Pré-Publicações do Departamento de Matemática Universidade de Coimbra Preprint Number 22–12

BEST FITTING GEODESIC GOING THROUGH THE RIEMANNIAN MEAN

LUÍS MACHADO AND FÁTIMA SILVA LEITE

Abstract: We address the problem of finding the geodesic that best fits a given finite set of points on connected and compact Lie groups and on Grassmannians. By constraining the geodesic to pass through the Riemannian mean of the data, a property that is shared by their Euclidean counterparts, we derive an implicit equation defining the velocity of the best fitting geodesic and give a geometric interpretation of the result.

Keywords: Riemannian manifolds, matrix Lie groups, Lie algebras, geodesics, least squares problems.

1. Introduction

The role of Riemannian geometry is vital in computer vision and machine learning. In these areas, most data is intrinsically non-Euclidean and naturally manifold-valued. Using Riemannian computations based on the geometry of the underlying manifolds is faster and more accurate than their classical Euclidean counterparts [21], [18].

Riemannian regression is a technique that allows to estimate a continuous evolution of a process from a discrete set of points q_i, corresponding to observed data (typically images) at time t_i, within a certain time interval [10], [9]. But unlike the linear setting, these problems will typically not yield an analytic solution. The most simple method of regression on a Riemannian manifold is the geodesic regression, which is an extension of linear regression [3]. It allows to best fit a geodesic to a time-series of data points, typically images obtained over a period of time. In machine learning, a typical procedure is to infer a functional relationship between a set of attribute variables and associated target variables in order to predict the response for any set of attributes. This is frequently used in medical imaging, for instance, to study ageing processes, brain development, or disease progression [22], [7]. Riemannian regression, for instance, has been used in [6] to analyze shape changes in the brain as a function of age.

Received May 27, 2022. 1

2 L. MACHADO AND F. SILVA LEITE

In this context, Grassmann manifolds, which are manifolds of linear subspaces play an important role. Also, most of the transformations used in computer vision have matrix Lie group structure [5].

The literature about geodesic regression in already quite vast, but mainly dedicated to the implementation of methods to find approximated solutions and present simulation studies to validate the proposed algorithms. This is very important from the viewpoint of real applications, but we are primarily interested in the mathematical aspects of these problems. The derivation of the normal equations for the geodesic that best fits data on manifolds appeared, for instance, in [17] for Lie groups and spheres and more recently in [4] for the Grassmann manifold. Here we simplify those equations by constraining the solution to pass through the Riemannian mean of the data, a property which is shared by their Euclidean counterparts. We also present a geometric interpretation of the implicit equation defining the velocity of the best fitting geodesic. This may facilitate the implementation of more suitable algorithms for solving these least square problems. The organization of the paper is the following. The general problem on a Riemannian manifold is formulated in Section 2. In Section 3 we briefly review the normal equations for the regression line in Euclidean spaces. Section 4 contains the main results for connected and compact Lie groups and is followed by an adaptation to the Grassmannian case in Section 5. We end with some final remarks.

2. Formulation of the problem

Let M be a Riemannian manifold with Riemannian metric ⟨., .⟩, and assume that M is geodesically complete. We first review some concepts that are important to understand the formulation of the problem. For more details we refer to [14].

Geodesic distance between two points p and q in M, denoted by d(p, q), is defined as the length of the shortest geodesic in M that joins those points. Weighted Riemannian mean of a given set of N distinct points in M, q_1, . . . , q_N , each q_i having attached a positive weight ω_i, is defined to be a point q in M that yields the minimum value for the functional

Φ(q) =^1_2 N∑ i=1 ω_i d^2(q, q_i).

BEST FITTING RIEMANNIAN GEODESIC 3

We now formulate the general problem consisting in finding the geodesic that best fits a given finite set of data, consisting of N distinct points in M and N instants of time.

