Pré-Publicações do Departamento de Matemática Universidade de Coimbra Preprint Number 21–44

FULLY NONLINEAR FREE TRANSMISSION PROBLEMS

EDGARD A. PIMENTEL AND MAKSON S. SANTOS

Abstract: We examine a free transmission problem driven by fully nonlinear elliptic operators. Since the transmission interface is determined endogeneously, our analysis regards this object as a free boundary. By relating our problem with a pair of viscosity inequalities, we resort to approximation methods and prove that strong solutions are of class C^{1,Log-Lip}, locally. Then additional, natural conditions allow us to prove quadratic growth of the solutions away from branch points.

Keywords: Free transmission problems; fully nonlinear operators; regularity of the solutions; quadratic growth at branch points. Math. Subject Classification (2020): 35B65; 35R35; 35J60.

1. Introduction

We consider a fully nonlinear transmission problem of the form

F_1(D^2u) = 1 in Ω^+(u) ∩ B_1

F_2(D^2u) = 1 in Ω^−(u) ∩ B_1 (1) where F_1, F_2 : S(d) → R are (λ, Λ)-elliptic operators, Ω^−(u) := {x ∈ B_1 | u < 0}, and Ω^+(u) := {x ∈ B_1 | u > 0}. We examine local regularity of the strong solutions to (1) and study their growth regime at branch points along the free boundary. In particular, we prove that solutions are locally C^{1,Log-Lip}- regular, with estimates. Under further conditions, we prove quadratic growth of the solutions away from branch points.

We emphasize the operators F_1 and F_2 are comparable only locally in S(d). As a consequence, (1) differs from the usual obstacle problem. We also stress that discontinuities arise in the diffusion process, as the solutions change sign.

Received November 11, 2021.

This work was partially supported by the Centre for Mathematics of the University of Coimbra - UIDB/00324/2020, funded by the Portuguese Government through FCT/MCTES. EP is partly funded by FAPERJ (E-26/200.002/2018), CNPq-Brazil (433623/2018-7, 307500/2017-9) and Instituto Serrapilheira (1811-25904).

MS is partially supported by PUC-Rio Arquimedes Fund and by FAPESP grant 2021/04524-0. This study was financed in part by the Coordenação de Aperfeiçoamento de Pessoal de Nível Superior – Brasil (CAPES) – Finance Code 001. 1

2 E. A. PIMENTEL AND M. S. SANTOS

Transmission problems comprise a class of models aimed at examining a variety of phenomena in heterogeneous media. The problems under the scope of this formulation include thermal and electromagnetic conductivity, composite materials and, more generally, diffusion processes driven by discontinuous laws.

Given a domain Ω ⊂ R^d, it gets split into mutually disjoint subregions Ω_i ⋐ Ω for i = 1, . . . , k, for some k ∈ N. The mechanism governing the problem is smooth within Ω_i, though possibly discontinuous across ∂Ω_i. A paramount, subtle, aspect of the theory concerns the nature of those subregions.

In fact, (Ω_i)^k_{i=1} and the geometry of ∂Ω_i can be prescribed a priori. The alternative is (Ω_i)^k_{i=1} to be determined endogenously. The latter setting frames the theory in the context of free boundary problems. Both cases differ substantially; as a consequence, their analysis also requires distinct techniques. The vast majority of former studies on transmission problems presupposes a priori knowledge of the subregions Ω_i and their geometric properties. A work-horse of the theory is the divergence-form equation

div (a(x)Du) = 0 in Ω, (2)

where the matrix-valued function a(·) is defined as

a(x) := a_i for x ∈ Ω_i,

for constant matrices a_i and i = 1, . . . , k. Though smooth within every Ω_i, the coefficients of (2) can be discontinuous across ∂Ω_i. This feature introduces genuine difficulties in the analysis.

The first formulation of a transmission problem appeared in [31] and addressed a topic in the realm of material sciences. More precisely, in elasticity theory. In that paper, the author proves the uniqueness of solutions for a model consisting of two subregions, which are known a priori. The existence of solutions is discussed in [31], although not examined in detail. See also [30].

The formulation in [31] motivated a number of subsequent studies [5, 12, 13, 14, 27, 19, 29, 33, 35, 34]. Those papers present a wide range of developments, including the existence of solutions for the transmission problem in [31] and the analysis of several variants. We refer the reader to [6] for an account of those results and methods.

Estimates and regularity results for the solutions to transmission problems have also been treated in the literature. In [26] the authors consider a

FULLY NONLINEAR FREE TRANSMISSION PROBLEMS 19

[28] Pierre-Louis Lions. A remark on Bony maximum principle. Proc. Amer. Math. Soc., 88(3):503– 508, 1983.

[29] Olga A. Oleĭnik. Boundary-value problems for linear equations of elliptic parabolic type with discontinuous coefficients. Izv. Akad. Nauk SSSR Ser. Mat., 25:3–20, 1961.

[30] Mauro Picone. Nuovi indirizzi di ricerca nella teoria e nel calcolo delle soluzioni di talune equazioni lineari alle derivate parziali della fisica-matematica. Ann. Scuola Norm. Super. Pisa Cl. Sci. (2), 5(3-4):213–288, 1936.

[31] Mauro Picone. Sur un problème nouveau pour l’équation linéaire aux dérivées partielles de la théorie mathématique classique de l’élasticité. In Colloque sur les équations aux dérivées partielles, CBRM, Bruxelles, pages 9–11, 1954.

