16 H. ALBUQUERQUE AND J. BROX

[10] A.M. Encinas, M.J. Jiménez. Explicit inverse of a tridiagonal (p,r)-Toeplitz matrix. Linear Algebra Appl. 542 (2018), 402–421. doi:10.1016/j.laa.2017.06.010 [11] C.F. Fischer, R.A. Usmani. Properties of some tridiagonal matrices and their application to boundary value problems. SIAM J. Numer. Anal. 6 (1969), 127–142. doi:10.1137/0706014 [12] C.M. da Fonseca, V. Kowalenko, L. Losonczi. Ninety years of k-tridiagonal matrices. Studia Sci. Math. Hung. 57 (2020), 298–311. doi:10.1556/012.2020.57.3.1466 [13] C.M. da Fonseca, J. Petronilho. Explicit inverses of some tridiagonal matrices. Linear Algebra Appl. 325 (1-3) (2001), 7–21. doi:10.1016/S0024-3795(00)00289-5 [14] C.M. da Fonseca, J. Petronilho. Explicit inverse of a tridiagonal k-Toeplitz matrix. Numer.

Math. 100(3) (2005), 457–482. doi:10.1007/s00211-005-0596-3 [15] M.J.C. Gover. The eigenproblem of a tridiagonal 2-Toeplitz matrix. Linear Algebra Appl.

197/198 (1994), 63–78. doi:10.1016/0024-3795(94)90481-2 [16] L. Lu, W. Sun. The minimal eigenvalues of a class of block-tridiagonal matrices. IEEE Trans.

Inform. Theory 43(2) (1997), 787–791. doi:10.1109/18.556141 [17] R.K. Mallik. The inverse of a tridiagonal matrix. Linear Algebra Appl. 325(1-3) (2001), 109– 139. doi:10.1016/S0024-3795(00)00262-7 [18] F. Marcellán, J. Petronilho. Eigenproblems for tridiagonal 2-Toeplitz matrices and quadratic polynomial mappings. Linear Algebra Appl. 260 (1997), 169–208. doi:10.1016/S0024-3795(97)80009-2 [19] F. Marcellán, J. Petronilho. Orthogonal polynomials and cubic polynomial mappings (I). Commun. Anal. Theory Contin. Fract. 8 (2000), 88–116.

[20] R.M.M. Mattheij, M.D. Smooke. Estimates for the inverse of tridiagonal matrices arising in boundary-value problems. Linear Algebra Appl. 73 (1986), 33–57. doi:10.1016/0024-3795(86)90232-6 [21] G. Meurant. A review on the inverse of symmetric tridiagonal and block tridiagonal matrices.

SIAM J. Matrix Anal. Appl. 13(3) (1992), 707–728. doi:10.1137/0613045 [22] J. Wittenburg. Inverses of tridiagonal Toeplitz and periodic matrices with applications to mechanics. J. Appl. Math. Mech. 62(4) (1998), 575–587. doi:10.1016/S0021-8928(98)00074-4 [23] T. Yamamoto. Inversion formulas for tridiagonal matrices with applications to boundary value problems. Numer. Funct. Anal. Optim. 22(3-4) (2001), 357–385. doi:10.1081/NFA-100105108

Helena Albuquerque University of Coimbra, CMUC, Department of Mathematics, 3001-501 Coimbra, Portugal E-mail address: lena@mat.uc.pt

Jose Brox^∗ University of Coimbra, CMUC, Department of Mathematics, 3001-501 Coimbra, Portugal E-mail address, *corresponding author: josebrox@mat.uc.pt

Pré-Publicações do Departamento de Matemática Universidade de Coimbra Preprint Number 21–20

THE INVERSE OF A TRIDIAGONAL k-TOEPLITZ MATRIX

HELENA ALBUQUERQUE AND JOSE BROX^∗

Abstract: A square matrix is k-Toeplitz if its diagonals are periodic sequences of period k. We find rational formulas for the determinant, the characteristic polynomial, and the elements of the inverse of a tridiagonal k-Toeplitz matrix (in particular, of any tridiagonal matrix) over any commutative unital ring, using only elementary linear algebra.

Keywords: Tridiagonal k-Toeplitz matrix, determinant, inverse, characteristic polynomial, closed-form formulas.

Math. Subject Classification (2000): 15A09, 15A15, 15A18, 65F50, 68W30, 15B05, 47B36, 47B35, 39A06.

1. Introduction

Given a commutative unital ring K, a matrix A ∈ M_n(K) is tridiagonal k-Toeplitz if it is tridiagonal and the entries along the main diagonal and its adjacent diagonals are periodic sequences of period k, so that it has the form

A = a_1 b_1 c_1 ... ...

... a_k b_k

c_k a_1 b_1 c_1 ... ...

... a_k b_k

c_k a_1 b_1 c_1 ... ... ...

.

Tridiagonal matrices appear frequently in many areas of pure and applied mathematics (see [21]); consequently, tridiagonal k-Toeplitz matrices appear in those contexts when some periodicity of the studied problem or physical system

Received June 24, 2021.

