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F#N)_cA�S�e'S.BCS�P2N)P2Q3BERTS2e1N)BER<l�r)BER^pJS#" F#D3_vBEN)_cA�S.?9ACN)_%_EN)j3P2N)?9ACD3_);�uvGK_EN
�CS#"8SZl�D3BEPZSZF#N�_EN)j3P2N)?9A�S.B
Dhe#BED3j3BCS.PZS h�D3BEj9S.?#R^[JS.HJI.DOF#D3_�_EN)j3P2N)?9ACD3_%" _EG'ShF#R^P2N)?#_CI.D�"�NsACp.;rp N�SOj3N)_cA�I.D F#D3_�_EN)j3P2N)?9ACD3_
F#G#BCS.?9ACNLS�N��dN)p)G#HJI.D �'pJS.P�S�pJS.BEj3D\F#D\e#BED3j3BCS.PZS.F#D3B);
{�BCS]A�S�)@_EN�F#N~G#PZS\A�S.BENsl!S�S.z<A�S.P2N)?9ACNLF#N)e1N)?#F#N)?9ACN�F#D�p)D3P2e#GdA�S.F#D3BYGdACR^z^R^[JS.F#D�"'R^?#j3BCS]A�S2e'S.BCS

DZe#BED3j3BCS.PZS.F#D3B '�G#N�_EN ���~S2�#BCS.H)D3_Yp)D3P�S2?#N)p)N)_E_ER^F'S.F#N~F#N�- e'S.BcACR^B/.%D2_EN)G e#BED3j3BCS.PZS#"'P~G#R<A�S._
�3N)[)N)_\F#N�l�D3BEPZSOe1D3G#p)D�z^Q3j3R^pJS#"7N�F#N�ACN)B '�G#N�F#R^_Ee1N)?#F#N)B�ACN)P2e1D N�N)?#N)BEj3RTShp)D3P N)_cACN�ACR^e1D F#N
e1D3BEP2N)?#D3BEN)_�N)PxF#NsACBER^P2N)?9ACD\F'S\_EG'S�A�S.BENsl!S�e#BER^?#p)R^e'S.z ;

0 �,45���]���21"���0-�6"�'�
!7S.BCSUD3� �,RTS.B�S.D3_�R^?#p)D3? �3N)?#R^N)?9ACN)_�F'S _EN)j3P2N)?9A�S.HJI.D�"il�D3RYF#N)_EN)? �3D3z��,R^F'S G#PZS S.z<ACN)BE?'S]ACR��.S '�G#N
p)D3?#_ER^_cACN�N)_E_EN)?#p)RTS.z^P2N)?9ACN�N)P�Nsl�N)psACG'S.B~G#PZSh_EN)j3P2N)?9A�S.HJI.DKS.GdACD3P �]ACR^pJS#""ACBCS.?#_Ee'S.BEN)?9ACN�e'S.BCS D
e#BED3j3BCS.PZS.F#D3B%" N '�G#N 1#D��EN\r�e#BCS]ACR^pJS.P2N)?9ACN�G#?#R��3N)BE_CS.z ;�b*_cACNZS.GdACD3PZS]ACR^_EP2DZr �EG#_cACR��'pJS.F#D�e1N)z^D
9<_cA e 33 9<A^5 CFE�;>5 3qE$; ADCFEFCG= '�G#N~p)D3?#_ER^_cACN�?'SZBEN)j3BCS2e#B��]ACR^pJS h�?'I.D�r�G#P�ACN)D3BEN)PZS542"7�3N)B6!1X*{�{ib � )
}#u � S.?#F87Yb �:� b�}#}�9 h : ���3|Fp@p�+
��������� 5"/1&

90%/10%
$ G#P e#BED3j3BCS.PZSYj9S._cA�S

90%
F#D%_EN)G\ACN)P2e1Dv?'SkN��dN)p)G#HJI.DLF#N

10%
F#Dk_EN)G

p)Q,F#R^j3D�" R ; N.;2""j3N)BCS.z^P2N)?9ACN~N��dR^_cACN)P�P2Q,F#G#z^D3_ '�G#N2_CI.D�p)D3P2e#GdA�S.p)R^D3?'S.z^P2N)?9ACN~P~G#R<ACD�PZS.R^_
R^?9ACN)?#_ER��3D3_ '�G#N%D3_iBEN)_cA�S.?9ACN)_);

b*_cACN%e#BER^?#p%�^e#R^D�F'S�z^D,pJS.z^R^F'S.F#NYF#N)_EF#D3�#BCS�)@_ENLN)PxF#D3R^_:IKa;:�<>9<_cA e 33 9<A^5 I +
� /8+3�'�!� 5"�.5"�O-0�,45(*/����'� $ _EN5G#P�N)z^N)P2N)?9ACD h�R^?#_cACBEG#HJI.D D3G �.S.BER �-�3N)z pZl�D3BOBENsl�N)BEN)?#p)RTS.F#D ?�G#P

F'S.F#D\P2D3P2N)?9ACD�"dACN)?#F#N)B��2S�_EN)BiBENsl�N)BEN)?#p)RTS.F#D2N)PxP2D3P2N)?9ACD3_�R^P2N)F#RTS]A�S.P2N)?9ACNYe#BEQ-�dR^P2D3_%s
� /8+3�'�!� 5"�.5"�h�,&)(��'+9���'� $ _EN�G#P N)z^N)P2N)?9ACDhl�D3B�BENsl�N)BEN)?#p)RTS.F#D�" D3_~N)z^N)P2N)?9ACD3_�_EN)G#_ �,R^[)R^?�1#D3_�N)P

P2N)P2Q3BERTSLACN)?#F#N)BCI.DZS�_EN)BiBENsl�N)BEN)?#p)RTS.F#D3_iN)PxP2D3P2N)?9ACD3_�R^P2N)F#RTS]A�S.P2N)?9ACNYe#BEQ-�dR^P2D3_);
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},N�N)_cACN)_~e#BER^?#p%�^e#R^D3_%_CI.D �3N)BEF'S.F#N)R^BED3_�N)P j3N)BCS.z^"�_CI.D�)@?#D S.R^?#F'SOPZS.R^_ '�G'S.?#F#D�Dhe#BED3j3BCS.PZS
l!S.[ZG#_ED R^?9ACN)?#_ED F#N �3N)psACD3BEN)_~N�PZS]ACBER^[)N)_); �YNZl!S.psACD�" S	 Yz^j3N)�#BCS	!8R^?#NJS.BLBEN)p)D3BEBEN�SOD3e1N)BCS.H)w,N)_
p)D3P pJS.B��.psACN)BkIKA>IKfJ=K7��$fDA^365kN(_q=J9g=KfDA fDA '$5%_ED3�#BEN D3_�N)z^N)P2N)?9ACD3_ F#D3_��3N)psACD3BEN)_ N PZS]ACBER^[)N)_); �YR<ACDLe1D3B
D3GdACBCS._�e'S.zTS-�,BCS._*+*G#Pxe#BED3j3BCS.PZS h�p)Q,F#R^j3D�NkF'S.F#D3_6po?'I.D\e#BEN)p)R^_CS�N)_cA�S.BoACD,F#D\N)P P2N)P2Q3BERTS�e'S.BCS
e1D,F#N)Bkl�G#?#p)R^D3?'S.B%s��'S._cA�S '�G#N2BEN)_ER^F'S.P�N)P�P2N)P2Q3BERTSZD3_%N)z^N)P2N)?9ACD3_ �,R^[)R^?�1#D3_+h�?#DON)_Ee'S.H)DhN2?#D
ACN)P2e1DGp ;
X�p61'S-�3NKe'S.BCS S5PZS]ACN)BERTS.z^R^[JS.HJI.DKF#N)_cA�S R^F#N)RTS�e'S._E_CS#" N)?9ACBEN�D3GdACBCS._%"ie1N)zTS5R^?9ACBED,F#G#HJI.DUF#D

p)D3?#p)N)R<ACD F#N 7\=K7\b8_cADE ' A _cfDa�E$;4h�N)P p)D3?9ACBCS.e1D3?9ACD�tP2N)P2Q3BERTS _q=qE$;Dp ; X P2N)P2Q3BERTS �,R^BcACG'S.z
l�G#?#p)R^D3?'S�F#D\_EN)j3G#R^?9ACN%P2D,F#D�+
:3;Yu p)D3P2e#R^zTS.F#D3B~F#R��,R^F#N�G#P e#BED3j3BCS.PZS#" '�G'S.z�'�G#N)B '�G#NO_EN
�CS�D�BEN)_Ee1N)psACR��3D5A�S.PZS.?�1#D�"�N)P
_EN)j3P2N)?9ACD3_�F#Nkp)D3P2e#BER^P2N)?9ACD�� ?]5-h �.S.z^D3BEN)_ Aq�^e#R^p)D3_ N)?9ACBEN

29 = 512
N

213 = 8192 ��� ACN)_6pcsN)_cACN)_�_EN)j3P2N)?9ACD3_�_CI.D�p)D3?�1#N)p)R^F#D3_�e1N)zTS�F#N)_ER^j3?'S.HJI.D~_EG#j3N)_cACR��.S~F#N:9�� #$A e<E I h�D�e#BED3j3BCS.PZSLr
D�- z^R��,BED�. pc"�._ '�G'S.R^_�rLS]ACBER^�#G��^F#D�G#P - ?��#P2N)BED\F#N%e.�.j3R^?'S�.vD3G�N)?#F#N)BEN)H)D�s

V,;Yu p)D3?��EG#?9ACDZF'S._ e.�.j3R^?'S._ '�G#NLp)D3?#_cACR<ACG#N)P�D2e#BED3j3BCS.PZS�BEN)_ER^F#NLN)P�F#R^_Ep)D�"'N$"1e1D3BcA�S.?9ACD�"'D
z^R^P2R<ACNvF#DZA�S.PZS.?�1#D2F#N�G#P�e#BED3j3BCS.PZS\r�F#NsACN)BEP2R^?'S.F#DZe1N)zTS2pJS.e'S.p)R^F'S.F#NLF#D�F#R^_Ep)DZN�?'I.D
e1N)zTS�pJS.e'S.p)R^F'S.F#NkF'S\P2N)P2Q3BERTSLp)N)?9ACBCS.z^s

ad;iX N��dN)p)G#HJI.D F#DUe#BED3j3BCS.PZSKR^?#R^p)RTS�)@_EN�p)D3P D5pJS.BEBEN)j9S.P2N)?9ACDUe'S.BCS5P2N)P2Q3BERTS�p)N)?9ACBCS.zYF#N
A�S.?9A�S._ e.�.j3R^?'S._ '�G'S.?9A�S._KS._ '�G#N pJS.�1N)P�?'S e'S.BcACNUF'S P2N)P2Q3BERTS p)N)?9ACBCS.z~S.z^D,pJS.F'S S.D
e#BED3j3BCS.PZS#s

`#;��vG'S.?#F#DZD2e#BED3j3BCS.PZS#"'F#G#BCS.?9ACN�S2_EG'S2N��dN)p)G#HJI.D�" R^? �3D,pJS\G#PZS\e.�.j3R^?'S\?'I.D2BEN)_ER^F#N)?9ACN�N)P
P2N)P2Q3BERTSZp)N)?9ACBCS.z^""R ; N.;2" '�G'S.?#F#DO_EN �3N)BER��'pJS�G#PZS �%E$; fjEOF#N\e.�.j3R^?'S#"8D�_ER^_cACN)PZS�D3e1N)BCS]ACR��3D
F#N)_EN)?#pJS.F#N)RTSvS ACBCS.?#_cl�N)B��)?#p)RTS F#N G#PZS e.�.j3R^?'S '�G#N ?'I.DYN)_cA �vS _EN)B7e#BEN)p)R^_CSYe'S.BCSYS P2N)P2Q3BERTS
e1N)BER<l�r)BER^pJS�N�SOz^N)R<ACG#BCS�F'She.�.j3R^?'S '�G#NZN)_cA � SO_EN)B�e#BEN)p)R^_CShF'SOP2N)P2Q3BERTS�e1N)BER<l�r)BER^pJS�e'S.BCS
S P2N)P2Q3BERTShp)N)?9ACBCS.z ;Ub*_cACN�e#BED,p)N)_E_ED�F#N�z^N)R<ACG#BCS��]N)_Ep)BER<A�Shr�p)D3?�1#N)p)R^F#DKe1D3B(9�E #$A e<E%$�&G5hN
G#P e#BED3�#z^N)PZS R^?9ACN)BEN)_E_CS.?9ACNhrOD�F#N�_CS.�1N)B '�G'S.z SKe.�.j3R^?'S '�G#NOF#N��3Nh_EN)B2N)? �,RTS.F'SKe'S.BCS
S�P2N)P2Q3BERTShe1N)BER<l�r)BER^pJS�h!SKPZS.R^_ -cS.?9ACR^j9S�.6" S�P2N)?#D3_�- G#_CS.F'S�.�� p e'S.BCSKF'S.B�z^G#j9S.B�K?#D �.S
e.�.j3R^?'Sd;

X P2N)P2Q3BERTS �,R^BcACG'S.z~p)D3?#_ER^_cACN S._E_ER^P ?#D N)_Ee'S.H)D '�G#N D _ER^_cACN)PZStD3e1N)BCS]ACR��3D��]p)D3P2e#R^zTS.F#D3B
e1N)BEP2R<ACN�N)?#F#N)BEN)HJS.B2D '�G'S.z�N)_cA �#" p)D3P2D�_EN�F#R^_E_EN$" z^R^P2R<A�S.F#D �'_ER^pJS.P2N)?9ACN�e1N)zTS�pJS.e'S.p)R^F'S.F#N�F'S
P2N)P2Q3BERTS%e1N)BER<l�r)BER^pJSd; �YG#BCS.?9ACN%S�N��dN)p)G#HJI.D2F#D~e#BED3j3BCS.PZS#"dS._ e.�.j3R^?'S._ F'S~P2N)P2Q3BERTS,�,R^BcACG'S.z1_CI.D
PZS.e1NJS.F'S._�?'S\P2N)P2Q3BERTSLBENJS.z ;
� p)D3? �3N)?#R^N)?9ACN ACN)B�N)P S]ACN)?#HJI.DvS._�N)_EpJS.zTS._�F#N�ACN)P2e1D N)? �3D3z��,R^F'S._*+"G#PZS D3e1N)BCS.HJI.DYS.BER<ACP2rsACR^pJS

N)P e1D3?9ACD��'GdACG'S.?9ACN�e1D,F#N�z^N��.S.B
10−6 _EN)j3G#?#F#D3_ N)?�'�G'S.?9ACDLG#PZSYl!S.z<A�SYF#N�e.�.j3R^?'Sve1D,F#NoBEN*'�G#N)BEN)B

10−3 _EN)j3G#?#F#D3_%"*S.P~�1D3_ �.S.z^D3BEN)_kAq�^e#R^p)D3_); �vG#N)BLR^_cACDhF#R^[)N)B '�G#NZDOACN)P2e1DOF#NZN��dN)p)G#HJI.D�F#N2G#Pe#BED3j3BCS.PZSLe1D,F#N _EN)BoF#NsACN)BEP2R^?'S.F#D�",?'I.D~e1N)zTS._�D3e1N)BCS.H)w,N)_�S.BER<ACP2rsACR^pJSkN)P e1D3?9ACD!�'GdACG'S.?9ACN$"dPZS._
e1N)zTS N��dp)N)_E_ER��.S e'S.j3R^?'S.HJI.D '�G#N5e#BED �3D,pJSd; � D3P2e1NsACN5S.D e#BED3j3BCS.PZS.F#D3B%"vS.z^N)BcA�S.F#D e'S.BCS N)_cA�S
N��3N)?9ACG'S.z^R^F'S.F#N$" N��,R<A�S.Bve'S.j3R^?'S.HJI.DZF#N)_E?#N)p)N)_E_��.BERTSd;LX�BEN)j3BCS�e'S.BCS2A�S.z7BEN)_EG#P2N�)@_EN~_ER^P2e#z^N)_EP2N)?9ACN
?#R^_cACD�+*S.p)N)F#N)B D3G�R^? �3D,pJS.B%",A�S.?9ACD '�G'S.?9ACD~l�D3B�e1D3_E_@���3N)z^",e.�.j3R^?'S._�p)D3?9Aq�^j3G'S._ ?'S�P2N)P2Q3BERTS �,R^BcACG'S.z
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h�e1D3BcA�S.?9ACD�" p)D3P S.z<A�S�e#BED3�'S.�#R^z^R^F'S.F#N�F#NhN)_cA�S.BEN)P _ER^P~G#z<A�S.?#NJS.P2N)?9ACN�BEN)_ER^F#N)?9ACN)_�?'S�P2N)P2Q3BERTS
BENJS.z p~NON��,R<A�S.B\e.�.j3R^?'S._�- F#R^_cA�S.?9ACN)_/. h�R ; N.;2" p)D3P j3BCS.?#F#NOe#BED3�'S.�#R^z^R^F'S.F#N�F#Nh?'I.D�BEN)_ER^F#R^BEN)P N)P
_ER^P~G#z<A6Z.?#N)D�?'S�P2N)P2Q3BERTS�p)N)?9ACBCS.z p ;
��� ���]+��!+9��/ ��!��!	� 58e#IKADCG=K_q= 5 3qE I 5:CG= a]7�36587:9<a]fjEFCG58_ 36587 9�� #$A e<E I CG=

1024 
 o8fJ=6Ik= e+*]7\=K_q5 I_q=qE$A>I 5 3Ka 9�E$e<CG5d9�E$;2E ' _@E I�CG=
8 
 o8fJ=6I�� E���0a�E$egfjE I+7 a]; fDA 9<; A^3qE%$�� =6I  `%ag= 5�l:; #G58_cA fD7\5����������

=@?]=63Ka]fjE�E$egfJ=6I CG=��>I E$; fjE$_�� CG= 9�� #$A e<E��! MIKfDa�CG=\5�3qE I 5�7+E$fD_cA#" =6I `%a�EFC$_@EFCFE I CG=+58_@CG=K7
10 $ 102=

103 ��:%& I = fD_q5 3qE$_c7\5 IHE-58_@CG=K7 CG5 Id3KA^3K;>5 Id36587\5dI =��%E'"(e 5dl:; #G58_cA fD7\5(���������)�

QML QML M *�TgQ�W,+ O)-:W Q�O)-/.1032:O Q�W4.]T�V%+ O)5
{�D,F'S._kS._vz^R^?#j3G'S.j3N)?#_YF#N�e#BED3j3BCS.PZS.HJI.DZF#N�S.z<ACD�?����3N)z7D.l�N)BEN)p)N)P�N)_cACBEGdACG#BCS._kF#N~F'S.F#D3_%S.edA�S._kS
BEN)e#BEN)_EN)?9A�S.B~PZS]ACBER^[)N)_%N�SOD3e1N)BCS.BLF#R^BEN)psA�S.P2N)?9ACNZp)D3P�D3_�BEN)_Ee1N)psACR��3D3_~N)z^N)P2N)?9ACD3_);�{7S.z BEN*'�G#N)B
j3N)BCS.z^P2N)?9ACNkG#PZS~F#N)p)zTS.BCS.HJI.D\F#D\ACR^e1D

6)7�8:9�;=<>7@?);
A(30, 20)

'�G#N%e1N)BEP2R<ACN%S.D\p)D3P2e#R^zTS.F#D3B*+

• _CS.�1N)B '�G#NZS �.S.BER �-�3N)z*F#N)_ER^j3?'S.F'SOe1D3B A
r2G#PZS�PZS]ACBER^[�p)D3P

30
z^R^?�1'S._%N

20
p)D3z^G#?'S._%N

BEN)_EN)B �.S.BiD\N)_Ee'S.H)D�S.e#BED3e#BERTS.F#D�h
30 × 20 = 600

e'S.zTS-�,BCS._6pcs

• R^?9ACN)BEe#BENsA�S.B~p)D3BEBEN)psA�S.P2N)?9ACN a(i, j)
h�D3G

a[i, j], . . .
"*p)D3?#_ED9S.?9ACN�S z^R^?#j3G'S.j3N)P�F#N�e#BED3j3BCS�)

PZS.HJI.DGp�p)D3P2D\BENsl�N)B��)?#p)RTS._�._ �.S.BER �-�3N)R^_�PZS]ACN)P �]ACR^pJS._
aij
;

� D3?9ACG#F#D�"kN)_cA�S l!S.p)R^z^R^F'S.F#N D.l�N)BEN)p)R^F'S S ?����3N)zkF#D3_Op)D3P2e#R^zTS.F#D3BEN)_%" ?�G#?#pJS ?#D3_OF#N��3NKl!S.[)N)B
N)_�'�G#N)p)N)B '�G#N�S\P2N)P2Q3BERTS�F#NLG#P�p)D3P2e#GdA�S.F#D3B�rLN)_E_EN)?#p)RTS.z^P2N)?9ACN ; A e =qE$_c"'R ; N.;2".'�G#N�S._ �.S.BER �-�3N)R^_
_CI.DLS.BEPZS.[)N)?'S.F'S._ _EN*'�G#N)?#p)RTS.z^P2N)?9ACN$"�G#PZS._ Sk_EN)j3G#R^B ._ D3GdACBCS._*+7?'I.D 1.�kPZS]ACBER^[)N)_%"9p)D3P�z^R^?�1'S._ N
p)D3z^G#?'S._%"3?'SvP2N)P2Q3BERTSiF#N�G#P p)D3P2e#GdA�S.F#D3B�47XY_ PZS]ACBER^[)N)_7_CI.D�"9N)P p)D3P2e#GdA�S.F#D3B%"/�'p)H)w,N)_*p)BERTS.F'S._
e1N)z^D�p)D3P2e#R^zTS.F#D3B e'S.BCS\�1N)?#Nsl �^p)R^D�F#D\e#BED3j3BCS.PZS.F#D3B);
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(j − 1)m + i − 1
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x ∈ R
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1×n =
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A ∈ R
n×1 �
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v3
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e1D3B�F#D3R^_�p)D3?��EG#?9ACD3_*+2G#P p)D3?��EG#?9ACD F#N2'  K_cfDA^36=6I
V = {v1, . . . , vn}

N�G#Pyp)D3?��EG#?9ACD�F#N E$_q365 I
A
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V = {v1, v2, v3, v4, v5}
A = {(v1, v2), (v1, v4), (v1, v5), (v2, v1), (v2, v3), (v2, v5), (v3, v4), (v4, v4), (v5, v5)}
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�7R^j3G#BCSU:3;<:3; a"+hb �dN)P2e )
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N%D\j3BCS]l�D\?'I.D\D3BER^N)?9A�S.F#D\e1D3B*+

V = {v1, v2, v3, v4, v5}
A = {(v1, v2), (v1, v4), (v1, v5), (v2, v3), (v2, v5), (v3, v4), (v4, v4), (v5, v5)}

� G#P�j3BCS]l�DYD3BER^N)?9A�S.F#D�"]F'S.F#DvG#P�S.BEp)D
(vi, vj)

F#R^[�)@_EN '�G#N
vi
r D �3r)BcACR^p)N:A egA^3KADE$;dN

vj
D �3r)BcACR^p)N

fJ=K_c7 A e<E$; F#N)_E_ENvS.BEp)D#; u S.BEp)D
(vi, vj)