[32] Edgard A. Pimentel and José Miguel Urbano. Existence and improved regularity for a nonlinear system with collapsing ellipticity. Ann. Sc. Norm. Super. Pisa Cl. Sci. (5), 22:1385–1400, 2021.

[33] Martin Schechter. A generalization of the problem of transmission. Ann. Scuola Norm. Sup.

Pisa Cl. Sci. (3), 14:207–236, 1960.

[34] Guido Stampacchia. Su un problema relativo alle equazioni di tipo ellittico del secondo ordine.

Ricerche Mat., 5:3–24, 1956.

[35] Zinovi G. Šeftel’. Estimates in L_p of solutions of elliptic equations with discontinuous coefficients and satisfying general boundary conditions and conjugacy conditions. Soviet Math. Dokl., 4:321–324, 1963.

Edgard A. Pimentel University of Coimbra, CMUC, Department of Mathematics, 3001-501 Coimbra, Portugal and Pontifical Catholic University of Rio de Janeiro – PUC-Rio 22451-900, Gávea, Rio de Janeiro-RJ, Brazil E-mail address: edgard.pimentel@mat.uc.pt URL: http://www.mat.uc.pt/∼edgard.pimentel

Makson S. Santos Instituto de Ciências Matemáticas e de Computação, Universidade de São Paulo – USP, 13566-590, Centro, São Carlos - SP, Brazil E-mail address: makson.santos@icmc.usp.br

18 E. A. PIMENTEL AND M. S. SANTOS

[6] Mikhail V. Borsuk. Transmission problems for elliptic second-order equations in non-smooth domains. Frontiers in Mathematics. Birkhäuser/Springer Basel AG, Basel, 2010.

[7] Marc Briane, Yves Capdeboscq, and Luc Nguyen. Interior regularity estimates in high conductivity homogenization and application. Arch. Ration. Mech. Anal., 207(1):75–137, 2013.

[8] Luis A. Caffarelli. Interior a priori estimates for solutions of fully nonlinear equations. Ann.

of Math. (2), 130(1):189–213, 1989.

[9] Luis A. Caffarelli and Xavier Cabré. Fully nonlinear elliptic equations, volume 43 of American Mathematical Society Colloquium Publications. American Mathematical Society, Providence, RI, 1995.

[10] Luis A. Caffarelli, Lavi Karp, and Henrik Shahgholian. Regularity of a free boundary with application to the Pompeiu problem. Ann. of Math. (2), 151(1):269–292, 2000.

[11] Luis A. Caffarelli, Maria Soria-Carro, and Pablo R. Stinga. Regularity for C^{1,α} interface transmission problems, 2020.

[12] Sergio Campanato. Sul problema di M. Picone relativo all’equilibrio di un corpo elastico incastrato. Ricerche Mat., 6:125–149, 1957.

[13] Sergio Campanato. Sui problemi al contorno per sistemi di equazioni differenziali lineari del tipo dell’elasticità. I. Ann. Scuola Norm. Sup. Pisa Cl. Sci. (3), 13:223–258, 1959.

[14] Sergio Campanato. Sui problemi al contorno per sistemi di equazioni differenziali lineari del tipo dell’elasticità. II. Ann. Scuola Norm. Sup. Pisa Cl. Sci. (3), 13:275–302, 1959.

[15] Maria Colombo, Sunghan Kim, and Henrik Shahgholian. A transmission problem for (p, q)- laplacian, 2021.

[16] Alessio Figalli and Henrik Shahgholian. A general class of free boundary problems for fully nonlinear elliptic equations. Arch. Ration. Mech. Anal., 213(1):269–286, 2014.

[17] Alessio Figalli and Henrik Shahgholian. A general class of free boundary problems for fully nonlinear parabolic equations. Ann. Mat. Pura Appl. (4), 194(4):1123–1134, 2015.

[18] David Gilbarg and Neil S. Trudinger. Elliptic partial differential equations of second order.

Classics in Mathematics. Springer-Verlag, Berlin, 2001. Reprint of the 1998 edition. [19] Vladimir A. Il’in and Il’ya A. Šišmarev. The method of potentials for the problems of Dirichlet and Neumann in the case of equations with discontinuous coefficients. Sibirsk. Mat. Ž., pages 46–58, 1961.

[20] Emanuel Indrei. Boundary regularity and nontransversal intersection for the fully nonlinear obstacle problem. Comm. Pure Appl. Math., 72(7):1459–1473, 2019.

[21] Emanuel Indrei. Non-transversal intersection of the free and fixed boundary in the mean-field theory of superconductivity. Interfaces Free Bound., 21(2):267–272, 2019.

[22] Emanuel Indrei and Andreas Minne. Regularity of solutions to fully nonlinear elliptic and parabolic free boundary problems. Ann. Inst. H. Poincaré Anal. Non Linéaire, 33(5):1259– 1277, 2016.

[23] Ki-ahm Lee. Obstacle problems for the fully nonlinear elliptic operators. ProQuest LLC, Ann Arbor, MI, 1998. Thesis (Ph.D.)–New York University.

[24] Ki-Ahm Lee and Henrik Shahgholian. Regularity of a free boundary for viscosity solutions of nonlinear elliptic equations. Comm. Pure Appl. Math., 54(1):43–56, 2001.

[25] YanYan Li and Louis Nirenberg. Estimates for elliptic systems from composite material. volume 56, pages 892–925. 2003. Dedicated to the memory of Jürgen K. Moser.

[26] YanYan Li and Michael Vogelius. Gradient estimates for solutions to divergence form elliptic equations with discontinuous coefficients. Arch. Ration. Mech. Anal., 153(2):91–151, 2000.

