Pré-Publicações do Departamento de Matemática Universidade de Coimbra Preprint Number 22–35

FULLY NONLINEAR HAMILTON-JACOBI EQUATIONS OF DEGENERATE TYPE

DAVID JESUS, EDGARD A. PIMENTEL AND JOSÉ MIGUEL URBANO

To the fond memory of Emmanuele DiBenedetto.

Abstract: We examine Hamilton-Jacobi equations driven by fully nonlinear degenerate elliptic operators in the presence of superlinear Hamiltonians. By exploring the Ishii-Jensen inequality, we prove that viscosity solutions are locally Lipschitzcontinuous, with estimates depending on the structural conditions of the problem. We close the paper with an application of our findings to a two-phase free boundary problem.

Keywords: Degenerate elliptic operators; Hamilton-Jacobi equation; Lipschitz regularity; two-phase free boundary problems.

Math. Subject Classification (2020): 35B65; 49L25; 35R35.

1. Introduction

Among other seminal contributions, Emmanuele DiBenedetto revolutionised the analysis of singular and degenerate elliptic and parabolic equations. The development of intrinsic scaling methods [13, 15, 29, 14], in particular, had a huge impact in the field, with far-reaching applications that resonate to this day.

In this paper, we study a fully nonlinear Hamilton-Jacobi equation of the form

F (D^2u) + H(Du, x) = f(x) in Ω ⊂ R^d, (1)

where F : S(d) → R is degenerate elliptic, the Hamiltonian H = H(p, x) satisfies natural growth and continuity conditions, and f ∈ L^∞(Ω) is Lipschitz continuous. In the superlinear setting, we prove that viscosity solutions to (1) are locally Lipschitz-continuous. In addition, we examine a two-phase free boundary problem driven by the operator in (1). In this context, our findings include the existence of solutions and regularity estimates across the free boundary. The conditions we impose on the structure of the problem are fairly

Received October 27, 2022.

This work was partially supported by the Centre for Mathematics of the University of Coimbra - UIDB/00324/2020, funded by the Portuguese Government through FCT/MCTES. EP is partly funded by FAPERJ (E-26/200.002/2018). 1

2 D. JESUS, E. PIMENTEL AND J. M. URBANO

general and cover important models, such as Bellman and Isaacs equations. An example of Hamiltonian falling under our assumptions is

H(p, x) := a(x) ( 1 + |p|^2

) m_2 + V (x),

provided a, V : Ω → R are Lipschitz-continuous and bounded from above and below, and m > 1.

Hamilton-Jacobi (HJ) equations of second-order often relate to stochastic optimal control problems [16]. In this context, the value function of the optimization problem is a viscosity solution of the associated HJ equation. For developments at the intersection of viscosity solutions, Hamilton-Jacobi equations and optimal control, we refer the reader to [12, 10, 19, 20, 5, 3]. Recent results in regularity theory for degenerate problems, both in the variational and non-variational settings, can be found in [28, 27, 1, 18].

The study of (1) in the case F ≡ Tr appears, for instance, in [22]. In that paper, the author proves the existence of classical solutions for the problem under Neumann boundary conditions and natural growth regimes on the Hamiltonian H. The role of Neumann (or oblique) boundary conditions relates to state-constrained optimal control problems, as they encode a reflection at the boundary; we refer the reader to [23].

An in-depth account of state-constrained optimal control problems is the subject of [21], where the authors examine (1) in the uniformly elliptic setting. In addition to establishing local Lipschitz continuity of the solutions, the authors connect the characterisation of boundary conditions with the growth regime of the Hamiltonian. Indeed, for sub-quadratic Hamiltonians, solutions blow up as they approach ∂Ω, requiring a relaxed notion of boundary condition. However, in the (strictly) superquadratic case, solutions are globally Hölder continuous. See [7] for related developments.

The regularity theory available for (1) in the degenerate elliptic case advanced substantially with the contributions in [9]. Among the findings in that paper, we highlight the Hölder continuity of sub-solutions in the presence of superquadratic Hamiltonians. The remarkable aspect of this result is in the one-sided requirement entailed by the sub-solution condition. To properly appreciate the minimality of such an assumption, we briefly recall the Krylov- Safonov theory. Concerning uniformly elliptic fully nonlinear operators, the latter implies Hölder continuity provided a two-sided control is available. Indeed, let P^± be the Pucci extremal operators and C > 0 be a constant; if

FULLY NONLINEAR HAMILTON-JACOBI EQUATIONS 3

u ∈ C(Ω) is a viscosity solution to

P^−(D^2u) ≤ C in Ω and P^+(D^2u) ≥ −C in Ω, the Krylov-Safonov theory ensures the Hölder continuity of u. However, if one of the former inequalities fails to hold, the theory is no longer available; see, for instance, [8, 24, 25]. We notice the results in [9] also include global Hölder continuity for sub-solutions and Lipschitz regularity for the solutions of the homogeneous problem. We also refer the reader to the important contributions in [4] and [6].

In [2], the authors study (1), considering F (M, x) = Tr(A(x)M), for a degenerate elliptic matrix-valued map A : Ω → R^{d2} . The findings in [2] advance the general theory of Hamilton-Jacobi equations, as they cover a general maximum principle, Lipschitz continuity for the solutions of the homogeneous equation with explicit estimates (in terms of the matrix A and the structure of H), and state-constrained boundary conditions. We notice the Lipschitz continuity result in [2] relies on the maximum principle [11, Theorem 3.2] and explores the connection of the trace operator and eigenvalues.

Our contribution is two-fold. By developing an intrinsically nonlinear argument, we prove that viscosity solutions to (1) are Lipschitz continuous, with estimates. Then we examine a consequence of our regularity result to a two-phase free boundary problem and prove the existence of solutions, with estimates in Hölder spaces. Our main result reads as follows.

Theorem 1 (Improved regularity of solutions). Let u ∈ C(Ω) be a viscosity solution to (1) where F : S(d) → R is degenerate elliptic, Lipschitz-continuous and positively homogeneous of degree 1, and f ∈ L^∞(Ω) is Lipschitz-continuous. Suppose the Hamiltonian H is superlinear and satisfies natural growth and continuity conditions, detailed in Section 2. Then u is locally Lipschitz-continuous in Ω. Moreover, for every Ω^′ ⋐ Ω, there exists C > 0 such that

|u(x) − u(y)| ≤ C ( 1 + ‖u‖_L∞_{(Ω)} + ‖f‖_L∞_{(Ω)} ) |x − y|,

for every x, y ∈ Ω^′. The constant C > 0 depends only on Ω^′, and the data of the problem.