F#R^[�)@_EN A e 3KADCG=KegfJ=U9�E$_@E+5 =@?BfJ=K_cA^58_kN)P
vi
N(A e 3KADCG=KegfJ=U9�E$_@E

5+A egfJ=K_cA^58_�N)P
vj
;

�YD3R^_KS.BEp)D3_�F#R^_cACR^?9ACD3_ _CI.D�EFC�%EG36=KegfJ=6I _EN e1D3_E_EG��^BEN)P G#P �3r)BcACR^p)N h�R^?#R^p)RTS.z%D3G ACN)BEP2R^?'S.z p
p)D3P~G#PO;7=@F#N)?9ACR^pJS.P2N)?9ACN$",F#D3R^_(�3r)BcACR^p)N)_ F#R^_cACR^?9ACD3_ F#R^[)N)P )@_ENHEFC�%EG36=KegfJ=6IY_EN N��dR^_cACR^B:h�e1N)z^D%P2N)?#D3_6p
G#P�S.BEp)D\N)?9ACBENLN)z^N)_);
X 7+E$fD_cA#"4CG= EFC�%EG3��Ke 3KADE

G ∈ R
n×n F#NOG#P j3BCS]l�D

G
r S�PZS]ACBER^[�p)G��ED3_2N)z^N)P2N)?9ACD3_2_CI.D

F#N��'?#R^F#D3_ie1D3B
gπ(i)π(j) =

?��#P2N)BED2F#NLS.BEp)D3_
(vi, vj) ∈ A

N)P '�G#N
π
F#N)_ER^j3?'SvG#PZSve1N)BEP~GdA�S.HJI.DkF#D3_ R^?9ACN)R^BED3_ {1, 2, . . . , n} ; b*P e'S.zTS-�,BCS._ _ER^?#j3N)zTS._*+ π

BEN)e )
BEN)_EN)?9A�S�S+_q58fDa];2E%$�&G5LF#D3_ �3r)BcACR^p)N)_op)D3P�R^?9ACN)R^BED3_ F#N

1
S

n
D3G�",_EN '�G#R^_EN)BEP2D3_%"#SLp)D3BEBEN)_Ee1D3?#F��)?#p)RTS

N)?9ACBEN �3r)BcACR^p)N)_YN�z^R^?�1'S._iNLp)D3z^G#?'S._ F'S2PZS]ACBER^[kF#N~S.F��CS.p*�)?#p)RTSd;�X�l�D3BEPZS\PZS.R^_�_ER^P2e#z^N)_irLACD3PZS.B
π(i) = i

" PZS._L?'I.DhACN)P '�G#N�_EN)B~S._E_ER^PyN\1.�h_ER<ACG'S.H)w,N)_�N)P '�G#N�p)D3? �3r)P�e#BED,p)N)F#N)B~F#NZD3GdACBCS
l�D3BEPZS~p)D3P2D\_EN,�3N)B��\PZS.R^_�S.F#RTS.?9ACN.;
u #$_@E$a =@?BfJ=K_cA^58_�F#N2G#P �3r)BcACR^p)N

v
r2DO?��#P2N)BEDhF#NZS.BEp)D3_Lp)D3P�N��,ACBEN)P2R^F'S.F#N\R^?#R^p)RTS.z7N)P

vN�F#N)?#D.A�S.B )@_EN�) �Ke1D3B
d+(v)

siS.?'S.z^D3j9S.P2N)?9ACN$" #$_@E$a�A egfJ=K_cA^58_ F#NOG#P �3r)BcACR^p)N
v
r�D�?��#P2N)BED�F#N

S.BEp)D3_ p)D3P�N��,ACBEN)P2R^F'S.F#NiACN)BEP2R^?'S.z�N)P
v
NYF#N)?#D.A�S.B )@_EN�) �Le1D3B

d−(v)
; u #$_@E$a�F#NYG#P �3r)BcACR^p)N

v
r

_ER^P2e#z^N)_EP2N)?9ACN
d(v) = d+(v) + d−(v)

NYrYR^j3G'S.z^"�e1D3BcA�S.?9ACD�"dS.D�?��#P2N)BED~F#NkS.BEp)D3_ R^?#p)R^F#N)?9ACN)_oN)P
v
;*u �3r)BcACR^p)N

v
F#R^[�)@_EN '�G#N riG#PZS\=KegfD_@EFCFEL_EN

d+(v) > 0
N

d−(v) = 0
"9G#PZSHI E 3DCFE�_EN

d−(v) > 0N
d+(v) = 0

N A>I 58;2EFCG5�_EN
d(v) = 0

;
� D3P2D�pJS.F'SKS.BEp)D�r�N��#S.psA�S.P2N)?9ACN�R^?#p)R^F#N)?9ACN�e'S.BCS DKN��,ACN)BER^D3B~?�G#P�h�N�?�G#P _EQGp �3r)BcACR^p)N�N

N��#S.psA�S.P2N)?9ACNOR^?#p)R^F#N)?9ACNOe'S.BCSKD�R^?9ACN)BER^D3B\?�G#P h�NO?�G#P _EQGp �3r)BcACR^p)N$"o?'I.D�D.l�N)BEN)p)NhF#R��'p)G#z^F'S.F#N
N)_cA�S.�1N)z^N)p)N)B '�G#N

∑

v∈V

d+(v) =
∑

v∈V

d−(v) = |A|
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N$"'e1D3B�p)D3?#_EN)j3G#R^?9ACN$"
∑

v∈V

d(v) = 2|A|
b*_cA�S._ BEN)zTS.H)w,N)_�e1D,F#N)P _EN)B7N��de#BEN)_E_CS._*N)P ACN)BEP2D3_�F#D3_7p)D,N��'p)R^N)?9ACN)_7F'SYPZS]ACBER^[*F#NoS.F��CS.p*�)?#p)RTSd;

�YNkl!S.psACD�"'?'I.D\D.l�N)BEN)p)N '�G'S.z�'�G#N)BiF#R��'p)G#z^F'S.F#NkN)_cA�S.�1N)z^N)p)N)B '�G#N

d+(v) =
n
∑

j=1

gij

d−(v) =
n
∑

i=1

gij

D3G�_EN
�CS#"'D�j3BCS.G�N��,ACN)BER^D3Boe1D,F#NvD3�dACN)B )@_ENke1D3Bo_ED3PZS~F'S~z^R^?�1'S�F#N
G
NkD�j3BCS.G�R^?9ACN)BER^D3B e1D3Bo_ED3PZS

F'S\p)D3z^G#?'S~F#N
G
S._E_ED,p)RTS.F'S\S.D �3r)BcACR^p)N.;

��� �,45(7��/ ��!��^��� :%fJ=K_ $ 9�E$_@E 5 I(#$_@E � 5 I-CFE��MA�#$a]_@E ��� ����� $ E I�7+E$fD_cA#" =6I-CG=-EFC�%EG3��Ke 3KADE =�5 I#$_@E$aFIdCG5 I '  K_cfDA^36=6I��
� �p�(���)
)�+*L�-�o#%�'��#�����,-h"!5,"���$�<��%36
��-�)01�-,"�)�+����� �"!�����S

G =













0 1 0 1 1
1 0 1 0 1
0 1 0 1 0
0 1 0 1 0
0 0 0 0 1













, G =













0 1 0 1 1
1 0 1 1 1
0 1 0 1 0
1 1 1 1 0
1 1 0 0 1













� �d8�
��&5�d,L��27,"&%2����������'�)�+�$0%27�-�)� �"!����E�E04��
)�)�+
o#%�-�)����p�(���)
)�+*L�-�L35���+!5#%��
��-�)01�-,"�)�+����� �"!����

v1 v2 v3 v4 v5

d+ 3 3 2 2 1
d− 1 3 1 3 3
d 4 6 3 5 4

v1 v2 v3 v4 v5

d 3 4 2 4 3

PR�����"� ���RI�&5�s04��
�$&%�t8�
��FG�$!4<��(��
)�7�"!����#%�/!4<��$F���*'���"!��)�7#%� F���2���
o�"�t8�
��&5�R�Uz6���"
)�7��
R�s�+!����"
)�7��

�(���o�)�+�B3%�)�+�$0%27�-�)� �"!�����34�"� 8�
��&�M

X pJS.F'S j3BCS]l�D p)D3BEBEN)_Ee1D3?#F#N5e1D3R^_�G#PZS PZS]ACBER^[�F#NUS.F��CS.p*�)?#p)RTS N$"kF'S.F'S G#PZS PZS]ACBER^[�F#N
S.F��CS.p*�)?#p)RTS#"'rL_EN)P2e#BENLe1D3_E_@���3N)z"BEN)p)D3?#_cACBEG#R^B D2BEN)_Ee1N)psACR��3DZj3BCS]l�D#;ou S._Ee1N)psACD '�G#NL?#D3_ R^?9ACN)BEN)_E_CS
PZS.R^_i?#D�p)D3?9ACN��,ACD�F'S+ Yz^j3N)�#BCS\!8R^?#NJS.B � G#P2r)BER^pJS\r�DZF#N '�G#N�S2G#PZS2PZS]ACBER^[

A ∈ R
n×n e1D,F#N_EN)P2e#BENLS._E_ED,p)RTS.B )@_ENkG#PZS�PZS]ACBER^[vF#NLS.F��CS.p*�)?#p)RTS#"#N%e1D3BcA�S.?9ACD�"#G#Pxj3BCS]l�D~l!S.[)N)?#F#D

gij =







1
_EN

aij 6= 0,

0
_EN

aij = 0.
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�7R^j3G#BCS%:3;<:3; `�+�b �dN)P2e#z^D
F#N G#P j3BCS]l�D N)P�N)_cACBEN)zTS
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���

D3G _EN
�CS#"*p)BERTS.?#F#D�G#P �3r)BcACR^p)N�e1D3B~pJS.F'S z^R^?�1'S h�D3G p)D3z^G#?'SFp%N�G#P�S.BEp)D�e1D3B�pJS.F'S�p)D,N��'p)R^N)?9ACN
?'I.D�?�G#z^D�F#N

A
;vX�PZS]ACBER^[LF#N�S.F��CS.p*�)?#p)RTS#" D3G D�j3BCS]l�D�"1BEN	�'N)psACN)P�SZN)_cACBEGdACG#BCS�N�D�e'S.F#BCI.D�F#N

N)_Ee'S.BE_ER^F'S.F#N%F#N
A
;

X�pJS.F'S�S.BEp)D
(vi, vj)

e1D,F#N�S._E_ED,p)RTS.B )@_EN�G#P �.S.z^D3B
aij
s e1D3B~N��dN)P2e#z^D�"*D�p)D3P2e#BER^P2N)?9ACDhF'S

N)_cACBCS.F'S '�G#N�z^R^j9SOS._�p)R^F'S.F#N)_%"*D3GUD p)G#_cACD�F'S._�BEN)_Ee1N)psACR��.S._~e1D3BcA�S.j3N)?#_%"*D3G Sh_EG'ShpJS.e'S.p)R^F'S.F#N
F#N\ACB��]l�N)j3D#;ZXY_E_ER^P�"7S�pJS.F'SOj3BCS]l�D�e1D,F#N2p)D3BEBEN)_Ee1D3?#F#N)BLG#PZS�PZS]ACBER^[

A
N$"7BEN)p)R^e#BED,pJS.P2N)?9ACN$"7S

pJS.F'S~PZS]ACBER^[ e1D,F#NvS._E_ED,p)RTS.B )@_ENvG#P j3BCS]l�D#;�!7S.BCS~D3_opJS._ED3_�F'S~�7R^j3G#BCS2:3;<:3; a#",ACN)P2D3_oS._o_EN)j3G#R^?9ACN)_
PZS]ACBER^[)N)_*+

A =

















a11 a12 0 a14 a15

a21 a22 a23 0 a25

0 a32 a33 a34 0
0 0 0 a44 0
0 0 0 0 a55

















, A =

















a11 a12 0 a14 a15

a21 a22 a23 a24 a25

0 a32 a33 a34 0
a41 a42 a43 a44 0
a51 a52 0 0 a55

















uv�#_EN)B �3N)P2D3_ '�G#N~DZe'S.F#BCI.DZF#N�N)_Ee'S.BE_ER^F'S.F#N�F'SZPZS]ACBER^[
A
BEN	�'N)psACN~e#BEN)p)R^_CS.P2N)?9ACN~S2p)D3?#N)p�)

ACR��,R^F'S.F#NOF#DUBEN)_Ee1N)psACR��3D j3BCS]l�D5N '�G#N G#P j3BCS]l�D5?'I.DUD3BER^N)?9A�S.F#D5p)D3BEBEN)_Ee1D3?#F#N�S5G#PZS�PZS]ACBER^[
_ER^P2rsACBER^pJS~N �,R^p)N�) �3N)BE_CSd;
��� ���]+��!+9��/ ��!��^��� =KfJ=K_c7 A e<E$_	5"#$_@E � 5 CG=�a]7+E 7+E$fD_cA#"	fD_cADC$ADE #G58e<E$;���E� e &G54IKA 7  KfD_cA^3qE	� :%
IKA 7  KfD_cA^3qE��
��� ���]+��!+9��/ ��!�� #�� =KfJ=K_c7 A e<E$_ $ 9�E$_@E 52#$_@E � 5 CFE �MA�#$a]_@E ��� ��� � $ E I�7+E$fD_cA#" =6I	CG=	EFC�%EG3��Ke 3KADE`%a�E$e<CG5:I =:EFCG569<fjE$7 E I I =�#$a]A egfJ=6I ega]7\=K_@E%$�� =6I 9�E$_@Ed5 I '  K_cfDA^36=6I�� E�

π(i) = i
� :%

π(i) = 10−i
�

� 5 9g58egfJ5�CG= ' A>IKfjE CFE�Ec9<; A^3qE%$�&G5+CG5+7  KfJ5 CG5\CG=�� E$aFI6I $ `%a�E$;  dE+7+E$A>I �%E '$58_ � '$=K;%�

&('�� � � $ ��� "%13� $&"%1�*,� *" $ ��* ��(�� "%� "%� �=""! (2�-(2�
X '�G#R��.S.P2D3_kACN)BL?#N)p)N)_E_ER^F'S.F#N�F#N2F#R^_cACR^?#j3G#R^B%SOPZS]ACBER^[

A
F'SON)_cACBEGdACG#BCSOF#NZF'S.F#D3_%" '�G#N2F#N)?#D�)

A�S.BEN)P2D3_Z_ER^P2e#z^N)_EP2N)?9ACNhe1D3B
A
" '�G#N �.S.RYp)D3?#_cACR<ACG#R^BZSU_EG'SUBEN)e#BEN)_EN)?9A�S.HJI.D R^?9ACN)BE?'S#"iR ; N.;2" '�G#N
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�.S.R*S.BEPZS.[)N)?'S.BYD3_kN)z^N)P2N)?9ACD3_kBEN)z^N��.S.?9ACN)_kF#N
A
; �YR<ACD�e1D3BvD3GdACBCS._ke'S.zTS-�,BCS._%"

A
r�G#P D3��EN)psACD

PZS]ACN)P �]ACR^p)Dh�G#PZS�PZS]ACBER^[ p�N
A
G#P D3��EN)psACD F#Nhe#BED3j3BCS.PZSh�j3N)BCS.z^P2N)?9ACNOG#PZS�A�S.�1N)zTSFp '�G#N

j3G'S.BEF'S�D3_kN)z^N)P2N)?9ACD3_kF#N
A

- '�G#N\R^?9ACN)BEN)_E_CS.P�.�;~{�D3BE?'S�)@_EN�N��,R^F#N)?9ACN '�G#N\r\R^?#F#R^_Ee1N)?#_��-�3N)z*p)D3? )
_cACBEG#R^B%"9p)D3?��EG#?9A�S.P2N)?9ACN�p)D3P

A
"�Svp)D3BEBEN)_Ee1D3?#F��)?#p)RTSkN)?9ACBENiD3_*N)z^N)P2N)?9ACD3_ F#N

A
- '�G#N�R^?9ACN)BEN)_E_CS.P�.

N
A
"'D3G�"#D�7+Ec9g=qE$7\=KegfJ5~F'S�e'S.BcACN�- R^?9ACN)BEN)_E_CS.?9ACN .%F#N

A
N)P

A
;

QML MkL Q NPW4.]T�V%+ O)5 5]V Q�� .]T�V�� W,5
Y P�F#D3_ pJS._ED3_vPZS.R^_ol�BEN*'�G#N)?9ACN)_k?'S._vS.e#z^R^pJS.H)w,N)_ir�DZF'S._ PZS]ACBER^[)N)_ _ER^P2rsACBER^pJS._);i},N�DZe#BED,p)N)_E_CS�)
P2N)?9ACD~_EG#�#_EN*'�G#N)?9ACN%?'I.D~F#N)_cACBEG#R^BoS�_ER^P2NsACBERTS#"�e1D,F#N)P2D3_ S._E_ER^P ACBCS.�'S.z>1'S.B S.e1N)?'S._ p)D3P G#P�F#D3_
ACBER Z.?#j3G#z^D3_ h�_EG#e1N)BER^D3B�D3G�R^?dl�N)BER^D3B6p�F'S�PZS]ACBER^[.;
},G#e1D3?�1'S.P2D3_~N)?9A�I.D '�G#N

A ∈ R
n×n r�_ER^P2rsACBER^pJSON�F#N)_EN
�CS.P2D3_�S.BEPZS.[)N)?'S.B�S.e1N)?'S._~D�_EN)GACBER Z.?#j3G#z^D~_EG#e1N)BER^D3B);�},N%D3edA�S.BEP2D3_�e1D3B�G#P�E$_c7+E'" =Ke<E$7\=KegfJ5:9g58_H3658; a]e<E IK"#N)?9A�I.D2D3_iN)z^N)P2N)?9ACD3_

S\S.BEPZS.[)N)?'S.B�N)P
A
_CI.D�"'e1N)zTS~D3BEF#N)PxR^?#F#R^pJS.F'S#"

A = a11 a12 a22 a13 a23 a33 · · · a1n a2n · · · ann
h :3;WV,;<: p

X A�S.�1N)zTS
A
ACN)P�"1F#N)_cACN~P2D,F#D�"

N = n(n + 1)/2
N)z^N)P2N)?9ACD3_); � N)_cACN~pJS._ED�" DZPZS.e1NJS.P2N)?9ACDZF#D

�^?#F#R^p)N%�#R^F#R^P2N)?#_ER^D3?'S.z
(i, j)

F#N
A
?�G#P �^?#F#R^p)N%G#?#R^F#R^P2N)?#_ER^D3?'S.z

k
F#N

A
h�z^N)RTS�)@_EN

A(k) = aij
por

F'S.F#D2e1D3B
(i, j) 7→ k =

j(j − 1)

2
+ i, j ≥ i

h :3;WV,;WVBp
},N%D3edA�S.BEP2D3_�e1D3B�G#P�E$_c7+E'" =Ke<E$7\=KegfJ5:9g58_ ; A e#[�E IK"dR ; N.;2"

A = a11 a12 · · · a1n a22 a23 · · · a2n · · · ann
h :3;WV,; aFp

?'I.D\D.l�N)BEN)p)NLF#R��'p)G#z^F'S.F#N �3N)B '�G#N$"�?#N)_cACNLpJS._ED�"

(i, j) 7→ k =
(2n + 2 − i)(i − 1)

2
+ j − i + 1, j ≥ i

h :3;WV,; `Gp
��� ���]+��!+9��/ ��^���! �0a�E$A>I I�&G5	E I =@?K9<_q=6I6I'� =6I�=q`%a]A '8E$;>=KegfJ=6I\E h :3;WV,;WVBp�= h :3;WV,; `Gp e 543qE I 5	CG= I =
9<_q=KfJ=Ke<CG=K_(E$_c7+E'" =Ke<E$_H5+fD_cA
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F#N)PZS._ERTS.F#D�R^?��'N��#���3N)z S.D�?'I.D�e1N)BEP2R<ACR^B%"1e1D3BYN��dN)P2e#z^D�" S�R^?#p)z^G#_CI.D�F#N~N)z^N)P2N)?9ACD3_vR^?#R^p)RTS.z^P2N)?9ACN
?�G#z^D3_vPZS._ '�G#N�F#N)R �#S.BCS.P F#N~D�_EN)BkF#G#BCS.?9ACN�D�e#BED,p)N)_E_CS.P2N)?9ACD#; � D '�G#N\S.p)D3?9ACN)p)N\F#G#BCS.?9ACN\S
p)D3?#F#N)?#_CS.HJI.D�F#NvG#PZSLPZS]ACBER^[ e1N)z^D�P2rsACD,F#D�F#N��%S.G#_E_oN)P '�G#NvN)z^N)P2N)?9ACD3_ D3BER^j3R^?'S.z^P2N)?9ACN�?�G#z^D3_
F#N)R �#S.PxF#N%D\_EN)BiN%N)z^N)P2N)?9ACD3_�D3BER^j3R^?'S.z^P2N)?9ACNY?'I.D\?�G#z^D3_ie'S._E_CS.P�S\S._E_EG#P2R^B�D �.S.z^D3Bo[)N)BED#;
�	��
��� {�G#F#D~D '�G#Nv_EN �.S.R�F#R^[)N)B BEN)zTS]ACR��.S.P2N)?9ACN S�PZS]ACBER^[)N)_ ACN)P S.e#z^R^pJS.HJI.DLF#R^BEN)psA�S�S.D~pJS._ED~F#N
�3N)psACD3BEN)_%"�p)D3P�S._ S.F'S.edA�S.H)w,N)_iQ3� �,RTS._);
0 �d-0�]��
9�,&��,4 ���' 65"�
},N

A ∈ R
n×n e1D3_E_EG#R^B βi

p)D,F#RTS.j3D3?'S.R^_�R^?dl�N)BER^D3BEN)_~N
βs
p)D,F#RTS.j3D3?'S.R^_�_EG#e1N)BER^D3BEN)_%"�N)?9A�I.DKe'S.BCS

S.BEPZS.[)N)?'S.B�D3_7N)z^N)P2N)?9ACD3_ ?'I.DY?�G#z^D3_7F#N)_cA�SvPZS]ACBER^[ �'S._cA�SYG#PZS A�S.�1N)zTSiBEN)psA�S.?#j3G#zTS.B%"
A
"3F#R^j9S.P2D3_%"

p)D3P
n
z^R^?�1'S._oN

βi + βs + 1
p)D3z^G#?'S._%"#z^D3j3D~p)D3P

N = n(βi + βs + 1)
N)z^N)P2N)?9ACD3_(h �3N)BiS\�7R^j3G#BCS

:3;WV,;<: p ;�X�p)N)R<A�S.P2D3_kF#N)_cACN2P2D,F#D�G#P�p)N)BcACDOF#N)_Ee1N)BEF��^p)R^D�F#N2P2N)P2Q3BERTS�S.D�j3G'S.BEF'S.BvA�S.P~�1r)P�S._
- e1D3?9A�S._/.�ACBERTS.?#j3G#zTS.BEN)_v_EN)P�GdACR^z^R^F'S.F#N$" D '�G#N\?'I.D�ACN)P R^P2e1D3BcA6Z.?#p)RTS ��� '�G#N\N)_cACN\N)_�'�G#N)PZS�F#N
S.BEPZS.[)N)?'S.P2N)?9ACD�_EQ�l!S.[Y_EN)?9ACR^F#D~_EN