Let q_1, . . . , q_N , be N distinct points in M and t_1, . . . , t_N a set of instants of time. Denote by q the Riemannian mean of the given points and let t := 1 N ∑_N

i=1 t_i. Furthermore, let C denote the class of geodesic curves t → γ(t) in M, satisfying γ(t) = q.

Find the solution of the following minimization problem:

min_{γ∈C}^1_2 N∑ i=1 d^2(q_i, γ(t_i)). (1)

3. Best fitting straight line on Euclidean spaces

The solution of the above problem, when M is the Euclidean space R^n, is well known [15]. In this case, geodesics are straight lines and the best fitting geodesic can be parametrized by γ(t) = q + (t − t)X, where t ∈ [t_1, t_N ]. The solution of the following minimization problem

min_{X∈Rn}^1_2 N∑ i=1 ‖ q_i − q − (t_i − t)X ‖_2 , where ‖ · ‖ denotes the Euclidean norm, is given explicitly by X = ∑_N

i=1(t_i − t)(q_i − q) ∑_N

i=1(t_i − t)^2

. (2)

Moreover, it can be seen that the curve γ satisfies the so called normal equations { ∑_N i=1(γ(t_i) − q_i) = 0 ∑_N

i=1 t_i(γ(t_i) − q_i) = 0

. (3)

4. Best fitting geodesic on connected and compact matrix Lie groups

In this section, we assume that M is a connected and compact matrix Lie group equipped with its bi-invariant Riemannian metric, and look for solutions of the problem formulated in Section 2. To do so, one needs to introduce some facts about the geometry of these groups.

4 L. MACHADO AND F. SILVA LEITE

4.1. Geometric properties of connected and compact Lie groups. Let G be a connected and compact real n−dimensional matrix Lie group, equipped with the bi-invariant Riemannian metric, and g its Lie algebra. Given X ∈ g, the map ad_X : g → g, defined by ad_X (Y ) = [X, Y ], where [·, ·] is the Lie bracket in g, is called the adjoint operator. The exponential map exp : g → G is surjective, but only a local diffeomorphism whose inverse is called logarithm map. When σ(B) ∩ R^−_0 = ∅, where σ(B) denotes the spectrum of B, there exists a unique real logarithm of B whose spectrum lies in the infinite horizontal strip {z ∈ C : −π < Im(z) < π} of the complex plane. This logarithm is called the principal logarithm of B and hereafter will be denoted by log(B). When ‖B − I‖ < 1, log(B) is uniquely defined by the following convergent power series:

log(B) = +∞∑ k=1 (−1)^{k+1}

(B − I)^k k . When the previous norm restriction is not satisfied, one can still define a unique real logarithm of B using the following identity

log(B) := 2^k log ( B^12^k ) , k ∈ Z.

This is the so called inverse scaling and squaring method whose details may be found in [12]. This allows to define log(B) for any B ∈ G that has no eigenvalues in R^−_0 . This assumption is imposed throughout the paper.

Given p, q ∈ G, the geodesic that joins p to q can be parametrized in the interval [0, 1] by β(s) = p exp ( s log(p^{−1}q) ) . Thus, the geodesic distance between p and q is given by

d(p, q) = ‖ ‖log(p^{−1}q) ‖ ‖. (4)

Next, we list some properties that are required to deduce the main results.

Proposition 4.1. ([20]) Let t → X(t) and t → p(t) be two differentiable mappings taking values in g and G, respectively, and let^{eu−1}_u denote the sum of the series

∑_{+∞} m=0 u^m (m+1)! and u e^u−1 the sum of the series

∑_{+∞} m=0(−1)^{m (eu−1)m}_{m+1} .