The proof of Theorem 1 relies on two building blocks. First, we examine the superquadratic case, i.e., H(p, x) ∼ C +C|p|^m, with m > 2. In this setting, we

4 D. JESUS, E. PIMENTEL AND J. M. URBANO

prove that solutions to (1) are γ-Hölder continuous for γ := (m − 2)/(m − 1). Here we follow closely the strategy put forward in [2, Section 3], adapting its techniques to the fully nonlinear setting. Then we refine the application of the Ishii-Jensen Lemma to produce Lipschitz regularity in the superlinear setting.

Once Theorem 1 is available we turn to a free boundary problem driven by a particular instance of the operator in (1). For constants λ_+, λ_− ∈ R, consider the problem

Tr(A(x)D^2u) + H(Du, x) = λ_+χ_{{u>0}} + λ_−χ_{{u<0}} in Ω(u), (2)

where Ω(u) := {u > 0} ∪ {u < 0}. We note that (2) holds only in the region where the solutions do not vanish, and no PDE information is available in {u = 0}. In many cases, viscosity solutions exist following Perron’s method, when a comparison principle is available, and one can build appropriate suband supersolutions. Meanwhile, the present setting introduces important difficulties. First, the dependence of (2) with respect to the solution implies the lack of properness. As a consequence, one should not expect a comparison principle to hold at the level of the equation, which precludes the use of usual arguments. Also, and perhaps even more important, the growth regime of the Hamiltonian H requires further compatibility conditions for the boundary data; see [9].

We argue through a regularization of the right-hand side of (2), removing the dependence of the equation on zero-order terms. We combine our findings in regularity theory with former results on the existence of solutions for superquadratic Hamilton-Jacobi equations. Then a fixed-point argument ensures the existence of viscosity solutions to the Dirichlet problem associated with (2). For a similar approach in the context of free transmission problems, see [26].

The remainder of this paper is organised as follows. Section 2 gathers our primary assumptions and recalls a few preliminaries. The proof of Theorem 1 is the subject of Section 3. Finally, in Section 4, we prove the existence of viscosity solutions for the Dirichlet problem associated with (2).

2. Preliminaries

Here we detail the main assumptions used in the paper and collect a few preliminaries.

2.1. Main assumptions. We proceed with the conditions imposed on the second-order operator F .

FULLY NONLINEAR HAMILTON-JACOBI EQUATIONS 21

[18] G. Huaroto, E. Pimentel, G. Rampasso and A. Święch, A fully nonlinear degenerate free transmission problem, arXiv:2008.06917 (2022), 34p.

[19] H. Ishii, On uniqueness and existence of viscosity solutions of fully nonlinear second-order elliptic PDE’s, Comm. Pure Appl. Math. 42 (1989), 15–45.

[20] H. Ishii and P.-L. Lions, Viscosity solutions of fully nonlinear second-order elliptic partial differential equations, J. Differential Equations 83 (1990), 26–78.

[21] J.-M. Lasry and P.-L. Lions, Nonlinear elliptic equations with singular boundary conditions and stochastic control with state constraints. I. The model problem, Math. Ann. 283 (1989), 583–630.

[22] P.-L. Lions, Quelques remarques sur les problèmes elliptiques quasilinéaires du second ordre, J.

Anal. Math. 45 (1985), 234–254.

[23] P.-L. Lions and A.-S. Sznitman, Stochastic differential equations with reflecting boundary conditions, Comm. Pure Appl. Math. 37 (1984), 511–537.

[24] C. Mooney, A proof of the Krylov-Safonov theorem without localization, Comm. Partial Differential Equations 44 (2019), 681–690.

[25] E. Pimentel, Elliptic Regularity Theory by Approximation Methods, London Mathematical Society Lecture Notes Series 477, Cambridge University Press, Cambridge, 2022.

[26] E. Pimentel and A. Święch, Existence of solutions to a fully nonlinear free transmission problem, J. Differential Equations 320 (2022), 49–63.

[27] E. Teixeira, Universal moduli of continuity for solutions to fully nonlinear elliptic equations, Arch. Ration. Mech. Anal. 211 (2014), 911–927.

[28] E. Teixeira and J.M. Urbano, A geometric tangential approach to sharp regularity for degenerate evolution equations, Anal. PDE 7 (2014), 733–744.

[29] J.M. Urbano, The Method of Intrinsic Scaling, Lecture Notes in Mathematics 1930, Springer- Verlag, Berlin, 2008.

David Jesus University of Coimbra, CMUC, Department of Mathematics, 3000-143 Coimbra, Portugal E-mail address: djbj@mat.uc.pt

Edgard A. Pimentel University of Coimbra CMUC, Department of Mathematics, 3000-143 Coimbra, Portugal and Pontifical Catholic University of Rio de Janeiro – PUC-Rio 22451-900, Gávea, Rio de Janeiro-RJ, Brazil E-mail address: edgard.pimentel@mat.uc.pt

José Miguel Urbano King Abdullah University of Science and Technology (KAUST), Computer, Electrical and Mathematical Sciences and Engineering Division (CEMSE), Thuwal 23955-6900, Saudi Arabia and University of Coimbra, CMUC, Department of Mathematics, 3000-143 Coimbra, Portugal E-mail address: miguel.urbano@kaust.edu.sa

20 D. JESUS, E. PIMENTEL AND J. M. URBANO

EP partially supported by the Centre for Mathematics of the University of Coimbra (UIDB/ 00324/2020, funded by the Portuguese Government through FCT/MCTES) and by FAPERJ (grants E26/200.002/2018 and E26/201.390/2021).

JMU partially supported by the King Abdullah University of Science and Technology (KAUST), by Fundação para a Ciência e a Tecnologia, through project PTDC/MAT- PUR/28686/2017, and by the Centre for Mathematics of the University of Coimbra (UIDB/ 00324/2020, funded by the Portuguese Government through FCT/MCTES).

References

[1] D.J. Araújo, E. Teixeira and J.M. Urbano, A proof of the C^{p′} -regularity conjecture in the plane, Adv. Math. 316 (2017), 541–553.