βi � n
N

βs � n
",N A�S.z�ACBCS.F#G#[)R^B )@_ENYe1D3BcA�S.?9ACD�?�G#PZSLe1N)BEF'S

e1N)Bcl�N)R<A�S.P2N)?9ACN~S.p)N)R<A �-�3N)z ;Lu PZS.e1NJS.P2N)?9ACD
(i, j)

F#D3_vN)z^N)P2N)?9ACD3_vF'S�PZS]ACBER^[
A
?#D3_vN)z^N)P2N)?9ACD3_

(i′, j ′)
F'S~A�S.�1N)zTS

A
""�3N)P�F'S.F#D2e1D3B

(i, j) 7→ (i′, j ′) = (i, βi + j − i + 1)
h :3;WV,;WgBp
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Y PZSKl�D3BEPZS�F#N�S.BEPZS.[)N)?'S.B2G#PZS5PZS]ACBER^[�N)_Ee'S.BE_CS

A ∈ R
m×n p)D3?#_ER^_cACN N)P j3G'S.BEF'S.B2D3_

N
"

F#R^j9S.P2D3_%"9N)z^N)P2N)?9ACD3_ ?'I.DL?�G#z^D3_ F#N
A
?�G#PZS%A�S.�1N)zTS%G#?#R^F#R^P2N)?#_ER^D3?'S.z

A
NYGdACR^z^R^[JS.B F#G'S._�A�S.�1N)zTS._

G#?#R^F#R^P2N)?#_ER^D3?'S.R^_�F#NUR^?9ACN)R^BED3_%"
iA
N

jA
"Lp)D3P S l�G#?#HJI.DtF#N Ec9g58egfjEFCG58_q=6IK"%e'S.BCS j3G'S.BEF'S.BhD3_

BEN)_Ee1N)psACR��3D3_	�^?#F#R^p)N)_�F'S._Oz^R^?�1'S._�N�F'S._Op)D3z^G#?'S._);�b*_cA�S R^F#N)RTS r�P2N)z>1#D3B�N��de#z^R^pJS.F'S p)D3P G#P
N��dN)P2e#z^D#;
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�7R^j3G#BCS�:3;WV,;WV + �kBCS]l�D
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��� �,45(7��/ ��^���! � :%fJ=K_d5�=6I `%ag=K7+E�CG=dE$_c7+E'" =Ke<E$7\=KegfJ5+E$;>=qE$fJb8_cA^5 9�E$_@E
A ∈ R

4×5 CFEFCFE 9g58_

A =











0 1 2 3 0
0 0 4 5 0
6 0 0 0 7
0 8 0 0 0











	n�"� ���o!5�-�)���j,L����� I�&5�

A =
(

1 2 3 4 5 6 7 8
)

iA =
(

1 1 1 2 2 3 3 4
)

jA =
(

2 3 4 3 4 1 5 2
)

� �)���$�)�+8�!%�Kf4,L�63%01��
o�Uz%�"�$0%27�%35I�&5�
iA(3) = 1

�
jA(3) = 4

3%27��89�
a14 = A(3) = 3

M

� D3P N)_cACNkN)_�'�G#N)PZS~F#NkS.BEPZS.[)N)?'S.P2N)?9ACD~N��,ACBEN)PZS.P2N)?9ACN��'N��#���3N)z rYP~G#R<ACDLl �.p)R^z S.p)BEN)_Ep)N)?9A�S.B
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A
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?'S._YA�S.�1N)zTS._
A
N~?#D3_vS.e1D3?9A�S.F#D3BEN)_

iA
N

jA
;Y{�D,F'S-�,RTSZN)_cACN~N)_�'�G#N)PZS�F#N�S.BEPZS.[)N)?'S.P2N)?9ACDZ_EQ�r

p)D3P2e1N)?#_CS.F#D3Bie'S.BCS�PZS]ACBER^[)N)_oP~G#R<ACD�N)_Ee'S.BE_CS._ p)D3?dl�D3BEP2NkD\N��dN)BEp%�^p)R^D2_EN)j3G#R^?9ACN%e#BED �.Sd;
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r
9�E$;2E ' _@E I��D[�E�:%A fDa�E$; 7\=KegfJ=

r = 1 $ r = 2
58a

r = 4
 � � =KfJ=K_c7 A e = `%a;&G5	=6IJ9�E$_qI E a]7+E-7+E$fD_cA#"

A ∈ R
n×n 9<_q=63KA>I E CG=+I =K_ 9�E$_@E `%ag=�5 E$_c7+E'" =Ke<E$7\=KegfJ54E$;>=qE$fJb8_cA^5�I =��%E 7\=Ke 5 I�=@?BA�#G=KegfJ=-=K77\=K7\b8_cADE�CG5\`%ag= 5�E$_c7+E'" =Ke<E$7\=KegfJ5 fJ58fjE$;�� 5\`%a�E$;�_q=q`%ag=K_

rn2 9�E$;2E ' _@E I  �
u e#BED3�#z^N)PZS%R^? �3N)BE_ED�"dR ; N.;2",D3�dACN)B�D �.S.z^D3B F#N

aij
D3�#BER^j9SLSLF#NsACN)BEP2R^?'S.B

k
A�S.z�'�G#N

iA(k) = i
N

jA(k) = j
s,_ENvN)_cACN �.S.z^D3B N��dR^_cACR^B%",N)?9A�I.D

aij = A(k)
"d_ENY?'I.D

aij = 0
;�� D3P2D�_EN ���$"#rY?#N)p)N)_E_��.BER^D

e1N)_�'�G#R^_CS.Bi?'S._iF#G'S._�A�S.�1N)zTS._
iA
N

jA
"'D '�G#N%e1D,F#NkACD3BE?'S.B )@_ENke1N)_CS.F#D#;
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C = A + B36587

A,B ∈ R
m×n aFI E$e<CG5 E$_c7+E'" =Ke<E #G=K7 E$;>=qE$fJb8_cADE�� 3658e#IKfD_ca]A e<CG5 $ e<E(9�E I6I E #G=K7 $ E IHfjE�:c=K;2E IE$a$?BA ; ADE$_q=6I
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A
D3?#F#N

_EN�j3G'S.BEF'S.P D3_�N)z^N)P2N)?9ACD3_~?'I.DK?�G#z^D3_~F#N
A ∈ R

m×n 9g58_�; A e#[�E IK"*_EN�GdACR^z^R^[JS.P�F#G'S._~A�S.�1N)zTS._
S.G �dR^z^RTS.BEN)_*+

jA
"7p)D3PyDhP2N)_EP2DO_ER^j3?#R��'pJS.F#D '�G#N�S.?9ACN)BER^D3BEP2N)?9ACN$"�N

`A
"7N)P '�G#N

`A(k)
S.e1D3?9A�S

e'S.BCS�D\N)z^N)P2N)?9ACD\D3?#F#N%p)D3P2N)HJS2S�z^R^?�1'S
k
; � N
�CS.P2D3_�G#PxN��dN)P2e#z^D\N)z^G#p)R^F'S]ACR��3D#;

��� �,45(7��/ ��^���^� � 58e#IKfD_ca]A _+5�=6I `%ag=K7+E�CG= E$_c7+E'" =Ke<E$7\=KegfJ5-36587:9<_cA 7 ADCG5 9g58_d; A e#[�E I 9�E$_@E	E
7+E$fD_cA#"dCG5& ?]=K7:9<;>5(����� � ���
	n�"� ���d!5�-�)���s,L�����$I�&5�

A =
(

1 2 3 4 5 6 7 8
)

jA =
(

2 3 4 3 4 1 5 2
)

`A =
(

1 4 6 8 8
)

� �)���$�)�+8�!%�Kf4,L�63%01��
d�Uz%�"�$0%27�%34I�&5�
jA(5) = 4

�
`A(2) ≤ 5 < `A(3)

3527��89�
a24 = A(5) = 5
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��� � D3_cACG#PZS\GdACR^z^R^[JS.B )@_ENkD �#z<ACR^P2D�N)z^N)P2N)?9ACDZF#N
`
e'S.BCS\j3G'S.BEF'S.B DZ?��#P2N)BEDZF#NLN)z^N)P2N)?9ACD3_

?'I.D\?�G#z^D3_iF#N
A
s#F'S$�

`
ACN)B

5
N)z^N)P2N)?9ACD3_�N)P �3N)[%F#D3_

4
p)D3P2D�_EN)BERTS�F#N%N)_Ee1N)BCS.B);
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A
j3G'S.BEF'S�D3_ N)z^N)P2N)?9ACD3_o?'I.D~?�G#z^D3_ F#N

A ∈ R
m×n 9g58_ 3658; a]e<E IK"'_EN�GdACR^z^R^[JS.P F#G'S._ A�S.�1N)zTS._ S.G �dR^z^RTS.BEN)_*+ iA

"�p)D3P�D2P2N)_EP2DZ_ER^j3?#R��'pJS.F#D
'�G#NLS.?9ACN)BER^D3BEP2N)?9ACN$"'N

`A
"'N)P '�G#N

`A(k)
S.e1D3?9A�S�e'S.BCS�D2N)z^N)P2N)?9ACD\D3?#F#N%p)D3P2N)HJS\S�p)D3z^G#?'S

k
;

��� �,45(7��/ ��^���^� � 58e#IKfD_ca]A _ 5 =6I `%ag=K7+E CG= E$_c7+E'" =Ke<E$7\=KegfJ5d36587:9<_cA 7 ADCG509g58_ 3658; a]e<E IU9�E$_@E E
7+E$fD_cA#"dCG5& ?]=K7:9<;>5(����� � ���
	n�"� ���d!5�-�)���s,L�����$I�&5�

A =
(

6 1 8 2 4 3 5 7
)

iA =
(

3 1 4 1 2 1 2 3
)

`A =
(

1 2 4 6 8
)

� �)���$�)�+8�!%�Kf4,L�63%01��
d�Uz%�"�$0%27�%34I�&5�
iA(5) = 2

�
`A(3) ≤ 5 < `A(4)

3527��89�
a23 = A(5) = 4

M
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`
e'S.BCS\j3G'S.BEF'S.B DZ?��#P2N)BEDZF#NLN)z^N)P2N)?9ACD3_

?'I.D\?�G#z^D3_iF#N
A
s#F'S$�

`
ACN)B

5
N)z^N)P2N)?9ACD3_�N)P �3N)[%F#D3_

4
p)D3P2D�_EN)BERTS�F#N%N)_Ee1N)BCS.B);
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l�D3BcACN)P2N)?9ACN�F#N�z^R^?�1'S\e'S.BCSZz^R^?�1'S\e1N)z^D '�G#N~G#PZS2�'S.?#F'S�- zTS.BEj3G#BCS�p)D3?#_cA�S.?9ACN .~_EN)BERTS2R^?#N��'p)R^N)?9ACN.;
uvGZ_EN
�CS#",F#N��3N�)@_ENkS.BEPZS.[)N)?'S.B�S%N)? �3D3z��3N)?9ACNvF#D3_�N)z^N)P2N)?9ACD3_�?'I.DL?�G#z^D3_�F'SLPZS]ACBER^[�N p)D3?#_cACBEG#R^B�S._
A�S.�1N)zTS._�S.G �dR^z^RTS.BEN)_�?#N)p)N)_E_��.BERTS._Hh �3N)BiS��7R^j3G#BCSZ:3;<:3;WVBp ; � D.ACN)P2D3_ '�G#Nk?#N)_cACN%N)_�'�G#N)PZS#"dA�S.z p)D3P2D
?#D�pJS._ED�F#NYPZS]ACBER^[)N)_ N)P �'S.?#F'S#",D3_�N��3N)?9ACG'S.R^_oN)z^N)P2N)?9ACD3_ ?'I.D�?�G#z^D3_�F#N)?9ACBED~F'S%N)? �3D3z��3N)?9ACNk_CI.D
j3G'S.BEF'S.F#D3_);

� N)_cACNhN)_�'�G#N)PZS5_CI.D5?#N)p)N)_E_��.BERTS._ZF#G'S._\A�S.�1N)zTS._*+ S�A�S.�1N)zTSKe#BER^?#p)R^e'S.z
A
e'S.BCSKj3G'S.BEF'S.B\D3_

N)z^N)P2N)?9ACD3_2BEN)z^N��.S.?9ACN)_2F#N
A
NOG#PZS�A�S.�1N)zTSKS.G �dR^z^RTS.B

`A
'�G#N S.e1D3?9A�SKe'S.BCSKD�R^?��^p)R^D�F#NhpJS.F'S

z^R^?�1'S\h�_ENYD3edA�S.BEP2D3_�e1D3B�G#P S.BEPZS.[)N)?'S.P2N)?9ACD�D3BER^N)?9A�S.F#DLe1D3B�z^R^?�1'S._6p*D3GZe'S.BCSLD�R^?��^p)R^DLF#NYpJS.F'S
p)D3z^G#?'S�h�_EN%D3edA�S.BEP2D3_�e1D3B�G#P�S.BEPZS.[)N)?'S.P2N)?9ACD�D3BER^N)?9A�S.F#D\e1D3B�p)D3z^G#?'S._6p ;
��� �,45(7��/ ��^��� # � 58e#IKfD_ca]A _+5�=6I `%ag=K7+E-CG= E$_c7+E'" =Ke<E$7\=KegfJ5 9g58_ =Ke+'$58; '$=KegfJ= � 58_cA^=KegfjEFCG5(9g58_
; A e#[�E I  9�E$_@E�E\7+E$fD_cA#"dCG5& ?]=K7:9<;>5(����� � ���
	n�"� ���o!5�-�)���j,L����� I�&5�

A =
(

1 2 3 4 5 6 0 0 0 7 8
)

`A =
(

1 4 6 8 8
)

� �)���$�)�+8�!%�Kf4,L�63%01��
o�Uz%�"�$0%27�%35I�&5�
`A(2) ≤ 5 < `A(3)

3%27��89�
a24 = A(5) = 5

M

&('�� � �=" � �(.�� "%� ! ��$ $ ��* ��(�� "%�
� N)_cA�S5_EN)p)HJI.D �.S.P2D3_ZS.�1D3BEF'S.BZS._Ze#BER^?#p)R^e'S.R^_\D3e1N)BCS.H)w,N)_ZF'S  Yz^j3N)�#BCS !8R^?#NJS.B � G#P2r)BER^pJS#"oN)P
e'S.BcACR^p)G#zTS.B�S._ '�G#NLN)? �3D3z��3N)P�PZS]ACBER^[)N)_);�X S.�1D3BEF'S.j3N)P�S.z^j3D3B@�<ACP2R^pJSL_EN)j3G#NLF#N%e1N)BcACD�S �'z^D3_ED/��S
F'S2e#BED3j3BCS.PZS]ACN)pJS � !8Xk} h 
 E IKA^3
	 A e =qE$_:l:; #G=�:%_@E � a;:%_q58a]fDA e =6IK"��ku � �kXv� �iX NsAkS.z ; h : �3�3�Fp@pc"D3P2R<ACR^?#F#D�" ?#D5N)?9A�S.?9ACD�"oP~G#R<ACD3_\F#NsA�S.z>1#N)_\ACr)p)?#R^p)D3_ZN)P l!S-�3D3B2F#NhG#PZSKPZS.R^D3B~p)zTS.BEN)[JS�F#NON��)
e1D3_ER^HJI.D#;

QML�� L Q 4 -:V�� VXW��XV%+ W���,0
Y PZS\F'S._YD3e1N)BCS.H)w,N)_YPZS.R^_ol�BEN*'�G#N)?9ACN)_kN)P  Yz^j3N)�#BCS+!8R^?#NJS.B � G#P2r)BER^pJS2p)D3?#_ER^_cACNLN)P�A egA^3KADE$; A#" E$_
G#P �3N)psACD3B2D3G G#PZS�PZS]ACBER^[$" R ; N.;2"*l!S.[)N)B�ACD,F#D3_\D3_�BEN)_Ee1N)psACR��3D3_2N)z^N)P2N)?9ACD3_\R^j3G'S.R^_�S�G#P p)N)BcACD
N)_EpJS.zTS.B

s
"�l�BEN*'�G#N)?9ACN)P2N)?9ACN

s = 0
;kuv_YXYz^j3D3BER<ACP2D3_k:3; ad;<:�N�:3; ad;WV\z^N��.S.P S2pJS.�1D�e#BEN)p)R^_CS.P2N)?9ACN

N)_cA�S�A�S.BENsl!S�N$"'F'S.F'S2S�_EG'S\_ER^P2e#z^R^p)R^F'S.F#N$"�e#BEN)_Ep)R^?#F#N)P�F#N '�G'S.z�'�G#N)BiN��de#z^R^pJS.HJI.D#;
!�D3BoBCS.[)w,N)_ '�G#Nv_EN)BCI.D~N��de#z^R^pJS.F'S._oS�_EN)j3G#R^B%",e1D,F#NY_EN)B �.S.?9A�S �ED3_ED~ACBED,pJS.B S�D3BEF#N)P�F#D3_op)R^p)z^D3_

N)P
i
N

j
?#D2XYz^j3D3BER<ACP2DZ:3; ad;WV]"#D3�dACN)?#F#D�)@_EN%D2XYz^j3D3BER<ACP2DZ:3; ad; ad;



��� ����� 	����
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 ����/��]� -�45/ ��^���! =@?#R^p)RTS.z^R^[JS.HJI.D�F#N,�3N)psACD3B
������� }�� (x, s, n)
�����	��
��� +

x ∈ R
n

� ��� i = 1 �� n � � xi = s � �

�� �

 ����/��]� -�45/ ��^���^� =@?#R^p)RTS.z^R^[JS.HJI.D�F#N%PZS]ACBER^[ h�e1D3B�z^R^?�1'S._6p
������� }#Mh� (A, s, m, n)
�����	��
��� +

A ∈ R
m×n

� ��� i = 1 �� m � �� ��� j = 1 �� n � �
aij = s

� �
� �


�� �

QML�� L M 9 T�W,-�5	� 0,5]V ��,0
X ACBCS.?#_Ee1D3_ER^HJI.D�F#N~PZS]ACBER^[)N)_Yr�G#PZSZF'S._vD3e1N)BCS.H)w,N)_vPZS.R^_Y_ER^P2e#z^N)_);%u XYz^j3D3BER<ACP2D�:3; ad; `�S.e#BEN�)
_EN)?9A�S D pJS._ED F#N�PZS]ACBER^[)N)_ '�G'S.F#BCS.F'S._~N)P '�G#N�SOACBCS.?#_Ee1D3_cA�She1D,F#NZ_EN)B�S.BEPZS.[)N)?'S.F'Sh_ED3�#BEN�S
PZS]ACBER^[vD3BER^j3R^?'S.z^"�F#N)_cACBEG#R^?#F#D�) Sd;
uv�#_EN)B �3N)P2D3_ '�G#N�?#N)_cA�S �3N)BE_CI.D5F#D�S.z^j3D3BER<ACP2D S�PZS]ACBER^[

A
rOS.p)N)F#R^F'S�e1D3B�z^R^?�1'S._~PZS._\S

R^? �3D,pJS.HJI.DKF#DKN)z^N)P2N)?9ACD
aji

e1D,F#N�e#BED �3D,pJS.B\e'S.j3R^?'S.HJI.D�N��dp)N)_E_ER��.S#"�ACD3BE?'S.?#F#DKG#PZS�D3e1N)BCS.HJI.D
_ER^P2e#z^N)_%"#p)D3P2D\rLS�ACBCS.?#_Ee1D3_ER^HJI.D�"#?�G#P�e#BED,p)N)_E_ED '�G#NLe1D,F#Nk_EN)B e1N)_CS.F#D2p)D3P2e#GdA�S.p)R^D3?'S.z^P2N)?9ACN.;
� e1D3BoN)_cA�S�BCS.[JI.D '�G#N%S~l�D3BEPZS.HJI.D-=@?K9<; 3^3KA fjE\F'S~ACBCS.?#_Ee1D3_cA�S~?'I.D\rvGdACR^z^R^[JS.F'SL?'S._��1D9S._�e#BED3j3BCS�)
PZS]ACN)pJS._oF#N  Yz^j3N)�#BCSd!8R^?#NJS.B � G#P2r)BER^pJS 2 NvF#N��3N%_EN)BoA�S.P~�1r)P N��,R<A�S.F'S�N)P '�G'S.z�'�G#N)B�e#BED3j3BCS.PZS
'�G#N%e#BENsACN)?#F'S2_EN)BiN��'p)R^N)?9ACN.;
��� ���]+��!+9��/ ��^���!  7 fJ=K_c7\5 IdCG=�#$_@E � 5 I $ E `%ag= 3658_c_q=6IJ9g58e<CG=(E\fD_@E$e#IJ9g5 IKA $�&G5+CG=(7+E$fD_cA#" =6I1�
��� ���]+��!+9��/ ��^���^� �0ag=:fDA 9g5dCG= #$_@E � 5 I =:7+E$fD_cA#" =6I CG= EFC�%EG3��Ke 3KADE =6IKf�&G5dE I6I 5 3KADEFCG5 I:Ed7+E$fD_cA#" =6I
E$egfDA <^IKA 7  KfD_cA^3qE I1� � � a]7 =@?]=K7:9<;>5 �
QML�� L�� 7 0 Q�W�O �:T=0 2 � .10 � 0UT O)5 � W��XWUT
},D3PZS._�N%e#BED,F#GdACD3_�e1D3B�N)_EpJS.zTS.BEN)_i_CI.D2D3e1N)BCS.H)w,N)_i_EN)PxF#R��'p)G#z^F'S.F#NkF#N%PZS.R^D3B);
��� ���]+��!+9��/ ��^���^��� 587+E$e<CG5d5 l:; #G58_cA fD7\5 ������� � 36587\5(7\5 CG=K;>5 $ =6I 3K_q='8EHa]7m9gI =Ka�CG5k9<_q5,#$_@E$7+E
9�E$_@E�E I 587+E�CG= 7+E$fD_cA#" =6I

A,B ∈ R
m×n �

��� ���]+��!+9��/ ��^��� # =@F#N)P $ 9�E$_@E�E I 587+E�CG= 7+E$fD_cA#" =6I IKA 7  KfD_cA^3qE I A,B ∈ R
n×n �
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 ����/��]� -�45/ ��^���^� =@?#R^p)RTS.z^R^[JS.HJI.D�F#N%PZS]ACBER^[ h�e1D3B�p)D3z^G#?'S._6p
������� }#M � (A, s, m, n)
�����	��
��� +

A ∈ R
m×n

� ��� j = 1 �� n � �� ��� i = 1 �� m � �
aij = s

� �
� �


�� �

 ����/��]� -�45/ ��^��� # {�BCS.?#_Ee1D3_ER^HJI.D\F#N%PZS]ACBER^[)N)_
������� {i�iX � } (A, n)
�����	��
��� +

A ∈ R
n×n

� ��� i = 1 �� n � �� ��� j = 1 �� n � �
t = aji

h�_CS.z��.S.B
aji
p

aji = aij

aij = t
� �

� �

�� �

��� ���]+��!+9��/ ��^����$ =@F#N)P $ 9�E$_@E E 7 a]; fDA 9<; A^3qE%$�&G5	CG=\a]7+E 7+E$fD_cA#" A ∈ R
m×n 9g58_+a]7 =6I 3qE$;2E$_

s ∈ R
�

��� ���]+��!+9��/ ��^����� =@F#N)P $ 9�E$_@E 5 3qE I 5\CG= a]7+E\7+E$fD_cA#" A ∈ R
n×n IKA 7  KfD_cA^3qE��

Y PZSYD3e1N)BCS.HJI.DYl�BEN*'�G#N)?9ACN�N)P� Yz^j3N)�#BCS:!8R^?#NJS.B � G#P2r)BER^pJS#"]?#D3P2NJS.F'S.P2N)?9ACN ?'Svp)D3?#F#N)?#_CS.HJI.D
F#N �%S.G#_E_%"drvSL_ED3PZS�S�G#P �3N)psACD3BoF#D�e#BED,F#GdACD~F#NYD3GdACBED �3N)psACD3Boe1D3B�G#P�N)_EpJS.zTS.B); u XYz^j3D3BER<ACP2D
:3; ad;Wg~N��de#BER^P2NkN)_cACNLe#BED,p)N)_E_ED#;
�	��
��� b*_cA�S�D3e1N)BCS.HJI.D5p)D3BEBEN)_Ee1D3?#F#N #$_q5 I6I 5 7\5 CG5 �_EG#�#BED.ACR^?'SU},X��6! 9�N KACB@�TS.F'SKz^R^j9S.F'S
hX; A e��F=qC+fD_cADEFCgpoF'S�e#BED3j3BCS.PZS]ACN)pJS � !8Xk}1;

��� ���]+��!+9��/ ��^����� �0a�E$egfJ5 I	� 569gI I�&G5 _q=q`%ag=K_cADCG5 I(e 5Hl:; #G58_cA fD7\5(��������
��
��� ���]+��!+9��/ ��^����1�� 587+E$e<CG5d5 l:; #G58_cA fD7\5&��������
 36587\5(7\5 CG=K;>5 $ =6I 3K_q='8EHa]7m9gI =Ka�CG5 9<_q5,#$_@E$7+E
9�E$_@E 5%:%fJ=K_

C = sA + B
36587

A,B ∈ R
m×n =

s ∈ R
�

��� ���]+��!+9��/ ��^����� =@F#N)P $ 9�E$_@E 5 3qE I 5\CG= 7+E$fD_cA#" =6I A,B ∈ R
n×n IKA 7  KfD_cA^3qE I��
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 ����/��]� -�45/ ��^����$ {�B@�TS.F'S~z^R^j9S.F'S
������� } �6! 9 (s,x,y, z, n)
�����	��
��� +

x,y, z ∈ R
n, s ∈ R, z = sx + y� ��� i = 1 �� n � �

zi = sxi + yi� �

�� �

QML�� L�� N � � .#V � �XV�� W���,0
� D3P2D~e#BEN)e'S.BCS]ACR��3D��P~G#z<ACR^e#z^R^pJS.HJI.D%F#NvPZS]ACBER^[)N)_%" �.S.P2D3_ p)D3?#_ER^F#N)BCS.B e#BER^P2N)R^BED~S�D3e1N)BCS.HJI.D~F#N
e#BED,F#GdACD%R^?9ACN)BE?#DLF#N �3N)psACD3BEN)_�N$"�e1D3_cACN)BER^D3BEP2N)?9ACN$",SkF#NiP~G#z<ACR^e#z^R^pJS.HJI.DYF#NiPZS]ACBER^[oe1D3B(�3N)psACD3B);�u
e#BED,F#GdACDvR^?9ACN)BE?#DvF#N F#D3R^_6�3N)psACD3BEN)_

x,y ∈ R
n roD3��EN)psACDkF#DvXYz^j3D3BER<ACP2D%:3; ad; | p)G��CSvR^?9ACN)BEe#BENsA�S.HJI.D?'I.D\D.l�N)BEN)p)N '�G'S.z�'�G#N)BiF#R��'p)G#z^F'S.F#N.;

 ����/��]� -�45/ ��^����� !*BED,F#GdACD\R^?9ACN)BE?#D\F#N,�3N)psACD3BEN)_
������� �kuv{ (x,y, n)
�����	��
��� +

x,y ∈ R
n " s = yTx

s = 0
h!S.p)G#P~G#zTS.F#D3B6p

� ��� i = 1 �� n � �
s = s + xiyi� �


�� �

u XYz^j3D3BER<ACP2D�:3; ad; |LrYG#P�N��dN)P2e#z^D�F'S._op61'S.PZS.F'S._�D3e1N)BCS.H)w,N)_ F#NY?����3N)z7:YF#D � !8Xk} hX;>='$=K; < �

 	�l � pc"9R ; N.;2"9D3e1N)BCS.H)w,N)_ '�G#N N)? �3D3z��3N)P S.e1N)?'S._(�3N)psACD3BEN)_); u ?����3N)z1VkF#D � !8Xk}�hX;>='$=K; < � 
 	�l � pp)D3BEBEN)_Ee1D3?#F#N~S\D3e1N)BCS.H)w,N)_ N)? �3D3z��3N)?#F#D�PZS]ACBER^[)N)_�N �3N)psACD3BEN)_%" p)D3P2D2DZe#BED,F#GdACD2F#NLG#PZS\PZS]ACBER^[
e1D3BiG#P �3N)psACD3B%"1NLDZ?����3N)z�a2F#D � !8Xk} hX;>='$=K; <%� 
 	�l � p�F#R^[%BEN)_Ee1N)R<ACD�S2D3e1N)BCS.H)w,N)_ N)? �3D3z��3N)?#F#DPZS]ACBER^[)N)_�p)D3P2D�"de1D3B�N��dN)P2e#z^D�"#D2e#BED,F#GdACD\F#N%G#PZS�PZS]ACBER^[Ye1D3BiD3GdACBCS�PZS]ACBER^[.;
��� ���]+��!+9��/ ��^���!�� � E$;>3Ka];>= E 36587:9<;>=@?BADCFEFCG=	fJ=K7:9g58_@E$; $ =K7 � 569gI $ CG5 l:; #G58_cA fD7\5 ����������=K7
�ca]e�$�&G5\CG=

n
�

� D3?#_ER^F#N)BEN)P2D3_�S.j3D3BCS�G#PZS�D3GdACBCS�D3e1N)BCS.HJI.D�l�BEN*'�G#N)?9ACN$"�S~P~G#z<ACR^e#z^R^p)HJI.D%F#NvG#PZS�PZS]ACBER^[ e1D3B
G#P �3N)psACD3B%""R ; N.;2"

y = Ax
;�u XYz^j3D3BER<ACP2DO:3; ad;WmZBEN	�'N)psACN\F#R^BEN)psA�S.P2N)?9ACN\S�BEN)_Ee1N)psACR��.S�F#N��'?#R^HJI.D

PZS]ACN)P �]ACR^pJSd;
� N)_cACN%S.z^j3D3BER<ACP2D�S~PZS]ACBER^[

A
rkS.p)N)F#R^F'S~e1D3B z^R^?�1'S._); },NkD~p)D3P2e#R^zTS.F#D3B S.BEPZS.[)N)?'S�PZS]ACBER^[)N)_

e1D3B7p)D3z^G#?'S._7N)?9A�I.DkN)_cACN�S.z^j3D3BER<ACP2Die1D,F#No_EN)B R^?#N��'p)R^N)?9ACNoF#Dve1D3?9ACDvF#N �,R^_cA�SvF#Noe'S.j3R^?'S.HJI.D#; Y PZS
S.z<ACN)BCS.HJI.DL_ER^P2e#z^N)_%"��'S._ENJS.F'S�?'S�R^?9ACN)BEe#BENsA�S.HJI.D�F#N

Ax
p)D3P2D~SLp)D3P~�#R^?'S.HJI.D�z^R^?#NJS.B F'S._ p)D3z^G#?'S._

F#N
A
p)G��ED3_vp)D,N��'p)R^N)?9ACN)_%_CI.D�S._kp)D3P2e1D3?#N)?9ACN)_vF#N

x
" r�S.e#BEN)_EN)?9A�S.F'S�?#D�XYz^j3D3BER<ACP2D�:3; ad; �d; �YN

?#D.A�S.BiS\S.z<ACN)BCS.HJI.D�F'S\D3BEF#N)PxF#D3_ip)R^p)z^D3_oNLS\?#N)p)N)_E_ER^F'S.F#NLF#N%G#PZS�R^?#R^p)RTS.z^R^[JS.HJI.DLF#N
y
;
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 ����/��]� -�45/ ��^����� MOG#z<ACR^e#z^R^pJS.HJI.D�F#NLPZS]ACBER^[Ye1D3B �3N)psACD3Bdh�D3BER^N)?9A�S.F'S�e1D3B�z^R^?�1'S._6p
������� M Y !,{o�k� (A,x, m, n)
�����	��
��� +

A ∈ R
m×n, Rm,y = Ax� ��� i = 1 �� m � �

s = 0
h!S.p)G#P~G#zTS.F#D3B6p

� ��� j = 1 �� n � �
s = s + aijxj� �

yi = s
� �


�� �

 ����/��]� -�45/ ��^����1 MOG#z<ACR^e#z^R^pJS.HJI.D�F#NLPZS]ACBER^[Ye1D3B �3N)psACD3Bdh�D3BER^N)?9A�S.F'S�e1D3B�p)D3z^G#?'S._6p
������� M Y !,{o� � (A,x, m, n)
�����	��
��� +

A ∈ R
m×n,x ∈ R

n,y ∈ R
m,y = Ax� ��� i = 1 �� m � � yi = 0 � � h�R^?#R^p)RTS.z^R^[JS.HJI.DGp

� ��� j = 1 �� n � �� ��� i = 1 �� m � �
yi = yi + aijxj� �

� �

�� �

��� ���]+��!+9��/ ��^���!�  MI 3K_q='8E a]7 9gI =Ka�CG5 9<_q5,#$_@E$7+E 9�E$_@E 3qE$;>3Ka];2E$_ 5 9<_q5 C$a]fJ5
ATx

`%ag=-=' A fJ=
� 58_c7+E$_H=@?K9<; A^3KA fjE$7\=KegfJ=HE+fD_@E$e#IJ9g5 IKfjE��
��� ���]+��!+9��/ ��^���!,��� a]7 9<_q5%:%;>=K7+E-IKa]_ #G=K7 7+E$fD_cA#" =6I

A ∈ R
n×n CG=Ke#I E I-36587 '8E$;>58_q=6I-CG=

nf�&G5"#$_@E$e<CG=6I `%ag=�fJ58_ce<E$7 5 E$_c7+E'" =Ke<E$7\=KegfJ5 CG=
A

A 7:9g5 I6I3 '$=K;#� � E�:c=<^I = $ e 5�=KegfjE$egfJ5 $ `%ag=
aij = αi + βj + γ $ =K7�`%ag=

α, β, γ ∈ R
=dI�&G5 3658e#[g=63KADCG5 I\=\`%ag= 5 *]egA^365-fDA 9g5 CG=�569g=K_@E%$�&G5

`%ag=( de =636=6I6I �$_cA^5 �%E'" =K_  +5 9<_q5 C$a]fJ5 CG=
A
9g58_ '$=63KfJ58_q=6I

x ∈ R
n �dE� � =qC$a " E�a]7 7  KfJ5 CG5 `%ag=

fJ58_ce<E\fD_cA ' ADE$; =6IKfJ= 3 �$;>3Ka];>5 � :%& MI 3K_q='8E+a]7�9gI =Ka�CG5 9<_q5,#$_@E$7+E�`%ag= 5+A 7:9<;>=K7\=KegfJ= �03  � :%fJ=Ke#[�E
E\_q=6IJ9g=63KfDA '8E 36587:9<;>=@?BADCFEFCG= fJ=K7:9g58_@E$;#�
u�XYz^j3D3BER<ACP2D :3; ad; �5ACBCS.F#G#[�SUD3e1N)BCS.HJI.DUF#N�P~G#z<ACR^e#z^R^pJS.HJI.DKF#N�PZS]ACBER^[)N)_ZF#R^BEN)psA�S.P2N)?9ACN�S

e'S.BcACR^B%F#NZF#N��'?#R^HJI.D#;�{7S.z p)D3P2DON)_cA �hN)_Ep)BER<ACD�" SOPZS]ACBER^[
A
N

C
_CI.D�S.p)N)F#R^F'S._Le1D3BLz^R^?�1'S._kN�S

PZS]ACBER^[
B
e1D3B~p)D3z^G#?'S._%" D3G _EN
�CS#"�DKS.z^j3D3BER<ACP2DONsl�N)psACG'SKDKe#BED,F#GdACD�R^?9ACN)BE?#DKF'S z^R^?�1'S

i
F#N

Ae1N)zTSkp)D3z^G#?'S
j
F#N

B
; },NiDLp)D3P2e#R^zTS.F#D3B*S.BEPZS.[)N)?'SkPZS]ACBER^[)N)_ e1D3B p)D3z^G#?'S._%"9N)?9A�I.D�N)_cACNYS.z^j3D3BER<ACP2D

e1D,F#N%_EN)BiR^?#N��'p)R^N)?9ACN%F#D\e1D3?9ACD\F#N,�,R^_cA�S\F#N%e'S.j3R^?'S.HJI.D#;
��� ���]+��!+9��/ ��^���!,� � 58e#IKADCG=K_q= 53qE I 5 CG= a]7 36587:9<a]fjEFCG58_ 36587�9�� #$A e<E I CG=

1024 
 o8fJ=6I =e+*]7\=K_q5 I _q=qE$A>I\5 3Ka 9�E$e<CG5d9�E$;2E ' _@E I+CG=
8 
 o8fJ=6I�� �0a�E$egfjE I 7 a]; fDA 9<; A^3qE%$�� =6I  \`%ag=�5\l:; #G58_cA fD7\5
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���������	=@?]=63Ka]fjE E$egfJ=6I CG=!�>I E$; fjE$_�� CG= 9�� #$A e<E��  MIKfDa�CG=-5 3qE I 5	7+E$fD_cA#" =6I�`%a�EFC$_@EFCFE I CG=-58_@CG=K7
10 $ 102 = 103 �

 ����/��]� -�45/ ��^����� MOG#z<ACR^e#z^R^pJS.HJI.D�F#N%PZS]ACBER^[)N)_(h�D3BER^N)?9A�S.F'S�e1D3B�z^R^?�1'S._6p
������� M Y !,{ Mh� (A,B,C, m, n, p)
�����	��
��� +

A ∈ R
m×p,B ∈ R

p×n,C ∈ R
m×n,C = AB� ��� i = 1 �� m � �� ��� j = 1 �� n � �

s = 0
h!S.p)G#P~G#zTS.F#D3B6p

� ��� k = 1 �� p
s = s + aikbkj� �

cij = s
� �

� �

�� �

��� ���]+��!+9��/ ��^���! # � E$;>3Ka];>= E 36587:9<;>=@?BADCFEFCG=	fJ=K7:9g58_@E$; $ =K7 � 569gI $ CG5 I�l:; #G58_cA fD7\5 I ��������� =��������� =K7 �ca]e�$�&G5�CG=
m $ p

=
n
�

Y PZS%e1N)BEj3G#?9A�SLz^N)jB�<ACR^PZSYrYS%F#N _CS.�1N)B�_ENYr e1D3_E_@���3N)z�P2D,F#R��'pJS.B*DLXYz^j3D3BER<ACP2D�:3; ad; �%F#N P2D,F#D
S~N��,R<A�S.B e'S.j3R^?'S.HJI.D~N��dp)N)_E_ER��.S#"'D3G�_EN
�CS#"#_ENkrke1D3_E_@���3N)z8S.p)N)F#N)B ._oPZS]ACBER^[)N)_

A
N
C
e1D3Bop)D3z^G#?'S._);

X BEN)_Ee1D3_cA�S#"d�'S._ENJS.F'SL?�G#PZSLj3N)?#N)BCS.z^R^[JS.HJI.D%F#R^BEN)psA�SLF#D�XYz^j3D3BER<ACP2D�:3; ad; �#"�rvS��'BEPZS]ACR��.SkN p)D3?#_cA�S
F#D\XYz^j3D3BER<ACP2D�:3; ad;<:0qd;
 ����/��]� -�45/ ��^���!�� MOG#z<ACR^e#z^R^pJS.HJI.D�F#N%PZS]ACBER^[)N)_(h�D3BER^N)?9A�S.F'S�e1D3B�p)D3z^G#?'S._6p

������� M Y !,{ M � (A,B,C, m, n, p)
�����	��
��� +

A ∈ R
m×p,B ∈ R

p×n,C ∈ R
m×n,C = AB}#M �

(A, 0, m, n)
h�R^?#R^p)RTS.z^R^[JS.HJI.DGp

� ��� k = 1 �� p� ��� j = 1 �� n � �� ��� i = 1 �� m � �
cij = cij + aikbkj� �

� �
� �


�� �
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 ����/��]� -�45/ 5"� ) -0���'&J&)�, 
uv_vP2rsACD,F#D3_ve'S.BCSZP~G#z<ACR^e#z^R^pJS.B�PZS]ACBER^[)N)_YF#N)_Ep)BER<ACD3_%S]ACB��._YBEN*'�G#N)BEN)P ACD,F#D3_ O(n3)

�'D3e#_); Y PZS
e1N)BEj3G#?9A�S�z^N)jB�<ACR^PZS�N~D3e1D3BcACG#?'SZr�SZ_EN)j3G#R^?9ACN/+Yr~D�P2N)z>1#D3B '�G#N�_EN�e1D,F#NLl!S.[)N)B �	},G#BEe#BEN)N)?#F#N)? )
ACN)P2N)?9ACN$"1S\BEN)_Ee1D3_cA�S2N)P�},{i�iXk}#}db � h : �3|��Fp r%?#N)j9S]ACR��.Sd; X R^F#N)RTS~F#DZS.z^j3D3BER<ACP2D~F#N�}�ACBCS._E_EN)?
p)D3?#_cACR<ACG#R8G#PxpJS._ED�Aq�^e#R^p)D�F'S�ACr)p)?#R^pJS�F#N%F#R��,R^F#R^Boe'S.BCS�BEN)R^?'S.B);
},N
�CS.P

A,B ∈ R
n×n N C = AB

N
n
G#PZS e1D.A��)?#p)RTS F#N

2
h!S.F#RTS.?9ACN �3N)BEN)P2D3_hp)D3P2D

G#z<ACBCS.e'S._E_CS.B%N)_cA�SOz^R^P2R<A�S.HJI.DGp ;�!7S.BcACR^p)R^D3?#N)P2D3_kpJS.F'S�G#PZS�F#N)_cA�S._LPZS]ACBER^[)N)_%N)P
4
_EG#�#PZS]ACBER^[)N)_

F#N%D3BEF#N)P
n/2

"'e1D3?#F#D

C =

(

C11 C12

C21 C22

)

, A =

(

A11 A12

A21 A22

)

, B =

(

B11 B12

B21 B22

) h :3; ad;<: p
b*?9A�I.D�"'Nsl�N)psACG'S.?#F#DZS\P~G#z<ACR^e#z^R^pJS.HJI.DLPZS]ACBER^p)RTS.z^"�D3�dACN)P2D3_�D2p)D3?��EG#?9ACD2F#N%BEN)zTS.H)w,N)_

Cij =
2
∑

k=1

AikBkj = Ai1B1j + Ai2B2j, i, j = 1, 2
h :3; ad;WVBp

},NYF#N)_ER^j3?'S.BEP2D3_�e1D3B
F (n)

D~?��#P2N)BED�F#N��'D3e#_ N)? �3D3z��,R^F#D�",?#N)_cA�S._oD3e1N)BCS.H)w,N)_ h!��P~G#z<ACR^e#z^R^pJS.H)w,N)_
N%`\_ED3PZS._�F#NLPZS]ACBER^[)N)_oF#N%D3BEF#N)P

n/2
"'F#N)F#G#[)R^P2D3_ '�G#N

F (n) = 8F (n/2) + n2

� I.D r F#R<l �^p)R^z �3N)BER��'pJS.B%" e1D3BZ_ER^P2e#z^N)_Z_EG#�#_cACR<ACG#R^HJI.D�" '�G#N
F (n) = 2n3 + O(n2)

"iD '�G#N�?'I.D
BEN��3N)zTS~?#N)?�1�G#PZS�P2N)z>1#D3BERTS%BEN)zTS]ACR��.S.P2N)?9ACNvS.D~P2rsACD,F#D~p)D3? �3N)?#p)R^D3?'S.z ;�MhS._%"#N)P �3N)[%F#NvF#N)_ER^_cACR^B
e1N)BCS.?9ACNYN)_cA�S�F#R��'p)G#z^F'S.F#N$"#}�ACBCS._E_EN)?�F#N)_Ep)D3�#BER^G�G#PZSLD3GdACBCS%l�D3BEPZS%F#NYD3BEj9S.?#R^[JS.B D3_�p-�.z^p)G#z^D3_�N)P
'�G#N2e#BED,F#GdACD3_\h�pJS.BED3_6pY_CI.D�ACBED,pJS.F#D3_%e1D3Bk_ED3PZS._kN\_EG#�dACBCS.p)H)w,N)_�h�PZS.R^_k�'S.BCS]ACD3_6p ;~� N
�CS.P2D3_kD3_
F#NsA�S.z>1#N)_); !�D3?#F#D

P1 = (A11 + A22)(B11 + B22)

P2 = (A21 + A22)B11

P3 = A11(B12 − B22)

P4 = A22(B21 − B11)

P5 = (A11 + A12)B22

P6 = (A21 − A11)(B11 + B12)

P7 = (A12 − A22)(B21 + B22)

l!S.p)R^z^P2N)?9ACNv_EN%p)D3?#p)z^G#R8e1D3B�_EG#�#_cACR<ACG#R^HJI.D '�G#N

C11 = P1 + P4 − P5 + P7

C12 = P3 + P5

C21 = P2 + P4

C22 = P1 + P3 − P2 + P6
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XYe#z^R^pJS.?#F#D�N)_cACN�S.z^j3D3BER<ACP2D�BEN)p)G#BE_ER��.S.P2N)?9ACN%S]ACr%p61#N)j9S.BEP2D3_ S�PZS]ACBER^[)N)_�F#N%F#R^P2N)?#_CI.D�_EG"�'p)R^N)? )
ACN)P2N)?9ACNZe1N*'�G#N)?'S h

n = 2
" F#R^j9S.P2D3_6pc""ACN)P2D3_~S.j3D3BCS '�G#N�Dh?��#P2N)BED F#N �'D3e#_�rZF#NsACN)BEP2R^?'S.F#D

e1D3B
F (n) = 7F (n/2) + 9n2 = 7F (n/2) + O(n2)

X�_ED3z^G#HJI.D�F#N)_cA�S2BEN)zTS.HJI.D�F#N%BEN)p)D3BEB��)?#p)RTS\r

F (n) = cnlog
2
7 + O(n2) ≈ O(n2.81)

h :3; ad; aFp
G#PZS P2N)z>1#D3BERTS BEN)zTS]ACR��.S.P2N)?9ACN�S O(n3)