This work was partially supported by the Centre for Mathematics of the University of Coimbra - UIDB/00324/2020, funded by the Portuguese Government through FCT/MCTES. The second author was supported by the Portuguese Government through the FCT grant SFRH/BPD/118665/2016. 1

2 H. ALBUQUERQUE AND J. BROX

is assumed. For example, they appear in the discretization of elliptic or parabolic partial differential equations by finite difference methods ([11, 20, 23]), in classical mechanics ([22]), in chain models of quantum physics ([4]), in sound propagation theory ([6, 7]), in telecommunication system analysis ([16]), and in circuit models of wireless power transfer arrays ([1–3]). Thus the eigenvalues or the inverse of the associated matrix can be invoked to solve these problems. The case of a general complex tridiagonal matrix has been independently studied and solved many times since Egerváry and Szász’s paper [9] of 1928, through different methods yielding more or less explicit formulas (see [12]). In particular, Mallik in [17] gave rational formulas for the elements of the inverse of a (nonsingular) complex tridiagonal matrix through the solution of a second-order linear inhomogeneous difference equation with variable coefficients.

The eigenproblem of a complex tridiagonal k-Toeplitz matrix was studied in small cases by Gover, and Marcellán and Petronilho ([15, 18, 19]), and a solution for the general case was given by da Fonseca and Petronilho ([14]) using tools from the theory of orthogonal polynomials. In the same paper [14] from 2005, formulas were given for the elements of the inverse of a complex tridiagonal k-Toeplitz matrix (small cases having been considered previously in [13]). These formulas are not completely in closed form, in the sense that they depend on polynomial maps of determinants that must be computed in each case. Encinas and Jiménez in 2018 ([10]), in the slightly more general context of tridiagonal (k, r)-Toeplitz matrices (see [5]), and through an elaborate use of the discrete Schrödinger operator and the Chebyshev functions, provided closed-form formulas for the elements of the inverse of a real tridiagonal k-Toeplitz matrix in the special case in which the period k divides the order n of the matrix. Actually, Wittenburg in [22, Section 4] already in 1998 produced rational formulas for the elements of the inverse of a complex tridiagonal k-Toeplitz matrix, although relating them to determinants of tridiagonal matrices of order less than k, which he did not compute explicitly. Wittenburg computes the inverse from the adjugate matrix, relates the cofactors to some determinants, and then solves, with some effort, an associated linear difference equation through the roots of an associated polynomial. He needs to study two cases separately (the defective and nondefective cases, say), depending on the multiplicity of the roots.

The second author, in [1], devised an elementary linear algebra algorithm to compute the elements of the inverse of a complex k-Toeplitz matrix with equal

THE INVERSE OF A TRIDIAGONAL k-TOEPLITZ MATRIX 15

The (4, 5)th element m_{45} of the inverse of T_n(a; b; c) is

m_{45} = − 4∏ p=4 b_p

D_3(a; d)D_{n−5}(σ_5(a); σ_5(d)) D_n(a; d) . We compute

b_4 = b_1 = 2, c_4 = c_1 = 3, d = −60

D_3(a, d) = α^{a,d}(k, k) = 16, D_n(a, d) = 7912 σ_5 = σ_2 ⇒ σ_5(a_1, a_2, a_3) = (a_3, a_1, a_2), σ_5(d_1, d_2, d_3) = (d_3, d_1, d_2)

n = 5 ⇒ m = 1, r = 2, s(1) = 1, s(0) = 0, β^{σ5(a),σ5(d)}(k, k) = 10

α^{σ5(a),σ5(d)}(k, k) = 6, α^{σ5(a),σ5(d)}(k − 1, k) = α^{σ5(a),σ5(d)}(r, k) = −2

D_5(σ_5(a), σ_5(d)) = 1 · (6 · (−2) + (−2) · 10) − (−60) · 0 · (−2) = −32

to get m_{45} = −2

16 · (−32) 7912

= 128/989. In addition m_{54} = c_4 b_4 m_{45} = 192/989.

References

[1] J. Alberto, J. Brox. Inverses of k-Toeplitz matrices with applications to resonator arrays with multiple receivers. Appl. Math. Comput. 377(125185) (2020), 14 pp. doi:10.1016/j.amc.2020.125185 [2] J. Alberto, U. Reggiani, L. Sandrolini, H. Albuquerque. Fast calculation and analysis of the equivalent impedance of a wireless power transfer system using an array of magnetically coupled resonators. PIER B 80 (2018), 101–112. doi:10.2528/PIERB18011704 [3] J. Alberto, U. Reggiani, L. Sandrolini, H Albuquerque. Accurate calculation of the power transfer and efficiency in resonator arrays for inductive power transfer. PIER B 83 (2019), 61–76. doi:10.2528/PIERB18120406 [4] R. Álvarez-Nodarse, J. Petronilho, N.R. Quintero. On some tridiagonal k-Toeplitz matrices:

algebraic and analytical aspects. Applications. J. Computat. Appl. Math. 184(2) (2005), 518– 537. doi:10.1016/j.cam.2005.01.025 [5] M. Anđelić, C.M. da Fonseca. Some comments on tridiagonal (p, r)-Toeplitz matrices. Linear Algebra Appl. 572 (2019), 46–50. doi:10.1016/j.laa.2019.03.001 [6] S.N. Chandler-Wilde, M.J.C. Gover. On the application of a generalization of Toeplitz matrices to the numerical solution of integral equations with weakly singular convolution kernels. IMA J. Numer. Anal. 9(4) (1989), 525–544. doi:10.1093/imanum/9.4.525 [7] S.N. Chandler-Wilde, M.J.C. Gover, D.C. Hothersah. Sound propagation over inhomogeneous boundaries. In: Inter-Noise 86, Cambridge, Mass. (1986), 377–382.

