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• Definição de sucessão recorrente.
Aplicações à teoria de funções

• Caracterização das funções racionais

• Teorema de Poincaré.

• Uma extensão da fórmula de Lagrange

• Introdução à teoria algébrica das
fracções cont́ınuas

• Sucessões de polinómios ortogonais.
Caracterizações

• Sucessões de polinómios ortogonais
de Laguerre-Hahn

• Funções racionais de ćırculo
fundamental
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Definição de sucessão recorrente

• (un) t.q. un+k = f(un, . . . , un+k−1)

• (un) t.q. un+k = α1un+k−1 + · · ·+ αkun

Função Logaŕıtmo (Hurwitz)

• (un) t.q. un+1 =
√
un, n = 0,1, . . . e u0 > 0

un = u
1/2n

0 h = 1/2n un → 1

uh0−1
h = 2n(un − 1)

• Lu0 = lim
h→0

uh0 − 1

h
(Definição)

• Deduza as propriedades da função logaŕıtmo
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Caracterização das funções racionais

p/q com deg p < deg q e q(0) 6= 0
p(x)

q(x)
= u0 + u1x+ · · ·+ unx

n + . . . , |x| < r

p(x) = b0 + b1x+ b2x
2

q(x) = 1 + a1x+ a2x
2 + a3x
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———————–

u0 = b0
u1 + a1u0 = b1

u2 + a1u1 + a2u0 = b2
un+3 + a1un+2 + a2un+1 + a3un = 0

———————–
1

(1− αx)k
=
∞∑
n=0

(n+ k − 1) . . . (n+ 1)(αx)n

———————–
b0 + b1x+ b2x

2

1 + a1x+ a2x2 + a3x3

=
λ1

1− α1x
+

λ2

1− α2x
+

λ3

1− α3x
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Teorema de Liouville: Se a função r1 exp(r2)
for elementarmente primitivável então∫ x
x0

r1(t) exp(r2(t)) dt = r3(x) exp(r2(t)).

———————–∫ x
0
et

2
dt = ex

2
∞∑
n=0

(−1)n 2 . . .2

1 3 . . . (2n− 1)
x2n+1

e bn =
(−1)n2 . . .2

1 3 . . . (2n− 1)
não é recorrente de coeficientes constantes

———————–

Teorema de Poincaré:
a2(t)u(t+2)+a1(t)u(t+1)+a0(t)u(t) = 0
lim
t→∞

aj(t) = a0
j e aj cont́ınuas t ≥ 0

|λ1| > |λ2| t.q. a0
2λ

2 + a0
1λ+ a0

0 = 0

Então lim
t→∞

u(t+ 1)

u(t)
= λ1 ou λ2.

———————–

Se
∞∑
n=0

cnz
n converge |z| < ρ então

∞∑
n=0

cnu(t+ n) converge |λ1| < ρ.

5



Ideia da Demonstração:

f(t+ n) = u(t+n+1)
u(t+n) e F (t+ n) = f(t+n)−λ1

f(t+n)−λ2

F (t+ n+ 1) = λ1
λ2

F (t+n)(1+ε1)+ε2
1+ε3F (t+n)+ε4

Pode ver-se M,K com M > 0

1 < K < |λ1/λ2|, t� 0, |X| < M

então

∣∣∣∣∣X(1 + ε1) + ε2
1 + ε3X + ε4

∣∣∣∣∣ < K|X|

Assim se existir M > 0 t.q. para n > n0

|F (t+ n)| < M então

|F (t+ n+ 1)| < K

∣∣∣∣∣λ1

λ2

∣∣∣∣∣ |F (t+ n)|

Logo lim
t→∞

F (t+ n) = 0

Caso contrário lim
t→∞

F (t+ n) =∞
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Uma extensão da fórmula de Lagrange
———————–

0 = F (z) = (z − a)I − f(z)u , f anaĺıtica

———————–

1
m = maxγ

∣∣∣f(z)
z−a

∣∣∣∣∣∣F (z)−(z−a)I
z−a

∣∣∣ =
∣∣∣f(z)
z−a

∣∣∣ |u| < 1 , |u| < m

ζ = ζ(a, u)

———————–

G(ζ)(F ′(ζ))−1 = Res(G(z)(F (z))−1; ζ)

=
1

2πi

∫
γ+

G(z)(F (z))−1 dz

=
∞∑
n=0

un

n!