Then, 1. d exp(X(t)) dt =^{eu−1}_u | u=ad_{X(t)} (˙ X(t) ) exp(X(t)), 2. d log ( p(t) ) dt =^u_{eu−1} | |_{u=adlog(p(t))}(ṗ(t)p−1(t)),

BEST FITTING RIEMANNIAN GEODESIC 13

Fátima Silva Leite Department of Mathematics, University of Coimbra, Largo D. Dinis, 3001-454 Coimbra, Portugal, and Institute of Systems and Robotics, University of Coimbra - Pólo II, Pinhal de Marrocos, 3030-290 Coimbra, Portugal E-mail address: fleite@mat.uc.pt

12 L. MACHADO AND F. SILVA LEITE

[6] Davis B., Fletcher T. P., Bullit E., Joshi S.: Population Shape Regression from Random Design Data. International Journal of Computer Vision 90, 2010, 255–266. doi: 10.1007/s11263-010- 0367-1.

[7] Du J., Goh A., Kushnarev S., Qiu A.: Geodesic regression on orientation distribution functions with its application to an aging study. NeuroImage, 87 (2014), 416-426.

[8] Edelman A., Arias T. A., Smith S. T.: The geometry of algorithms with orthogonality constraints, SIAM J. Matrix Anal. Appl., 20, N. 2 303-353 (1998). doi:10.1137/S0895479895290954 [9] Fishbaugh J., Prastawa M., Gerig G., Durrleman S.: Geodesic shape regression in the framework of currents. Inf Process Med Imaging, 23 (2013), 718-729. doi: 10.1007/978-3-642-38868- 2-60.

[10] Fletcher T. P.: Geodesic Regression and the Theory of Least Squares on Riemannian Manifolds. International Journal of Computer Vision, 105, 2, 171-185 (2013). doi: 10.1007/s11263- 012-0591-y.

[11] Helgason S.: Differential geometry, Lie groups and symmetric spaces, Academic Press, London (1978).

[12] Higham N.: Functions of matrices: theory and computation. SIAM, Philadelphia, PA, USA (2008).

[13] Karcher H.: Riemannian center of mass and mollifier smoothing. Communications on Pure and Applied Mathematics 30, 509-541 (1977). doi:10.1002/cpa.3160300502 [14] Lee J. M.: Riemannian geometry: An introduction to curvature, N. 176 in Graduate Texts in Mathematics, Springer-Verlag, New York, (1997).

[15] Lancaster P., Slakauskas K.: Curve and Surface Fitting, Academic Press, (1990). [16] Lazard M., Tits J.: Domaines d’injectivité de l’application exponentielle. Topology 4, 315-322 (1965). doi:10.1016/0040-9383(66)90030-9 [17] Machado L.: Least squares problems on Riemannian manifolds. Ph. D. thesis, University of Coimbra, (2006).

[18] Minh H. Q., Murino V.: Algorithmic Advances in Riemannian Geometry and Applications;

Subtitle For Machine Learning, Computer Vision, Statistics, and Optimization. Advances in Computer Vision and Pattern Recognition, Springer, Cham (2016). doi: org/10.1007/978-3- 319-45026-1.

[19] Samir C., Absil P. A., Srivastava A., Klassen E.: A gradient-descent method for curve fitting on Riemannian manifolds. Foundations of Computational Mathematics, 12(1), (2012), 49-73.

[20] Sattinger D. H., Weaver O. L.: Lie Groups and Algebras with Applications to Physics, Geometry, and Mechanics. Applied Mathematical Sciences (Switzerland) N. 61, Springer-Verlag New York, (1986).

[21] Turaga P. K., Srivastava A.: Riemannian Computing in Computer Vision. Springer, Cham (2016). doi.org/10.1007/978-3-319-22957-7T.

[22] Younes L., Arrate F., Miller M.I.: Evolutions equations in computational anatomy. Neuroimage, 45 (1 Suppl): S40-50 (2009). doi: 10.1016/j.neuroimage.2008.10.050.