[27] Jacques-Louis Lions and Laurent Schwartz. Problèmes aux limites sur des espaces fibrés. Acta Math., 94:155–159, 1955.

FULLY NONLINEAR FREE TRANSMISSION PROBLEMS 3

bounded subdomain Ω ⊂ R^d, which is split into a finite number of subregions Ω_1, Ω_2, . . . , Ω_k, known a priori. The motivation is in the study of composite materials with closely spaced inclusions. A two-dimensional example is the cross-section of a fiber-reinforced material. The mathematical analysis amounts to the study of ∂ ∂x_i ( a(x) ∂ ∂x_j u ) = f in Ω, (3)

where

a(x) := { a_i(x) for x ∈ Ω_i, i = 1, . . . , k a_{k+1}(x) for x ∈ Ω \ ∪^k_{i=1}Ω_i.

Under natural assumptions on the data, the authors establish local Hölder continuity for the gradient of the solutions. From the applied perspective, the gradient encodes information on the stress of the material. Their findings imply bounds on the gradient independent of the location of the fibers. C.f. [3].

The vectorial setting is the subject of [25]. In that paper the authors extend the developments reported in [26] to systems. Moreover, they produce bounds for higher derivatives of the solutions.

In [1] the authors consider a domain with two subregions, which are supposed to be ε-apart, for some ε > 0. Within each subregion, the divergenceform equation is governed by a constant coefficient k. Conversely, outside those subregions the diffusivity coefficient is equal to 1. By setting k = +∞, the authors frame the problem in the context of perfect conductivity.

In this setting, it is known that bounds on the gradient deteriorate as the two subregions approach each other. The analysis in [1] yields blow up rates for the gradient bounds as ε → 0. The case of multiple inclusions, covering perfect conductivity and insulation (k = 0), is discussed in [2]. See also [7].

Recently, new developments have been obtained under minimal regularity requirements for the transmission interfaces. In [11] the authors consider a smooth and bounded domain Ω and fix Ω_1 ⋐ Ω, defining Ω_2 := Ω \ Ω_1. They suppose the boundary of the transmission interface ∂Ω_1 to be of class C^{1,α} and prove existence, uniqueness and C^{1,α}(Ω_i)-regularity of the solutions to the problem, for i = 1, 2. Their argument imports regularity from flat problems, through a new stability result; see [11, Theorem 4.2].

Another class of transmission problems concerns models where the subregions of interest are determined endogenously. For example, given Ω ⊂ R^d,

4 E. A. PIMENTEL AND M. S. SANTOS

one would consider

Ω_1 : {x ∈ Ω | u(x) < 0} and Ω_2 : {x ∈ Ω | u(x) > 0} ,

where u : Ω → R solves a prescribed equation. Roughly speaking, knowledge of the solution is required to determine the subregions of the domain where distinct diffusion phenomena take place. In this context, a further structure arises, namely, the free interface, or free boundary. Here, in addition to the analysis of the solutions, properties of the free boundary are also of central interest.

In [15] the authors examine the (p, q)-functional

J_{p,q}(v) := ∫ Ω ( |Dv^+|^p + |Dv^−|^q ) dx. (4)

Heuristically, in the region where v is positive, the functional satisfies a pgrowth regime, whereas in the region where v is negative, a q-growth regime is in force. Though the functional in (4) is discontinuous, and distinct regimes drive the process in distinct subregions of the domain, such discontinuities depend on the sign of the argument v.

Among the findings in [15], we mention the existence of minimizers for J_{p,q} and their Hölder continuity. In addition, the authors prove the free boundary is of class C^{1,α} with respect to the p-harmonic measure Δ_pu^+. Finally, they conclude that Δ_pu^+ is supported on a set of σ-finite (d − 1)-dimensional Hausdorff measure.

We remark that (1) relates to (and is very much inspired by) the literature on the fully nonlinear obstacle problem. To the best of our knowledge, the fully nonlinear obstacle problem was first examined in [23]; see also [24]. In [16] the authors introduced the so-called unconstrained free boundary problems, which are driven by fully nonlinear operators. This class of models accommodate a variety of distinct formulations, unifying the approach to regularity of the solutions and the analysis of the free boundary; see also [17, 22].

Still in the context of the obstacle problem governed by fully nonlinear operators, we mention the issue of non-transversality; see for instance [20, 21]. By examining the intersection of the fixed and the free boundaries, one can extract geometrical information on the latter. In addition, the techniques involved in this analysis have important spillovers on the classification of blow-up limits.

FULLY NONLINEAR FREE TRANSMISSION PROBLEMS 17

for C_0 > 0 fixed in (20). Then sup x∈B_{2−j} (x^∗)

|u(x)| ≤ 4 C_0

2^{−2j}, ∀j ∈ N.

Proof : As before we set x^∗ = 0 and argue through a contradiction argument. Suppose the proposition is false. Let m ∈ N be the smallest natural number such that sup_B 2−m |u(x)| > 4 C_0

2^{−2m}. (27)

We claim that m − 1 ∈ M(u). Indeed,

sup_B

21−m

|u(x)| ≤ 4 C_0

2^{−2(m−1)} = 16 C_0

2^{−2m} < 4 sup_B 2−m |u(x)|.

We conclude sup_B 2−m |u(x)| ≤ sup_B

21−m

|u(x)| ≤ 1 C_0

2^{−2(m−1)} = 4 C_0

2^{−2m},

which contradicts (27) and completes the proof.