[8] D.A. Cox. Galois theory (second edition), Pure and Applied Mathematics (Hoboken), John Wiley & Sons, Inc., Hoboken, NJ, 2012. doi:10.1002/9781118218457 [9] E. Egerváry, O. Szász. Einige Extremalprobleme im Bereiche der trigonometrischen Polynome.

Math. Z. 27(1) (1928), 641–652. doi:10.1007/BF01171120

14 H. ALBUQUERQUE AND J. BROX

computations being that the factor

∏_{j−1} p=i b_p appearing for m_{ij} is substituted by the factor

∏_{j−1} p=i c_p for m_{ji}.

To conclude we provide an example of computation of the determinant, the characteristic polynomial, and an element of the inverse, of an specific tridiagonal k-Toeplitz matrix.

Example 2.15. Pick n := 10, k := 3, a_1 := 1, a_2 := 0, a_3 := −1, b_1 := 2, b_2 := 5, b_3 := 1, c_1 := 3, c_2 := −2, c_3 := 1 ∈ Q and consider T_n(a; b; c). To find its determinant we compute

d_1 = −b_1c_1 = −6, d_2 = 10, d_3 = −1, d = (−1)^kd_1d_2d_3 = −60 π(k, k) = x_1x_2x_3 + y_1x_3 + x_1y_2 + x_2y_3, π^{a,d}(k, k) = 16 n = 3 · k + 1 ⇒ m = 3, r = 1 s_m(x, y) = x^2 − y, s_{m−1}(x, y) = x s(m) = s_m(π^{a,d}(k, k), d) = 316, s(m − 1) = s_{m−1}(π^{a,d}(k, k), d) = 16 α(k, k) = x_1x_2x_3 + y_1x_3 + x_1y_2, α(k − 1, k) = x_1x_2 + y_1, α(r, k) = x_1 α^{a,d}(k, k) = 16, α^{a,d}(k − 1, k) = −6, α^{a,d}(r, k) = 1 β(r + 1, k) = y_3, β^{a,d}(r + 1, k) = −1.

Then det(T_n(a; b; c)) is s(m)(α^{a,d}(k, k)α^{a,d}(r, k)+α^{a,d}(k−1, k)β^{a,d}(r+1, k))−ds(m−1)α^{a,d}(r, k) = 7912. The characteristic polynomial of T_n(a; b; c) is det(T_n(X − a; b; c)), so we compute α^{X−a,d}(k, k) = (X − 1)X(X + 1) − 6(X + 1) + 10(X − 1) = X^3 + 3X − 16 α^{X−a,d}(k − 1, k) = (X − 1)X − 6 = X^2 − X − 6, α^{X−a,d}(r, k) = X − 1 π^{X−a,d}(k, k) = X^3 + 3X − 16 − X = X^3 + 2X − 16, β^{X−a,d}(r + 1, k) = −1 s(m) = s_m(π^{X−a,d}(k, k), d) = (X^3 + 2X − 16)^2 + 60 = = X^6 + 4X^4 − 32X^3 + 4X^2 − 64X + 316 s(m − 1) = s_{m−1}(π^{X−a,d}(k, k), d) = X^3 + 2X − 16 to get X^{10}−X^9+6X^8−54X^7+66X^6−204X^5+1112X^4−1280X^3+1992X^2−8176X+7912.

THE INVERSE OF A TRIDIAGONAL k-TOEPLITZ MATRIX 3

and constant upper and lower diagonals in the nondefective case, yielding rational formulas; with this algorithm the elements of the inverse are written as a product of determinants of tridiagonal k-Toeplitz matrices, but those determinants need to be computed a posteriori for each k, which the algorithm does through the diagonalization of an associated 2 × 2 matrix. In this paper we generalize said method to give actual closed-form, rational formulas for the determinant, the characteristic polynomial and the entries of the inverse of any tridiagonal k-Toeplitz matrix over any commutative unital ring, using only elementary linear algebra arguments, which in our opinion are the simplest to date.

In the first place we give an explicit polynomial formula for the determinant by generalizing the formulas from Mallik ([17]). This we achieve by solving a second-order linear difference equation with variable periodic coefficients (which appears from applying Laplace’s expansion twice) by writing it as a 2 × 2 matrix difference equation and applying recursion, and then applying induction to prove the correctness of the associated polynomial formulas. Implicitly, we are actually computing the determinant of a generic tridiagonal k-Toeplitz matrix and then evaluating it into the commutative unital ring. The characteristic polynomial arises as a special case of the determinant of a tridiagonal k-Toeplitz matrix. Finally, the elements of the inverse are computed from the adjugate matrix: the submatrix associated to a cofactor is block-triangular with three diagonal blocks, the middle one triangular, the two in the extremes again tridiagonal k-Toeplitz matrices, allowing to write the cofactor from the product of their determinants, which we already know how to compute. In this last part our ideas are close to that of Wittenburg ([22]). We finish the paper with an example implementing the results.

2. Determinant, characteristic polynomial, and inverse

Let us quickly establish some conventions. Throughout this paper let K be any commutative unital ring. For us 0 ∈ N, N^∗ := N \ {0}, an empty summation yields 0 and an empty product yields 1. The notation ⌊ · ⌋ stands for the floor function from Q to Z. The notation

(_i j ) with i, j ∈ N stands for the image of the corresponding binomial coefficient under the canonical homomorphism from Z to K, understanding

(_i j ) = 0 when i < j. For k ∈ N^∗, a := (a_1, . . . , a_k) describes a vector of K^k. For n ∈ N^∗, M_n(K) denotes the ring of square matrices of order n over K, I ∈ M_n(K) denotes the identity

4 H. ALBUQUERQUE AND J. BROX

matrix, and tr(A), det(A) respectively denote the trace and the determinant of A ∈ M_n(K).