; � D	N)?9A�S.?9ACD�",�3N)BER��'pJS�)@_ENU?'S e#B��]ACR^pJS '�G#NU?'I.D _EQ
N)_cA�S F#R<l�N)BEN)?#HJS ?'I.D rK_EG"�'p)R^N)?9ACN5e'S.BCSUACD3BE?'S.B�N)_cACN5S.z^j3D3BER<ACP2D5p)D3P2e1NsACR<ACR��3D p)D3P D P2rsACD,F#D
p)D3? �3N)?#p)R^D3?'S.zkp)D3P2D�" e1D3B�D3GdACBED zTS.F#D�" D e#BED,p)N)_E_ED ?'I.D e1N)BEP2R<ACNhACR^BCS.BZe'S.BcACR^F#D F'S N��3N)?9ACG'S.z
N)_Ee'S.BE_ER^F'S.F#NkF'S._iPZS]ACBER^[)N)_oe'S.BCS~N)p)D3?#D3P2R^[JS.BoD3e1N)BCS.H)w,N)_iS.BER<ACP2rsACR^pJS._); �vS$� '�G#N%D2S.z^j3D3BER<ACP2DLF#N
}�ACBCS._E_EN)?OACN)?�1'S�ACR^F#D�"#S]ACrLS.j3D3BCS#"#S.e1N)?'S._iR^?9ACN)BEN)_E_EN%ACN)Q3BER^p)D#;
��� ���]+��!+9��/ ��^���! $�� =KfJ=K_c7 A e<E$_�5�e+*]7\=K_q54CG=�� 569gI�CG54E$; #G58_cA fD7\5 CG= � fD_@E I6I =Ke	9�E$_@E 5 3qE I 5
n = 2

�
��� ���]+��!+9��/ ��^���! ��� =K_cA �03qE$_(E '8E$; ADCFEFCG=(CFE-=@?K9<_q=6I6I�&G5	h :3; ad; aFp �
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Y P F#D3_ D3��EN)psACR��3D3_oF#D3_oe#BED��EN)psACD3_oF#Nvp)D3P2e#GdA�S.HJI.D~R^?#p)z^G��^F#D3_ ?#D~XYe��)?#F#R^p)NvX rvD~F#Nve#BEN)e'S.BCS.B
e#BED/�'_E_ER^D3?'S.z^P2N)?9ACN�D3_2S.z^G#?#D3_\e'S.BCSKN)_cACNhj3r)?#N)BED5F#N�ACBCS.�'S.z>1#D#; XY_E_ER^P�" S.D�z^D3?#j3DKF#N)_cACNhNOF#D
e#BEQ-�dR^P2D�pJS.e��<ACG#z^D3_%""�.I.D\_EN)BiF'S.F'S._ S.z^j3G#PZS._oR^?#F#R^pJS.H)w,N)_ �,R^_CS.?#F#D�+

• !*BED3P2D �3N)B S '�G'S.z^R^F'S.F#NkF#D3_�ACBCS.�'S.z>1#D3_oNsl�N)psACG'S.F#D3_%s
• � D3?9ACBER^�#G#R^Bve'S.BCS�G#PZS�P2N)z>1#D3BERTS2F'S._%pJS.e'S.p)R^F'S.F#N)_kF#D3_%S.z^G#?#D3_v?#D�ACD,pJS.?9ACN �BENJS.z^R^[JS.HJI.D
F#N�e#BED��EN)psACD3_%N�BEN)_Ee1N)psACR��3D3_%BEN)zTS]ACQ3BER^D3_%" S._,'�G'S.R^_ke1D,F#N)BCI.D�_EN)B��dACN)R^_k?'I.D�_EQ�?'S�N)_Ep)D3zTS�N
PZS._oA�S.P~�1r)P ?'S �,R^F'S�e#BED/�'_E_ER^D3?'S.z^s

• b*_cA�S.�1N)z^N)p)N)BiD3_ip)BER<ACr)BER^D3_oF#NLS.p)N)R<A�S.�#R^z^R^F'S.F#NYe'S.BCS�D3_iBEN)zTS]ACQ3BER^D3_%s
• !�D3_E_ER^�#R^z^R<A�S.B�S.D3_2S.z^G#?#D3_\Nsl�N)psACG'S.BZS�S.GdACD�) S-�.S.z^RTS.HJI.D F#D3_2_EN)G#_2ACBCS.�'S.z>1#D3_%"�e1D3B�l�D3BEPZSKS
'�G#NZS._%p)zTS._E_ER��'pJS.H)w,N)_%e1D3BkN)z^N)_%N)_Ee1N)BCS.F'S._L_ENZS.e#BED-�dR^P2N)P F'S._%p)zTS._E_ER��'pJS.H)w,N)_LS]ACBER^�#G��^F'S._
e1N)z^D3_LF#D,p)N)?9ACN)_%" �1N)Pyp)D3P2Dhp)D3?9ACBER^�#G#R^BLe'S.BCS ShG#?#R<l�D3BEP2R^[JS.HJI.D�F#D3_�p)BER<ACr)BER^D3_�S.e#z^R^pJS.F#D3_
e1D3B�N)_cACN)_);

b*_cA�I.D\S/'�G#R �'S._ER^pJS.P2N)?9ACNYN)P �ED3j3DLACB��)_ ACR^e1D3_�F#Nvp)D3P2e1NsA��)?#p)RTS._*+*S�p)D3P2e#BEN)N)?#_CI.D�F#NkS.z^j3D3BER )
ACP2D3_%" D�F#N)_EN)? �3D3z��,R^P2N)?9ACD5F#NOe#BED3j3BCS.PZS._�NhSKN)_Ep)BER<A�SKF#NOBEN)zTS]ACQ3BER^D3_); � D�e#BEN)_EN)?9ACNhpJS.e��<ACG#z^D
p)D3?#p)N)?9ACBCS.B )@?#D3_ )@N)P2D3_ ?#D	_EN)j3G#?#F#D	ACN)PZS#"L?'I.D	?#D	_EN)?9ACR^F#DtF#N5N)?#_ER^?'S.B G#PZS z^R^?#j3G'S.j3N)P F#N
e#BED3j3BCS.PZS.HJI.D�"*PZS._�_ER^P ACN)?#F#DKN)P �,R^_cA�SKS.e#BEN)_EN)?9A�S.B\N�N��de#z^R^pJS.B~G#P p)D3?��EG#?9ACDKF#N�BEN)j3BCS._�F#N
�1D9S�e#B��]ACR^pJSd;

� '�� � �2���=�-� �(.0/-� *" ����	�-� � $ � �
X e#BED3j3BCS.PZS.HJI.D\r�G#PZSZS.psACR��,R^F'S.F#NLR^?9ACN)z^N)psACG'S.z"p)D3P2e#z^N��#S2?'I.DZD3�#_cA�S.?9ACN~S._ l!S.z^_CS._YS.e'S.B��)?#p)RTS._
'�G#NiF#N)p)D3BEBEN)P F#N�N��dN)P2e#z^D3_ F#N)PZS._ERTS.F#DkF#R^F.�]ACR^p)D3_ N)P '�G#N G#PZSvN)_EpJS._E_CSLp)N)?9ACN)?'S%F#NiR^?#_cACBEG#H)w,N)_

V.a
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p61#N)j9S%e'S.BCSkBEN)_ED3z��3N)B D%e#BED3�#z^N)PZSvN)P�PZI.D#; � S �,R^F'SkBENJS.z^"9SkF#R^P2N)?#_CI.D%F#D3_ e#BED3j3BCS.PZS._ P2N)F#N�)@_EN
N)P P2R^z>1'S.BEN)_�N$"oP2N)_EP2D�"oN)P P2R^z>1#w,N)_%"�F#NhR^?#_cACBEG#H)w,N)_*+ D�I 5/�cf�� E$_q=hF#NOp)D3?9ACBED3z^D5F#D �.S.R ) �3r)P
N)_Ee'S.p)RTS.z S.P2N)BER^pJS.?#D�BED3?#F'S5S._
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e1D,F#N%S]ACR^?#j3R^B
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S
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P2R^z>1#w,N)_ F#N%R^?#_cACBEG#H)w,N)_�4 3� p)zTS.BED '�G#N*e#BED��EN)psACD3_"F#N)_cA�S�F#R^P2N)?#_CI.D�e#BEN)_E_EG#e1w,N)P N*'�G#R^e'S._"?�G#P2N)BED3_CS._8F#N*e#BED3j3BCS.PZS.F#D3BEN)_);

Y P F#D3_kS._Ee1N)psACD3_%PZS.R^_Yp)D3?9ACBED �3N)BE_ED3_kACN)P�S �3N)B%p)D3P D�ACN)P2e1D '�G#N\N)_cACN)_ke#BED��EN)psACD3_%z^N��.S.P S
p)D3P2e#z^NsA�S.B);�XY_ N)_cACR^PZS]ACR��.S._%".F#N�P2D,F#Dkj3N)BCS.z^"3e1N)pJS.P e1D3B*F#Nsl�N)R<ACD�"3R ; N.;2"9D3_*e#BED3j3BCS.PZS._ F#N)P2D3BCS.P
_EN)P2e#BEN�P~G#R<ACDhPZS.R^_%ACN)P2e1D�S �'pJS.B�e#BED3?9ACD3_�F#D '�G#N�l�D3R�e#zTS.?#NJS.F#D#; � D3_~j3BCS.?#F#N)_~e#BED��EN)psACD3_%"
N)P2e#BEN)j9S.?#F#DiN*'�G#R^e'S._8F#N e#BED3j3BCS.PZS.F#D3BEN)_%"�?#N)P _EN)P2e#BEN D S.G#P2N)?9ACDiF#Di?��#P2N)BEDiF#N)_cACN)_�_EN*ACBCS.F#G#[
?�G#PZSkBEN)F#G#HJI.D�e#BED3e1D3BEp)R^D3?'S.zdF#DLe#BCS.[)D ��� '�G#NiD%ACBCS.�'S.z>1#DkF#N p)D,D3BEF#N)?'S.HJI.D%F'S%N*'�G#R^e'SkA�S.P~�1r)P
p)BEN)_Ep)Nop)D3P�S BEN)_Ee1N)psACR��.S F#R^P2N)?#_CI.D#; Y PZSiBEN)j3BCS e#B��]ACR^pJS��,'�G#N �.S.z^N D '�G#N �.S.z^N��%F#R^[�'�G#N$"3_EN G#P
e#BED��EN)psACD%z^N��.S

t1
G#?#R^F'S.F#N)_*F#N�ACN)P2e1D%Sk_EN)B*l�N)R<ACDke1D3B G#P�e#BED3j3BCS.PZS.F#D3B%"3p)D3P

n
e#BED3j3BCS.PZS.F#D3BEN)_

z^N��.S.B��
tn = 2t1/(n+1)

;7=@_cACD,'�G#N)B F#R^[)N)B '�G#N�DvBENsl�D3BEH)DvF#NoG#PZS N*'�G#R^e'SvF#NoF#D3R^_�e#BED3j3BCS.PZS.F#D3BEN)_
p)D3P G#P�ACN)BEp)N)R^BED�S.e1N)?'S._�e1N)BEP2R<ACR^B��vj9S.?�1'S.B

25%
F#NiACN)P2e1DLN ?'I.D
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p)D3P2D%e1D,F#N)BERTS%e'S.BEN)p)N)B

?'S��'S._ENLF#N%G#PZS~_ER^P2e#z^N)_�e#BED3e1D3BEp)R^D3?'S.z^R^F'S.F#N.; 4
��� ���]+��!+9��/5���^���!	� 587:9�E$_@E$_ $ =K7 fJ=K_c7\5 IHCG= fJ=K7:9g5 =HCG=d3KaFIKfJ5 $ E I I =�#$a]A egfJ=6IHC$a�E I []A 9gb8fJ=6I =6I9�E$_@E+a]7�9<_q5�� =63KfJ5\CG=k9<_q5,#$_@E$7+E%$�&G5 �

• a]7+E =q`%a]A 9�E CG= ��� 9<_q5,#$_@E$7+EFCG58_q=6I �
• C$A ' A>I�&G5-CG5d9<_q5�� =63KfJ5	=K7�CG58A>IHIKa;:�<>9<_q5�� =63KfJ5 I+C$A>IKfDA egfJ5 I $ 3qEFCFE�a]7�36587 a]7+E4=q`%a]A 9�E	CG= 
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 ?K9<; A^3qE$_(E �c_@E I = �XC$A fjE =K7 fJ587 ;2E$7 a]_cA^=KegfJ5  � � a]7�9<_q5�� =63KfJ5 #$_@E$e<CG=HEG3qE�:6E 9g58_d3KaFIKfjE$_ I =K7:9<_q=
5�CG5%:%_q5\CG5\`%ag= 3KaFIKfjE$_cADE I = � 5 I6I = � =KA fJ5 9g58_ a]7 *]egA^365 9<_q5,#$_@E$7+EFCG58_�� �
��� ���]+��!+9��/5���^���^�
���(�0a�E$;RE C$A � =K_q=Ke�$ E =KegfD_q=HE$; #G58_cA fD7\5�=k9<_q5,#$_@E$7+E��
� � � `%ag=  0a]7+EH=6IKfD_ca]fDa]_@EHCG=kCFEFCG5 I = 5 `%ag=  `%ag= E(C$A>IKfDA e #$ag=kCFE I '8E$_cA � '$=KA>I 7+E$fJ=K7��$fDA^3qE I1�

� �d=@?]=K7:9<;>5 I��
!�D,F#N)P�R^F#N)?9ACR��'pJS.B )@_EN,'�G'S]ACBED�l!S._EN)_ N)_E_EN)?#p)RTS.R^_i?#D\F#N)_EN)? �3D3z��,R^P2N)?9ACDZF#N%G#Pxe#BED3j3BCS.PZS"+
:3;iXY?.�.z^R^_EN���ACBCS.F#G#[)R^B*DLS.z^j3D3BER<ACP2D PZS]ACN)P �]ACR^p)Dv?�G#P�e#BED3j3BCS.PZSvN�N)_Ee1N)p)R��'pJS.B�S._*l�G#?#p)R^D3?'S.z )
R^F'S.F#N)_*F#N)_cACN$",D3G\_EN
�CS#"�F#N��'?#R^B*e#BEN)p)R^_CS.P2N)?9ACNiD '�G#N D%e#BED3j3BCS.PZSYF#N��3N _EN)B�pJS.e'S.[�F#N�l!S.[)N)B);

V,;YuvBEj9S.?#R^[JS.HJI.DLN N)_cACBEGdACG#BCS�F#D3_�F'S.F#D3_	�2S._E_ED,p)RTS.B�S._ �.S.BER �-�3N)R^_�PZS]ACN)P �]ACR^pJS._*F#D�e#BED3�#z^N)PZS
._ �.S.BER �-�3N)R^_iS�F#N��'?#R^B�?#D2e#BED3j3BCS.PZSd;

ad; � D,F#R��'pJS.HJI.D
�\S%N)_Ep)BER<A�S%F#D�e#BED3j3BCS.PZSv?'SLz^R^?#j3G'S.j3N)P Nie'S.BCS%D~S.P~�#R^N)?9ACNip)D3P2e#GdA�S.p)R^D3?'S.z
N)_Ep)D3z>1#R^F#D3_);

`#;i{�N)_cACNoD3G �.S.z^R^F'S.HJI.D��LS �3N)BER��'pJS.HJI.DYF#N '�G#NoDYe#BED3j3BCS.PZSiN��dN)p)GdA�S#"3p)D3BEBEN)psA�SYN N��'pJS.[)P2N)?9ACN$"
S._�A�S.BENsl!S._�N)_Ee1N)p)R��'pJS.F'S._);

b*_cACN)_ F#R<l�N)BEN)?9ACN)_ S._Ee1N)psACD3_ �.I.D\_EN)BiF#N)_EN)? �3D3z��,R^F#D3_YS�_EN)j3G#R^B);
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MkL MkL Q *�.]T�V�� � .10,5 2:O � Q � 0 Q �:T=0��UT�W Q�W
uv_"S]ACBER^�#GdACD3_ l�G#?#F'S.P2N)?9A�S.R^_ F#N*G#P e#BED3j3BCS.PZS e'S.BCS�BEN)_ED3z��3N)B8G#P e#BED3�#z^N)PZS F#N p-�.z^p)G#z^Do?�G#P2r)BER^p)D
h�N%?'I.D\_EQGpo_CI.D\D3_i_EN)j3G#R^?9ACN)_*+

� /������,+9�3�#/
X p)D3BEBEN)p)HJI.D\rkS '�G'S.z^R^F'S.F#N '�G#N%j9S.BCS.?9ACN '�G#N%D�e#BED3j3BCS.PZS�BEN)_ED3z��3Nkp)D3BEBEN)psA�S.P2N)?9ACNkD�e#BED3�#z^N)PZS
e#BED3e1D3_cACD�"�R ; N.;2" '�G#N�e#BED,F#G#[�DKBEN)_EG#z<A�S.F#DKp)N)BcACD�e'S.BCS�pJS.F'SKR^?#_cA6Z.?#p)RTS e1D3_E_@���3N)z�F#D3_\F'S.F#D3_\F#N
N)?9ACBCS.F'Sd; !�D3BvR^_E_ED�p)D3?#_cACR<ACG#R7D�S]ACBER^�#GdACD�PZS.R^_ R^P2e1D3BcA�S.?9ACN ��� '�G#N~?#N)?�1�G#PZS�D3GdACBCS '�G'S.z^R^F'S.F#N
_EN)B���BEN)z^N��.S.?9ACNY_ENvD�e#BED3j3BCS.PZS%?'I.D -@l�G#?#p)R^D3?'S.B/.�;�X p)D3BEBEN)p)HJI.D~D3�dACr)P )@_ENYBEN)p)D3BEBEN)?#F#D�S�F#R��3N)BE_CS._
ACr)p)?#R^pJS._*+

• !*BED3j3BCS.PZS.HJI.D�N)_cACBEGdACG#BCS.F'S\e'S.BCS~ACD3BE?'S.B�N��,R^F#N)?9ACN�S�z^Q3j3R^pJS�F#D2e#BED3j3BCS.PZS#s

• �iNJS.z^R^[JS.HJI.D�F#N%ACN)_cACN)_YF#N �.S.z^R^F'S.HJI.D '�G#NLN��dN)p)GdACN)P�ACD,F#D3_ D3_i_EN)j3P2N)?9ACD3_ F#NLp)Q,F#R^j3D#; !�D3BN��dN)P2e#z^D�"�?#D3_��#z^D,p)D3_ F#DLACR^e1D
IF −THEN −ELSE

ACD,F'S._ S._�D3e1H)w,N)_�e1D3_E_@���3N)R^_�F#N��3N)P
_EN)B�ACN)_cA�S.F'S._ e'S.BCS�_EN%e1D,F#N)B�p)D3?#p)z^G#R^B '�G#N%D2e#BED3j3BCS.PZS�N)_cA �\p)D3BEBEN)psACD#;
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N��dN)p)GdA�S.F'S._ve1D3B G#PZS2P �/'�G#R^?'S#"'G#P�e#BED3j3BCS.PZS\rLA�S.P~�1r)P�G#P�R^?#_cACBEG#P2N)?9ACDZF#N�p)D3P~G#?#R^pJS.HJI.D
F#N R^F#N)RTS._); � N)_cACN _EN)?9ACR^F#D�",G#P e#BED3j3BCS.PZS � '�G#NY_EN F#N)_cACR^?'SLS%_EN)B�N��dN)p)GdA�S.F#D~e1D3B*G#PZS%P �/'�G#R^?'S
� F#N��3N e1D,F#N)B\_EN)BZz^R^F#DKNhN)?9ACN)?#F#R^F#D�A�S.P~�1r)P e1D3B2_EN)BEN)_\1�G#PZS.?#D3_); !�D3BZR^_E_ED�" F#N��3N G#_CS.B )@_EN
G#PyN)_cACR^z^DhF#NZe#BED3j3BCS.PZS.HJI.D '�G#NZACD3BE?#NZN��,R^F#N)?9ACNZD '�G#N�Dhe#BED3j3BCS.PZS�l!S.[ZNZp)D3P2DhDOl!S.[.; Y P
e#BED3j3BCS.PZS �1N)P N)_Ep)BER<ACD F#N��3N5e1N)BEP2R<ACR^B�S _EG'S z^N)R<ACG#BCSU_EN)P�N)_cl�D3BEH)D�"kF#N�P2D,F#D S e1D,F#N)B�_EN)B
l!S.p)R^z^P2N)?9ACNvp)D3P2e#BEN)N)?#F#R^F#D�"'GdACR^z^R^[JS.F#D�",PZS.?9ACR^F#D�N%P2D,F#R��'pJS.F#D#;*b*R^_ S.z^j3G#PZS._o_EG#j3N)_cACw,N)_ e'S.BCS\S
p)D3?#_cACBEG#HJI.D2F#N%e#BED3j3BCS.PZS._ol �.p)N)R^_�F#N%e1N)BEp)N)�1N)B*+

• =@F#N)?9ACR��'pJS.B%" ?#D�R^?��^p)R^D2F#N~pJS.F'S�P2Q,F#G#z^D h�e#BED3j3BCS.PZS2e#BER^?#p)R^e'S.z^"�_EG#�#BED.ACR^?'SZD3G l�G#?#HJI.DGpc" SA�S.BENsl!S�N��dN)p)GdA�S.F'S2NLS._ �.S.BER �-�3N)R^_iF#N%N)?9ACBCS.F'S�N%F#N%_CS$�^F'S#s

• XY_E_EN)j3G#BCS.BYG#PZS2p)D3BEBEN)_Ee1D3?#F��)?#p)RTSZp)zTS.BCS\N)?9ACBEN~D�S.z^j3D3BER<ACP2D�N�DZe#BED3j3BCS.PZS '�G#N�DZR^P2e#z^N�)P2N)?9A�S#s

• Y _CS.Bv?#D3P2N)_YP2?#N)P2Q3?#R^p)D3_Ye'S.BCS�S._ �.S.BER �-�3N)R^_);6!�D3BvN��dN)P2e#z^D�" D�P~G#z<ACR^e#z^R^pJS.F#D3B�GdACR^z^R^[JS.F#D
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• � I.D�BEN)p)D3BEBEN)B�S�F#N)PZS._ERTS.F#D3_k?����3N)R^_%F#N2e'S.B��)?9ACN)_EN)_ h�p)R^?#p)DO?����3N)R^_%e'S.BEN)p)N2_EN)BLDOP ���dR^P2D
'�G#NLS\P2N)?9ACN 1�G#PZS.?'S\p)D3?#_EN)j3G#NLS.e#BEN)N)?#F#N)B _EN)P �'pJS.B�p)D3?dl�G#_CSFp ;
 ?]=K7:9<;>5-h�PZS.G p�+

y = b(2 + (5(a + (sin(1/(c(1 + x2))))))/c)

 ?]=K7:9<;>5-h�P2N)z>1#D3B%"de'S.BcACR^?#F#D2S�N��de#BEN)_E_CI.DZN)P�F#G'S._6p�+

z = sin(1/(c(1 + x2)))

y = b(2 + 5(a + z)/c)

