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Definicao de sucessao recorrente

o (un) t.0. upqp = flun, ..., upqp_1)

o (un) t.d. upyp = qUptp_1+ -+ apun

Funcao Logaritmo (Hurwitz)

o (un)t.d. upy1 =/un,n=0,1,... eug >0

1/2m

ul—1
h 1
o Lug= }Ilimo %0 (Definicdo)

e Deduza as propriedades da funcao logaritmo
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Caracterizacao das funcoes racionais

p/q com degp<degq e q(0)#0
p(w):uo+ulw++unwn+7 |x|<r

q(x)
p(x) = by + bz + brz?
g(z) =1+ a1z + arz? + aza3

ug = bg
ul + ajug = by
up + ajui + apug = by
Up43 T alUp42 + a2Up41 + azun =0

(1 —1ozzv)k =2 (n+k-1...(n+ 1(az)"

n=0

bo + bix + byx?

l+a1x+ CL2£C2 + a3a:3
A A A

l—ajz 1—-—apxr 1—a3x




Teorema de Liouville: Se a funcao r1 exp(ry)
f% elementarmente primitivavel entao

v r1(t) exp(ra(t)) dt = r3(z) exp(ra(t)).

/xetzdtzer i (Z1)72...2 g2l

0 513...(2n—1)
—1)"2...2

. b, — (-1)

13...(2n—-1)
Nao € recorrente de coeficientes constantes

Teorema de Poincare:

ax(D)u(t+2) +ar1(u(t+1) +ag(t)u(t) =0
lim a;(t) = a7 e a; continuas ¢t >0

t—00
A1l > A2 ta. a8 2+ afa+af =0
t+1
Entao [|im ut + )=)\1 ou Ao.
t—oo  u(t)

© @)
Se ) c¢p2" converge |z| < p entdo
n=0

@)

> cpu(t+n) converge |A1]| < p.

n=0



Ideia da Demonstracao:

f(t + n) — u(t+n+1) e F(t + n) _ fQ+n)—XA

u(t+n) ft+n)—2Xo

_ M F(+n)(1+4e1)+eo
Ft+n+1) = A2 14e3F(t+n)+tes

Pode ver-se M, K com M >0
1<K <|A /A2, t>0, | X|<M
X(1
(1+e€1)+eo < K|X|
14+ e3X 4 €4

entao

Assim se existir M > 0 t.q. para n > ng
|F(t+n)| < M entdo

Logo |Iim F(t4+n) =0
t—0o0

Caso contrario tlim F(t+n) =
— 00



Uma extensao da formula de Lagrange

O0=|F(z) =(z—a)l — f(2)u|, f analitica

= Maxy %
Bolemall| = \ [ ) <1, Jul <m
¢ = (¢(a,u)

G(OF'() ™ = Res(G(2)(F(2))"*:¢)
_ 1 —1
=5, | CEOFEE) " ds

= (2) ()
S VAL | G(2)f"(z
/ f

v (z - a)”+1

—
n=o "' 2711

(G(a))™ 1G<<)<F o)
= Z —(G(a)) 1—(G(Z)f”(z))
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Introducao a teoria das fraccoes

continuas
bo+—— L —py+ Y E =g,
b1 + 22 o i=1 [0k
_|_a
Ry = g—z Notacao de Pringsheim

(An), (Bn) : Vo =bnVp—1 + anVy—2
(Apg =bg, A1 =bgby +a1) (Bo=1, By =b1)

Apy1 An _ (=1)"a1---ap4a

Bn—l—l Bn, - Ban—I—l
— Ag = —bg
blAO — Al = —ai bo —1

ap b1 —1

ap—1 bp—1 —1
an bn




b1 —1
a> b —1
ap—1 bp—1 —1
an bn
An_1 An An Ap_o
Bn_]_ Bn Bn Bn—2
an — — bn ==
An—l An—2 An—l An—2
Bn—l Bn—2 Bn—l Bn—2

Operacoes com fraccoes continuas

" appg| oy A
bn + Z I = m= —
j=1 1bn+j B
R — An—lA% + anAn—QBZ;Lz
" By 1 AR, + anB, 2B,
: — - (n) _
Wlinoo Bpgm =1t ’n’!inoo B = R(n)

An_lR(n) + anA,_»o R(n) _ B, o-R—A,_o
Bp—1R(" 4 anB;,_5 Bp_1R— Ap_1
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Teorema de Favard (classe
Blumenthal-Nevai)

Sucessao de PolindOmis ortogonais: {P,} t.q.