Luís Machado Institute of Systems and Robotics, University of Coimbra, Pólo II, Pinhal de Marrocos, 3030-290 Coimbra, Portugal, and Department of Mathematics, University of Trás-os- Montes e Alto Douro (UTAD), 5000-801 Vila Real, Portugal

E-mail address: lmiguel@utad.pt

BEST FITTING RIEMANNIAN GEODESIC 5

Proposition 4.2. ([17]) The operators that appear in Proposition 4.1 are skew-adjoint with respect to the bi-invariant Riemannian metric in G, i.e., for all X, Y, Z ∈ g, 1. ⟨_{eu−1} u | |_{u=adX}(Y ), Z ⟩ = ⟨ Y,^{1−e−u}_u | |_{u=adX}(Z) ⟩ , 2. ⟨_u

e^u−1 | |_{u=adX}(Y ), Z ⟩ = ⟨ Y,^u_{1−e−u} | |_{u=adX}(Z) ⟩ . Due to the differentiable structure of G, right translations on G, R_g : h → hg, are diffeomorphisms for all g ∈ G. Taking into account that T_gG ≃ g, the tangent map (or differential) of R_g at the identity e ∈ G ( dR_g ) e : g −→ g Z −→ ( dR_g ) e(Z) = Zg , is an isomorphism in g, whose inverse is defined by ( dR_g

)_{−1} e (Z) = Zg^{−1}, ∀Z ∈ g.

Next, one gives a characterization for the left operator appearing in the expression of the derivative of the exponential (1. of Proposition 4.1) which is the counterpart of the result given in [11] (Theorem 1.7, Chapter II) for the right operator.

Proposition 4.3. Let X ∈ g. Then

e^u − 1 u | | |_{u=adX} = ( dR_{exp(−X)}

)_{−1} e ∘ (d exp)_X , (5)

where (d exp)_X denotes the tangent map of the exponential map at X.

The following result gives an implicit characterization of the weighted Riemannian mean of a given data set of points in G with attached weights.

Proposition 4.4. ([17]) Let q_1, . . . , q_N be N distinct points in G, having attached the weight ω_i at each point q_i. The weighted Riemannian mean of (q_i, ω_i), i = 1, . . . , N, is the set of points q satisfying the equation N∑ i=1 ω_i log(q^{−1}_i q) = 0. (6)

6 L. MACHADO AND F. SILVA LEITE

Remark 4.1. When all the weights are equal, the previous equation reduces to_N ∑ i=1 log(q^{−1}_i q) = 0, (7)

which characterizes the Riemannian mean of the points q_1, . . . , q_N . The uniqueness of the Riemannian mean can only be ensured if all the data points lie inside a geodesic ball of appropriate radius [13].

4.2. Best fitting geodesic. The main goal is to find solutions for the problem (1) formulated in Section 2 when M is a connected and compact matrix Lie group G with bi-invariant metric.

Let q_1, . . . , q_N , be N points in G and t_1, . . . , t_N , a set of N instants of time. Denote by q the Riemannian mean of points q_1, . . . , q_N , and let t =^1_N

∑_N i=1 t_i.

Geodesic curves γ satisfying γ(t) = q can be parametrized explicitly by γ(t) = q exp ( (t − t)X ) , where X ∈ g. We denote by C the class of such geodesic curves.

We now state and prove the main result.

Theorem 4.5. A necessary condition for the geodesic curve γ, defined by γ(t) = q exp ( (t − t)X ) , to be a solution of the problem (1), is that it satisfies the equation N∑ i=1 (t_i − t) e^u − 1 u | | | |_{u=ad(ti−t)X} ( log ( q^{−1}_i γ(t_i) )) = 0. (8)

Proof : In order to find the critical points for the problem (1), one needs to compute the tangent map of the function Φ, defined in g, by

Φ(X) = 1 2 N∑ i=1 ⟨ log ( q^{−1}_i q exp ( (t_i − t)X )) , log ( q^{−1}_i q exp ( (t_i − t)X ))⟩ . Let Y ∈ g be arbitrary. The tangent map of Φ at X is therefore obtained by