• b �,R<A�S.B R^?9ACN)Bcl!S.p)N)_ p)D3P�D�GdACR^z^R^[JS.F#D3B F#N)PZS._ERTS.F#DLN)zTS.�1D3BCS.F'S._%"�p)D3P PZS.R^_ z^R^?�1'S._ F#NYp)Q,F#R^j3DF#D '�G#N�S._�e#BEQ3e#BERTS._�_EG#�#BED.ACR^?'S._ '�G#N%Nsl�N)psACG'S.P�D3_�p-�.z^p)G#z^D3_);
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P ���dR^PZS~F#NLe#BED3j3BCS.PZS.HJI.D�"�S.F'S.edA�S.F'S\F#NLG#PZS\pJS.P2e'S.?�1'S\e#BEN)_ER^F#N)?#p)RTS.z�S.P2N)BER^pJS.?'S�N)P '�G#N�_EN
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� 5 e 58fk36[g= � #$a]7 � []A ;>=d3K; A 7 :%A e #dIKfjE$A _qI��
D3G�_EN
�CS#"#l!S.[)N)BiG#PZS~A�S.BENsl!S�F#N%pJS.F'S �3N)[$"�R ; N.;2"'G#PZS�A�S.BENsl!S�N)P�pJS.F'S�_EG#�#e#BED3j3BCS.PZSd;
{�D,F'S-�,RTS#"0F#N��3N�)@_EN�BEN)_ER^_cACR^B8SoR^P2e#G#z^_ED3_ N��,ACBEN)P2D3_*+8G#PZSo_EN)j3P2N)?9A�S.HJI.DiF#N)PZS._ERTS.F'S �'?'S h�P~G#R<ACD3_

_EG#�#e#BED3j3BCS.PZS._�PZS._ pJS.F'S�G#P�N��dN)p)GdA�S.?#F#D\G#PZS%A�S.BENsl!S%ACBER��,RTS.z p7D3G(- P2NsACN)B�ACG#F#D�. ?#D~e#BED3j3BCS.PZS
e#BER^?#p)R^e'S.z ;
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!�D3B BED3�#G#_cACN)[YN)?9ACN)?#F#N�)@_EN%SLpJS.e'S.p)R^F'S.F#N F#D~e#BED3j3BCS.PZS%e'S.BCSLBEN)_ER^_cACR^B�S�- PZS.G#_ ACBCS]ACD3_/. R^?��'R^j3R^F#D3_
e1D3BYGdACR^z^R^[JS.F#D3BEN)_ '�G#N~?'I.D�N)_cA�I.DZl!S.P2R^z^RTS.BER^[JS.F#D3_op)D3P SZBEN)_Ee1N)psACR��.SZGdACR^z^R^[JS.HJI.D#; Y P�e#BED3j3BCS.PZS
BED3�#G#_cACD�F#N��3NZS._E_ER^?'S.zTS.B%" e1D3BkP2N)R^D�F#N\P2N)?#_CS.j3N)?#_LS.F#N*'�G'S.F'S._%"�S._%S.?#D3PZS.z^RTS._ F#NsACN)psA�S.F'S._LF#G )
BCS.?9ACNoS _EG'S N��dN)p)G#HJI.D#; !�D3B7N��dN)P2e#z^D�"]?�G#PZS _EG#�#BED.ACR^?'S e'S.BCS _ED3z^G#HJI.D F#N N*'�G'S.H)w,N)_7?'I.DYz^R^?#NJS.BEN)_%"
F#N��3N)BCI.D~_EN)BoS._E_ER^?'S.zTS.F'S._ F#Nil�D3BEPZS%S.e#BED3e#BERTS.F'S%N F#R<l�N)BEN)?#p)RTS.F'SkACN)?9A�S]ACR��.S._�F#N F#R��,R^_CI.DLe1D3B [)N)BED�"
G#z<ACBCS.e'S._E_CS.j3N)PxF#D\?��#P2N)BED\P ���dR^P2D�F#N%R<ACN)BCS.H)w,N)_%"#_ER<ACG'S.H)w,N)_iF#N%F#R��3N)BEj��)?#p)RTS#"#NsACp.;
� 3 +9���, �+9���
X N��'p)R��)?#p)RTShp)D3?#_ER^_cACNZN)PyNsl�N)psACG'S.B�S._LA�S.BENsl!S._�?#N)p)N)_E_��.BERTS._~p)D3PyN)p)D3?#D3P2RTS�F#N�BEN)p)G#BE_ED3_~p)D3P )
e#GdA�S.p)R^D3?'S.R^_ h ACN)P2e1D�"]P2N)P2Q3BERTSFp ;  ?]=K7:9<;>5 I +8pJS.z^p)G#zTS.B"D �.S.z^D3B"F#N G#P e1D3z^R^?#Q3P2R^Doe'S.BCS G#P�F'S.F#D
�.S.z^D3B%F#DhS.BEj3G#P2N)?9ACDhe1N)z^DhS.z^j3D3BER<ACP2D�F#N 7 D3BE?#N)B%"7N��,R<A�S.B%pJS.z^p)G#zTS.BLS�R^? �3N)BE_CShF#N2G#PZS�PZS]ACBER^[$"
BEN)F#G#[)R^B�S.p)N)_E_ED3_�SOP2N)P2Q3BERTS._%e1N)BER<l�r)BER^pJS._%z^N)?9A�S._�h�F#R^_Ep)D3_6pc" NsACp.; �YN��3NZACN)B )@_ENZN)P S]ACN)?#HJI.D '�G#N
ACR^e1DKF#N�BEN)p)G#BE_ED5_EN '�G#N)B2e#BER��,R^z^N)j3RTS.B h ACN)P2e1DKF#N�p-�.z^p)G#z^D�" P2N)P2Q3BERTS D3G D3GdACBED�� p N '�G#N$"oe1D3B
�3N)[)N)_%"1r%e#BEN)p)R^_ED2S.p)N)R<A�S.B�p)D3P2e#BED3P2R^_E_ED3_oG#PZS �3N)[ '�G#NL?'I.D\r%e1D3_E_@���3N)z ACN)B�ACG#F#D#;
MkL MkL M D 5�.#V �%0 2:O �:T=0��UT�W Q�W���,0
!7S.BCS '�G#N D3_�e#BED3j3BCS.PZS._ e#BED,F#G#[)R^F#D3_ e1D3_E_EG'S.P G#P P+�^?#R^P2D F#N '�G'S.z^R^F'S.F#NUr p)D3? �3N)?#R^N)?9ACN
D3�#_EN)B �.S.BiD3_i_EN)j3G#R^?9ACN)_ie#BEN)p)N)R<ACD3_*+

• b*P ACD,F#D3_�D3_iP2Q,F#G#z^D3_oF#N%e#BED3j3BCS.PZS.HJI.D�h l�G#?#H)w,N)_%"'_EG#�#BED.ACR^?'S._%"'NsACp pc"'F#N��3N)P�N��dR^_cACR^B*+
�
Y PZS I =63 $�&G5 CG= A egfJ=K_ �%EG36=�D3?#F#N�p)D3?#_cACNOS R^?dl�D3BEPZS.HJI.D ?#N)p)N)_E_��.BERTS�e'S.BCS _EN�e1D,F#N)B
GdACR^z^R^[JS.B D\P2Q,F#G#z^D#; b*_cA�S\_EN)p)HJI.DZF#N��3NLp)D3?9ACN)B*+
∗ S�R^F#N)?9ACR��'pJS.HJI.D\F#D h�_6poe#BED3j3BCS.PZS.F#D3B h�N)_6pc" �3N)BE_CI.D�"�F'S]A�S#"#NsACp.;
∗ SOF#N)_Ep)BER^HJI.DhF'S�l�G#?#HJI.DhD3G�A�S.BENsl!S�N��dN)p)GdA�S.F'S e1N)z^DOP2Q,F#G#z^D�N�SOz^R^_cA�S�F#N2_EG#� )BED.ACR^?'S._�N��,ACN)BE?'S._ '�G#N%_EN
�CS.PxN��3N)?9ACG'S.z^P2N)?9ACNLBENsl�N)BEN)?#p)RTS.F'S._%s
∗ S._�F#N)p)zTS.BCS.H)w,N)_ZF'S._ �.S.BER �-�3N)R^_�F#N A e$9<a]f2N 58a]f 9<a]f4h �.S.BER �-�3N)R^_Zj3z^D3�'S.R^_6p~N F'S._�.S.BER �-�3N)R^_ '�G#NL_CI.D\GdACR^z^R^[JS.F'S._oR^?9ACN)BE?'S.P2N)?9ACN+h �.S.BER �-�3N)R^_�z^D,pJS.R^_6pcs
∗ S%BEN)_Ee1N)psACR��.SLF#N)_Ep)BER^HJI.D�",e1D3B P2N)R^D%F#N p)D3P2N)?9A �.BER^D3_%"9N R^?#R^p)RTS.z^R^[JS.HJI.D�"]_ENil�D3B pJS._EDF#R^_E_ED#;

�
Y PZS\I =63 $�&G5�CG=(A 7:9<;>=K7\=KegfjE%$�&G5�D3?#F#NL_ENLR^?#p)z^G#R8D2p)Q,F#R^j3D\e#BED3e#BERTS.P2N)?9ACN%F#R<ACD\p)D3P
S._ R^?#_cACBEG#H)w,N)_('�G#N�R^P2e#z^N)P2N)?9A�S.P SYA�S.BENsl!Svp)D3BEBEN)_Ee1D3?#F#N)?9ACN�v_EG#�#BED.ACR^?'S#"9�1N)P p)D3P2D
p)D3P2N)?9A �.BER^D3_ '�G#N�S.G �dR^z^R^N)P S�p)D3P2e#BEN)N)?#_CI.D#;

• � I.D�F#N��3N)P _EN)BZGdACR^z^R^[JS.F#D3_~N)_cACR^z^D3_\F#NOe#BED3j3BCS.PZS.HJI.D ACD3BcACG#D3_ED3_%" '�G#N$"oN)P~�1D3BCSKe1D3_E_CS.P
S.�1D3?'S.BZN)P l!S-�3D3B�F'S 1'S.�#R^z^R^F'S.F#N�F#D e#BED3j3BCS.PZS.F#D3B%"oBEN)_EG#z<ACN)P N)P p)Q,F#R^j3D5p)D3?dl�G#_ED D3G
p)B@�^edACR^p)D#;*},N)P2e#BEN '�G#Nv_ENvBEN��3N)z^NvS.z<A�S.P2N)?9ACN �.S.?9A�S �ED3_ED~G#_CS.B�ACBEG�'�G#N)_%"#N)_E_ENYl!S.psACD�F#N��3Nk_EN)B
S._E_ER^?'S.zTS.F#D�e1D3B�P2N)R^D�F#N%p)D3P2N)?9A �.BER^D3_�N)_Ep)zTS.BEN)p)N)F#D3BEN)_%s
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•
� �1D9SUe#B��]ACR^pJS5F#N)p)zTS.BCS.B�N��de#z^R^p)R<A�S.P2N)?9ACNOACD,F'S._�S._ �.S.BER �-�3N)R^_�e1D3B�P2N)R^D5F#N�R^?#_cACBEG#H)w,N)_
S.e#BED3e#BERTS.F'S._ h!� b*X !U" = � {ib �%b � "o;<;<;2" N)P ��uk�7{i�iX � s7F#D3G#�#z^N$" R^?9A "�;<;<;2" N)P �:s NsACp.;rpc"
P2N)_EP2D '�G#N�S�z^R^?#j3G'S.j3N)P GdACR^z^R^[JS.F'S�e1D3_E_CS\F#R^_Ee1N)?#_CS.BiN)_cACN%e#BED,p)N)F#R^P2N)?9ACD�s

• � I.D�F#N��3N)P _EN)B~GdACR^z^R^[JS.F'S._Lp)D3?#_cA�S.?9ACN)_\?#D�_EN)R^D�F#D�e#BED3j3BCS.PZSd;�uv_ �.S.z^D3BEN)_~p)D3?#_cA�S.?9ACN)_
N)_cACBER<A�S.P2N)?9ACN�R^?#F#R^_Ee1N)?#_��-�3N)R^_OF#N��3N)P _EN)BO_EG#�#_cACR<ACG��^F#D3_�e1D3B �.S.BER �-�3N)R^_�R^?#R^p)RTS.z^R^[JS.F'S._2?'S
_EN)p)HJI.DZS.e#BED3e#BERTS.F'S~F#D2p)Q,F#R^j3D�D3G�e1D3B�e'S.BqZ.P2NsACBED3_%s

• !7S.BCSYS.G#P2N)?9A�S.B�S z^N)j3R^�#R^z^R^F'S.F#N7F#D p)Q,F#R^j3D�"�F#N��3No_EN)B�G#_CS.F'S R^?#F#N)?9A�S.HJI.DY?#D3_�p)R^p)z^D3_"N��#z^D,p)D3_
F#N%P2D,F#D\S~ACD3BE?'S.B�N��,R^F#N)?9ACN�S�BEN)_Ee1N)psACR��.S\N)_cACBEGdACG#BCS\z^Q3j3R^pJS#s

• },N)P2e#BEN '�G#No_EN
�CS.P F#N)p)zTS.BCS.F#D3_kE$_c_@E$o Iip)D3P2D �.S.BER �-�3N)R^_7z^D,pJS.R^_"?�G#P _EG#�#e#BED3j3BCS.PZS#".F#N��3N)P_EN)B~R^?#F#R^pJS.F'S._~S._~N��3N)?9ACG'S.R^_�z^R^P2R<A�S.H)w,N)_%BEN)zTS]ACR��.S.P2N)?9ACN ._~_EG'S._~F#R^P2N)?#_Ew,N)_);�uv_-E$_c_@E$o I
G#_CS.F#D3_2p)D3P2D�N)_Ee'S.H)DUF#N�ACBCS.�'S.z>1#DKF#N��3N)P l!S.[)N)B\e'S.BcACNOF'S�R^?9ACN)Bcl!S.p)NOF#D�_EG#�#e#BED3j3BCS.PZS
h�_EN)?#F#D e1D3BcA�S.?9ACD R^?#p)z^G��^F#D3_�?#D p)D3?��EG#?9ACD F'S �.S.BER �-�3N)R^_�j3z^D3�'S.R^_6p ; b*_cACNKe#BED,p)N)F#R^P2N)?9ACD
ACBCS.?#_cl�N)BEN�e'S.BCS5D GdACR^z^R^[JS.F#D3BZS5BEN)_Ee1D3?#_CS.�#R^z^R^F'S.F#Nhe1N)zTS5j3N)_cA�I.D p)D3BEBEN)psA�S F#D N)_Ee'S.H)D F#N
P2N)P2Q3BERTS�GdACR^z^R^[JS.F#D�s

• �YN��3N)P�_EN)B�GdACR^z^R^[JS.F#D3_ _EG#�#e#BED3j3BCS.PZS._�e'S.BCS�S._�D3e1N)BCS.H)w,N)_�N)z^N)P2N)?9A�S.BEN)_iPZS.R^_�l�BEN*'�G#N)?9ACN)_%s
e1D3B�N��dN)P2e#z^D�"dS._�_EG#�#BED.ACR^?'S._ F'SLe#BED3j3BCS.PZS]ACN)pJS � !8Xk}	h �3N)BoXk}57 � 9 NsA�S.z ;<h : ���3qFp@p*e'S.BCSS._LD3e1N)BCS.H)w,N)_%�.�._ER^pJS._LF'S� Yz^j3N)�#BCS-!8R^?#NJS.B6p ;�b*_cACNZe#BED,p)N)F#R^P2N)?9ACD�l!S.p)R^z^R<A�S�SOp)D3?#_cACBEG#HJI.D
P2D,F#G#zTS.B N%N)Pxj3N)BCS.z8e1N)BEP2R<ACNkS.G#P2N)?9A�S.BiS�z^N)j3R^�#R^z^R^F'S.F#N NLS�N��'p)R��)?#p)RTSd;

��� ���]+��!+9��/5���^���^��� E$_@E #$a�E$_@CFE$_ 5 '8E$;>58_ CFE 3658e#IKfjE$egfJ=
π $ a]7 9<_q5,#$_@E$7+EFCG58_ 3K_cA^58a E '8E$_ <

A � '$=K;
PI

=-A egA^3KADE$; A#" 58a < E E
PI = 3.1416

�\58a]fD_q5 9<_q5,#$_@E$7+EFCG58_ CG=63KADC$A a <^I =d9g58_��%E'" =K_
PI =

4 arctan(1.0)
� � 587\=KegfJ= =6IKfjE I C$a�E I(5695$�� =6I =@?K9<; A^3qE$e<CG5 E I _q=6IJ9g=63KfDA '8E I�'8E$egfjE #G=Ke#I = CG=6I'8E$egfjE <

#G=Ke#I��

� 5"�, 1-�� 3 +3�'�3�#/ 5"/U(���/������'45�
Y Pxe#BED3j3BCS.PZS~F#N��3NL_EN)P2e#BEN%p)D3?9ACN)B%" \pJS.�1N)HJS#"'G#Px�#z^D,p)D�p)D3P�S�_EN)j3G#R^?9ACN%R^?dl�D3BEPZS.HJI.D�+

• S�R^F#N)?9ACR^F'S.F#NkF#D3_ S.GdACD3BEN)_%s

• S�F'S]A�S#s

• G#PZS~F#N)_Ep)BER^HJI.D2_EG#P �.BERTS~F#D2e#BED3�#z^N)PZS '�G#N%r%_EG#e1D3_cACD2BEN)_ED3z��3N)BiN%F#D3_iP2rsACD,F#D3_�G#_CS.F#D3_%s

• BEN*'�G#R^_ER<ACD3_�N%z^R^P2R<A�S.H)w,N)_);
=@_cACD�e'S.BEN)p)N�G#PZS�F#G#e#z^R^pJS.HJI.D�F#D '�G#N\_EN�e1N)F#N�?#D�BEN)zTS]ACQ3BER^D4h �3N)B%S�},N)p)HJI.Dhad;WVBp ; � D�N)?9A�S.?9ACD�"
p)D3? �3r)Px?'I.D\N)_�'�G#N)p)N)B '�G#NkD�e#BED3j3BCS.PZS�NkD�BEN)zTS]ACQ3BER^D~e1D,F#N)P _EN)j3G#R^BopJS.P2R^?�1#D3_oF#R<l�N)BEN)?9ACN)_%"'R ; N$"
_EN)Biz^R^F#D3_oe1D3B�e1N)_E_ED9S._ F#R<l�N)BEN)?9ACN)_iN)P�S.z<ACG#BCS._oF#R<l�N)BEN)?9ACN)_); b*R^_�G#PxN��dN)P2e#z^D�+
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l:a]fJ58_q=6I�� XY?'S � ;1},R^z��.S~N !�N)F#BED �Y; �kD3P2N)_� E$fjE�� V.q3qd:3;<:0qd;WV]`
� =6I 3K_cA $�&G5 � =@?9ACN)j3BCS.HJI.D5S.F'S.edA�S]ACR��.ShR<ACN)BCS]ACR��.S F#N�G#PZS l�G#?#HJI.D

fp)D3?9Aq�^?�G'S\?�G#P�R^?9ACN)B �.S.z^D �'?#R<ACD
[a, b]

G#_CS.?#F#DZS\BEN)j3BCS
F#D�ACBCS.e1r)[)R^D	h �3N)B !*= � X h : ���9gBp@p ;i =q`%a]A>IKA fJ5 I�� Xxl�G#?#HJI.D

f
F#N��3NO_EN)B\F'S.F'SKe1D3B�G#PZS ��� �&��� � � �

��� � ��� ~N)_Ep)BER<A�S�e1N)z^D\GdACR^z^R^[JS.F#D3B);
� � 11���0-��!45�, 1-0/
X '�G#Rd_EN F#N)R �#S.P�S.z^j3G#?#_�p)D3?#_EN)z>1#D3_7e'S.BCS '�G#N)P e#BENsACN)?#F'SYN)_Ep)BEN��3N)B*e#BED3j3BCS.PZS._ �3N)BEF'S.F#N)R^BCS.P2N)?9ACN
R^z^N)jB���3N)R^_%"dR^P2e1D3_E_@���3N)R^_oF#NLS��'?'S.B�N%F#N%PZS.?9ACN)B);

• MOR^?9A�S%?#D3_ p)D3P2N)?9A �.BER^D3_*+�N)_cACN)_oe1D,F#N)P F#R^[)N)B�G#PZS%p)D3R^_CS%N D�p)Q,F#R^j3Dkl!S.[)N)B�D3GdACBCSd; MOG#R<A�S._�3N)[)N)_kR^_cACD2p)D3?#_EN)j3G#N�)@_EN~_EN)P N)_cl�D3BEH)D�S.F#R^p)R^D3?'S.z +��'S._cA�S2R^B S.z<ACN)BCS.?#F#DZDZp)Q,F#R^j3D2F#G#BCS.?9ACN�D
_EN)GOF#N)_EN)? �3D3z��,R^P2N)?9ACDZN%?'I.D2S �EG#_cA�S.Bip)D3?#p)D3P2R<A�S.?9ACN)P2N)?9ACNkD3_�p)D3P2N)?9A �.BER^D3_);

• =@?#p)z^G'S�p)D3P2N)?9A �.BER^D3_\R^?#F#R^_Ee1N)?#_��-�3N)R^_Zp)D3P2D"- _ED3PZS.B�: S
I
.6" PZS._2N��,R<ACNhF#R^[)N)B2e'S.BCS '�G#N

_EN)B �3NkG#PZS�_EG#�#BED.ACR^?'S�D3G�G#PZSLl�G#?#HJI.D�+ ?'S.F'S�F#NYl!S.p)R^z^R<A�S.B S �,R^F'S~S�N)_cACBCS.?�1#D3_(h�D~e#BEQ3e#BER^D
e#BED3j3BCS.PZS.F#D3Bor%G#PxN)_cACBCS.?�1#D2G#PxP �)_iS.e1Q3_�ACN)B�N)_Ep)BER<ACD2D\e#BED3j3BCS.PZS54rp ;

• },N)P2e#BEN '�G#NON)_Ep)D3z>1#N)B SMN
e'S.BCS ?#D3P2N�F#N �.S.BER �-�3N)zo?'I.DKN)_�'�G#N)p)N)BZF#N�G#_CS.B�A�S.P~�1r)P

SNM
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• X l ACN)BiS\?�G#P~�1N)BiD.l7F#N)p)R^PZS.z e#zTS.p)N)_%"�� 1#D2pJS.BEN)_ �
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exp(1+sin x2)+ln(1+x4)−5 =
0
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2x−1 = 0
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h�e'S.BCS�R^?#p)z^G#R^B F#R^_��.NsAEACN)_ G#_CS.Bi�1D3z^_CS._iS.e#BED3e#BERTS.F'S._�F#R^_Ee1D3?����3N)R^_o?#D2P2N)BEpJS.F#DGp ;