Poy1(z) = (2 = Bn) Pa(z) — wPp—1(2).
z2—Pn=0bpt1 € —yn =an

n= Pn(z), Apn = Péi)l (2) [Associados]

Classe Blumenthal-Nevai: 3, — b v — c.
Pelo Teorema de Poincaré em |z —b| > ¢

vai)l(z) _ f: (=1)Fy1 . ovp
Pn(z) =0 PI{:(Z)Pk—I—l(Z)—>
PV | & (—1)kyy .

Pu(z) = Pr(2)Ppy1(2)
Agoracom C ={ze€ C: |z—bl=r}er > |

F(z)

/PmPn n_ldzzOe/ " dz=0
/ P Py, O<m<n-1
dz =0
C Py P41 Ek=nn+1,...

/C P(2) Pu(2)F(2) dz =71 . . . Yudnm

10



Formulas de Darboux-Christoffel

Pn—|—1($)Pn(y) — Pn(x)Pn—l—l(y)

T —y
mn T’n,
= Y —P(@)P(y) 1= H v
k=0 "k
P . P,— PP 2
nt1Pn — PaPoy1 = ), —Pp

k=0 Tk

P’+1Pn P/Pn—l—l = Py + (P Pyq — Pfq,—lan)
Po{P _|_1‘|"Yn 1}_Pfr/L{Pn—|—1+7nPn—1}:Pn

n-l—l + YnPn—1 / — 1
P

Pn—l—l + nbPp—1 = (x — 5n)Pn

F(2) = /du(t)

z — 1

Pn(t)dp(t)

/ Pn(z) — Pp(2)

F(2)Pa(2) = au®) + |

F(2)Pu(2) = P (2) + qu(2)

z — 1
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Pode ver-se que {P,}, {Péi)l} e {qn} verificam
a mesma relacao de recorréncia

n
1 1
Pn+1P7§_)1—Pan§ )= 11 7 = Pot1an—Prgn41
j=1

Sucessoes de Laguerre-Hahn
Ftq. AFl =BF24+CF+D

A((P(l) ) Py — (1) P’) _ B(P(l) )2

—cpPY p, DP2 n = P{A(qn/Pn)’
_23<p7§£>1 / Pa)an/Pn — Can/ Pn — Blan/Pn)?}
On

'm—1

PoPY, — B, 1PV = PPV - DRy}

PV (—ap, — BP\Y, — cp}

PO 1ap, + BPY, 4 0P — 20 p, 1)
'n—1
— ((PYy —pp, - 22 pMyp,

n—1

12



Algumas caracterizacoes

(1)
P
"1y AP,+ BPM 4+ CP, - On p =P,
Pn n—1
1 (1) On (1) (1)
e AP — DP, — -~ “Fnz 5 = QP
1\’ (1) \ 2 (1)
P P P
mn mn mn
O
——
+ 72

AIY) = ApYn + BrnY,_1

D Q,) " 1

Y41 — (@ = Bn)IYn + lY, 1 = Oox1
ATV = CpYn 4+ DnY,_1

Assim {Y,} verifica uma equacdao diferencial
de segunda ordem

A’BnY! — AD,Y,! 4+ (AnDp — CnBp)Yn =0

Yo = [P, PV A, = (
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Sucessoes semi-classicas

T _
fo= bopr JIn T T m e

Fr A’I’Lff;b — Bn]‘}% + Cnfn + Dn,

Ap41=An Buy1=Yn+1Dn
Cn—l—l = —2(z — 5n—|—1)Dn — Ch
'7n—|—1Dn—|—1 = An+ Bn + (z — ﬁn—l—l)Cn
+ (z = Bpy1)°Dn
$AnP) + BpP, + CnPp =0

Y, =[P, P]' t.a. V) = L,Yn
Ent1P) 11 = anPyy1 + bnPn
EnP) = cnPpy1 + dnPn

P’ P, 1P
E E n+1l ‘fnil n) — _¢ Jc2
n+14Hn ( P, P% nJn
+ (an + dn)fn + bn
f/ — P?Q,—I—l Pn—l—lpn
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Funcoes racionais de circulo fundamental

< —

A,a,BcR

conservar o eixo real
e Conservar os semi-planos inferior e superior

e Permutar os semiplanos inferior e superior

z1 = R(z)
OS Seus zeros sao reais e simples

figuras
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Carcterizacao e estabilidade

Condicao necessaria e suficiente: R(z)—h =
O tem raizes reais e distintas se h € R

Estabilidade: Seja
apz" + - +an _ T(2)

R(z) = —
boz" +---+bp  S(z)
uma fraccao de termos enterlacados

e Se P for uma polindmio com zeros reais
aoP(2) + - -+ + b P (2)
boP(z) + -+ b, P(7)(2)

MOosS enterlacados

entao € de ter-

T'(2) THE) () _

e —— ..., ———— Sao de termos enter-
S'(z) S(k) (2)
lacados

e Se L for de termos enterlacados entao
Lo R é também de termos enterlacados
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