[2] S. Armstrong and H.V. Tran, Viscosity solutions of general viscous Hamilton-Jacobi equations, Math. Ann. 361 (2015), 647–687.

[3] M. Bardi and I. Capuzzo-Dolcetta, Optimal Control and Viscosity Solutions of Hamilton- Jacobi-Bellman Equations, Systems & Control: Foundations & Applications, Birkhäuser, Boston, 1997.

[4] G. Barles, A weak Bernstein method for fully nonlinear elliptic equations, Differential Integral Equations 4 (1991), 241–262.

[5] G. Barles, Solutions de Viscosité des Équations de Hamilton-Jacobi, Mathématiques & Applications 17, Springer-Verlag, Paris, 1994.

[6] G. Barles, A short proof of the C^{0,α}-regularity of viscosity subsolutions for superquadratic viscous Hamilton-Jacobi equations and applications, Nonlinear Anal. 73 (2010), 31–47.

[7] G. Barles and F. Da Lio, On the generalized Dirichlet problem for viscous Hamilton-Jacobi equations, J. Math. Pures Appl. 83 (2004), 53–75.

[8] L. Caffarelli and X. Cabré, Fully Nonlinear Elliptic Equations, Colloquium Publications 43, American Mathematical Society, Providence, 1995.

[9] I. Capuzzo-Dolcetta, F. Leoni and A. Porreta, Hölder estimates for degenerate elliptic equations with coercive Hamiltonians, Trans. Amer. Math. Soc. 362 (2010), 4511–4536.

[10] M. Crandall, L. Evans and P.-L. Lions, Some properties of viscosity solutions of Hamilton- Jacobi equations, Trans. Amer. Math. Soc. 282 (1984), 487–502.

[11] M. Crandall, H. Ishii and P.-L.Lions, User’s guide to viscosity solutions of second order partial differential equations, Bull. Amer. Math. Soc. (N.S.) 27 (1992), 1–67.

[12] M. Crandall and P.-L. Lions, Viscosity solutions of Hamilton-Jacobi equations, Trans. Amer.

Math. Soc. 277 (1983), 1–42.

[13] E. DiBenedetto, Degenerate Parabolic Equations, Universitext, Springer-Verlag, New York, 1993.

[14] E. DiBenedetto, U. Gianazza and V. Vespri, Harnack’s Inequality for Degenerate and Singular Parabolic Equations, Springer Monographs in Mathematics, Springer, New York, 2012.

[15] E. DiBenedetto, J.M. Urbano and V. Vespri, Current issues on singular and degenerate evolution equations, In: Evolutionary equations. Vol. I, 169–286, Handb. Differ. Equ., North- Holland, Amsterdam, 2004.

[16] W. Fleming and H.M. Soner, Controlled Markov Processes and Viscosity Solutions, Applications of Mathematics 25, Springer-Verlag,1991.

[17] D. Gilbarg and N. Trudinger, Elliptic Partial Differential Equations of Second Order, 2nd ed., Springer-Verlag, Berlin, 2001.

FULLY NONLINEAR HAMILTON-JACOBI EQUATIONS 5

Because we rely on the monotonicity of F in the space of symmetric matrices, we equip the latter with a partial order relation. For M, N ∈ S(d), we say that M ≥ N if M − N is positive semi-definite, i.e., for every ξ ∈ R^d, we have ξ^T (M − N)ξ ≥ 0.

Our primary condition on F concerns its degenerate ellipticity. Definition 1. We say F : S(d) → R is degenerate elliptic if F (M) ≤ F (N) whenever M, N ∈ S(d) are such that M ≥ N.

We continue with an assumption combining degenerate ellipticity and Lipschitz continuity for F .

[A1] (Monotonicity and Lipschitz continuity). The operator F : S(d) → R is monotone non-increasing and Lipschitz continuous. That is, there exists a constant C_F > 0 such that F (M) − F (N) ≤ C_F | |(N − M)_+ | | , (3) for every M, N ∈ S(d).

The condition in (3) is equivalent to requiring F to be degenerate elliptic and Lipschitz continuous, with constant C_F > 0; see Lemma 1. The choice for (3) stems from our argument since we compare F (M) and F (N) in terms of the eigenvalues of M and N. We also require F to be positively homogeneous of degree one.

[A2] (Homogeneity of F ). The operator F is positively homogeneous of degree 1. That is, for every M ∈ S(d) and every s ≥ 0, we have F (sM) = sF (M).

The typical example of an operator satisfying assumptions [A1] and [A2] is the Bellman operator. Indeed, let A be a measurable index set and consider a family of matrices (A_α)_{α∈A} such that 0 ≤ A_α ≤ (C_F d^{−1})I, for every α ∈ A. Then the operator F (M) := inf_{α∈A} (− Tr (A_αM)) satisfies both [A1] and [A2].

6 D. JESUS, E. PIMENTEL AND J. M. URBANO

Now, we turn to the Hamiltonian H and detail the growth and continuity conditions under which we work.

[A3] (Structural conditions). We suppose there exist constants m > 1 and C_1, C_2, C_3 > 0 such that H = H(p, x) satisfies − C_1 + C_2|p|^m ≤ H(p, x) ≤ C_3 (1 + |p|^m) , (4) for every p ∈ R^d and x ∈ Ω. Also, |H(p, x) − H(p, y)| ≤ (C_3|p|^m + C_1) |x − y| (5) for every x, y ∈ Ω, and p ∈ R^d. Finally, we require |H(p, x) − H(q, x)| ≤ C_3 (|p| + |q| + 1)^{m−1} |p − q| , (6) for every p, q ∈ R^d, and every x ∈ Ω.

The typical example of a Hamiltonian satisfying [A3] is H(p, x) = a(x) ( 1 + |p|^2

) m_2 + V (x), where a, V : Ω → R are Lipschitz continuous, with 0 < C_∗ ≤ a(x) ≤ C^∗ and 0 ≤ V (x) ≤ C^∗, for some fixed constants 0 < C_∗ ≤ C^∗.

2.2. Preliminary material. We start with the definition of viscosity solution. Definition 2 (Viscosity solution). We say u ∈ USC(Ω) is a viscosity subsolution to (1) if, for every x_0 ∈ Ω and every φ ∈ C^2(Ω) such that u − φ has a local maximum at x_0, we have F (D^2φ(x_0)) + H(Dφ(x_0), x_0) ≤ f(x_0).