�iN)p)D3P2N)?#F'S�)@_ENkA�S.P~�1r)PxS2S.F#D3e1HJI.D\F'S�_EN)j3G#R^?9ACN%N)_cACBEGdACG#BCS"+

• ! �.j3R^?'S~F#NLBED3_cACD�"#F#NLS.p)D3BEF#D\p)D3PxD\P2D,F#N)z^D�F'SZ},N)p)HJI.DZad;WV,;<:Bs
• � ?#F#R^p)N%e'S.j3R^?'S.F#D�"d?'S�e#BER^P2N)R^BCS�e.�.j3R^?'S�F#D\BEN)zTS]ACQ3BER^D�s
• �iN)_EG#P2D�s
• =@?9ACBED,F#G#HJI.D�s
• �'D3BEP~G#zTS.HJI.D�ACN)Q3BER^pJS#s
• �YN)_Ep)BER^HJI.D2F#D2S.z^j3D3BER<ACP2D�N%F#D\e#BED3j3BCS.PZS#s
• �iN)_EG#z<A�S.F#D3_�D3�dACR^F#D3_%s
• �YR^_Ep)G#_E_CI.D�s
• � D3?#p)z^G#_Ew,N)_%s
• XYj3BCS.F#N)p)R^P2N)?9ACD3_%s
• �iNsl�N)B��)?#p)RTS._i�#R^�#z^R^D3j3B����'pJS._%s
• XY?#N��dD3_);
� N
�CS.P2D3_�N)Pxe1D3BEP2N)?#D3B�D3_ �/�.BER^D3_�S._Ee1N)psACD3_ F#N%G#PxBEN)zTS]ACQ3BER^D#;
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u �iN)_EG#P2D�rYG#PZS%p)D3P2e1D3?#N)?9ACN �,R<A�S.z'F#N '�G'S.z�'�G#N)B F#D,p)G#P2N)?9ACDLACr)p)?#R^p)D�D3GZp)R^N)?9Aq���'p)D�",G#PZS,�3N)[
'�G#N~S2PZS.R^D3Boe'S.BcACNLF'S._ �3N)[)N)_ h�N)_Ee1N)p)RTS.z^P2N)?9ACN%N)P�BEN��,R^_cA�S._iACr)p)?#R^pJS._ N~S.psA�S._ F#NLp)D3?dl�N)B��)?#p)RTS._6p
Sh_EG'S z^N)R<ACG#BCS�e1D,F#N)B��hF#N)p)R^F#R^BL_EN�D BEN)_cACD�F#DhACN��,ACD�P2N)BEN)p)N�_EN)B~z^R^F#DOD3GU?'I.D#;hX�p)BEN)_Ep)NOS.R^?#F'S
'�G#N$"#N)P p)N)BcA�S._op)R^BEp)G#?#_cA6Z.?#p)RTS._%",_ED3P2N)?9ACNvD��iN)_EG#P2D~rve#G#�#z^R^pJS.F#D�"�e1N)z^D '�G#N%SL_EG'S '�G'S.z^R^F'S.F#N r
F#NsACN)BEP2R^?'S.?9ACNkF#D ���dR<ACD\D3G�l�BCS.pJS._E_ED2F'S\F#R��,G#z^j9S.HJI.D�F#D�ACBCS.�'S.z>1#D�Nsl�N)psACG'S.F#D#;

!�D,F#Nvp)D3?#_ER^F#N)BCS.B )@_EN '�G#NYD3_ D3��EN)psACR��3D3_oF#D~�iN)_EG#P2D~_CI.D�R^F��)?9ACR^p)D3_oS.D3_�F'S�=@?9ACBED,F#G#HJI.D�"de1N)z^D
'�G#N$"�F#N�G#PZShl�D3BEPZSOj3N)BCS.z^"*D3_�P2N)_EP2D3_~e#BER^?#p%�^e#R^D3_�_CI.DKS.e#z^R^p-�-�3N)R^_); � DKN)?9A�S.?9ACD�"�S/'�G#RoN)?9ACBCS
A�S.P~�1r)P N)P �ED3j3DkG#P ?#D �3DLN)z^N)P2N)?9ACD�+�D%p)D3?#_cACBCS.?#j3R^P2N)?9ACDkR^P2e1D3_cACDve1N)z^Dvl!S.psACD3B*N)_Ee'S.H)D#;(�vS.F#D
'�G#N DY�iN)_EG#P2DYr$".e1D3B"?'S]ACG#BEN)[JS#".P~G#R<ACDiPZS.R^_"p)G#BcACD F#D '�G#NoSi=@?9ACBED,F#G#HJI.D�".DYe#BER^?#p)R^e'S.z3e#BED3�#z^N)PZS
r\D�F'S�_EN)z^N)p)HJI.DOF#D3_%S._Ee1N)psACD3_LS�BENsl�N)BER^B);~XY_E_ER^P�"8S�p)zTS.BEN)[JS�N\S�p)D3?#p)R^_CI.D�?'S�BEN)F'S.p)HJI.D�_CI.D�D3_
e#BER^?#p)R^e'S.R^_vS]ACBER^�#GdACD3_%S �,R^_CS.Bv?'S�_EG'S�p)D3P2e1D3_ER^HJI.D#;~u �iN)_EG#P2D�?'I.D�F#N��3N2p)D3?9ACN)B%F#N��'?#R^H)w,N)_kN
l�Q3BEP~G#zTS._%"7ShP2N)?#D3_ '�G#NZ_EN
�CS.PyACD.A�S.z^P2N)?9ACN\R^P2e#BEN)_Ep)R^?#F����3N)R^_%"7NZ?�G#?#pJS F#N��3N�R^?#p)z^G#R^BLS._Ee1N)psACD3_
'�G#NZ?'I.DOACN)?�1'S.P�_ER^F#DhN)_E_EN)?#p)RTS.R^_Le'S.BCShS�BENJS.z^R^[JS.HJI.DOF#D�ACBCS.�'S.z>1#DOD3G '�G#NZ?'I.DO_ENZN)?#p)D3?9ACBEN)P
F#N)_EN)? �3D3z��,R^F#D3_ N)P�D3GdACBCS._ _EN)p)H)w,N)_ F#DLBEN)zTS]ACQ3BER^D#; Y P �iN)_EG#P2DLF#NiG#P�ACBCS.�'S.z>1#DkF#N)_cA�SL?'S]ACG#BEN)[JS
F#N��3N%ACN)B%:0q\S�:�g~z^R^?�1'S._%"#?#D\P ���dR^P2D\V.q#"#e1N)z^D '�G#NLpJS.F'S�e'S.zTS-�,BCS�p)D3?9A�Sd;
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P2N)_EP2D�"#r$"#A�S.z p)D3P2D\D2�iN)_EG#P2D�"�'�G'S._ENL_EN)P2e#BEN%G#PZS�F'S._ �#z<ACR^PZS._ _EN)p)H)w,N)_YS\N)_Ep)BEN��3N)B);

!7S.BCS2BEN)F#R^j3R^BiG#PZS\�1D9S\=@?9ACBED,F#G#HJI.D�"1D�S.GdACD3BiF#N��3N~p)D3z^D,pJS.B )@_EN%?'S2e1D3_ER^HJI.D2F#DZz^N)R<ACD3B%"dACN)?#F#D
N)PxP2N)?9ACN '�G#NLD3_�D3��EN)psACR��3D3_ F'S�BEN)_Ee1N)psACR��.S\z^N)R<ACG#BCS~_CI.D\D3_i_EN)j3G#R^?9ACN)_*+

• p)D3P2e#BEN)N)?#F#N)BiF#Nkl�D3BEPZS~p)zTS.BCS�N%p)D3P2e#z^NsA�S~D\e#BED3�#z^N)PZS�ACBCS]A�S.F#D�s

• �'pJS.B S�p)D3?�1#N)p)N)B%"�N)Pxz^R^?�1'S._oj3N)BCS.R^_%"#p)D3P2D�l�D3R8S.�1D3BEF'S.F#D\N%BEN)_ED3z��,R^F#D�D2e#BED3�#z^N)PZS#s

• S-�.S.z^RTS.BoS2S.e#z^R^pJS.�#R^z^R^F'S.F#N$"�S\D3BER^j3R^?'S.z^R^F'S.F#NiNLS�j3N)?#N)BCS.z^R^F'S.F#NkF#D�ACBCS.�'S.z>1#D�s

• BEN)p)D3?�1#N)p)N)BYS�D3BEj9S.?#R^[JS.HJI.D�F#D2BEN)zTS]ACQ3BER^D�",p)D3P �,R^_cA�S\S\G#PZS~N��3N)?9ACG'S.z�z^N)R<ACG#BCS�_EN)z^N)psACR��.S#s

• S.e#BEN)N)?#F#N)B%" S.R^?#F'S '�G#N�F#N2l�D3BEPZSO_EG#e1N)B �'p)RTS.z^"7ShN)_E_��)?#p)RTS F#D3_�BEN)_EG#z<A�S.F#D3_�D3�dACR^F#D3_�h�_EN)Pp)D3?9ACG#F#DKpJS.R^B�N)P�BEN)F#G#?#FgZ.?#p)RTS BEN)zTS]ACR��.S.P2N)?9ACN  �YR^_Ep)G#_E_CI.DKF#D3_�BEN)_EG#z<A�S.F#D3_~N ._ � D3? )
p)z^G#_Ew,N)_6p ;

XY_E_ER^P�"#?�G#PZS\=@?9ACBED,F#G#HJI.D�"#r%p)D3BEBEN)psACD2R^?#p)z^G#R^BoR^?dl�D3BEPZS.HJI.D~BEN)zTS]ACR��.S~S"+

• N)?�'�G'S.F#BCS.P2N)?9ACD2F#D2e#BED3�#z^N)PZS�S�BEN)_ED3z��3N)Bi?'S�PZS]ACr)BERTS~z^N)p)p)R^D3?'S.F'S~?'S\F#R^_Ep)R^e#z^R^?'S#s

• e#BER^?#p%�^e#R^D3_ N~D3BER^N)?9A�S.H)w,N)_Yj3N)BCS.R^_Y_EN)j3G#R^F#D3_v?#D�N)_cACG#F#D�F#D�e#BED3�#z^N)PZS2N~?'SZp)D3?#_cACBEG#HJI.D�F#De#BED3j3BCS.PZS#s
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• S._Ee1N)psACD3_ZPZS.R^_�R^?9ACN)BEN)_E_CS.?9ACN)_�D3G D3BER^j3R^?'S.R^_%" D3G '�G#NOACN)?�1'S.P S.e#z^R^pJS.HJI.DK?'S�_ED3z^G#HJI.D�F#N
D3GdACBED3_�e#BED3�#z^N)PZS._%s

• BEN)_EG#z<A�S.F#D3_�PZS.R^_oR^P2e1D3BcA�S.?9ACN)_�D3�dACR^F#D3_�?#D\N)_cACG#F#D�s
• N)_cACBEGdACG#BCS\F#D\BEN)zTS]ACQ3BER^D-h�e'S.BCS\e1N)BEP2R<ACR^B G#PZS~z^N)R<ACG#BCS~_EN)z^N)psACR��.SFp ;� G#PZS�=@?9ACBED,F#G#HJI.D2F#N��3N�)@_ENLN��,R<A�S.B*+
• p)D3?dl�G#?#F#R^B�=@?9ACBED,F#G#HJI.D2p)D3P��'D3BEP~G#zTS.HJI.D�ACN)Q3BER^pJS#s
• p)D3?#_EG#P2R^BON)_Ee'S.H)Dtp)D3P�j3N)?#N)BCS.z^R^F'S.F#N)_%"%PZS.R^_Oe#BEQ3e#BERTS._O?�G#P�z^R��,BED F#N5ACN��,ACD�"LD3G p)D3P
ACBCS.?#_Ep)BER^H)w,N)_vPZS.R^_ D3G�P2N)?#D3_ ACBCS.�'S.z>1'S.F'S._YF#N)_E_EN)_%P2N)_EP2D3_Yz^R��,BED3_YD3G F#N\S.e1D3?9A�S.P2N)?9ACD3_
F'S._ S.G#zTS._%s

• R^?#p)z^G#R^B PZS]ACr)BERTS~D3GhS._E_EG#?9ACD3_ '�G#N%?'I.D\ACR��3N)BCS.P BEN)zTS.HJI.D\F#R^BEN)psA�S�p)D3PxD\ACBCS.�'S.z>1#D�e#BED3e#BER )S.P2N)?9ACNkF#R<ACD\D3G�p)D3PxD\e#BED3�#z^N)PZS�e#BED3e1D3_cACD�"#_EQ2e'S.BCS - N)?#p61#N)B/.�;
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u D3��EN)psACR��3D�F'S~_EN)p)HJI.D\�'D3BEP~G#zTS.HJI.DLACN)Q3BER^pJSLrvF#N)_Ep)BEN��3N)B S�ACN)D3BERTS '�G#Nk_EG#e1D3BcA�S~S�BEN)_ED3z^G#HJI.D~F#D
e#BED3�#z^N)PZS%e#BED3e1D3_cACD�"d_EN)?#F#D�D~_EN)G�p)D3?9ACN �#F#D�P~G#R<ACD �.S.BER �-�3N)z ; !�D3B N��dN)P2e#z^D�",?�G#P e#BED3�#z^N)PZSLF#N
R^?9ACN)BEe1D3zTS.HJI.D�rkp)D3BEBEN)psACD2R^?#p)z^G#R^B*+

• G#PZSOF#N)_Ep)BER^HJI.D��#BEN��3N�F#D e#BED3�#z^N)PZSOj3N)BCS.z�F'ShR^?9ACN)BEe1D3zTS.HJI.DhNZF#D4Z.P~�#R<ACDhF#N�S.e#z^R^pJS.HJI.DF#N)_cA�S�ACr)p)?#R^pJS#s
• G#PZSUF#N)_Ep)BER^HJI.D�"iA�S.P~�1r)P _EG#p)R^?9A�S#"YF#D3_�S._Ee1N)psACD3_�j3N)BCS.R^_�F'SUACN)D3BERTS5F'S p)D3?#_cACBEG#HJI.D F#N
e1D3z^R^?#Q3P2R^D3_�R^?9ACN)BEe1D3zTS.F#D3BEN)_%s

• G#PZS~N��de#z^R^pJS.HJI.D\F'S._iz^R^j9S.H)w,N)_oN)?9ACBEN%D3_ �/�.BER^D3_iS._Ee1N)psACD3_iF'S�ACN)D3BERTS�S.e#BEN)_EN)?9A�S.F'S#s
• G#PZS�F#N)_Ep)BER^HJI.D\_EG#P �.BERTS~F#D3_iBEN)_EG#z<A�S.F#D3_iF#R^_Ee1D3?����3N)R^_�e'S.BCS�p-�.z^p)G#z^D\F#N%N)_cACR^PZS.F#D3BEN)_�e'S.BCSD\N)BEBED2F#N%R^?9ACN)BEe1D3zTS.HJI.D�s
• G#PZS~P2N)?#HJI.D ._ �.S.?9A�S.j3N)?#_ N%z^R^P2R<A�S.H)w,N)_�F'S~ACr)p)?#R^pJS\GdACR^z^R^[JS.F'Sd;� N)_cA�S _EN)p)HJI.D F#N��3N)P _EN)B�R^?9ACBED,F#G#[)R^F#D3_ZD3_�p)D3?#p)N)R<ACD3_�l�G#?#F'S.P2N)?9A�S.R^_%" S._�F#N��'?#R^H)w,N)_�N�S._

N*'�G'S.H)w,N)_�BEN)z^N��.S.?9ACN)_); � N)_E_EN)?#p)RTS.z�'�G#N2ACD,F#D3_%D3_%_@�^P~�1D3z^D3_%" �.S.BER �-�3N)R^_%"�NsACp.;2"6'�G#N �'j3G#BCS.P�?'S._
N*'�G'S.H)w,N)_ _EN
�CS.PxF#N��'?#R^F#D3_%"'e'S.BCS '�G#NL?'I.D 1'S �CS�F��"�,R^F'S._iF#N%R^?9ACN)BEe#BENsA�S.HJI.D#;
� ?#N)p)N)_E_��.BER^D�BEN)_ER^_cACR^B�hACN)?9A�S.HJI.DKF#N�Nsl�N)psACG'S.B�ACBCS.?#_Ep)BER^H)w,N)_~ACN)Q3BER^pJS._~N��,ACN)?#_CS._%" p)D3? �,R^?#F#D

S.?9ACN)_~F'S.BLN)_Ee1N)p)RTS.z �)?dl!S._EN�ShS._Ee1N)psACD3_ '�G#N�?'I.Dh_EN�N)?#p)D3?9ACBCS.PyACBCS]A�S.F#D3_L?#D3_�z^R��,BED3_LF#N2ACN��,ACD
PZS._ '�G#N~ACN)?�1'S.P _ER^F#D�F#N)_EN)? �3D3z��,R^F#D3_ke'S.BCS�S�BEN)_ED3z^G#HJI.D�F#D�e#BED3�#z^N)PZS2e#BED3e1D3_cACD#; 7 � '�G#N~ACN)B
N)PxP2N)?9ACN '�G#N%G#PxBEN)zTS]ACQ3BER^D�ACr)p)?#R^p)D2N%G#Pxz^R��,BED�F#NkACN��,ACD �,R^_CS.P D3��EN)psACR��3D3_ F#R<l�N)BEN)?9ACN)_);
u ACN��,ACD�F'S%_EN)p)HJI.D��'D3BEP~G#zTS.HJI.DkACN)Q3BER^pJSkF#N��3NkS._E_EN)j3G#BCS.B�F#Nil�D3BEPZSke1N)Bcl�N)R<A�SLSLp)D3?9ACR^?�G#R^F'S.F#N

?'S�ACBCS.?#_ER^HJI.D�e'S.BCS�S�_EN)p)HJI.Dh_EN)j3G#R^?9ACN	h �YN)_Ep)BER^HJI.DhF#DhS.z^j3D3BER<ACP2DZN\F#DOe#BED3j3BCS.PZSFp PZS.BEpJS.?#F#D�"
?#D�N)?9A�S.?9ACD�"'S._�F#R<l�N)BEN)?#HJS._�N)?9ACBENkN)_cA�S._�F#G'S._ol!S._EN)_�F#R^_cACR^?9A�S._oF#D~ACBCS.�'S.z>1#D�+*S�ACN)D3BERTS�F#Nk_EG#e1D3BcACN
NLS�R^P2e#z^N)P2N)?9A�S.HJI.D~p)D3P2e#GdA�S.p)R^D3?'S.z ;
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{�R^e#R^pJS.P2N)?9ACN$"LDtp)Q,F#R^j3D p)D3?#_cACBEG��^F#Dte'S.BCS	BEN)_ED3z��3N)B G#P�e#BED3�#z^N)PZS e#B��]ACR^p)D	p)D3P2e#BEN)N)?#F#N
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�'G �dD3j3BCS.PZSFp '�G#NoR^z^G#_cACBEN S R^?9ACN)B )@BEN)zTS.HJI.D N)?9ACBENoDve#BED3j3BCS.PZSie#BER^?#p)R^e'S.z�NoS._7F#R��3N)BE_CS._ _EG#�#BED.ACR^?'S._);
�YN��3N 1'S-�3N)B�D P ���dR^P2Dop)G#R^F'S.F#D ?'SiN)zTS.�1D3BCS.HJI.D�F#N)_cACN�N)_�'�G#N)PZS e'S.BCS '�G#N�N)z^N*_EN
�CS Nsl�N)psACR��.S.P2N)?9ACN
R^?dl�D3BEPZS]ACR��3DvN�_EG#j3N)_cACR��3DLN�?'I.D%P2N)BCS.P2N)?9ACN�F#N)p)D3BCS]ACR��3D#;7Xt_EN)j3G#R^B*F#N��3N �,R^B*SkF#N)_Ep)BER^HJI.D%_EG#p)R^?9A�S
F#N%pJS.F'S\G#PZS~F'S._i_EG#�#BED.ACR^?'S._ip)D3P�S�_EN)j3G#R^?9ACN%R^?dl�D3BEPZS.HJI.D�+

• l�G#?#HJI.D2N��dN)p)GdA�S.F'S\e1N)zTS�_EG#�#BED.ACR^?'S#s

• D�l�D3BEPZS]ACD�F#N\R^? �3D,pJS.HJI.D h�D3GKR^?#_cACBEG#HJI.D�F#N�p61'S.PZS.F'S�F'S�_EG#�#BED.ACR^?'SFpc"8D '�G'S.z*p)D3?9ACr)P�D
?#D3P2NkF#D2_EG#�#e#BED3j3BCS.PZS�NkACD,F#D3_iD3_ S.BEj3G#P2N)?9ACD3_iF#N%N)?9ACBCS.F'S\NL_CS$�^F'S�h  ?]=K7:9<;>5"+

CALL
LUFACT (A, NMAX, N, PIV OT, IERR)

"#?'S�z^R^?#j3G'S.j3N)P ��uk�7{i�iX � pcs

• G#PZS�F#N)_Ep)BER^HJI.D�F#NYACD,F#D3_ D3_�S.BEj3G#P2N)?9ACD3_ h �.S.BER �-�3N)R^_ F#N A e$9<a]f�NvF#N+58a]f 9<a]f@p R^?#p)z^G��^F#D3_�?'SR^?#_cACBEG#HJI.D F#N�p61'S.PZS.F'SiF'Si_EG#�#BED.ACR^?'S#".S '�G'S.z�p)D3P2e#BEN)N)?#F#N�D _EN)G�?#D3P2N$"�ACR^e1DiN�_ER^j3?#R��'pJS.F#D
h '�G#NiR^?dl�D3BEPZS.HJI.DvS.BEPZS.[)N)?'S#"9_ENiS �.S.BER �-�3N)z#r�F#N A e$9<a]f D3G\F#N�D3GdACe#GdA "9p)D3P2Dkr�P2D,F#R��'pJS.F'S
?'S�_EG#�#BED.ACR^?'S#"'NsACp.;rpcs

• G#PZS�F#N)_Ep)BER^HJI.DYF'S._ �.S.BER �-�3N)R^_"F#N��'?#R^F'S._�R^?9ACN)BE?'S.P2N)?9ACN$"]_EN SiR^P2e1D3BcA6Z.?#p)RTS F#N)_E_CS._6�.S.BER �-�3N)R^_?#D\p)D3?9ACN��,ACDZF#D2S.z^j3D3BER<ACP2D~S._E_ER^PxD �EG#_cACR��'pJS.B%s

• G#PZStR^?#F#R^pJS.HJI.DtF#D N)?#pJS.F#NJS.P2N)?9ACD p)D3P D3GdACBCS._�_EG#�#BED.ACR^?'S._%"�_EN l�D3B�pJS._ED F#R^_E_ED�h�e1D3B
N��dN)P2e#z^D�"

LUSOLV
rkp61'S.PZS.F'S\S.e1Q3_ S�p61'S.PZS.F'S\S

LUFACT
_EN

IERR = O
pcs

• G#PZS�F#N)_Ep)BER^HJI.D�F'S�_EN*'�G��)?#p)RTS�F#Nvp-�.z^p)G#z^D3_ Nsl�N)psACG'S.F'S#"dR ; N.;2"dF#D\S.z^j3D3BER<ACP2D%p)D,F#R��'pJS.F#D~e1N)zTS_EG#�#BED.ACR^?'S#" F#N)_Ep)BER<ACD5e1D3B2e'S.zTS-�,BCS._2NOBEN)e1NsACR^?#F#D5S._2l�Q3BEP~G#zTS._�e1N)BcACR^?#N)?9ACN)_4h!S._ '�G'S.R^_ ���
ACN)BCI.D�_ER^F#D�R^?9ACBED,F#G#[)R^F'S._k?'S�_EN)p)HJI.Dh�'D3BEP~G#zTS.HJI.D�ACN)Q3BER^pJSFp ;�!7S.BCS�l!S.p)R^z^R<A�S.BYS�p)D3P2e#BEN)N)? )
_CI.D�N�z^N)R<ACG#BCS�F#D�e#BED3j3BCS.PZSZe1D,F#N)BCI.D�_EN)BLS.e#BEN)_EN)?9A�S.F#D3_%N)_�'�G#N)PZS._LD3G �'G �dD3j3BCS.PZS._vF'S._
_EG#�#BED.ACR^?'S._�p)D3?#_ER^F#N)BCS.F'S._iPZS.R^_�R^P2e1D3BcA�S.?9ACN)_%s