Definition 2.1 (Tridiagonal k-Toeplitz matrix).

Given k, n ∈ N^∗ and a := (a_1, . . . , a_k), b := (b_1, . . . , b_k), c := (c_1, . . . , c_k) ∈ K^k, let T_n := T_n(a; b; c) ∈ M_n(K), T_n = (t_{ij})^n_{i,j=1},

be the tridiagonal matrix (t_{ij} := 0 for all i, j such that |i − j| ≥ 2) such that t_{ii} := a_i, t_{i,i+1} := b_i, t_{i+1,i} := c_i for 1 ≤ i ≤ k, and t_{i+k,j+k} := t_{ij} for 1 ≤ i, j ≤ n − k.

In Theorem 2.11 we are going to give a polynomial formula for the determinant of a tridiagonal k-Toeplitz matrix, which will be found by solving a 2 × 2 matrix difference equation. To do so we need a formula for the powers of a 2 × 2 matrix in terms of the original matrix:

Definition 2.2. Given t, d ∈ K and m ∈ N we define

s_m(t, d) :=

⌊(m−1)/2⌋ ∑ i=0 (−1)^i ( m − 1 − i i ) t^{m−1−2i}d^i.

Lemma 2.3. If A ∈ M_2(K) then, for all m ∈ N^∗,

A^m = s_m(tr(A), det(A))A − det(A)s_{m−1}(tr(A), det(A))I.

Proof : We proceed by induction. Denote

t := tr(A), d := det(A) and s_m := s_m(t, d).

The base case A = A is true since s_1 = 1, s_0 = 0. By the Cayley-Hamilton theorem A^2 = tA − dI, so if A^m = s_mA − ds_{m−1}I then

A^{m+1} = AA^m = s_mA^2 − ds_{m−1}A = (ts_m − ds_{m−1})A − ds_mI.

THE INVERSE OF A TRIDIAGONAL k-TOEPLITZ MATRIX 13 is m_{rs} :=

C_{sr} det(T_n)

(1),

where C_{sr} := (−1)^{r+s} det(A_{sr}) is the cofactor obtained from the submatrix A_{sr} of T_n formed by deleting the sth row and the rth column. Thus if T_n = (t_{ij})^n_{i,j=1} and A_{rs} = (a_{ij})^{n−1}_{i,j=1} we have

a_{ij} = t_{ij}, if i < r, j < s t_{i+1,j}, if i ≥ r, j < s t_{i,j+1}, if i < r, j ≥ s t_{i+1,j+1}, if i ≥ r, j ≥ s .

Since t_{ij} = 0 if |j − i| ≥ 2, this implies that A_{rs} is a block upper triangular matrix when r ≤ s and a block lower triangular matrix when r ≥ s, with three diagonal blocks. For ease of indexing, put a_i := a_{(i−1)%k+1} for i ∈ N^∗ and similarly with b_i, c_i. Then when r ≤ s we have

A_{rs} =

A_1 b_{r−1 rth row} c_r a_{r+1}

c_{r+1} ...

. . . b_s

sth col A2

where A_1, A_2 are again tridiagonal k-Toeplitz matrices, concretely A_1 = T_{r−1}(a; b; c), A_2 = T_{n−s}(σ_s(a); σ_s(b); σ_s(c)). Since the middle diagonal block A_c is upper triangular with main diagonal composed from the lower diagonal of T_n, its determinant is det(A_c) = c_rc_{r+1} · · · c_{s−1}. Analogously, when r ≥ s we get T_s(a; b; c), A_b, and T_{n−r}(σ_r(a); σ_r(b); σ_r(c)) as the diagonal blocks of A_{rs}, with A_b lower triangular with main diagonal composed from the upper diagonal of T_n and determinant det(A_b) = b_s · · · b_{r−1}. Thus, since the determinant of a block-triangular matrix is the product of the determinants of its diagonal blocks, we get

det(A_{rs}) = { c_r · · · c_{s−1} det(T_{r−1}(a; b; c)) det(T_{n−s}(σ_s(a); σ_s(b); σ_s(c)), if r ≤ s b_s · · · b_{r−1} det(T_{s−1}(a; b; c)) det(T_{n−r}(σ_r(a); σ_r(b); σ_r(c))) if s ≤ r . The result now follows from (1) and the application of Theorem 2.11.

Remark 2.14. Observe that the product of determinants appearing in the computation of the element m_{ij} of the inverse (with i < j, say) is the same as that appearing for its reflected element m_{ji}, the only difference in their

12 H. ALBUQUERQUE AND J. BROX

Observe that this formula gives D(k) = α^{a,d}(k, k) (for n = k), since in this case m = 1, r = 0, s(1) = 1, s(0) = 0, α^{a,d}(0, k) = 1, β^{a,d}(1, k) = 0, so the formula for n < k actually works also for n = k.

Remark 2.12 (Characteristic polynomial of a tridiagonal k-Toeplitz matrix). Since Theorem 2.11 gives an explicit formula for the determinant of any tridiagonal k-Toeplitz matrix T_n(a, b, c) over any commutative unital ring, it can also be used to explicitly compute the determinant of the tridiagonal k-Toeplitz matrix T_n(X − a, b, c), where X − a := (X − a_1, . . . , X − a_k) ∈ K[X]^k, which gives the characteristic polynomial of T_n(a, b, c).