Likewise, we say that u ∈ LSC(Ω) is a viscosity supersolution to (1) if, for every x_0 ∈ Ω and every φ ∈ C^2(Ω) such that u − φ has a local minimum at x_0, we have F (D^2φ(x_0)) + H(Dφ(x_0), x_0) ≥ f(x_0).

If u ∈ C(Ω) is simultaneously a viscosity sub-solution and a viscosity supersolution to (1), we say it is a viscosity solution to (1).

Next, we recall a maximum principle available for degenerate elliptic operators, see [11, Theorem 3.2].

FULLY NONLINEAR HAMILTON-JACOBI EQUATIONS 19

Now, we detail the proof of Theorem 2.

Proof of Theorem 2: We take a sequence (ε_n)_{n∈N} such that ε_n → 0 as n → ∞ and consider the sequence (u_n)_{n∈N} of solutions to

ε_nu_n − Tr(A(x)D^2u_n) + H(Du_n, x) = λ_+h^{un}_{εn} + λ_−(1 − h^{un}_{εn} ) in Ω. Because the estimate in (32) holds for u_n, for every n ∈ N, we conclude there exists u^∗ ∈ C^β_{loc}(Ω) such that u_n → u^∗ in the C^β-topology, for every 0 < β < m−2 m−1.

Now, let x ∈ {u^∗ > 0} and write τ := u^∗(x). Suppose u^∗ − φ has a (strict) local maximum at x, for φ ∈ C^2(Ω). There exists a sequence (x_n)_{n∈N} such that x_n → x and u_n − φ has a local maximum at x_n. On the other hand, there exists N ∈ N such that u_n(x_n) > τ 2 > ε_n provided n > N. Hence, ε_nu_n(x_n)−Tr(A(x_n)D^2φ(x_n))+H(Dφ(x_n), x_n) ≤ λ_+h^{un}_{εn} (x_n)−λ_−(1−h^{un}_{εn} (x_n)); by taking the limit n → ∞, we obtain −Tr(A(x)D^2φ(x)) + H(Dφ(x), x) ≤ λ_+.

Conversely, suppose x ∈ {u^∗ < 0} and write σ := u^∗(x). If u^∗ −φ has a (strict) local maximum at x, for φ ∈ C^2(Ω) we reason as before to conclude −Tr(A(x)D^2φ(x)) + H(Dφ(x), x) ≤ −λ_−.

It ensures that u^∗ is a sub-solution to (29) in Ω(u). An analogous argument ensures that u^∗ is also a supersolution and completes the proof.

Remark 2. Our proof of Theorem 2 yields further information since it produces two viscosity inequalities satisfied by the solution in the region {u = 0}. Indeed, the viscosity solution to (29), whose existence follows from Theorem 2, satisfies −|λ_−| ≤ −Tr(A(x)D^2u) + H(Du, x) ≤ |λ_+| in Ω in the viscosity sense. Besides solving the equation in the positive and negative phases, it also solves a pair of inequalities in the whole domain.

Acknowledgments. DJ was supported by Fundação para a Ciência e a Tecnologia, through scholarship PD/BD/150354/2019, under POCH funds, co-financed by the European Social Fund and Portuguese National Funds from MCTES, and by the Centre for Mathematics of the University of Coimbra (UIDB/00324/2020, funded by the Portuguese Government through FCT/MCTES).

18 D. JESUS, E. PIMENTEL AND J. M. URBANO

for every Ω^′ ⋐ Ω, there exists a constant C > 0 depending on the data of the problem and Ω^′, but not depending on ε or v, such that

‖u^v_ε‖_{C0,} m−2_{m−1 (Ω′)} ≤ C. (33)

uniformly in v ∈ C(Ω) and ε ∈ (0, 1/4).

Step 2 - We now define K ⊂ C(Ω) as

K := { w ∈ C(Ω) : ‖w‖_L∞_{(Ω)} ≤ C_0 } , where C_0 > 0 will be chosen later. Notice that K is closed in C(Ω). In the sequel, we define a map T : K → C(Ω). For fixed ε ∈ (0, 1/4), take v ∈ K and denote with u^v_ε the unique solution to (30), whose existence follows from the previous step. Define T v := u^v_ε and notice that the existence of a fixed point for T is tantamount to the existence of solutions to (31).

To prove the existence of a fixed point for T , we start by noticing that it is possible to choose C_0 > 0, independent on v and ε, such that T (K) ⊂ K. This follows from the construction of sub and supersolutions for the problem; see the proof of [9, Theorem 2.12].

We continue by proving that T (K) is pre-compact. Let (T v_n)_{n∈N} be a sequence of elements in T (K). Because |T v_n| ≤ C_0, for every n ∈ N, the sequence is equibounded. In addition, (33) ensures it is also equicontinuous. Hence, (T v_n)_{n∈N} converges to an element v^∗ ∈ T (K), through a subsequence if necessary.

Finally, we verify that T is sequentially continuous. Suppose (v_n)_{n∈N} ⊂ K converges to some v ∈ K. We prove that T v_n → T v, as n → ∞. Indeed, because T (K) is pre-compact, we infer that (T v_n)_{n∈N} converges, through a subsequence if necessary, to some w ∈ K. The stability of viscosity solutions and the uniqueness available for (30) ensure that T v = w. To conclude that T is continuous, we must verify the former equality does not depend on the particular subsequence. Indeed, suppose a different subsequence yields T v_{nk} → w^′, as k → ∞. Since v_{nk} → v as k → ∞, we reason as before (resorting to the stability of viscosity solutions and the uniqueness for (30)) to obtain T v = w^′.

Step 3 - The properties of the subset K and the operator T allow us to apply the Schauder Fixed Point Theorem, as in [17, Corollary 11.2], to conclude the existence of u_ε ∈ K such that T u_ε = u_ε. That is, u_ε solves (31). Because the conclusions of Lemma 2 apply, we have u_ε ∈ C^{0, m−2m−1}_{loc} (Ω) and the estimate in (32) holds.