• ?#D.A�S._ '�G#Nk_EN
�CS.P R^P2e1D3BcA�S.?9ACN)_�e'S.BCS�S~GdACR^z^R^[JS.HJI.DLF'S~_EG#�#BED.ACR^?'S h�e1D3B  ?]=K7:9<;>58",_ENk?�G#PZS_EG#�#BED.ACR^?'SiF#N�p-�.z^p)G#z^DiF#D3_7P2D3P2N)?9ACD3_8F#N G#P�IJ9<; A e =�r�F#N)p)zTS.BCS.F#D R^?9ACN)BE?'S.P2N)?9ACN G#P �3N)psACD3B
'�G#N%z^R^P2R<A�SLD2?��#P2N)BED\P ���dR^P2D~F#N%?#Q3_iGdACR^z^R^[-�-�3N)z^"dN)_E_EN%l!S.psACD\F#N��3NL_EN)BiBENsl�N)BER^F#DGp ;




 � � 	 � 	"������� ���

� L MkL�� E O)5 � � .#W,2�0,5
XY_7_EN)p)H)w,N)_ �iN)_EG#z<A�S.F#D3_�N �YR^_Ep)G#_E_CI.DvA��)P�D3� �,RTS.P2N)?9ACN G#P�e1N)_EDvF#N)p)R^_ER��3DYN)P '�G'S.z�'�G#N)B�ACBCS.�'S.z>1#D
p)R^N)?9Aq���'p)DOD3G�ACr)p)?#R^p)D#;O}dI.D S._Ee1N)psACD3_Ll�G#?#F'S.P2N)?9A�S.R^_LSO_EN)z^N)p)HJI.DhF#D3_�BEN)_EG#z<A�S.F#D3_�S�R^?#p)z^G#R^BkN�S
_EG'SOl�D3BEPZS�F#N�S.e#BEN)_EN)?9A�S.HJI.D#;OX p)D3P2e1D3?#N)?9ACNZj3B����'pJSOF'ShS.e#BEN)_EN)?9A�S.HJI.D h�- G#PZS�R^PZS.j3N)P �.S.z^N
e1D3B�P2R^z e'S.zTS-�,BCS._�4 . p~rkG#PZS\S.BcACN%PZS._�P~G#R<ACD�e1D,F#Nk_EN)B S.e#BEN)?#F#R^F#D\N%P~G#R<ACD3_�N)BEBED3_iN��,R<A�S.F#D3_); 7� SZ_EN)p)HJI.D�F#N��iN)_EG#z<A�S.F#D3_ F#N��3N�)@_EN�p)D3P2N)HJS.B e1D3BYBENsl�N)BER^B '�G'S.R^_ D3_YpJS._ED3_vF#N�N)_cACG#F#D�G#_CS.F#D3_
?#D3_YACN)_cACN)_vN~?'S2l!S._EN~F#N~N��de#z^D3BCS.HJI.D�F#D h�_6pie#BED3j3BCS.PZSgh�_6p�N~_EQ�N)?9A�I.D�_EN~e'S._E_CS.BkS.D3_YBEN)_EG#z<A�S.F#D3_
D3�dACR^F#D3_�?#D3_ b �dN)P2e#z^D3_�F#D2N)?�G#?#p)RTS.F#D#;

�YN��3N)P�_EN)B�ACR^F#D3_�N)Pxp)D3?9A�S2S.z^j3G#?#_iS._Ee1N)psACD3_%"�?#D3P2NJS.F'S.P2N)?9ACN/+

• r�?#N)p)N)_E_��.BER^DK_EN)z^N)p)p)R^D3?'S.B�p)BER<ACN)BER^D3_CS.P2N)?9ACNZD3_�BEN)_EG#z<A�S.F#D3_ '�G#N�_EN�F#N��3N)P R^?#p)z^G#R^B�?#DKBEN�)
zTS]ACQ3BER^D#;O},NZl�D3BEN)PyR^?#p)z^G��^F#D3_\h�N�F#N��3N)P�_EN)B�4rp BEN)_EG#z<A�S.F#D3_�e'S.BCS S.z^r)P�F#D3_~N)_cACBER<A�S.P2N)?9ACN
e1N)F#R^F#D3_i?#D2N)?�G#?#p)RTS.F#D�"'F#N��3N�_EN)B N��de#z^R^pJS.F'S\S\N)_cACBCS]ACr)j3RTS�F#N%N��de#z^D3BCS.HJI.D2_EN)j3G#R^F'S#"'R ; N.;2"'D
P2D.ACR��3D�e1N)z^D '�G'S.z A�S.R^_�BEN)_EG#z<A�S.F#D3_�l�D3BCS.P R^?#p)z^G��^F#D3_o?#D\BEN)zTS]ACQ3BER^D�s

• rkR^?��dACR^z R^?#p)z^G#R^B z^D3?#j9S._oz^R^_cA�S._�F#Nk?��#P2N)BED3_%"'e1D3R^_�N)_cA�S._i?'I.D\_EN)BCI.D2z^R^F'S._o?#N)Pxe1N)BEP2R<ACN)PxS'�G#N)P�z��vD\ACBCS.�'S.z>1#D�N��,ACBCS.R^BiS._i_EG'S._ie#BEQ3e#BERTS._�p)D3?#p)z^G#_Ew,N)_%s

• _EN)P2e#BEN '�G#N�e1D3_E_@���3N)z^"*S._~z^R^_cA�S._�F#N��3N)P�_EN)B�_EG#�#_cACR<ACG��^F'S._�e1D3B�A�S.�1N)zTS._�D3G �'j3G#BCS._%"*p)G��CS
R^?9ACN)BEe#BENsA�S.HJI.D\_EN
�CS\PZS.R^_ l �.p)R^z^s

• F#N��3NLN��,R<A�S.B )@_ENLS\S.e#BEN)_EN)?9A�S.HJI.DZF#NLN)z^N)P2N)?9ACD3_�BEN)F#G#?#F'S.?9ACN)_); !�D3BiN��dN)P2e#z^D�"#_ENL_ENLR^?#p)z^G#R^BG#PZS �'j3G#BCS�p)D3P D3_�N)BEBED3_�F#N�R^?9ACN)BEe1D3zTS.HJI.D�" N)?9A�I.D�?'I.D�_EN�F#N��3N�R^?#p)z^G#R^B%A�S.P~�1r)P G#PZS
A�S.�1N)zTS~p)D3?9ACN)?#F#D�S�P2N)_EPZS~R^?dl�D3BEPZS.HJI.D�s

• ?'I.DY_ENoF#N��3NiS.e#BEN)_EN)?9A�S.B p)D3P2D �'j3G#BCSYD3G�A�S.�1N)zTSiG#P BEN)_EG#z<A�S.F#D '�G#Noe1D3_E_CSv_EN)B7p)D3?#F#N)?#_CS.F#D?�G#PZS~l�BCS._EN%_ER^P2e#z^N)_oD3GO?�G#PZS�N��de#BEN)_E_CI.D�S.?'S.z>�<ACR^pJSd;
!7S.BCSvACD,F#D3_ D3_ pJS._ED3_*N)_cACG#F'S.F#D3_���D3_ e1N)F#R^F#D3_*?#DkN)?�G#?#p)RTS.F#DkN�D3GdACBED3_ '�G#N�A�S.P~�1r)P�ACN)?�1'S.P

_ER^F#D2S.?'S.z^R^_CS.F#D3_���F#N��3N)P�_EN)B S.e#BEN)_EN)?9A�S.F#D3_*+

• D3_*F'S.F#D3_ F#NiN)?9ACBCS.F'Ske'S.BCSke1N)BEP2R<ACR^B SkBEN)e#BED,F#G#HJI.DLF#D3_*BEN)_EG#z<A�S.F#D3_);*b*_cA�S%F#N)_Ep)BER^HJI.DLe1D,F#N_EN)Bvp)D3P2e#z^N)P2N)?9A�S.F'SZp)D3P G#PZS �'j3G#BCS�D3G�S.?#N��dD�p)D3?9ACN)?#F#D�G#PZSZp)Q3e#RTSZF#D3_ �'p61#N)R^BED3_vF#N
A e$9<a]fcs

• D3_�BEN)_EG#z<A�S.F#D3_%"#_ED3�hS�l�D3BEPZS~F#N%?��#P2N)BED3_%" 58a]f 9<a]f I�F#D\e#BED3j3BCS.PZS#",A�S.�1N)zTS._oN �'j3G#BCS._%"'NsACp$s

• S.?#D.A�S.H)w,N)_iNLp)D3P2N)?9A �.BER^D3_�BENsl�N)BER^?#F#D2D3_ S._Ee1N)psACD3_ PZS.R^_�_ER^j3?#R��'pJS]ACR��3D3_�F#D3_ BEN)_EG#z<A�S.F#D3_%"�_EN?'I.D%l�D3BEN)P N��,R^F#N)?9ACN)_oS%e'S.BcACR^B*F'SLz^N)R<ACG#BCSkF#D3_ 58a]f 9<a]f IK"�A�S.�1N)zTS._ D3G �'j3G#BCS._%",PZS._ _EN)P pJS.R^B
N)PxBEN)F#G#?#FgZ.?#p)RTS\BEN)zTS]ACR��.S.P2N)?9ACN \_EN)p)HJI.D '�G#NL?#D3BEPZS.z^P2N)?9ACNv_EN%_EN)j3G#N�h �YR^_Ep)G#_E_CI.DGp ;




 � ��� � �
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� L MkL�� � V%5 � ��5 5 �,0
X _EN)p)HJI.D �YR^_Ep)G#_E_CI.D F#N)_EN)P2e1N)?�1'Sh?�G#P BEN)zTS]ACQ3BER^D�ACr)p)?#R^p)D G#P�e'S.e1N)z l�G#?#F'S.P2N)?9A�S.z e1D3BLF#G'S._
BCS.[)w,N)_*+7e1D3B G#P zTS.F#D�"3ro?#N)_cA�Sk_EN)p)HJI.D '�G#N�D%S.GdACD3B7l!S.[�SvR^?9ACN)BEe#BENsA�S.HJI.DkF#D3_*BEN)_EG#z<A�S.F#D3_ D3�dACR^F#D3_%s
e1D3B�D3GdACBED\zTS.F#D�"#r%_EN)P2e#BEN%G#PZS~N)_Ee1r)p)R^NLF#N%e1D3?9ACN%N)?9ACBEN%D3_iBEN)_EG#z<A�S.F#D3_�NLS._ip)D3?#p)z^G#_Ew,N)_);
X �YR^_Ep)G#_E_CI.D�e#BED3e#BERTS.P2N)?9ACN%F#R<A�S�rLP~G#R<A�S._ �3N)[)N)_Yl�G#?#F#R^F'S\p)D3P�S2S.e#BEN)_EN)?9A�S.HJI.D�F#D3_ BEN)_EG#z )

A�S.F#D3_%"'_EN)P '�G#NkA�S.z e#BEN
�EG#F#R�'�G#NLS '�G'S.z^R^F'S.F#NvN%p)zTS.BEN)[JS�F#D\BEN)zTS]ACQ3BER^D#; � D\N)?9A�S.?9ACD�"'p)D3? �3r)PxACN)B
e#BEN)_EN)?9ACN '�G#N SkF#R^_Ep)G#_E_CI.DLF#D3_ BEN)_EG#z<A�S.F#D3_*ACN)P '�G#NiN��dR^_cACR^B*_EN)P2e#BEN$"�Ni?'I.D%e1D,F#N�?�G#?#pJS%_EN)B G#PZS
BEN)pJS.e#R<ACG#zTS.HJI.D�PZS.R^_oD3GOP2N)?#D3_�Q3� �,RTS�F#N)_cACN)_);

� G#PZS �YR^_Ep)G#_E_CI.D�R^?9ACN)BEe#BENsA�S�)@_EN$" ?'I.D _EN�BEN)pJS.e#R<ACG#zTSd; � �,R<A�S.z ?#N)_cA�S _EN)p)HJI.D�BEN)_Ee1D3?#F#N)B�._
e1N)BEj3G#?9A�S._ p)D3z^D,pJS.F'S._*?#D%N)?�G#?#p)RTS.F#DLD3G2_EG#_Ep)R<A�S.F'S._ ?#D%F#N)p)G#BE_ED�F#DkACBCS.�'S.z>1#D#; � G#PZS �YR^_Ep)G#_E_CI.D
F#N��3N�)@_ENhN��de#z^R^pJS.B�N)P ACN)BEP2D3_�j3z^D3�'S.R^_~N)P '�G#N�P2N)F#R^F'S�D3_\BEN)_EG#z<A�S.F#D3_\p)D3R^?#p)R^F#N)P p)D3P D3G _EN
F#N)_ �,RTS.P�F#D3_ BEN)_EG#z<A�S.F#D3_iN)_Ee1N)BCS.F#D3_YD3GOp)D3?�1#N)p)R^F#D3_ F'S\z^R<ACN)BCS]ACG#BCS#"#R ; N.;2"'F#N��3N�_EN)B F#N)_EN)? �3D3z��,R^F'S
G#PZSkS.?.�.z^R^_EN p)D3P2e'S.BCS]ACR��.S N '�G'S.z^R<A�S]ACR��.Sd; Y PZSY_ER<ACG'S.HJI.DkF#N�F#N)_ �,R^DkBEN)zTS]ACR��.S.P2N)?9ACNoS.DkN)_Ee1N)BCS.F#D
ACN)D3BER^pJS.P2N)?9ACN e1D,F#Ni?'I.D�R^?#F#R^p)RTS.B*G#P N)BEBED�F#NYe#BED3j3BCS.PZS.HJI.D\h '�G#NYF#N��3N)BERTS%ACN)B�_ER^F#D�F#NsACN)psA�S.F#D�N
N)z^R^P2R^?'S.F#DY?#D3_*ACN)_cACN)_6p*PZS._*_ER^P G#P e#BED3�#z^N)PZSvp)D3P�e'S.BcACR^p)G#zTS.BER^F'S.F#N)_ R^?9ACN)BEN)_E_CS.?9ACN)_%"dSkP2N)BEN)p)N)B
S.e#BED.l�G#?#F'S.P2N)?9ACD#;

� S BEN)F'S.p)HJI.D�F#N)_cA�S _EN)p)HJI.D�" F#N��3N)P N��,R<A�S.B )@_ENZN��de#BEN)_E_Ew,N)_ �.S.j9S._~N�e1D3G#p)D BER^j3D3BED3_CS._);�b �)
e#BEN)_E_Ew,N)_OA�S.R^_�p)D3P2D -EuyN)BEBED l�D3Rkj3N)BCS.z^P2N)?9ACN�P~G#R<ACD e1N*'�G#N)?#D�.�?'I.D _CI.D S.F#N*'�G'S.F'S._); Y PZS
N��de#BEN)_E_CI.D�p)D3BEBEN)psA�Sh_EN)BERTS#"7e1D3B%N��dN)P2e#z^D�" - N)P�ACD,F#D3_�D3_LpJS._ED3_�F#N2ACN)_cACN$" DhN)BEBEDOl�D3R R^?dl�N)BER^D3BLS
qd;<:�� .�;�!7S.BCSLS.z^r)P F#Ni_EN)B�p)D3P2e#z^NsA�S.P2N)?9ACNoD3��EN)psACR��.S\h�- P~G#R<ACDve1N*'�G#N)?#D�. F#N)e1N)?#F#N F#DLp)D3?9ACN��,ACD�"
qd;<:�� ?'I.DGpc"�N)_cA�S�N��de#BEN)_E_CI.D~P2D3_cACBCS '�G#NYD~S.GdACD3B p)D3P2e#R^z^D3G\NYS.?'S.z^R^_ED3G\F#N��,R^F'S.P2N)?9ACN D3_��.S.z^D3BEN)_
?�G#P2r)BER^p)D3_�D3�dACR^F#D3_%"�'�G#NLr%e#BEN)p)R^_CS.P2N)?9ACN%D '�G#NL_EN%e#BENsACN)?#F#N.;
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f(x) = (1 − x2)1/2 3 Ω̄ = [0,
√

3/2]
M

�7R^j3G#BCS�X�;WV,;WV + �kN)D3P2NsACBERTS�e'S.BCS
D !*BED��EN)psACDZX�;WV,; | ��
	

����



� � � �����*	����
�����*����������	�� � ����	����

#4T�Qi�"���"
)�$�+!5�$�[�"
)
�� ,-��� �"�)�7#%�[!4�[��0%
��-z6�+�(��YL<��B#5�(FQ&%!5YL<��
f
��#5�/#%�"
)�+����#5�

f ′
MsqJ���)�)
��

�/�)&4�(�"�9��2+&5YL<��B,-���w�[�-�)04��YL��� �"!����B#%���i!5A��LM(NQ	n��� ��04��
�
y′0
����27��
��-�s��0%
���0%
)����#%��� S��

FQ&%!5Y-Z��-�p�+!����"
)01��2���#5���LM T

� @DCN@�� Qi�-���"!��9��2+���O&%�;0%
���8�
���(�D04��
�D�?,Lc�27,"&%27�?#%��FIH&J K1LNMOF\,�6%�%�7,-���J,-���;!5A��B�-I�&%�7#6�7�)���!����-�LM
� 0%2+�7I�&5�>�-�)���>0%
���8�
���(�a�a��2+8�&%!5�C,L�������J#%�\���-�)����3s!5��� �L��#5��� �"!���� SD�+!����"
)01��2���YL<�� #5���
���"8�&%�+!����-�pFQ&%!5Y-Z��-�LS

�9T
f(x) = cos x

3
Ω̄ = [0, π/2]
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f(x) = sinx
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Ω̄ = [0, π/2]
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f(x) = x4 3 Ω̄ = [0, 2]
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f(a + ih) = f(a) + ihf ′(a) − h2

2!
f ′′(a) − ih3
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f ′′′(a) + · · ·
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f(x) = sin(x2)

3
a = 1
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f(x) = x9/2 3 a = 1.5
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f(x) = exp(x)/(sin3(x) + cos3(x))
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a = 1.5
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u(0) = 0, u(L) = L/100
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A(x) = A
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E(x) = E
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1 − ξ
���

1/2 ≤ ξ ≤ 1
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�9T ∫ π/2
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�9T ∫ π/2
0 ln(1 + 2 arctan(x/2)) dx

�uT ∫ 2
1 exp[−1/((2 − x)(x − 1))] cos x dx

,�T ∫ 2
0 (1 + x2) sin(1 + x3) dx
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[(X − x)2 + Y 2]1/2
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γi cos(kai), γi =
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�9T ∫ 2π
0 cos(kx)x sinx dx
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�uT ∫ 1
0 cos(100πx) exp x dx

,�T ∫ 1
0 cos(10πx)/(1 + x2) dx
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ln |x + sinx| − cos x = 0, x > 0
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x0.8 − 2x0.3 − 2.5 = 0, x > 0
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tanx − x1/2 = 0, x ∈ (0, 2π)
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a = 0.0, 0.1, 0.2, . . . , 2.0
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f(x) = expx − 2 + 0.5x2

�uT
f(x) = cos x − |x|1/2
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f(x) = 1 − x/

[

x − (sinx)3/6 + x5/120
]
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x 1.000 1.125 1.250 1.375 1.500 1.625 1.750 1.875 2.000

y 9.80 11.71 13.76 16.02 18.08 20.75 22.93 25.89 28.77
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z
N �/T

10. 20. 30. 40. 50. 60. 70. 80. 90. 100.

v
N �����UT

4.9 5.4 5.7 6.1 6.3 6.3 6.4 6.7 6.8 6.9

z
N �/T

200. 250. 300. 350. 400. 450. 500. 550. 600.

v
N �����UT

7.6 8.0 8.3 8.3 8.6 8.8 8.7 9.1 9.1
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T (K) µ × 105 T (K) µ × 105

(kg m−1s−1) (kg m−1s−1)

200 1.360 2800 8.145
400 2.272 3000 8.516
600 2.992 3200 8.878
800 3.614 3400 9.232

1000 4.171 3600 9.579
1200 4.695 3800 9.918
1400 5.197 4000 10.252
1600 5.670 4200 10.580
1800 6.121 4400 10.902
2000 6.553 4600 11.219
2200 6.970 4800 11.531
2400 7.373 5000 11.838
2600 7.765
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µ = (1.458)10−6T 1.5/(T + 110.4)
FQ
��-I�&5�"!����"� �"!����E&%�)�+2+�+*���#5� 04��
�(�Uz60%
)�+�$�+
i�$���7��,-���)�7#5��#%�'#%�s&%� �5&%�7#%�/�"� FQ&%!5YL<��/#5�$���"���
01�"
���)&%
�6M

� @���@BA.C QR�7�)01Z��"�������_#%�C� �-#6�7Y-Z��-�@#5���B,-����
�#%�"!5#5���
(xi, yi)

3
i = 1, . . . ,m
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x 5.004 4.428 2.917 1.077 −0.4271 −1.001 −0.4360 1.073 2.936 4.433

y 1.990 3.765 4.857 4.851 3.773 1.995 0.2401 −0.845 −0.856 0.2440
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x2 − xy − 20y2 = 1

x2 − 5xz + 6z2 = 0

x2y + xyz + z3 = 4
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x(ln(y2 + 1) + x) − 2 = 0

x + y + 1

y3 + 2
+ 1 = 0
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(x + y − 3)2 (y + 1)

(y − 1)2 + 1
− 1 = 0

(x − 2) (y + 1)2 − 1 = 0
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−u′′ + u = x2, 0 < x < 1, u(0) = 1, u′(1) = 0
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�uT
u′ = sin(t + u)

3
u(0) = 0

3
t ∈ (0, 3]

,�T
u′ = exp(−u)(t2 + sinu)

3
u(0) = 1

3
t ∈ (0, 2]
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u′ = 1/t2 − u/t − u2 3 u(1) = −1
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t ∈ (1, 2]
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u′ + u = exp(−t)
3

u(0) = 0
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t ∈ (0, 2]
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u′ = t − 1/u
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u(0) = 1
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t ∈ (0, 1]
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u′ = 1/x2 − u/t − u2 3 u(1) = −1
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t ∈ (1, 2]
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u′ = t + u
3

u(0) = 0
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u′ = 1 − u/t
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u(2) = 2
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t ∈ (2, 3]
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u′ = t − u2 3 u(0) = 1
3

t ∈ (0, 1]
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u′ = 1/(t + u)
3

u(0) = 1
3

t ∈ (0, 2]
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u′ = t − 1/u
3

u(0) = 1
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t ∈ (0, 1]
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u′′ = 2(exp(2t) − u2), u(0) = 0, u′(0) = 1, t ∈ (0, 1]
g

�uT
u′′ = 2u3, u(1) = 1, u′(1) = −1, t ∈ (1, 2]

g
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u′′ + 3u2 = −(u′)2, u(0) = 5, u′(0) = 0, t ∈ (0, 4]
g
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θ′′ + aθ′ + bθ = 0, θ(0) = π/4, θ′(0) = 0, t ∈ (0, 100]
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