The formula for the determinant in Theorem 2.11 allows also to compute any element of the inverse of a nonsingular tridiagonal k-Toeplitz matrix, since the submatrices giving rise to its cofactors turn out to be composed of diagonal blocks which are either triangular or again tridiagonal k-Toeplitz matrices.

Theorem 2.13 (Inverse of a tridiagonal k-Toeplitz matrix). Let K be any commutative unital ring. Given k ∈ N^∗ and a, b := (b_1, . . . , b_k), c := (c_1, . . . , c_k) ∈ K^k, put d_i := −b_ic_i for 1 ≤ i ≤ k and d := (d_1, . . . , d_k). Given n ∈ N, if n ≤ k denote D_n(a, d) := α^{a,d}(n, k), else write n = mk + r with r the remainder of n modulo k, put d := (−1)^kd_1 · · · d_k, denote s(i) := s_i(π^{a,d}(k, k), d) for i ∈ N and

D_n(a, d) :=

s(m)(α^{a,d}(k, k)α^{a,d}(r, k) + α^{a,d}(k − 1, k)β^{a,d}(r + 1, k)) − ds(m − 1)α^{a,d}(r, k).

Let S_k be the kth permutation group acting on K^k and for j ∈ N let σ_j ∈ S_k be the jth cyclic permutation to the left, so that σ_0(x_1, . . . , x_k) = (x_1, . . . , x_k), σ_1(x_1, . . . , x_k) = (x_2, . . . , x_k, x_1), σ_k = σ_0, etc. Let i%k denote the residue of i modulo k and put b_i := b_{(i−1)%k+1}, c_i := c_{(i−1)%k+1} for i ∈ N^∗. If D_n(a, d) is a unit of K then T_n(a; b; c) is invertible and the (i, j)th element m_{ij} of its inverse is given by

(−1)^{i+j} j−1∏ p=i b_p i−1∏ p=j c_p

D_{min(i,j)−1}(a; d)D_{n−max(i,j)}(σ_{max(i,j)}(a); σ_{max(i,j)}(d)) D_n(a; d) . Proof : Denote T_n := T_n(a; b; c) and suppose det(T_n) is a unit of K. We compute its inverse through its adjugate matrix, so that the (r, s)th element of T^{−1}_n

THE INVERSE OF A TRIDIAGONAL k-TOEPLITZ MATRIX 5 Now ts_m − ds_{m−1} = = ⌊(m−1)/2⌋ ∑ i=0 (−1)^i ( m − 1 − i i ) t^{m−2i}d^i +

⌊(m−2)/2⌋ ∑ i=0 (−1)^{i+1} ( m − 2 − i i ) t^{m−2−2i}d^{i+1} =

= t^m +

⌊(m−1)/2⌋ ∑ i=1 (−1)^i ( m − 1 − i i ) t^{m−2i}d^i +

⌊m/2⌋∑

i=1 (−1)^i ( m − 1 − i i − 1 ) t^{m−2i}d^i =

= t^m +

⌊m/2⌋∑

i=1 (−1)^i (( m − 1 − i i ) + ( m − 1 − i i − 1 )) t^{m−2i}d^i =

= ⌊m/2⌋∑

i=0 (−1)^i ( m − i i ) t^{m−2i}d^i = s_{m+1},

since ⌊(m − 1)/2⌋ = ⌊m/2⌋ when m is odd and

(_{m−1−⌊m/2⌋}

⌊m/2⌋ ) = 0 when m is even. Therefore A^{m+1} = s_{m+1}A − ds_mI, as we needed to show.

Remarks 2.4 (Powers through the eigenvalues). In this remark let K be a field.

(1) Given A ∈ M_2(K) we can also express s_m(tr(A), det(A)) in terms of its eigenvalues λ_1, λ_2 (may be equal) in an algebraic closure K of K. It is easy to show by induction that, for m ∈ N^∗,

s_m(tr(A), det(A)) = m−1∑ i=0 λ^i_1λ^{m−i−1}

2 . (A)

Thus by Lemma 2.3 (taking into account that det(A) = λ_1λ_2) we can express A^m in terms of the eigenvalues. This choice makes the formula dependent on the characteristic char(K) of the field: if char(K) ≠ 2, the eigenvalues of A ∈ M_2(K) can be found from the characteristic polynomial by the quadratic formula, but when char(K) = 2 the roots of X^2 +aX +b ∈ K[X] cannot be expressed by radicals when the polynomial is irreducible over K and a ≠ 0, and a different approach is taken (see e.g. [8, Exercise 2.4.6]).

6 H. ALBUQUERQUE AND J. BROX

(2) Formula (A) can be simplified as follows: if A is nondefective (λ_1 ≠ λ_2) then s_m(tr(A), det(A)) = λ^m_2 − λ^m_1 λ_2 − λ_1 , while if A is defective (λ_1 = λ_2 =: λ) then s_m(tr(A), det(A)) = mλ^{m−1}. Defectiveness is easy to detect: if char(K) = 2, the matrix A ∈ M_2(K) is defective if and only if tr(A) = 0, i.e., if and only if the characteristic polynomial is of the form X^2+det(A) (with only eigenvalue √ det(A) ∈ K).