FULLY NONLINEAR HAMILTON-JACOBI EQUATIONS 7

Proposition 1 (Ishii-Jensen Lemma). Let Ω be a bounded domain and G, H ∈ C ( Ω × R^d × S(d) ) be degenerate elliptic operators. Let u_1 be a viscosity subsolution of G ( x, Du_1, D^2u_1 ) = 0 and u_2 be a viscosity supersolution of H ( x, Du_2, D^2u_2 ) = 0 in Ω. Define v : Ω × Ω → R by

v (x, y) := u_1(x) − u_2(y) and let φ ∈ C^2(Ω × Ω). Suppose that (x, y) ∈ Ω × Ω is a local maximum for v − φ. Then for every ε > 0, there exist matrices X_ε and Y_ε in S(d) such that G (x, D_xφ (x, y) , X_ε) ≤ 0 ≤ H (y, −D_yφ (x, y) , Y_ε) .

Moreover, the matrix inequality − ( 1 ε + ‖J‖ ) I ≤ ( X_ε 0 0 −Y_ε ) ≤ J + εJ^2

holds true, where J := D^2φ (x, y).

We use Proposition 1 to prove preliminary regularity results as usual in the literature. Now, the relevance of estimating F (X_ε) − F (Y_ε) in terms of the eigenvalues of X_ε−Y_ε becomes clear. Hence, we proceed by verifying that [A1] is equivalent to supposing that F is degenerate elliptic and Lipschitz continuous.

Lemma 1. Suppose F : S(d) → R satisfies [A1]. Then F is Lipschitz continuous, with constant C_F , and monotone non-increasing. That is, for every M, N ∈ S(d), we have |F (M) − F (N)| ≤ C_F |N − M| , (7) and F (M) ≤ F (N), (8) provided N ≤ M. Conversely, suppose F satisfies (7) and (8). Then it also satisfies [A1].

Proof : We start by proving that [A1] implies (7) and (8). Indeed, if M ≥ N then (N − M)_+ = 0 and we immediately get (8). Also, since |(N − M)_+| ≤ |N − M|, we get F (M) − F (N) ≤ C_F |N − M| .

Swapping M and N we get F (N) − F (M) ≤ C_F |N − M| , and (7) follows.

8 D. JESUS, E. PIMENTEL AND J. M. URBANO

Now we prove that (7) and (8) imply [A1]. Fix M, N ∈ S(d) arbitrarily and recall that M − N = (M − N)_+ − (M − N)_−. Then

F (M) =F (N + (M − N)) ≤ F (N − (M − N)_−) ≤ F (N) + C_F |(N − M)_+|,

where the first inequality follows from (8), and the second one is a consequence of (7).

3. Interior Lipschitz continuity

We reduce the problem posed in Ω ⊂ R^d to an equation prescribed in the unit ball, B_1 ⊂ R^d. Let Ω^′ ⋐ Ω. For every r ∈ (0, 1), one can find a natural number n = n(r) ∈ N such that there exists a subset {x_1, . . . , x_n} ⊂ Ω^′, with B_r(x_i) ⊂ Ω for every i ∈ {1, . . . , n}. In addition, the family (B_{r/2}(x_i))^n_{i=1} covers Ω^′; that is,

Ω^′ ⊂ n⋃ i=1 B_{r/2}(x_i).

As a result, we suppose Ω^′ = B_{r/2}(x_1), with x_1 = 0 ∈ Ω^′, and prescribe our problem of interest in open balls. In what follows, we denote with C(d) any constant depending only on the dimension; this notation refers to possibly different constants within our arguments.

The next lemma accounts for the Hölder regularity of sub-solutions to (1). The strategy of the proof yields a modulus of continuity depending explicitly on the growth regime of H.

Lemma 2 (Hölder continuity for sub-solutions). Let u ∈ USC(B_1) be a subsolution to (1). Suppose assumptions [A1]-[A2] are in force. Suppose further H satisfies [A3] with m > 2. Then

|u(x) − u(y)| ≤ K|x − y|^γ ,

for every x, y ∈ B_{1/4}, where γ = m − 2 m − 1

, (9) and K := 2^{1m−1} ( 4^{mm−1} ( C_F C(d) C_2γ^m

) 1_{m−1} + 4 ( ‖f‖_L∞_{(B1)} + C_1 C_2γ^m

) 1_m ) .

FULLY NONLINEAR HAMILTON-JACOBI EQUATIONS 17

if x ∈ Ω, and g^v_ε ≡ 0 in R^d \ Ω. Now, for x ∈ Ω, let h^v_ε(x) := (g^v_ε ∗ η_ε) (x), where η_ε is a standard mollifier. We consider the auxiliary problem { εu − Tr(A(x)D^2u) + H(Du, x) = λ_+h^v_ε + λ_−(1 − h^v_ε) in Ω ⊂ R^d u = g on ∂Ω. (30) Through a fixed-point approach, we show the existence of a solution u_ε ∈ C(Ω) to the Dirichlet problem { εu_ε − Tr(A(x)D^2u_ε) + H(Du_ε, x) = λ_+h^{uε}_ε + λ_−(1 − h^{uε}_ε ) in Ω ⊂ R^d u_ε = g on ∂Ω. (31) This argument relies on a variant of Lemma 2 applied to (30). By taking the limit ε → 0 in (31) and applying Lemma 2 once more, we obtain the existence of a viscosity solution to (29). The first step towards proving Theorem 2 is the following proposition.

Proposition 2. Let Ω ⊂ R^d be an open, bounded domain of class C^2. Suppose assumption [A4] is in force. Then, for every 0 < ε < 1/4, there exists u_ε ∈ C(Ω) solving (31) in the viscosity sense. In addition, u_ε ∈ C^{0, m−2m−1}_{loc} (Ω). Moreover, for every Ω^′ ⋐ Ω, there exists a positive constant

C = C ( m, ‖A‖_L∞_{(Ω)}, K, λ, diam(Ω), dist(Ω^′, ∂Ω) ) such that

‖u‖_{C0,} m−2_{m−1 (Ω′)} ≤ C ( 1 + ‖u‖_L∞_{(Ω)} + max{|λ_+|, |λ_−|} ) . (32)

Proof : For ease of presentation, we split the proof into three steps.

Step 1 - Notice that, given v ∈ C(Ω), we have

|λ_+h^v_ε(x) + λ_−(1 − h^v_ε(x)) − λ_+h^v_ε(y) − λ_−(1 − h^v_ε(y))| ≤ ω_{v,ε}(|x − y|),

where ω_{v,ε}(·) is a modulus of continuity depending on v and ε > 0. Hence, the right-hand side of the equation in (30) is a continuous function up to the boundary ∂Ω. A straightforward application of [9, Theorem 2.12] ensures the existence of a unique viscosity solution u^v_ε to (30).