(dΦ)_X(Y ) = d ds | | | s=0 Φ(X + sY ) = N∑ i=1 ⟨ d ds | | |_{s=0} log ( q^{−1}_i q exp ( (t_i − t)(X + sY ) )) , log ( q^{−1}_i q exp ( (t_i − t)(X) ))⟩

BEST FITTING RIEMANNIAN GEODESIC 11

Theorem 5.1. A necessary condition for the geodesic curve defined by γ(t) = e^{(t−t)Ω}P e^{−(t−t)Ω} to be a solution of (16) is that it satisfies the equation N∑ i=1 (t_i − t)

1 − e^{−u} u | | | |_{u=ad(ti−t)Ω} ( log ( (I − 2P_i)(I − 2γ(t_i) )) = 0. (17)

6. Final remarks

In [17] and [4], the normal equations for the best fitting geodesic problem for some Riemannian manifolds have been derived. These coupled equations look rather difficult to solve explicitly. Moreover, it is not clear if the solution of the problem passes through the Riemannian mean, a condition that is fullfiled by the regression line in Euclidean spaces.

In this paper, we assume à priori that the required geodesic goes through the Riemannian mean of the data, to obtain a single equation for its velocity. This reduces the complexity of the problem and hopefully simplifies the search for numerical solutions.

It is important to find out if these two apparently different approaches of the best geodesic fitting problem are equivalent. This will be addressed in the near future.

Acknowledgments

This work has been supported by Fundação para a Ciência e a Tecnologia (FCT) under the project UIDB/00048/2020.

References

[1] Absil P. A., Mahony R., Sepulchre R.: Riemannian geometry of Grassmann manifolds with a view on algorithmic computation, Acta Applicandae Mathematicae, 80, N. 2, 199–220 (2004). doi:10.1023/B:ACAP.0000013855.14971.91 [2] Absil P. A., Mahony R., Sepulchre R.: Optimization algorithms on matrix manifolds. Princeton University Press, 2009.

[3] Banerjee M., Chakraborty M. R., Ofori E., Okun M. S., Vaillancourt D.E., Vemuri B. C.: A nonlinear regression technique for manifold valued data with applications to Medical Image Analysis. 2016 IEEE Conference on Computer Vision and Pattern Recognition (CVPR), 2016, 4424-4432, doi: 10.1109/CVPR.2016.479.

[4] Batzies E., Hüper K., Machado L., Silva Leite F.: Geometric mean and geodesic regression on Grassmannians. Linear Algebra and its Applications, 466 (2015) 83–101. doi:org/10.1016/j.laa.2014.10.003.

[5] Cornea E., Zhu H., Kim P., Ibrahim J.G.: Regression Models on Riemannian Symmetric Spaces.

J R Stat Soc Series B Stat Methodol. 79(2), 2017, 463–482. doi: 10.1111/rssb.12169.

10 L. MACHADO AND F. SILVA LEITE

α(t) = Θ(t)P Θ(t)^T , where Θ is a smooth curve on SO(n). In particular, geodesics in the Grassmann manifold are of the form

α(t) = e^{tΩ}P e^{−tΩ}, Ω ∈ so(n), (13)

and the geodesic connecting the point P (at t = 0) to the point Q (at t = 1) is of the form (13) (see [4] for details), with Ω = 1 2 log((I − 2Q)(I − 2P )). (14)

Therefore, the geodesic distance between P and Q is defined as

d(P, Q) = 1 2 ‖ ‖log((I − 2Q)(I − 2P )) ‖ ‖. According to [4], given a collection of points P_1, . . . , P_N in the Grassmann manifold G_{n,k}, its Riemannian mean is the point P that satisfies the equation N∑ i=1 log((I − 2P )(I − 2P_i)) = 0. (15)

5.2. Best fitting geodesic in G_{n,k} through the Riemannian mean. It is clear from the previous considerations that the developments in Section 4 applied to the situation when G = SO(n) will be used here. In [4] we derived the counterpart of the normal equations for the best fitting geodesic in G_{n,k}. Following the assumptions in Section 4, we simplify these equations assuming that the geodesic passes through the Riemannian mean of the data. It will be clear that the geometric interpretation also follows immediately from previous discussions. We omit the proof of the main result in this section due to limitation of pages and the fact that it results from obvious adaptations of the proof of Theorem 4.5.