If char(K) ≠ 2, by the quadratic formula the matrix is defective if and only if tr(A)^2 − 4 det(A) = 0 (with only eigenvalue tr(A)/2). In any case, the matrix A is defective if and only if tr(A)^2 − 4 det(A) = 0.

In case K is not a field, formula (A) still holds if λ_1, λ_2 are two eigenvalues in some overring K such that the characteristic polynomial of A equals (X − λ_1)(X − λ_2) in K[X], the simplification in the defective case can always be done, and the simplification in the nondefective case can be done when λ_2 − λ_1 is a unit of K.

In what follows we define the polynomials which will feature in the formula for the determinant. Informally speaking, given variables x_1, . . . , x_k and y_1, . . . , y_k, to build the polynomial p_{r,k}(i_1, . . . , i_m) we start with the product x_1 · · · x_r and then for each index i_j we substitute two consecutive x variables in the product, x_{ij} and x_{ij +1}, by the corresponding y variable y_{ij} (so a y variable “weights” like two x variables), even cyclically: x_r and x_1 can be substituted together, but with the caveat that they are not substituted by y_r, but by y_k. The indices are taken so that the consecutive substitutions they imply are indeed possible. Then the polynomial π(r, k) is the sum of all p_{r,k} polynomials for all possible indices, the polynomial α(r, k) is the sum of those p_{r,k} which do not have the variable y_k, and the polynomial β(r, k) is the sum of those p_{r,k} which do have the variable y_k .

Definitions 2.5. Given r ∈ Z we denote [r] := {1, . . . , r} if r ≥ 1, [r] := ∅ otherwise. For a finite set S ⊆ N^∗, by

(_S m ) 2 with m ∈ N^∗ we denote the set of all m-combinations of the set satisfying |s−t| ≥ 2 for all s, t ∈ S, and by

(_S m ) 2c the subset which applies this rule also cyclically, i.e., the subset of

(_S m ) 2 which excludes those combinations including both min(S) and max(S). For example ( [7] 3 ) 2c = {(1, 3, 5), (1, 3, 6), (1, 4, 6), (2, 4, 6), (2, 4, 7), (2, 5, 7), (3, 5, 7)}.

THE INVERSE OF A TRIDIAGONAL k-TOEPLITZ MATRIX 11

This shows the base case. Now assume that (3) is true for a fixed 1 ≤ r ≤ k−1. Then

A(r + 1) = A_{r+1}A(r) = ( a_{r+1} d_r 1 0 ) ( α^{a,d}(r, k) β^{a,d}(r + 1, k) α^{a,d}(r − 1, k) β^{a,d}(r, k) ) =

= ( a_{r+1}α^{a,d}(r, k) + d_rα^{a,d}(r − 1, k) a_{r+1}β^{a,d}(r + 1, k) + d_rβ^{a,d}(r, k) α^{a,d}(r, k) β^{a,d}(r + 1, k) ) =

= ( α^{a,d}(r + 1, k) β^{a,d}(r + 2, k)

α^{a,d}(r, k) β^{a,d}(r + 1, k) )

by Lemma 2.10, as we needed to show. Now, if m = 0 then by (2) we get ( D(n) D(n − 1) ) = A(r) ( 1 0 ) , so D(n) =

α^{a,d}(r, k) by (1). If m > 0 then again by (2), setting A(0) := I, we get ( D(n) D(n − 1) ) = A(r)A^m ( 1 0 ) , (4),

so D(n) equals the (1, 1)th element of A(r)A^m. Since by (3)

A = A(k) = ( α^{a,d}(k, k) β^{a,d}(k + 1, k) α^{a,d}(k − 1, k) β^{a,d}(k, k) ) , we get tr(A) = α^{a,d}(k, k) + β^{a,d}(k, k) = π^{a,d}(k, k). In addition we have det(A) =

∏_k

r=1 det(A_r) = (−1)^kd_1 · · · d_k =: d, thus by Lemma 2.3, if s(i) := s_i(π^{a,d}(k, k), d) then A^m = s(m)A − ds(m − 1)I, so the first column of A^m is ( s(m)α^{a,d}(k, k) − ds(m − 1) s(m)α^{a,d}(k − 1, k) ) . (5)

By (3), if r > 0 then the first row of A(r) is ( α^{a,d}(r, k) β^{a,d}(r + 1, k) ) , (6)

and the same holds for A(0) = I, since α^{a,d}(0, k) = 1, β^{a,d}(1, k) = 0. Using (5),(6) in (4) we finally get

D(n) = s(m)(α^{a,d}(k, k)α^{a,d}(r, k)+α^{a,d}(k−1, k)β^{a,d}(r+1, k))−ds(m−1)α^{a,d}(r, k).

10 H. ALBUQUERQUE AND J. BROX

Proof : Fixed k ∈ N^∗ and a := a_1, . . . , a_k, b := b_1, . . . , b_k, c := c_1, . . . , c_k ∈ K, for n ∈ N^∗ denote T_n := T_n(a; b; c) and D(n) := det(T_n), and denote also D(0) := 1. If n = 1 then D(n) = det((a_1)) = a_1. Suppose n ≥ 2 and write T_n = (t_{ij})^n_{i,j=1}. From Laplace expansion along the last column we see that D(n) = t_{nn}D(n − 1) − t_{n−1,n}D^′, with D^′ = t_{n,n−1}D(n − 2) by Laplace expansion along the last row of its associated submatrix (also true for n = 2 with D(0) = 1). If the residue of n modulo k is r, n = km + r, then t_{nn} = a_r, t_{n−1,n} = b_{r−1}, t_{n,n−1} = c_{r−1}, with a_0 := a_k, b_0 := b_k, c_0 := c_k. Therefore, putting d_i := −b_ic_i for 0 ≤ i ≤ k and d_{−1} := d_{k−1}, we get for D(n) the second-order linear difference equation with variable periodic coefficients