1

2πi

∫
γ+

G(z)fn(z)

(z − a)n+1
dz

———————–

(G(a))−1G(ζ)(F ′(ζ))−1

=
∞∑
n=0

un

n!
(G(a))−1 ∂

n

∂zn
(G(z)fn(z))
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Introdução à teoria das fracções

cont́ınuas

b0 +
a1

b1 +
a2

. . . +
an

bn

= b0 +
n∑

k=1

ak|
|bk

= Rn

Rn =
An

Bn
Notação de Pringsheim

(An) , (Bn) : Vn = bnVn−1 + anVn−2

(A0 = b0 , A1 = b0b1 + a1) (B0 = 1 , B1 = b1)

An+1

Bn+1
−
An

Bn
=

(−1)na1 · · · an+1

BnBn+1

−A0 = −b0
b1A0 −A1 = −a1

a2A0 + b2A1 −A2 = 0
...

anAn−2 + bnAn−1 −An = 0

An =

∣∣∣∣∣∣∣∣
b0 −1
a1 b1 −1

... ... ...
an−1 bn−1 −1

an bn

∣∣∣∣∣∣∣∣
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Bn = b1

∣∣∣∣∣∣∣∣
b1 −1
a2 b2 −1

... ... ...
an−1 bn−1 −1

an bn

∣∣∣∣∣∣∣∣

an = −

∣∣∣∣∣An−1 An
Bn−1 Bn

∣∣∣∣∣∣∣∣∣∣An−1 An−2
Bn−1 Bn−2

∣∣∣∣∣
bn =

∣∣∣∣∣An An−2
Bn Bn−2

∣∣∣∣∣∣∣∣∣∣An−1 An−2
Bn−1 Bn−2

∣∣∣∣∣
Operações com fracções cont́ınuas

bn +
m∑
j=1

an+j|
|bn+j

= R
(n)
m =

A
(n)
m

B
(n)
m

Rn+m =
An−1A

n
m + anAn−2B

n
m

Bn−1Anm + anBn−2Bnm

lim
m→∞Rn+m = R lim

m→∞R
(n)
m = R(n)

R =
An−1R

(n) + anAn−2

Bn−1R(n) + anBn−2
R(n) =

Bn−2R−An−2

Bn−1R−An−1
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Teorema de Favard (classe
Blumenthal-Nevai)

Sucessão de Polinómis ortogonais: {Pn} t.q.
Pn+1(z) = (z − βn)Pn(z)− γnPn−1(z).

z − βn = bn+1 e −γn = an

Bn = Pn(z) , An = P
(1)
n−1(z) [Associados]

Classe Blumenthal-Nevai: βn → b γn → c.
Pelo Teorema de Poincaré em |z − b| > c

P
(1)
n−1(z)

Pn(z)
=

n∑
k=0

(−1)kγ1 . . . γk
Pk(z)Pk+1(z)

−→
−→F (z)

F (z) =
P

(1)
n−1(z)

Pn(z)
+
∞∑
k=n

(−1)kγ1 . . . γk
Pk(z)Pk+1(z)

Agora com C = {z ∈ C : |z−b| = r} e r > |c|∫
C
PmPn

P
(1)
n−1

Pn
dz = 0 e

∫
C

Pn

Pn+1
dz = 0∫

C

PmPn

PkPk+1
dz = 0

0 ≤ m ≤ n− 1
k = n, n+ 1, . . .∫

C
Pm(z)Pn(z)F (z) dz = γ1 . . . γnδn,m
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Fórmulas de Darboux-Christoffel

Pn+1(x)Pn(y)− Pn(x)Pn+1(y)

x− y

=
n∑

k=0

rn

rk
Pk(x)Pk(y) rk =

k∏
j=1

γj

P ′n+1Pn − P
′
nPn+1 =

n∑
k=0

rn

rk
P2
k

———————–

P ′n+1Pn − P
′
nPn+1 = P2

n + γn(P ′nPn−1 − P ′n−1Pn)

Pn{P ′n+1 + γnP
′
n−1} − P

′
n{Pn+1 + γnPn−1} = P2

n(
Pn+1 + γnPn−1

Pn

)′
= 1

Pn+1 + γnPn−1 = (x− βn)Pn

———————–

F (z) =
∫
dµ(t)

z − t

F (z)Pn(z) =
∫
Pn(z)− Pn(t)

z − t
dµ(t) +

∫
Pn(t)dµ(t)

z − t
F (z)Pn(z) = P

(1)
n−1(z) + qn(z)