Consequential to Proposition 4 is the quadratic growth of u away from the branch point x^∗. We detail this argument in the proof of Theorem 2. Proof of Theorem 2: Find j ∈ N satisfying 2^{−(j+1)} ≤ r < 2^{−j}. It is straightforward to notice that

sup_{Br} |u(x)| ≤ sup_B 2−j |u(x)| ≤ C [( 1 2 )_{j+1−1}]2 ≤ Cr^2,

which ends the proof.

References

[1] Ellen Shiting Bao, YanYan Li, and Biao Yin. Gradient estimates for the perfect conductivity problem. Arch. Ration. Mech. Anal., 193(1):195–226, 2009.

[2] Ellen Shiting Bao, YanYan Li, and Biao Yin. Gradient estimates for the perfect and insulated conductivity problems with multiple inclusions. Comm. Partial Differential Equations, 35(11):1982–2006, 2010.

[3] Eric Bonnetier and Michael Vogelius. An elliptic regularity result for a composite medium with “touching” fibers of circular cross-section. SIAM J. Math. Anal., 31(3):651–677, 2000.

[4] Jean-Michel Bony. Principe du maximum dans les espaces de Sobolev. C. R. Acad. Sci. Paris Sér. A-B, 265:A333–A336, 1967.

[5] Mikhail V. Borsuk. A priori estimates and solvability of second order quasilinear elliptic equations in a composite domain with nonlinear boundary condition and conjugacy condition. Trudy Mat. Inst. Steklov., 103:15–50. (loose errata), 1968.

16 E. A. PIMENTEL AND M. S. SANTOS

We notice that A4 yields min ( F_1(D^2v_n), F_2(D^2v_n) ) ≤ min ( F_1(D^2u_n(2^{−jn} x)), F_2(D^2u_n(2^{−jn} x)) ) 2^{2jn} ‖u_n‖_{L∞}(_{B2−(jn+1)} ) . Therefore, min ( F_1(D^2v_n), F_2(D^2v_n) ) ≤ 1 n C ‖u_n‖_{L∞}(_{B2−jn} )

‖u_n‖_{L∞}(_{B2−(jn+1)} ) ≤ C n ≤ C_0, (25)

for some C_0 > 0 and n ≫ 1. On the other hand, max ( F_1(D^2v_n), F_2(D^2v_n) ) ≥ max ( F_1(D^2u_n(^x_{2jn} )), F_2(D^2u_n(^x_{2jn} )) ) 2^{2jn} ‖u_n‖_{L∞}(_{B2−(jn+1)} )

≥ −C_0. (26)

It follows from (25)-(26) that (v_n)_{n∈N} ⊂ S^∗(λ, Λ, C_0). As a consequence, v_n ∈ C^α_{loc}(B_1) for every n ∈ N, for some unknown α ∈ (0, 1), with uniform estimates; see [9, Proposition 4.10]. Therefore, there exists v_∞ such that v_n −→ v_∞ in C^β_{loc}(B_1), for every 0 < β < α. Since v_n(0) = 0 for every n ∈ N we infer that v_∞(0) = 0, whereas (24) leads to ‖v_∞‖_L∞_{(B1/2)} = 1. Because V_1(v_n) −→ 0, we conclude that v_∞ ≥ 0 in B_1.

Step 3 - Standard stability results for viscosity solutions build upon (25) to ensure min ( F_1(D^2v_∞), F_2(D^2v_∞) ) ≤ 0 in B_1.

We conclude that v_∞ ∈ S(λ, Λ, 0) attains an interior local minimum at the origin, which leads to a contradiction (see, for instance, [9, Proposition 4.9]).

In Proposition 3 the constant C_0 > 0 informing A5 is determined. This quantity remains unchanged throughout the paper. The next result extrapolates the former analysis from M(x^∗, u) to the entire set of natural numbers.

Proposition 4. Let u ∈ W^{2,d}_{loc} (B_1) be a strong solution to (1). Suppose A1, A3, and A4 hold true. Let x^∗ ∈ Γ_{BR}(u) and suppose A5 holds at x^∗. Finally, suppose that for every j ∈ M(x^∗, u) we have

V_2−j (x^∗, u) < C_0,

FULLY NONLINEAR FREE TRANSMISSION PROBLEMS 5

In the present paper we study W^{2,d}-strong solutions to (1). We start by noticing that a W^{2,d}-solution to (1) is a continuous viscosity solution to min ( F_1(D^2u), F_2(D^2u) ) ≤ 1 in B_1 (5) and max ( F_1(D^2u), F_2(D^2u) ) ≥ −1 in B_1. (6)

We emphasize the importance of (5)-(6), even in the context of W^{2,d}-strong solutions. Although it is clear that a solution u ∈ W^{2,d}_{loc} (B_1) is, for instance, α-Hölder continuous for every α ∈ (0, 1), this inclusion does not ensure universal estimates for u. Because our analysis relies on the precompactness of strong solutions to (1), this type of estimates is critical. By noticing that strong solutions to (1) are viscosity solutions to (5)-(6), we access a maximum principle, stability results, and a Krylov-Safonov theory.

By requiring F_1 and F_2 to satisfy a near convexity condition we prove that solutions to (1) are locally of class C^{1,Log-Lip}, with the appropriate estimates. This is done through approximation methods; see [8, 9]. Our first main result reads as follows.

Theorem 1 (Local C^{1,Log-Lip}-regularity). Let u ∈ W^{2,d}_{loc} (B_1) be a strong solution to (1). Suppose Assumption A1-A2 are in force. Then, u ∈ C^{1,Log-Lip}_{loc} (B_1) and there exists C > 0 such that sup x∈B_r(x_0)

|u(x) − u(x_0) − Du(x_0) · (x − x_0)| ≤ Cr^2 ln 1 r , for every x_0 ∈ B_{1/2} and r ∈ (0, 1/4). In addition, C = C(d, λ, Λ, ‖u‖_L∞_{(B1)}).