Let P_1, . . . , P_N be a set of N points in G_{n,k} and P its Riemannian mean. Also, let t_1, . . . , t_N be a set of N instants of time and t its arithmetic mean. Consider the family C of geodesics in G_{n,k} that pass through P at time t.

The main goal of this section is to solve the following optimization problem

min_{γ∈C} 1 4 N∑ i=1 ‖ ‖log((I − 2γ(t_i))(I − 2P_i)) ‖ ‖^2 (16)

Arguments similar to those in the proof of Theorem 4.5 can be used to conclude the following.

BEST FITTING RIEMANNIAN GEODESIC 7 = N∑ i=1 ⟨ u e^u − 1 | | |_{u=adlog(q−1}

i γ(ti)) ( q^{−1}_i q e^u − 1 u | | |_{u=ad(ti−t)X} ( (t_i − t)Y ) q^{−1}q_i ) , log ( q^{−1}_i γ(t_i) )⟩

= N∑ i=1 ⟨ q^{−1}_i q e^u − 1 u | | |_{u=ad(ti−t)X} ( (t_i − t)Y ) q^{−1}q_i, u 1 − e^{−u} | | |_{u=adlog(q−1}

i γ(ti)) ( log ( q^{−1}_i γ(t_i) ))⟩

= N∑ i=1 ⟨ eu − 1 u | | | u=ad_{(ti−t)X} ( (t_i − t)Y ) , q^{−1}q_i log ( q^{−1}_i γ(t_i) ) q^{−1}_i q ⟩

= N∑ i=1 ⟨ (t_i − t)Y,

1 − e^{−u} u | | |_{u=ad(ti−t)X} ( log ( exp((t_i − t)X)q^{−1}_i q ))⟩

= ⟨ Y, N∑ i=1 (t_i − t) e^u − 1 u | | |_{u=ad(ti−t)X} ( log ( q^{−1}_i γ(t_i) ))⟩ . Thus, since X is a critical point of Φ if, and only if, (dΦ)_X(Y ) = 0, ∀Y ∈ g, it follows that X has to be the solution of equation (8).

4.3. Geometric interpretation of equation (8). Regarding the expression of the operator^{eu−1}_u | |_{u=adX} given in Proposition 4.3, equation (8) can be rewritten as N∑ i=1 (t_i − t) (( dR_{exp((t−ti)X)}

)_{−1} e ∘ (d exp)_{(ti−t)X} )( log ( q^{−1}_i γ(t_i) )) = 0.

Now, according to the characterization of the weighted Riemannian mean (6), equation (8) can be interpreted as a weighted Riemannian mean of a transformation of the set of the velocity vectors of the minimizing geodesic connecting points q_i to γ(t_i) via the operators ( dR_{exp((t−ti)X)}

)_{−1} e ∘(d exp)_{(ti−t)X} , for each i = 1, . . . , N.