11



Pode ver-se que {Pn}, {P (1)
n−1} e {qn} verificam

a mesma relação de recorrência
———————–

Pn+1P
(1)
n−1−PnP

(1)
n = −

n∏
j=1

γj = Pn+1qn−Pnqn+1

Sucessões de Laguerre-Hahn
F t.q. AF ′ = BF2 + CF +D

A((P (1)
n−1)′Pn − P (1)

n−1P
′
n)−B(P (1)

n−1)2

−CP (1)
n−1Pn −DP

2
n = Θn = P2

n{A(qn/Pn)′

−2B(P (1)
n−1/Pn)qn/Pn − Cqn/Pn −B(qn/Pn)2}

Θn

rn−1
(PnP

(1)
n−2 − Pn−1P

(1)
n−1) = Pn{(P (1)

n−1)′ −DPn}

P
(1)
n−1{−AP

′
n −BP

(1)
n−1 − CPn}

P
(1)
n−1{AP

′
n +BP

(1)
n−1 + CPn −

Θn

rn−1
Pn−1}

= {(P (1)
n−1)′ −DPn −

Θn

rn−1
P

(1)
n−2}Pn
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Algumas caracterizações

P
(1)
n−1

P2
n
× AP ′n +BP

(1)
n−1 + CPn −

Θn

rn−1
Pn−1 = ΩnPn

1

Pn
× A(P (1)

n−1)′ −DPn −
Θn

rn−1
P

(1)
n−2 = ΩnP

(1)
n−1

A

P (1)
n−1

Pn


′

= B

P (1)
n−1

Pn


2

+ C

P (1)
n−1

Pn

+D

+
Θn

P2
n

−→
−→0

AIY ′n = AnYn +BnYn−1

Yn = [Pn P
(1)
n−1]t An =

(
Ωn − C −B
D Ωn

)
Bn =

Θn

rn−1
I

Yn+1 − (x− βn)IYn + γnIYn−1 = O2×1

A2IY ′′n = CnYn +DnYn−1

Assim {Yn} verifica uma equação diferencial
de segunda ordem

A2BnY
′′
n −ADnY ′n + (AnDn − CnBn)Yn = 0
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Sucessões semi-clássicas

fn =
Pn+1

Pn


fn +

γn

fn−1
= x− βn

Anf
′
n = Bnf

2
n + Cnfn +Dn

−−−−−−−−−−−−−−−−−−−−−−−
An+1 = An Bn+1 = γn+1Dn
Cn+1 = −2(x− βn+1)Dn − Cn

γn+1Dn+1 = An +Bn + (x− βn+1)Cn
+ (x− βn+1)2Dn

−−−−−−−−−−−−−−−−−−−−−−−
φAnP

′′
n +BnP

′
n + CnPn = 0

Yn = [Pn P
′
n]t t.q. Y ′n = LnYn

Yn = PnYn−1 i.e.
En+1P

′
n+1 = anPn+1 + bnPn

EnP
′
n = cnPn+1 + dnPn

−−−−−−−−−−−−−−−−−−−−−−−

En+1En

(
P ′n+1

Pn
−
Pn+1P

′
n

P2
n

)
= −cnf2

n

+ (an + dn)fn + bn
−−−−−−−−−−−−−−−−−−−−−−−

f ′n =
P ′n+1

Pn
−
Pn+1P

′
n

P2
n
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Funções racionais de ćırculo fundamental

w = A
z − α
z − β

A , α , β ∈ R

−−−−−−−−−−−−−−−−−−−−−−−
conservar o eixo real

• Conservar os semi-planos inferior e superior

• Permutar os semiplanos inferior e superior

−−−−−−−−−−−−−−−−−−−−−−−
z1 = R(z)

os seus zeros são reais e simples

−−−−−−−−−−−−−−−−−−−−−−−
os seus polos são reais e simples

−−−−−−−−−−−−−−−−−−−−−−−
figuras
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Carcterização e estabilidade

Condição necessária e suficiente: R(z)−h =

0 tem raizes reais e distintas se h ∈ R

Estabilidade: Seja

R(z) =
a0z

n + · · ·+ an

b0zn + · · ·+ bn
=
T (z)

S(z)
uma fracção de termos enterlaçados

• Se P for uma polinómio com zeros reais

então
a0P (z) + · · ·+ bnP (n)(z)

b0P (z) + · · ·+ bnP (n)(z)
é de ter-

mos enterlaçados

•
T ′(z)

S′(z)
, . . . ,

T (k)(z)

S(k)(z)
são de termos enter-

laçados

• Se L for de termos enterlaçados então

L ◦R é também de termos enterlaçados
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