Notice also the proof of Lemma 2 extends to the case of (30). As a consequence, u^v_ε ∈ C^{0, m−2m−1}_{loc} (Ω) for every 0 < ε < 1/4 and every v ∈ C(Ω). Moreover,

16 D. JESUS, E. PIMENTEL AND J. M. URBANO

We prove the existence of a locally Hölder-continuous viscosity solution to (29) with suitable, estimates. To do that, we introduce an assumption on the data A : Ω → S(d) and g : ∂Ω → R.

[A4]. We suppose A : Ω → S(d) to be degenerate elliptic and bounded from above. In addition, there exists λ > 0 such that

ν(x)^T A(x)ν(x) ≥ λ

for every x ∈ ∂Ω. Also, we suppose g ∈ C^{0, m−2m−1} (∂Ω), with

|g(x) − g(y)| ≤ K|x − y|^{m−2m−1}

for every x, y ∈ ∂Ω, where K > 0 is fixed, though yet to be determined. In addition, suppose 0 < inf_{x∈∂Ω} g(x) < 2λ_−.

The importance of [A4] is in unlocking an intermediate step in our analysis, namely [9, Theorem 2.12]. In fact, the superquadratic character of (29) introduces a number of subtleties in the arguments leading to the existence of solutions. See the discussion in [9, Section 2.3].

Theorem 2 (Existence of solutions). Let Ω ⊂ R^d be an open, bounded domain of class C^2. Suppose assumption [A4] is in force. Then there exists a viscosity solution u ∈ C(Ω) to the problem (29). In addition, we have u ∈ C^{0, m−2m−1}_{loc} (Ω). Finally, for every Ω^′ ⋐ Ω, there exists a positive constant C = C ( m, ‖A‖_L∞_{(Ω)}, K, λ, diam(Ω), dist(Ω^′, ∂Ω) ) such that

‖u‖_{C0,} m−2_{m−1 (Ω′)} ≤ C ( 1 + ‖u‖_L∞_{(Ω)} + max{|λ_+|, |λ_−|} ) . The proof of Theorem 2 combines several ingredients. First, we consider a family of auxiliary equations indexed by a parameter ε > 0. For each equation in the family, the existence of a (unique) viscosity solution follows from [9, Theorem 2.12]. Lemma 2 implies estimates independent of ε > 0 and allows us to apply Schauder’s Fixed Point Theorem to conclude the argument. We proceed by introducing an auxiliary problem.

For v ∈ C(Ω) and 0 < ε < 1, define g^v_ε : R^d → R as

g^v_ε (x) := max ( min ( v(x) + ε 2ε , 1 ) , 0 ) ,

FULLY NONLINEAR HAMILTON-JACOBI EQUATIONS 9

Proof : Fix x ∈ B_{1/2} and define the function ϕ : B_{1/2}(x) → R as

ϕ(y) := K ( 1 4 − |y − x|^2

)_{−1}

|y − x|^γ.

To establish the lemma, it suffices to show that w(y) := u(y) − u(x) − ϕ(y) ≤ 0, (10) for every y ∈ B_{1/2}(x). Indeed, it would imply that, for every y ∈ B_{1/4}(x),

u(y) − u(x) ≤ ϕ(y) = K ( 1 4 − |y − x|^2

)_{−1}

|y − x|^γ ≤ 16 3 K|y − x|^γ.

We split the remainder of the proof into three steps.

Step 1 - Here, we prove that w, as defined in (10), has no local maximum in B_{1/2}(x) \ {x}. Suppose otherwise, and let y^∗ ∈ B_{1/2}(x) \ {x} be a point of local maximum for w. Because u is a viscosity sub-solution of (1), Definition 2 implies F (D^2ϕ(y^∗)) + H(Dϕ(y^∗), y^∗) ≤ f(y^∗).

We will produce a contradiction by verifying that ϕ is also a strict supersolution. Step 2 - Without loss of generality, set x = 0 and notice that

Dϕ(y) = K

(_γ 4 |y|^{γ−2} + (2 − γ)|y|^γ (_1 4 − |y|^2

)_2 ) y, and |Dϕ(y)|^m ≥ K^m ( 1 4 − |y|^2

)_{−2m} |y|^{γ−2} γ^m 4^m

, (11)

where the choice of γ in (9) is instrumental. Moreover, a dimensional constant C(d) > 0 exists such that

|D^2ϕ(y)| ≤ C(d)K ( 1 4 − |y|^2

)_{−3}

|y|^{γ−2}.

Because F is Lipschitz continuous and satisfies F (0) = 0, we obtain

− F (D^2ϕ(y)) ≤ C_F |D^2ϕ| ≤ C_F C(d)K ( 1 4 − |y|^2

)_{−3} |y|^{γ−2}. (12)

10 D. JESUS, E. PIMENTEL AND J. M. URBANO

Combining (11) with (12), we get

F (D^2ϕ(y)) + H(Dϕ(y), y) ≥ −C_F C(d)K ( 1 4 − |y|^2

)_{−3} |y|^{γ−2} − C_1

+ C_2K^m ( 1 4 − |y|^2

)_{−2m} |y|^{γ−2}γ^m

≥ −C_1 + ( −C_F C(d)K + C_2 γ^m 4^m

K^m ) , where the last inequality holds because (1/4 − t^2)^{−3}t^{γ−2} > 1, for every t ∈ (0, 1/2) and γ ∈ (0, 1). Finally, the choice of K ensures that ( −C_F C(d)K + C_2 γ^m 4^m

K^m ) > ‖f‖_L∞_{(B1)} + C_1;

hence, ϕ is a supersolution of (1), and we obtain a contradiction. Therefore, w does not have an interior local maximum point. In the next step, we prove that w cannot attain its local maximum on ∂B_{1/2}.

Step 3 - To see that w does not attain a local maximum on ∂B_{1/2}, start by noticing that ϕ(y) blows up as y → ∂B_{1/2}(x). As a consequence, the supremum of w in B_{1/2} has to be attained in B_{1/2}.