Remark 1. We notice the optimal regularity of the solutions to (1) is unknown. Of particular interest is whether or not the end-point W^{2,∞}-regularity is available for strong solutions of this problem.

After examining the local regularity of solutions, we turn our attention to the so-called branch points. In brief, such points lie at the interface of Ω^+(u), Ω^−(u) and {u = 0}. From a rigorous viewpoint, a point on the free boundary Γ(u) := (∂Ω^+(u) ∪ ∂Ω^−(u)) ∩ B_1 can be of three different types.

First, x_0 ∈ Γ(u) is a one-phase point if

x_0 ∈ ( ∂Ω^±(u) \ ∂Ω^∓(u) ) ∩ B_1.

6 E. A. PIMENTEL AND M. S. SANTOS

If this is the case, the local regularity of the solutions and properties of the free boundary follow from the fully nonlinear obstacle problem [23]. Alternatively, x_0 ∈ Γ(u) may behave as a two-phase point; that is,

x_0 ∈ ( ∂Ω^+(u) ∩ ∂Ω^−(u) ) ∩ B_1.

Among two-phase points, branch points are of particular interest, as they are at the interface of the positive and the negative phases with the region where the solutions vanishes. Formally, we say that x^∗ ∈ Γ(u) is a branch point if

|B_r(x^∗) ∩ {u = 0}| > 0

for every 0 < r ≪ 1. We denote with Γ_{BR}(u) ⊂ Γ(u) the set of branch points. Under a small-density condition with respect to the negative phase, we prove a result on the quadratic growth of the solutions away from branch points.

This is done by requiring both F_1 and F_2 to be convex and supposing they are positively homogeneous of degree one. Here, a dyadic analysis builds upon the maximum principle and a scaling strategy, using the L^∞-norms of the solutions as a normalization factor. This machinery was introduced in [10] in the context of an obstacle problem driven by the Laplacian. In [24] the authors took this perspective to the fully nonlinear setting and developed a fairly complete analysis of the obstacle problem governed by fully nonlinear operators. We also refer the reader to [23].

We consider the quantity

V_r(x^∗, u) := vol (B_r(x^∗) ∩ Ω^−(u)) r^d ; by supposing V_r(x^∗, u) is controlled for a branch point x^∗ ∈ Γ_{BR}(u), we are capable of proving quadratic growth for the solutions, away from x_0. We state our second main result in the sequel.

Theorem 2 (Quadratic growth away from branch points). Let u ∈ W^{2,d}_{loc} (B_1) be a strong solution to (1). Suppose A1, A3, and A4, to be detailed further, are in force. Let x^∗ ∈ Γ_{BR}(u) be such that A5, yet to be presented, holds true at x^∗. Then the exists a universal constant C > 0 such that sup x∈B_r (x^∗)

|u(x)| ≤ Cr^2

for every 0 < r ≪ 1.

We note Theorem 2 does not require F_1 and F_2 to be close, or even comparable, in any topology.

FULLY NONLINEAR FREE TRANSMISSION PROBLEMS 15

Proposition 3. Let u ∈ W^{2,d}_{loc} (B_1) be a strong solution to (1). Suppose A1, A3, and A4 hold true. Let x^∗ ∈ Γ_{BR}(u) and suppose A5 holds at x^∗. There exists a choice of C_0 > 0 in A5 such that, if V_2−j (x^∗, u) < C_0 (20) for every j ∈ M(x^∗, u), then sup x∈B_2−j (x^∗)

|u(x)| ≤ 1 C_0

2^{−2j}, ∀j ∈ M(x^∗, u).

Proof : For ease of presentation, we split the proof into three steps. Step 1 - Set x^∗ = 0 and M(u) := M(0, u). We resort to a contradiction argument; suppose the statement of the proposition is false. Then, there exist sequences (u_n)_{n∈N} and (j_n)_{n∈N} such that u_n is a normalized strong solution to (1), V 1_{2n} (u_n) < 1 n , (21) with sup x∈B_{2−jn}

|u_n(x)| > n 2^{2jn}

, (22)

for every j_n ∈ M(u_n), and n ∈ N. Because ‖u_n‖_L∞_{(B1)} is uniformly bounded, it follows from (22) that j_n −→ ∞. In particular, we may re-write (21) as

V 1_{2jn} (u_n) < 1 j_n

. (23)

Step 2 - Now, we introduce an auxiliary function v_n : B_1 → R, given by

v_n(x) := u_n(2^{−jn} x) ‖u_n‖_{L∞}(_{B2−(jn+1)} ) . Clearly, v_n(0) = 0. In addition, V_1(v_n) −→ 0. Moreover, it follows from the definition of v_n that sup_{B1/2} |v_n(x)| = 1 (24) and sup_{B1} |v_n(x)| ≤ 16.

14 E. A. PIMENTEL AND M. S. SANTOS

where F_k is the convex operator defined as F_k(M) := F (M +C_k). Because of the induction hypothesis, F (C_k) = 0; hence, F (D^2w) = 0 and F_k(D^2w) = 0 have the same estimates.

As a consequence, if 0 < τ < τ_0, Proposition 1 ensures the existence of h̃ ∈ C^{2,α}_{loc} (B_{9/10}), with ‖h̃‖_{C2,α(B8/9)} ≤ C satisfying

‖v_k − h̃‖_L∞_{(B8/9)} ≤ δ.

