =

∏_k

ℓ=1(1 − e^{−λℓx}) and G_m(x) =

∏_m ℓ=1(1 − e^{−θℓx}) the distribution functions of X_{k:k} and Y_{m:m}, respectively. The corresponding density functions satisfy f_k(x) = λ_1e^{−λ1x}+P_k(x) and g_m(x) = θ_1e^{−θ1x}+L_m(x), where P_k(x) = o(e^{−λ1x}) and L_m(x) = o(e^{−θ1x}). Therefore, choosing c =^{λ1}_{θ1} , the densities f_k and g_m satisfy (1). As G^{−1}_m (F_k(x)) is obviously not linear it follows, taking into account Theorem 19, that G^{−1}_m (F_k(x)) is neither convex nor concave, thus concluding the proof.

5. Rapid variation and non-comparability

Although distribution functions, or the corresponding tail functions, are often not available, in some cases it is still possible to compare their behaviour at infinity. This idea is already present in Theorem 19 but the way it is expressed may be inconvenient. An example would be taking the components of the parallel system to have lifetimes that are Gamma distributed. In this section we will prove that, for suitable fast decreasing tails, we may provide alternative criteria for the non-comparability with respect to the convex transform order only based on the comparison of decreasing rates of the tail functions. We start by some definitions and preliminary results concerning the characterization of the decrease rates.

Definition 23. A measurable function f : (0, ∞) −→ (0, ∞) is said to be regularly varying of index α ∈ R, denoted f ∈ RV(α), if

∀λ > 0, lim_{x→+∞} f(λx) f(x)

= λ^α.

If α = 0, then f is said to be slowly varying. Moreover, the function f is said to be rapidly varying of index +∞, denoted f ∈ RPV(+∞), if lim x→+∞

f(λx) f(x) = { +∞, if λ > 1 0, if λ < 1

Finally, f is said to be rapidly varying of index −∞, denoted f ∈ RPV(−∞) if^1_f ∈ RPV(+∞)

Note that if f is regularly varying and decreasing, then its index of variation is negative. Next, we introduce similar notions for random variables, referring to the behaviour of the corresponding tail functions.

NON COMPARABILITY WITH RESPECT TO THE CONVEX TRANSFORM ORDER 13

Definition 24. A nonnegative random variable X, with tail function F_X is said to be regularly, slowly or rapidly varying if F_X is regularly, slowly or rapidly varying, respectively.

The theory of regularly or rapidly varying functions is well established, so we quote here the general characterization of such functions and refer the reader to, for example, Bingham et al. [7].

Theorem 25 (Karamata’s Theorem). A positive function f is slowly varying if and only if there exists B > 0, such that for every x ≥ B, f can be written in the form f(x) = η(x) exp (∫_x B ϵ(t) t dt ) (2) where η(x) > 0 is a measurable function such that lim_{x→+∞} η(x) is finite and positive and ϵ(x) is a measurable function such that lim_{x→+∞} ϵ(x) = 0.

Next, we present some simple results useful in the sequel.

Lemma 26. Let f be a slowly varying and a(x) be such that lim_{x→+∞}^{a(x)}_x = 0. Then for every λ > 0 we have lim x→+∞

f(λx + a(x)) f(x)

= 1.

Proof : Using Karamata’s Theorem, we have that lim x→+∞

f(λx + a(x)) f(x)

= lim_{x→+∞} η(λx + a(x)) η(x) exp (∫_{λx+a(x)} B ϵ(t) t dt −

∫_x B ϵ(t) t dt ) . To prove the result, it is enough to prove that the argument of the exponential above goes to zero when x −→ +∞. As lim_{x→+∞} ϵ(x) = 0, given any δ > 0, there exists A > 0 such that for every x > A, |ϵ(x)| < δ. Hence

T (x) = | | | | ∫_{λx+a(x)} B ϵ(t) t dt −

∫_x B ϵ(t) t dt | | | | ≤ δ ∫ I 1 t dt, (3)

where I = [x, λx + a(x)] if λ > 1, and [λx + a(x), x] if λ ≤ 1. Now, if λ > 1, it follows that T (x) ≤ δ log^{λx+a(x)}_x , so lim_{x→+∞} T (x) ≤ δ log λ. If we now assume that λ ≤ 1, it follows that, for x large enough, T (x) ≤ δ log^x_{λx+a(x)} , hence lim_{x→+∞} T (x) ≤ δ log^1_λ . As δ > 0 is arbitrary, it follows that lim_{x→+∞} T (x) = 0, so the proof is concluded.