Because of Step 2, it cannot be attained in B_{1/2}(x)\{x}; hence, the supremum of w is attained at x. Because w(x) = 0, we conclude w ≤ 0 in B_{1/2}(x), and the proof is complete.

In the sequel, we produce a Lipschitz-regularity result for the solutions to (1). Our argument is based on Proposition 1, and follows closely the reasoning developed in [2]. The main difference stems from the (fully) nonlinear character of the problem. Here, we resort to assumption [A1] and explore the interplay between the operator F , the eigenvalues of a given matrix, and the Hamiltonian H. In what follows, we include the sub-quadratic case 1 < m ≤ 2.

Because the source term f is Lipschitz-continuous and bounded in Ω, we can absorb it into the Hamiltonian H, at the expense of changing the constants appearing in (4)-(6) accordingly. In doing so, we are allowed to examine the homogeneous variant of (1) given by

F (D^2u) + H(Du, x) = 0 in B_1. (13)

In the sequel we detail the proof of Theorem 1.

FULLY NONLINEAR HAMILTON-JACOBI EQUATIONS 15

We used (25) with θ = 1 in the last inequality. Because β = βϕ^{m−1}(y_α), we get F (Y_{ε,α}) − F (sX_{ε,α}) ≥|P_α|^mϕ^{m−1} ( βC_2 − C_33^{m−1} − 2C_3ϕ^{1−m}(y_α) ) |x_α − y_α| ≥|P_α|^mϕ^{m−1}|x_α − y_α|, (28) provided we set β =^{C3}_{C2} (3^{m−1} + 2).

Combining (28) and (23) we get

|P_α|^mϕ^{m−1}|x_α − y_α| ≤ C_F ( C(d)Lβϕ^{2m−1}(y_α)|x_α − y_α| + O(ε) ) . Let ε → 0 and divide both sides of the former inequality by the quantity |x_α − y_α|ϕ^{2m−1}(y_α). Then

L^m ≤

|P_α|^m ϕ^m(y_α)

≤ CL,

where C = C_F C(d)β. This is a contradiction since

L ≥ 2 ( 3^mC_F C(d)

C_3 C_2

) 1_{m−1} . Therefore we have proven that u is locally Lipschitz continuous, with constant L given by (14).

Remark 1. The proof of Theorem 1 provides a constructive way to produce the Lipschitz constant C associated with u. In fact, this is given by L > 0, as defined in (14).

4. A two-phase free boundary problem

Now, we explore a consequence of Lemma 2 in the context of free boundary problems. It concerns the existence of a viscosity solution to { −Tr(A(x)D^2u) + H(Du, x) = λ_+χ_{{u>0}} + λ_−χ_{{u<0}} in Ω(u) u = g on ∂Ω

(29)

where Ω is a C^2-domain, A : Ω → S(d) is degenerate elliptic, 0 < λ_− < λ_+ are constants, g ∈ C^{0, m−2m−1} (∂Ω) is given, and Ω(u) is given by Ω(u) := {x ∈ Ω | u(x) ≠ 0} .

We notice the equation holds only where the solution does not vanish, and hence, no information is available across the free boundary Γ(u) := ∂{u > 0} ∪ ∂{u < 0}.

14 D. JESUS, E. PIMENTEL AND J. M. URBANO

In the sub-quadratic case 1 < m ≤ 2, one combines (25) with θ = 1 and (18) to get

lim_{α→0}

|Q_α| |P_α|

≤ lim_{α→0} C(d)|ϕ(y_α)|^{m−1}|x_α − y_α| = 0.

For m > 2, in the superquadratic case, (24) builds upon (19) to produce

|Q_α| ≤ C(d)L^{1−m}K̃^{m−1}|P_α|.

Hence, in either case, we have |Q_α| ≤ |P_α|, for α small enough, since (14) implies

L ≥ 2^{1m−1} (( C_F C(d) C_2γ^m

) 1_{m−1} + ( C_1 C_2γ^m

) 1_m )

. (27)

Now we use (21) to write

F (Y_{ε,α}) − F (sX_{ε,α}) ≥ sH(P_α, x_α) − H(P_α − Q_α, y_α) ≥ (s − 1)H(P_α, x_α) − C_3(1 + 2|P_α|)^{m−1}|Q_α| − (C_3|P_α|^m + C_1)|x_α − y_α| ≥ (s − 1)(C_2|P_α|^m − C_1) − C_3(1 + 2|P_α|)^{m−1}|Q_α| − (C_3|P_α|^m + C_1)|x_α − y_α|.

We used [A2] in the first inequality, whereas |Q_α| ≤ |P_α| leads to the second one. Since |P_α| ≥ L > 1, it follows that 1 + 2|P_α| ≤ 3|P_α|, and from the lower bound L ≥ (C_1/C_3)^{1/m}, we also obtain C_3|P_α|^m + C_1 ≤ 2C_3|P_α|^m. Thus, we can further estimate

F (Y_{ε,α}) − F (sX_{ε,α}) ≥ (s − 1)C_2|P_α|^m − C_3(3|P_α|)^{m−1}|Q_α| − 2C_3|P_α|^m|x_α − y_α| ≥ ( βC_2|P_α|^m − C_3(3|P_α|)^{m−1}

|Q_α| |x_α − y_α| ) |x_α − y_α|

− 2C_3|P_α|^m|x_α − y_α| ≥ ( βC_2|P_α|^m − C_3(3|P_α|)^{m−1} ( ϕ^{m−1}(y_α)|P_α| )) |x_α − y_α| − 2C_3|P_α|^m|x_α − y_α| = |P_α|^m ( βC_2 − C_33^{m−1}ϕ^{m−1}(y_α) − 2C_3 ) |x_α − y_α|.

FULLY NONLINEAR HAMILTON-JACOBI EQUATIONS 11

Proof of Theorem 1: We start by setting L as

L = max { 2^{1m−1} (( C_F C(d) C_2γ^m

) 1_{m−1} + ( C_1 C_2γ^m

) 1_m ) ,

2 ( 3^mC_F C(d)

C_3 C_2

) 1_{m−1} , ( C_1 C_3

) 1_m } . (14)

It suffices to prove that, for every x̂ ∈ B_{1/2},

lim sup

x→x̂

u(x̂) − u(x) |x̂ − x|

≤ L.