Arguing as in the former step, one concludes the existence of

P̃ (x) := ã + b̃ · x + x · C̃x 2 such that sup_{x∈Bρ} | |v_k(x) − P̃ (x) | | ≤ ρ_2.

The induction assumption and the definition of v_k yield sup x∈B_{ρk+1}

|u(x) − P_{k+1}(x)| ≤ ρ^{2(k+1)},

where P_{k+1} is given by

P_{k+1}(x) := a_k + ρ^{2k}ã + (b_k + ρ^kb̃) · x + x · (C_k + C̃)x 2 . (18)

Because C̃ = D^2h̃(0), it follows that F (C_{k+1}) = 0. Defining a_{k+1}, b_{k+1} and C_{k+1} as in (18), one ensures that (17) is also satisfied at the (k + 1)-level, and the proof is complete.

Now we are in a position to detail the proof of Theorem 1. Proof of Theorem 1: Once Proposition 2 is available, the proof of Theorem 1 follows from (by now) standard computations. See, for instance, [32, Proof of Theorem 2.6, p. 1398]

4. Quadratic growth away from branch points

Let x^∗ ∈ Γ_{BR}(u) ∩ B_1 be fixed. Consider the maximal subset of N whose elements j are such that sup x∈B_{2−j−1} (x^∗)

|u(x)| ≥ 1 16 sup x∈B_{2−j} (x^∗)

|u(x)|; (19)

we denote such set by M(x^∗, u).

FULLY NONLINEAR FREE TRANSMISSION PROBLEMS 7

Remark 2. The small-density of the negative phase is critical in establishing Theorem 2. Were it reasonable to suppose it holds for every x_0 ∈ Γ(u)∩B_{1/2}, the conclusion of Theorem 2 would hold for every such point. Then a clever scaling argument, as in [10, 24], would produce local C^{1,1}-regularity estimates for the solutions. However, to impose a small-density condition for every free boundary point x_0 ∈ Γ(u) ∩ B_{1/2} implies the negative phase has no effect on the problem. Ultimately, it turns (1) into a one-phase fully nonlinear obstacle problem, whose theory is currently well-understood and documented.

Remark 3. We notice the formulation in (1) includes the free transmission obstacle problem

F_1(D^2u)χ_{{u>0}} + F_2(D^2u)χ_{{u<0}} = χ_{{u≠0}} in B_1, (7)

in the sense that solutions to (7) also solve (1).

The remainder of this paper is organized as follows: Section 2 gathers elementary results and details the main assumptions under which we work. In Section 3 we study the regularity of the strong solutions to (1) and present the proof of Theorem 1. A fourth section examines the growth regime of the solutions away from branch points and puts forward the proof of Theorem 2.

2. Preliminaries

This section presents some preliminary material, as well as the main hypotheses we use in the paper. With S(d) we denote the space of symmetric matrices of order d; when convenient, we identify S(d) ∼ R^{d(d+1)}2 . We start with the uniform ellipticity of the operators F_i.

A 1 (Uniform ellipticity). For i = 1, 2, we suppose the operator F_i : S(d) → R to be (λ, Λ)-uniformly elliptic. That is, for 0 < λ ≤ Λ, it holds

λ‖N‖ ≤ F_i(M + N) − F_i(M) ≤ Λ‖N‖,

for every M, N ∈ S(d), N ≥ 0, and i = 1, 2. We also suppose F_i(0) = 0.

Uniform ellipticity relates closely with the extremal operators

M^+_{λ,Λ}(M) := Λ ∑ e_i>0

e_i + λ ∑ e_i<0

e_i and M^−_{λ,Λ}(M) := λ ∑ e_i>0

e_i + Λ ∑ e_i<0

e_i.

8 E. A. PIMENTEL AND M. S. SANTOS

In fact, Assumption A1 can be rephrased as M^−_{λ,Λ}(M − N) ≤ F_i(M) − F_i(N) ≤ M^+_{λ,Λ}(M − N),

for every M, N ∈ S(d), and i = 1, 2. For completeness, we recall the definition of viscosity solutions.

Definition 1 (C-viscosity solution). Let G : S(d) → R be a (λ, Λ)-elliptic operator. We say that u ∈ USC(B_1) is a C-viscosity subsolution to G(D^2u) = 0 in B_1 (8) if, for every φ ∈ C^2_{loc}(B_1) and x_0 ∈ B_1, such that u − φ attains a local maximum at x_0, we have G(D^2φ(x_0)) ≤ 0.

Similarly, we say that u ∈ LSC(B_1) is a C-viscosity supersolution to (8) if, for every φ ∈ C^2_{loc}(B_1) and x_0 ∈ B_1, such that u − φ attains a local minimum at x_0, we have G(D^2φ(x_0)) ≥ 0.

If u ∈ C(B_1) is simultaneously a subsolution and a supersolution to (8), we say it is a viscosity solution to the equation.

For 0 < λ ≤ Λ and f ∈ C(B_1), we define S(λ, Λ, f) as the set of functions u ∈ C(B_1) satisfying M^−_{λ,Λ}(D^2u) ≤ f in B_1, in the viscosity sense. Similarly, S(λ, Λ, f) is the set of functions u ∈ C(B_1) satisfying M^+_{λ,Λ}(D^2u) ≥ f.

Finally, we set S(λ, Λ, f) := S(λ, Λ, f) ∩ S(λ, Λ, f) and S^∗(λ, Λ, f) := S(λ, Λ, −|f|) ∩ S(λ, Λ, |f|).