D(n) = a_rD(n − 1) + d_{r−1}D(n − 2) for n ≥ 2

or, written in matrix form, ( D(n) D(n − 1) ) = ( a_r d_{r−1} 1 0 ) ( D(n − 1) D(n − 2) ) . (1)

Define A_r := ( a_r d_{r−1} 1 0 ) for 0 ≤ r ≤ k (note A_0 = A_k), which has det(A_r) =

−d_{r−1}, and A := A_kA_{k−1} · · · A_1. Observe that we also have ( D(1) D(0) ) = ( a_1 1 ) = ( a_1 d_k 1 0 ) ( 1 0 ) = A_1 ( 1 0 ) . Therefore, by recursion on (1), for n = km + r we have ( D(n) D(n − 1) ) = A_rA_{r−1} · · · A_1 · A^m ( 1 0 ) , (2)

understanding A_r · · · A_1 = I when r = 0. Denote A(r) := A_r · · · A_1 for 1 ≤ r ≤ k (note A(k) = A) and d := (d_1, . . . , d_k). Let us show by induction on r that

A(r) = ( α^{a,d}(r, k) β^{a,d}(r + 1, k) α^{a,d}(r − 1, k) β^{a,d}(r, k) ) . (3)

From Definitions 2.5, in the ring Z[x_1, . . . , x_{k+1}, y_1, . . . , y_k] we compute β(2, k) = y_k, π(1, k) = x_1, β(1, k) = 0, α(1, k) = x_1, α(0, k) = 1, so ( α^{a,d}(1, k) β^{a,d}(2, k) α^{a,d}(0, k) β^{a,d}(1, k) ) = ( a_1 d_k 1 0 ) = A_1 = A(1).

THE INVERSE OF A TRIDIAGONAL k-TOEPLITZ MATRIX 7

We also denote

(_S 0 ) 2 := {0} and

(_S 0 ) 2c := {0} (even if S is empty). Given k, r ∈ N^∗ with r ≤ k +1 and considering the ring R := Z[x_1, . . . , x_k, x_{k+1}, y_1, . . . , y_k], we denote

x^′_i := x_i for 1 ≤ i ≤ r, x^′_{r+1} := x_1, y^′_i := y_i for 1 ≤ i < r, y^′_r := y_k,

and define the monomial of R (computed inside the ring Z(x_1, . . . , y_k))

p_{r,k}(i_1, . . . , i_m) := x_1 · · · x_r y^′_{i1} · · · y^′_{im} x^′_{i1} x^′_{i1+1} · · · x^′_{im} x^′_{im+1}

(2.6)

for (i_1, . . . , i_m) ∈

(_{[r]} m ) 2c with 1 ≤ m ≤ ⌊r/2⌋. With the same formula (2.6) and defining x^′_0 := 1, y^′_0 := x_1 we also extend the definition of p_{r,k}(i_1, . . . , i_m) to the case i_1 = 0, (i_2, . . . , i_m) ∈

(_{[r]} m−1 ) 2c (the second condition holding when m > 1). So we have

p_{r,k}(0) = x_1 · · · x_r, p_{r,k}(0, i) = p_{r,k}(i) for i ∈ ( [r] m ) 2c , m ≥ 1.

In addition we define p_{0,k}(0) := 1. For example,

p_{6,8}(3) = x_1x_2y_3x_5x_6, p_{6,8}(1, 5) = y_1x_3x_4y_5, p_{6,8}(6) = x_2x_3x_4x_5y_8, p_{6,6}(3, 6) = x_2y_3x_5y_6, p_{7,6}(3, 7) = x_2y_3x_5x_6y_6, p_{3,4}(0) = x_1x_2x_3, p_{3,4}(0, 3) = p_{3,4}(3) = x_2y_4.

Now, for fixed 0 ≤ r ≤ k we denote in R the sum of all the p_{r,k} by π(r, k),

π(r, k) :=

⌊r/2⌋∑

m=0 ∑ i∈(^{[r]}_m)_{2c} p_{r,k}(i), (2.7)

the sum of those p_{r,k} having degree 0 in y_k by α(r, k),

α(r, k) :=

⌊r/2⌋∑

m=0 ∑ i∈(^{[r−1]}_m )_2 p_{r,k}(i), (2.8)

8 H. ALBUQUERQUE AND J. BROX

and the sum of those p_{r,k} having degree 1 in y_k by β(r, k),

β(r, k) :=

⌊(r−2)/2⌋ ∑ m=0 ∑ i∈(^{[r−2]−{1}}_m )_2 p_{r,k}(i, r). (2.9)

We extend the definition to β(k + 1, k) through formula (2.9). Note that π(0, k) = 1, α(0, k) = 1, β(0, k) = 0 = β(1, k) and that, for 0 ≤ r ≤ k, π(r, k) = α(r, k) + β(r, k). For example we have π(4, 6) =x_1x_2x_3x_4 + y_1x_3x_4 + x_1y_2x_4 + x_1x_2y_3 + x_2x_3y_6 + y_1y_3 + y_2y_6, α(4, 6) =x_1x_2x_3x_4 + y_1x_3x_4 + x_1y_2x_4 + x_1x_2y_3 + y_1y_3, β(4, 6) = x_2x_3y_6 + y_2y_6, β(6, 5) =x_2x_3x_4x_5y_5 + y_2x_4x_5y_5 + x_2y_3x_5y_5 + x_2x_3y_4y_5 + y_2y_4y_5.