We suppose there exists x̂ ∈ B_{1/2} such that

lim sup

x→x̂

u(x̂) − u(x) |x̂ − x|

> L. (15)

By combining Proposition 1 and Lemma 1 with the conditions in assumptions [A1]-[A3], we obtain a contradiction and complete the proof. For ease of presentation, we split the argument into four steps.

Step 1 - Consider first an auxiliary function. Let ϕ : B_{3/4} → [1, ∞) be such that ϕ ≡ 1 in B_{1/2}, with ϕ(x) → ∞ as |x| → 3/4. Suppose also

|D^j ϕ(x)| ≤ C(d) (ϕ(x))^{jm+(1−j)} , (16) for j ∈ {1, 2}, x ∈ B_{3/4}, and some dimensional constant C(d) > 0. For α > 0, denote with Ψ : B_{3/4} × B_{3/4} → R the function

Ψ(x, y) := u(x) − u(y) − Lϕ(y) |x − y| − 1 2α |x − y|^2 .

For 0 < α ≪ 1 sufficiently small, we claim that there exist x_α, y_α ∈ B_{3/4} such that Ψ(x_α, y_α) = sup_{x,y∈B3/4} Ψ(x, y) > 0. (17)

In addition, the function ϕ(y) localizes y_α away from the boundary ∂B_{3/4}. Also, because 0 < α ≪ 1, the term −^1_{2α} |x − y|^2 ensures that x_α is close to y_α and, therefore, also away from ∂B_{3/4}. Finally, x_α ≠ y_α, since otherwise the supremum in (17) would be zero.

Notice that 1 2α |x_α − y_α|^2 ≤ osc_{B3/4} u ≤ 2‖u‖_L∞_{(B3/4)}.

12 D. JESUS, E. PIMENTEL AND J. M. URBANO

Hence by the continuity of u, we get

lim sup α→0 ( Lϕ(y_α) |x_α − y_α| + 1 2α |x_α − y_α|^2 )

≤ lim sup α→0 sup { u(y) − u(z) : y, z ∈ B_{3/4}, |y − z| ≤ ( 2α osc_{B3/4} u

) 1_2 }

(18) =0. In the case m > 2, Lemma 2 yields

Lϕ(y_α) |x_α − y_α| + 1 2α |x_α − y_α|^2 ≤ u(x_α) − u(y_α) ≤ K̃ |x_α − y_α|^γ ,

where γ =^{m−2}_{m−1} and K̃ stands for the constant K in Lemma 2 in the case f ≡ 0. Thus, ϕ^{m−1}(y_α)|x_α − y_α| ≤ L^{1−m}K̃^{m−1}. (19) Next we resort to Proposition 1.

Step 2 - Because (x_α, y_α) is a maximum point for Ψ and u solves (13), Proposition 1 yields symmetric matrices X_{ε,α} and Y_{ε,α} such that ( X_{ε,α} 0 0 −Y_{ε,α} ) ≤ J_α + εJ^2_α, (20)

for every ε > 0 and α > 0, sufficiently small. Moreover,

F (X_{ε,α}) + H (P_α, x_α) ≤ 0 ≤ F (Y_{ε,α}) + H (P_α − Q_α, y_α) , (21) where σ_α := x_α − y_α |x_α − y_α|

, P_α := ( Lϕ(y_α) +

|x_α − y_α| α ) σ_α, and Q_α := L|x_α − y_α|Dϕ(y_α).

Finally, we write J_α as

J_α =

Lϕ(y_α) |x_α − y_α| ( Z_1 −Z_1 −Z_1 Z_1 ) + 1 α ( I −I −I I ) + L ( 0 Z_2 Z^T_2 Z_3 ) , with Z_1 := I − σ_α ⊗ σ_α, Z_2 := Dϕ(y_α) ⊗ σ_α, and Z_3 := −(Z_2 + Z^T_2 ) + D^2ϕ(y_α)|x_α − y_α|.

In the next step, we estimate F (Y_{ε,α}) − sF (X_{ε,α}) from above.

FULLY NONLINEAR HAMILTON-JACOBI EQUATIONS 13

Step 3 - It follows from [A1] that F (Y_{ε,α}) − F (sX_{ε,α}) ≤ C_F | (sX_{ε,α} − Y_{ε,α})_+ | . (22) For s > 0, let A_s be given by

A_s = ( s^2I sI sI I ) . Multiply both sides of (20) by A_s and evaluate the resulting inequality at vectors of the form (ω, ω) ∈ R^{2d}. As a consequence, one obtains ω^T ( (s^2 + s)X_{ε,α} − (s + 1)Y_{ε,α} ) ω ≤ L(s + 1)ω^T ( Z_2 + sZ^T_2 + Z_3 ) ω + O(ε).

Set s := 1 + β|x_α − y_α|, with β = βϕ^{m−1}(y_α), for β yet to be fixed. It follows that

ω^T (sX_{ε,α} − Y_{ε,α}) ω ≤ Lω^T ( Z_2 + sZ^T_2 + Z_3 ) ω + O(ε) = Lω^T ((s − 1)σ_α ⊗ Dϕ(y_α)) ω

+ Lω^T ( D^2ϕ(y_α)|x_α − y_α| ) ω + O(ε) ≤ |ω|^2L ((s − 1)|Dϕ(y_α)||x_α − y_α|)

+ |ω|^2L ( |D^2ϕ(y_α)||x_α − y_α| ) + O(ε) ≤ |ω|^2LC(d)βϕ^{2m−1}(y_α)|x_α − y_α| + O(ε).

In conclusion,

F (Y_{ε,α}) − sF (X_{ε,α}) ≤ C_F | |(sX_{ε,α} − Y_{ε,α})_+ | | ≤ C_F C(d)Lβϕ^{2m−1}(y_α)|x_α − y_α| + O(ε). (23) In what follows, we estimate F (Y_{ε,α}) − sF (X_{ε,α}) from below. Step 4 - We start with three auxiliary inequalities. Because of (16), we have |Q_α| |x_α − y_α|

≤ C(d)ϕ^{m−1}(y_α) ≤ C(d)L^{1−m}|P_α|^m. (24)

More generally, for any θ > 0, |Q_α| |x_α − y_α|

≤ C(d)L^{1−θ}ϕ^{m−θ}(y_α)|P_α|^θ. (25)

Also, L|D^2ϕ(y_α)| ≤ C(d)L^{1−m}ϕ^{m−1}(y_α)|P_α|^m. (26)