For a comprehensive account of the theory of C-viscosity solutions, we refer the reader to [9]. We proceed with the definition of W^{2,d}-strong solution.

Definition 2 (W^{2,d}-strong solution). We say that u ∈ W^{2,d}_{loc} (B_1) is a strong solution to G(D^2u(x)) = 0 in B_1 if u satisfies the equation at almost every x ∈ B_1.

FULLY NONLINEAR FREE TRANSMISSION PROBLEMS 13 and |a_n − a_{n−1}| + ρ^{n−1}|b_n − b_{n−1}| + ρ^{2(n−1)}|C_n − C_{n−1}| ≤ Cρ^{2(n−1)}, (17) for every n ∈ N.

Proof : We resort to an induction argument; for ease of clarity, we split the proof into four steps.

Step 1 - We consider the base case. Set P_0 := 0; let h ∈ C^{2,α}_{loc} (B_{9/10}) be the δ-approximating function whose existence follows from Proposition 1 and define P_1(x) := h(0) + Dh(0) · x + x · D^2h(0)x 2 . We verify (15)-(17) in the case n = 1. Notice that sup_{x∈Bρ} |u(x) − P_1(x)| ≤ sup_{x∈Bρn} |u(x) − h(x)| + sup_{x∈Bρn} |h(x) − P_1(x)| ≤ δ + Cρ^{2+α}.

By choosing

δ := ρ 2 and ρ := ( 1 2C ) 1_α

one ensure (15) holds. Because h is the approximating function from Proposition 1, we have (16). Finally, (17) follows from the C^{2,α}-estimates available for h.

Step 2 - Now we formulate the induction hypothesis: suppose (15)-(17) have been verified for n = k. We examine the case n = k + 1. Let v_k : B_1 → R be defined as v_k(x) := u(ρ^kx) − P_k(ρ^kx) ρ^{2k} . It is clear from the induction hypothesis that v_k is a normalized viscosity solution to min ( F_1(D^2v_k + C_k), F_2(D^2v_k + C_k) ) ≤ 1 in B_1 and max ( F_1(D^2v_k + C_k), F_2(D^2v_k + C_k) ) ≥ −1 in B_1.

Also, A2 implies sup M∈S(d)

|F_i(M + C_k) − F_k(M)| ≤ τ(1 + ‖M‖),

12 E. A. PIMENTEL AND M. S. SANTOS

(1) F^n_i satisfies A1 for i = 1, 2, and every n ∈ N. Moreover,

|F^n_i (M) − F (M)| ≤ 1 n (1 + ‖M‖) (12)

for every i = 1, 2, n ∈ N, and M ∈ S(d); (2) u_n is a viscosity solution to min ( F^n_1 (D^2u_n), F^n_2 (D^2u_n) ) ≤ 1 n (13) and max ( F^n_1 (D^2u_n), F^n_2 (D^2u_n) ) ≥ − 1 n (14) in B_{9/10}, with u_n = u on ∂B_{9/10}, for every n ∈ N;

(3) there exists δ_0 > 0 for which ‖u_n − h‖_L∞_{(B8/9)} > δ_0 for every h ∈ C^2(B_{9/10}) with ‖h‖_C2_{(B8/9)} ≤ C, and every n ∈ N.

Step 2 - Because of (13)-(14) and Lemma 2, we learn that ‖u_n‖_Cβ_{(B9/10)} ≤ C for every n ∈ N, for some universal constant C > 0. As a consequence, it converges locally uniformly, through a subsequence if necessary, to a function u_∞ ∈ C^{β/2}_{loc} (B_{9/10}). Also, (12) ensures that F^n_1 and F^n_2 converge locally uniformly on S(d) to the convex operator F from A2. The stability of viscosity sub and supersolutions implies F (D^2u_∞) = 0 in B_{9/10}.

Step 3 - Because F is convex, we infer u_∞ ∈ C^{2,α}_{loc} (B_{9/10}), with ‖u_∞‖_C2,α_{(B8/9)} ≤ C, for some universal constant C > 0 and some universal exponent α ∈ (0, 1). Set h := u_∞ to get a contradiction and complete the proof. Proposition 2. Let u ∈ W^{2,d}_{loc} (B_1) be a W^{2,d}-strong solution to (1). Suppose A1 and A2 hold true. There exists 0 < τ_0 ≪ 1 such that, if the parameter τ > 0 in A2 satisfies τ < τ_0, one can find 0 < ρ ≪ 1 and a sequence of quadratic polynomials (P_n)_{n∈N}, with

P_n(x) := a_n + b_n · x + x · C_nx 2 , with ‖u − P_n‖_L∞_{(Bρn )} ≤ ρ^{2n}, (15) F (C_n) = 0, (16)

FULLY NONLINEAR FREE TRANSMISSION PROBLEMS 9

We refer the reader to [18, Chapter 9] for further details on this class of solutions and their properties. In the sequel, we put forward two assumptions concerning the convexity of the opeators F_1 and F_2. We start with a nearconvexity condition used in the context of local C^{1,Log-Lip}-regularity.

A 2 (Near-convexity condition). For i = 1, 2, we suppose the operator F_i : S(d) → R satisfies a near-convexity condition. That is, there exists a convex, (λ, Λ)-elliptic operator F : S(d) → R such that

|F_i(M) − F (M)| ≤ τ(1 + ‖M‖),

for some small constant τ > 0, yet to be determined.

When it comes to the analysis of branching points, we require F_1 and F_2 to be convex operators.

A 3 (Convexity). For i = 1, 2, we suppose the operator F_i : S(d) → R to be convex.