4.4. Particular case when G is Abelian. In this case, since all matrices in G commute, the Riemannian mean of the points q_1, . . . , q_N is given by q = (q_1 · · · q_N )^{1N} . Regarding equation (8), it assumes the simpler form N∑ i=1 (t_i − t) ( log ( q^{−1}_i γ(t_i) )) = 0. (9)

8 L. MACHADO AND F. SILVA LEITE

The velocity vector of the geodesic γ can now be computed explicitly as in

the Euclidean case. In fact N∑ i=1 (t_i − t) ( log ( q^{−1}_i γ(t_i) )) = N∑ i=1 (t_i − t) ( log ( γ(t_i) ) − log(q_i) )

= N∑ i=1 (t_i − t) ( log q + (t_i − t)X − log(q_i) ) ,

and so, the solution of equation (9) is explicitly given by

X = ∑_N

i=1(t_i − t) ( log(q_i) − log q ) ∑_N i=1(t_i − t)^2 ,

which is equivalent to equation (2) for the velocity vector in the Euclidean

case.

Next proposition shows that the best fitting geodesic γ shares a property

of the regression line in R^n, namely it passes through the weighted mean of

the points q_i, q = ( q^{t1}_1 · · · q^{tN}_N

)_{1/}^{∑N}_{i=1 ti} , at the instant of time t =

∑_N i=1 t^2_i ∑_N i=1 t_i .

Proposition 4.6. Assume that q_1, . . . , q_N belong to a connected, compact

and Abelian Lie group G. Then the geodesic γ that best fits the given data at

the given times t_1, . . . , t_N satisfies the condition γ ( t ) = q.

Proof : Note that

t − t = N ∑_N

i=1 t^2_i − (

∑_N

i=1 t_i)^2 N ∑_N

i=1 t_i and N∑ i=1 (t_i − t)^2 = N∑ i=1 t^2_i − 1 N (^N∑ i=1 t_i

)_2 .

Moreover, N∑ i=1 (t_i − t) ( log(q_i) − log q ) = N∑ i=1 t_i log(q_i) − 1 N N∑ i=1 t_i N∑ i=1 log(q_i).

BEST FITTING RIEMANNIAN GEODESIC 9

Therefore, γ ( t ) = q exp

(_1

∑_N

i=1 t_i N∑ i=1 (t_i − t)(log(q_i) − log q) )

= q exp

(_1

∑_N

i=1 t_i N∑ i=1 t_i log(q_i) ) exp ( −^1_N N∑ i=1 log(q_i) )

= exp

(_1 N N∑ i=1 log(q_i) ) exp (_1

∑_N i=1 t_i N∑ i=1 t_i log(q_i) ) exp ( −^1_N N∑ i=1 log(q_i) )

= exp

(_1

∑_N

i=1 t_i N∑ i=1 t_i log(q_i) ) = ( q^{t1}_1 · · · q^{tN}_N

)_{1/}^{∑N}_{i=1 ti} . 5. Best fitting geodesic on the Grassmann manifold

The objective in this section is to determine the geodesic that best fits a given data set of points in the Grassmann manifold, assuming that it passes through the Riemannian mean of the given data. For details on the differential geometric structure of these manifolds, we refer to [8] and [1].

5.1. Some facts about the geometry of the Grassmann manifold. The Grassmann manifold (or Grassmannian) G_{n,k}, consisting of the k-dimen-sional subspaces of R^n, admits a representation by projection matrices. If s(n) denotes the vector space of all n × n symmetric matrices, then

G_{n,k} := { P ∈ s(n) : P^2 = P and rank(P ) = k } . (10)

Let so(n) denote the Lie algebra of all n × n skew-symmetric matrices, and for each P ∈ G_{n,k} define the subspace of so(n),

so_P (n) = {Ω ∈ so(n) : ΩP + P Ω = Ω}.

The tangent space of G_{n,k} at a point P is given by

T_P G_{n,k} = { [Ω, P ] : Ω ∈ so_P (n) } . (11)

Consider the Riemannian metric induced by the Frobenius inner product

⟨[Ω_1, P ], [Ω_2, P ]⟩ = −tr ( Ω_1Ω_2 ) . (12)

The special orthogonal Lie group SO(n) acts transitively on G_{n,k} via (Θ, P ) → ΘP Θ^T and so, any smooth curves on G_{n,k} can be parametrized explicitly by