Now, given elements a := (a_1, . . . , a_k), d := (d_1, . . . , d_k) ∈ K^k, we define p^{a,d}_{r,k} (i_1, . . . , i_m) as the image of the evaluation of p_{r,k}(i_1, . . . , i_m) to K^k mapping x_i → a_i, y_i → d_i for 1 ≤ i ≤ k, and x_{k+1} → a_1. Analogously we define π^{a,d}(r, k), α^{a,d}(r, k) and β^{a,d}(r, k).

Lemma 2.10. Given k ∈ N^∗, in Z[x_1, . . . , x_{k+1}, y_1, . . . , y_k] we have α(r + 1, k) =x_{r+1}α(r, k) + y_rα(r − 1, k) for 1 ≤ r ≤ k − 1, β(r + 1, k) =x_rβ(r, k) + y_{r−1}β(r − 1, k) for 2 ≤ r ≤ k.

Proof : We state the proof for the α polynomials, for the β polynomials is similar. For r = 1 we have α(2, k) = x_1x_2 + y_1, α(1, k) = x_1, α(0, k) = 1, so indeed α(2, k) = x_2α(1, k) + y_1α(0, k). For 2 ≤ r ≤ k − 1 consider

α(r + 1, k) =

⌊(r+1)/2⌋ ∑ m=0 ∑ i∈(^{[r]}_m)_2 p_{r+1,k}(i)

and fix some p := p_{r+1,k}(i_1, . . . , i_m) appearing as a term in the above expression of α(r + 1, k), with indices rearranged so that i_1 < . . . < i_m. Since i_m < r + 1 (so y_k is not a factor of p), we have that either - i_m < r, x_{r+1} is a factor of p and y_r is not, whence p = x_{r+1}p_{r,k}(i_1, . . . , i_m), or - i_m = r, y_r is a factor of p and x_{r+1} is not, whence p = y_rp_{r−1,k}(i_1, . . . , i_{m−1}) if m ≥ 2 and p = y_rp_{r−1,k}(0) if m = 1.

THE INVERSE OF A TRIDIAGONAL k-TOEPLITZ MATRIX 9

Denote S_1(m) := {(i_1, . . . , i_m) ∈ ( [r] m ) 2 | i_1, . . . , i_m < r},

S_2(m) := {(i_1, . . . , i_{m−1}, r) ∈ ( [r] m ) 2 } and observe that

(_{[r]} m ) 2 is the disjoint union of S_1 and S_2 for 0 ≤ m ≤ ⌊(r + 1)/2⌋. We have S_1(m) =

(_{[r−1]} m ) 2 for 0 ≤ m ≤ ⌊(r + 1)/2⌋ and S_2(m) = {(i, r) | i ∈

(_{[r−2]} m−1 ) 2} for 2 ≤ m ≤ ⌊(r + 1)/2⌋; in addition, since p_{r+1,k}(0, r) = p_{r+1,k}(r) = y_rp_{r−1,k}(0), we can substitute S_2(1) by {(i, r) | i ∈ (_{[r−2]} 0 ) 2}. Therefore

α(r + 1, k) =

⌊r/2⌋^{(∗)} ∑ m=0 ∑ i∈(^{[r−1]}_m )_2 x_{r+1}p_{r,k}(i) +

⌊(r+1)/2⌋ ∑ m=1_{(⋆)} ∑ i∈(^{[r−2]}_{m−1})_2 y_rp_{r−1,k}(i) =

= x_{r+1}

⌊r/2⌋∑

m=0 ∑ i∈(^{[r−1]}_m )_2 p_{r,k}(i) + y_r

⌊(r−1)/2⌋^{(†)} ∑ m=0 ∑ i∈(^{[r−2]}_m )_2 p_{r−1,k}(i) =

= x_{r+1}α(r, k) + y_rα(r − 1, k), with (∗) being true since ⌊(r + 1)/2⌋ = ⌊r/2⌋ when r is even while we cannot simultaneously have m = ⌊(r + 1)/2⌋ and i_m < r when r is odd, (⋆) since we cannot simultaneously have m = 0 and i_m = r, and (†) since ⌊(r + 1)/2⌋ − 1 = ⌊(r − 1)⌋/2.

Theorem 2.11 (Determinant of a tridiagonal k-Toeplitz matrix). Let K be any commutative unital ring. Given k, n ∈ N^∗ and a, b := (b_1, . . . , b_k), c := (c_1, . . . , c_k) ∈ K^k, put d_i := −b_ic_i for 1 ≤ i ≤ k and d := (d_1, . . . , d_k). If n ≤ k (i.e, if we are considering a general tridiagonal matrix) then

det(T_n(a; b; c)) = α^{a,d}(n, k).

If n > k write n = mk + r with r the remainder of n modulo k, and denote s(i) := s_i(π^{a,d}(k, k), d) for i ∈ N; then det(T_n(a; b; c)) = = s(m)(α^{a,d}(k, k)α^{a,d}(r, k) + α^{a,d}(k − 1, k)β^{a,d}(r + 1, k)) − ds(m − 1)α^{a,d}(r, k).