The next assumption concerns homogeneity of degree 1. It plays a major role in the quadratic growth of the solutions. The argument towards quadratic growth in [10] uses the linearity of the Laplacian operator. In [24] the authors notice that in the fully nonlinear case the condition that parallels linearity is the homogeneity of degree 1.

A 4 (Homogeneity of degree one). We suppose F_1 and F_2 to be homogeneous of degree one; that is, for every τ ∈ R and M ∈ S(d), we have

F_i(τM) = τF_i(M),

for every i = 1, 2.

Before proceeding with further assumptions, we gather some notation used throughout the paper. We denote by Ω^+(u) the subset of the unit ball where u > 0, whereas Ω^−(u) stands for the set where u < 0. That is,

Ω^+(u) := {x ∈ B_1 | u(x) > 0} and Ω^−(u) := {x ∈ B_1 | u(x) < 0} .

When referring to the set where u ≠ 0 it is convenient to use the notation Ω(u) := Ω^+(u) ∪ Ω^−(u). With Γ(u) we denote the union of the topological boundaries of Ω^+ and Ω^−. I.e.,

Γ(u) := ( ∂Ω^+(u) ∪ ∂Ω^−(u) ) ∩ B_1.

10 E. A. PIMENTEL AND M. S. SANTOS

We say that x^∗ ∈ Γ(u) is a branch point if |B_r(x^∗) ∩ Σ(u)| > 0 for every 0 < r < 1. The set of branch points is denoted with Γ_{BR}(u). We also denote with Σ(u) the set where u vanishes: Σ(u) = {x ∈ B_1 | u(x) = 0} .

A further condition on the problem regards the subregion Ω^−(u); it is critical in proving quadratic growth of the solutions through the set of methods used in the paper. For x^∗ ∈ ∂Ω and 0 < r ≪ 1, we consider the quantity

V_r(x^∗, u) := vol (B_r(x^∗) ∩ Ω^−(u)) r^d

. (9)

For ease of notation, we set V_r(0, u) =: V_r(u).

A 5 (Normalized volume of Ω^−(u)). Let x^∗ ∈ Γ_{BR}(u) be fixed. We suppose there exists C_0 > 0, to be determined later, such that V_r(x^∗, u) ≤ C_0 for every r ∈ (0, 1/2).

The former assumption imposes a control on the size of the subregion where u is negative, ina. vicinity of x^∗ ∈ Γ_{BR}(u). It resonates on the geometry of the free boundary. In the next section we examine the regularity of strong solutions to (1). In particular, we present the proof of Theorem 1.

3. Local regularity of solutions

In this section we detail the proof of Theorem 1. We start by relating (1) with viscosity inequalities of the form min ( F_1(D^2u), F_2(D^2u) ) ≤ 1 in B_1 (10) and max ( F_1(D^2u), F_2(D^2u) ) ≥ −1 in B_1 (11)

Lemma 1. Let u ∈ W^{2,d}_{loc} (B_1) be a strong solution to (1). Suppose A1 holds true. Then u is a C-viscosity solution to the inequalities (10)-(11).

FULLY NONLINEAR FREE TRANSMISSION PROBLEMS 11

The proof of Lemma 1 follows from standard computations and the maximum principle for W^{2,d}-functions, see [28, Corollary 3] and [4]. In addition, if u is a continuous viscosity solution to (10)-(11) we also have u ∈ S(λ, Λ, 1) ∩ S^∗(λ, Λ, 1). In fact, because M^−_{λ,Λ}(M) ≤ F_i(M) ≤ M^+_{λ,Λ}(M) holds for i = 1, 2, we have M^−_{λ,Λ}(D^2u) ≤ min ( F_1(D^2u), F_2(D^2u) ) ≤ 1 and M^+_{λ,Λ}(D^2u) ≥ max ( F_1(D^2u), F_2(D^2u) ) ≥ −1.

As a consequence to the former inclusion we derive the Hölder continuity for the strong solutions to (1), with universal estimates.

Lemma 2 (Hölder continuity). Let u ∈ W^{2,d}_{loc} (B_1) be a strong solution to (1) and suppose A1 holds. Then u ∈ C^α_{loc}(B_1), for some α ∈ (0, 1), and there exists C > 0 such that

‖u‖_Cα_{(B1/2)} ≤ C ( ‖u‖_L∞_{(B1)} + ‖f‖_Ld_{(B1)} ) . In addition, α = α(λ, Λ, d) and C = C(λ, Λ, d).

For a proof of Lemma 2, see [9, Lemma 4.10]. In the sequel we prove that solutions to (1) satisfy a quadratic growth away from the free boundary.

3.1. Proof of Theorem 1. We continue with an approximation lemma.

Proposition 1. Let u ∈ W^{2,d}_{loc} (B_1) be a W^{2,d}-strong solution to (1). Suppose A1 and A2 hold true. Given δ > 0, there exists 0 < τ_0 ≪ 1 such that, if the parameter τ > 0 in A2 satisfies τ < τ_0, there exists h ∈ C^{2,α}_{loc} (B_{9/10}) with ‖u − h‖_L∞_{(B8/9)} ≤ δ and ‖h‖_C2,α_{(B8/9)} ≤ C, for some universal constant C > 0 and some universal exponente α ∈ (0, 1).

Proof : For ease of presentation we split the proof into three main steps. Step 1 - We argue by contradiction; suppose the statement of the proposition is false. Then there exist sequences (u_n)_{n∈N}, (F^n_1 )_{n∈N} and (F^n_2 )_{n∈N} such that: