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Chapter 1

Basics on Linear Algebra

1.1 Multichannel image processing

Around the world in little more than 80 minutes, the two Landsat satellites streak silently
across the sky in near polar orbits, recording images of terrain and coastline, in swaths 185
kilometres wide. Every 16 days, each satellite passes over almost every square kilometre
of the earth’s surface, so any location can be monitored every 8 days.

Sensors aboard the satellite acquire seven simultaneous images of any region on earth
to be studied. The sensors record energy from separate wavelength bands— three in the
visible light spectrum and four in infrared and thermal bands. Each image is digitised
and stored as a rectangular array of numbers, each number indicating the signal intensity
at a corresponding small point (or pixel) on the image. Each of the seven images is one
channel of a multichannel or multispectral image.

The seven Landsat images of one fixed region typically contain much redundant infor-
mation, since some features will appear in several images. Yet other features, because of
their colour or temperature, may reflect light that is recorded by only one or two sensors.
One goal of multichannel image processing is to view the data in a way that extracts
information better than studying each image separately.

Principal component analysis is an effective way to suppress redundant information
and provide in only one or two composite images most of the information from the initial
data. Roughly speaking, the goal is to find a special linear combination of the images, that
is, a list of weights that at each pixel combine all seven corresponding image values into
one new value. The weights are chosen in a way that makes the range of light intensities —
the scene variance — in the composite image (called the first principal component) greater
than that in any of the original images.

Principal component analysis is illustrated in the photos below, taken over Railroad
Valley, Nevada. Images from three Landsat spectral bands are shown in Figure[1.1] (a)—(c).
The total information in the three bands is rearranged in the three principal component
images in Figure (d)—(f). The first component (d) displays (or “explains”) 93.5%
of the scene variance present in the initial data. In this way, the three-channel initial
data have been reduced to one-channel data, with a loss in some sense of only 6.5% of the
scene variance. Earth Satellite Corporation of Rockville, Maryland, which kindly supplied
the photos shown here, is experimenting with images from 224 separate spectral bands.
Principal component analysis, essential for such massive data sets, typically reduces the
data to about 15 usable principal components.
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(a) Spectral band 1: Visible blue. (b) Spectral band 4: Near infrared. (c) Spectral band 7: Mid-infrared.

(d) Principal component 1: 93.5%. (e) Principal component 2: 5.3%. (f) Principai component 3: 1.2%.

Figure 1.1: Principal component analysis of satellite images over Railroad Valley, Nevada.

Symmetric matrices arise more often in applications, in one way or another, than
any other major class of matrices. The theory is rich and beautiful, depending in an
essential way on both diagonalisation and orthogonality. The diagonalisation of a sym-
metric matrix, described in Section 1.1, is the foundation for the discussion in Sections
1.2 and 1.3 concerning quadratic forms. Section 1.3, in turn, is needed for the final two
sections on the singular value decomposition and on the image processing described in
the introductory example. Throughout the chapter, all vectors and matrices have real
entries.

1.2 Symmetric matrices

A symmetric matrix is a matrix A such that AT = A .Such a matrix is necessarily square.
Its main diagonal entries are arbitrary, but its other entries occur in pairs — on opposite
sides of the main diagonal.

There are some relevant properties of symmetric matrices.

Theorem 1.1. If A is symmetric, then any two eigenvectors from different
ergenspaces are orthogonal.

Proof. Exercise. ]
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An n x n matrix A is said to be orthogonally diagonalisable if there are an or-
thogonal matrix P (with P~! = PT) and a diagonal matrix D such that

A=PDP" = PDP!. (1.1)

Exercise 1.1. Show that if A is orthogonally diagonalisable, then A is symmetric.

Theorem [I.2] below shows that, conversely, every symmetric matrix is orthogonally
diagonalisable. The proof is much harder and is omitted; the main idea for a proof is
given in the proof of Theorem [I.3]

Theorem 1.2. An n x n matriz A is orthogonally diagonalisable if and only if A
1S a symmetric matrix.

The set of eigenvalues of a matrix A is called the spectrum of A, and the following
description of the eigenvalues is called a spectral theorem.

Theorem 1.3 (Spectral theorem for symmetric matrices). Let A be an n x n real
symmetric matriz. Then:

(a) A has n real eigenvalues, counted with multiplicities.

(b) For each eigenvalue A, the dimension of its eigenspace (the geometric multi-
plicity) equals the multiplicity of X as a root of the characteristic polynomial
(the algebraic multiplicity).

(¢) Figenvectors corresponding to distinct eigenvalues are mutually orthogonal.

(d) A is orthogonally diagonalisable; that is, there exists an orthogonal matrixz P
such that PT AP is diagonal.

Proof. Part (a) is left as an exercise. Part (b) follows from part (d) as follows: if A =
PTDP with P orthogonal and D diagonal, then A — X\ = PT(D — A )P. Since P is
invertible,

dim Nul(A — AI) = dim Nul(D — \I),

and for a diagonal matrix D, Nul(D — AI) has dimension equal to the number of times
A appears on the diagonal. Hence, the geometric multiplicity of A equals its algebraic
multiplicity. Part (c) is a standard property of symmetric matrices (see Theorem :
eigenvectors corresponding to distinct eigenvalues are orthogonal. For part (d), by Schur’s
Theorem, there exists an orthogonal matrix @ such that QT AQ = T is upper triangular.
Since A is symmetric,

T" = (QTAQ)" = QTATQ = Q"AQ =T,

so T'is both symmetric and upper triangular, which implies that 7" is diagonal. Therefore,
A is orthogonally diagonalisable. O
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Suppose A = PDP~!, where the columns of P are orthonormal eigenvectors u,, . . ., u,
of A and the corresponding eigenvalues A, ..., \, are in the diagonal matrix D. Then,
since P~ = PT,

)\1 u,{
A=PDP" =[uy -+ w,) Dl o= w4 Al (1.2)
Ao | |ud

This representation of A is called the spectral decomposition (or the eigenvalue

decomposition) of A because it breaks up A into pieces determined by the spectrum

(eigenvalues) of A. Each term in is an n X n matrix of rank 1. For example, every

column of A\juyul is a multiple of u; (check with an example). Furthermore, each matrix
T T

uju; is a projection matrix in the sense that for each z € R", the vector (ujuj )z is

the orthogonal projection of x onto the subspace spanned by u.

Remark 1.1 (Orthogonal projections). Given a nonzero vector u € R", consider the
problem of decomposing a vector y € R™ into the sum of two vectors, one a multiple of u
and the other orthogonal to uw. We wish to write

y=9+2 (1.3)

where =au for some scalar a and z is some vector orthogonal to u. Given any scalar c,
let z =y — au, so that (1.3) is satisfied. Then y — § is orthogonal to u if and only if

T

(y —9) v =y"u—au"u=0.

That is, (1.3)) is satisfied with z orthogonal to w if and only if

T A yTu

a:y— and = “u.

The vector 1 is called the orthogonal projection of y onto u, and the vector z is called
the component of y orthogonal to u. The Orthogonal Decomposition Theorem
states the following: let W be a subspace of R™. Then each y in R™ can be written
uniquely in the form where 4 is in W and z is in WL, In fact, if {u1,... ,u,} is
any orthogonal basis of W, then

T T
.Yy u Y Uy
Y= —F—ur+-+——u

u1u1 U,,,ur

and z =y — 4. The vector y is called the orthogonal projection of y onto W and the

T, . . .
scalars o = ZT_ZJ,7 j=1,...,r, are the components of y in the basis {uy,...,u,}. O
] .

Exercise 1.2. Let u be a unit vector in R™, and let B = uu’.

(a) Given any x in R™, compute Bx and show that Bx is the orthogonal projection
of x onto u.

b) Show that B is a symmetric matriz and B?> = B.
(b) y

(c) Show that u is an eigenvector of B. What is the corresponding eigenvalue?
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Figure 1.2: Orthogonal projection.

Exercise 1.3. Let B be an n x n symmetric matriz such that B> = B. Any such
matriz is called a projection matriz (or an orthogonal projection matrix).
Given any y in R", let y = By and z =y — 3.

(a) Show that z is orthogonal to g.

(b) Let W be the column space of B. Show that y is the sum of a vector in W and
a vector in W+. Why does this prove that By is the orthogonal projection of
y onto the column space of B?

In MATLAB, computing the spectral decomposition is straightforward.
Listing 1.1: Spectral decomposition in MATLAB

% Create a random symmetric matrix 4x4
X =rand(4); A = X’xX;

% Compute the eigenvalues and eigenvectors; V contains the
eigenvectors, D contains the eigenvalues on the diagonal
[P, D] = eig(A);

% Check the results (A= PDP?’)
A == PxD%P’

1.3 Quadratic forms

A quadratic form on R” is a function @) defined on R™ whose value at a vector x € R"
can be computed by an expression of the form Q(z) = a7 Az, where A is an n x n
symmetric matrix. The matrix A is called the matrix of the quadratic form. The
simplest example of a nonzero quadratic form is Q(z) = 27 Ax = ||z]|.
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Exercise 1.4. Let x = Bll . Compute 2T Az for the following matrices:
2
0

(@A:B 3}; (b)A:{_?’z _72]

Exercise 1.5. For xz € R?, let Q(x) = ba? + 323 + 2735 — x129 + 8xow3. Write this
quadratic form as x* Ax.

In some cases, quadratic forms are easier to use when they have no cross-product
terms — that is, when the matrix of the quadratic form is a diagonal matrix. Fortunately,
the cross-product term can be eliminated by making a suitable change of variable.

If x represents a variable vector in R”, then a change of variable is an equation of
the form

r=Py < y=Pla,

where P is an invertible matrix and y is a new variable vector in R". Here y is the
coordinate vector of x relative to the basis of R™ determined by the columns of P.
If the change of variable is made in a quadratic form 27 Az, then

o’ Az = (Py)TA(Py) = y" (PTAP)y

and the new matrix of the quadratic form is PTAP. Since A is symmetric, there is an
orthogonal matrix P such that PTAP is a diagonal matrix D, and the quadratic form in
becomes yT Dy.

Exercise 1.6. Make a change of variable that transforms the quadratic form in
FEzercise[1.4) into a quadratic form with no cross-product term.

Solution. The matrix of the quadratic form in Exercise [I.4] is

A:b :g‘]

The first step is to orthogonally diagonalise A. Its eigenvalues turn out to be
/\1 =3 and )\2 =-T.

Associated unit eigenvectors are

i) o=l

These vectors are automatically orthogonal (because they correspond to distinct eigen-
values) and therefore provide an orthonormal basis for R?. Let

1

2 1
S R
0y
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Then A = PDP~! and D = P~'AP = PT AP, as noted earlier.
A suitable change of variable is

r = Py, wherexz = Bl} , Y = Bj .
Then
x] — 8x119 — 525 = 17 Av = (Py)T A(Py) = y" PT APy = y" Dy = 3y} — Ty5.
The quadratic form in the new variables y; and ys has no cross-product term. O
To illustrate the meaning of the equality of quadratic forms in the previous exercise,

we can compute @Q(x) for z = using the new quadratic form.

2
—2
First, since x = Py, we have y = P~z = PTz, so

2 —1 6
Vv L B

Then the quadratic form in the y-variables is

R2 xTAx

Multiplication I
by P 0 16

R? '

Figure 1.3: Change of variable in 27 Ax.

Theorem 1.4 (Principal Axes Theorem). Let A be an n X n symmetric ma-
trix. Then there is an orthogonal change of variable, x = Py, that transforms
the quadratic form ¥ Az into a quadratic form y* Dy with no cross-product term.

The columns of P in the theorem are called the principal axes of the quadratic form
2T Az. The vector y is the coordinate vector of  relative to the orthonormal basis of R”
given by these principal axes.
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When A is an n X n matrix, the quadratic form Q(x) = 7 Az is a real-valued function
with domain R". For each point x = (21, x2) in the domain of a quadratic form @, the
graph displays the point

(x1,29,2) where 2z =Q(z).
Notice that, except at © = 0, the values of Q(z) are all positive in Figure 4(a) and

all negative in Figure 4(d). The horizontal cross-sections of the graphs are ellipses in
Figures 4(a) and 4(d), and hyperbolas in Figure 4(c).

Definition 1.1. A quadratic form @ is:
(a) positive definite if Q(x) > 0 for all x # 0,
(b) negative definite if Q(x) < 0 for all x # 0,

(c¢) indefinite if Q(x) assumes both positive and negative values.

\. J

Also, @ is said to be positive semidefinite if Q(z) > 0 for all z, and negative
semidefinite if Q(z) <0 for all z.

Next theorem characterises quadratic forms in terms of eigenvalues.

Theorem 1.5 (Quadratic forms and eigenvalues). Let A be an n x n symmetric
matriz. Then the quadratic form Q(x) = zT Az is

(a) positive definite if and only if the eigenvalues of A are all positive,
(b) negative definite if and only if the eigenvalues of A are all negative, or

(c¢) indefinite if and only if A has both positive and negative eigenvalues.

Proof. By the Principal Axes Theorem, there exists an orthogonal change of variables
xr = Py such that

Q(z) = 2" Az = y" Dy = Myl + Xoys + -+ + Ay, (1.4)

where A1,..., A, are the eigenvalues of A. Since P is invertible, there is a one-to-one
correspondence between all nonzero vectors x and all nonzero vectors y. Thus, the values
of Q(x) for x # 0 coincide with the values of the expression on the right-hand side of
, which is clearly determined by the signs of the eigenvalues A, ..., \,, in the three
cases described in the theorem. O

Example 1.1. Is the quadratic form Q(z) = 3x{ + 223 + x2 + 4x119 + 41273 positive
definite? Because of all the plus signs, this form may appear to be positive definite.
However, the symmetric matrix of the form s

A:

SN W
DN DN DN
_ N O

and the eigenvalues of A turn out to be 5, 2, and —1. Therefore the quadratic form is
indefinite, not positive definite. O
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The classification of a quadratic form is often carried over to the associated matrix.
Thus, a positive definite matriz A is a symmetric matrix for which the quadratic form
2T Az is positive definite. Other terms, such as positive semidefinite matriz, are defined
analogously.

Remark 1.2 (Numerical note). A fast way to determine whether a symmetric matrix
A is positive definite is to attempt to factor A in the form A = RTR, where R is upper
triangular with positive diagonal entries. (A slightly modified algorithm for an LU fac-
torisation is one approach.) Such a Cholesky factorisation is possible if and only if A
1s positive definite. O

Listing 1.2: Classify a symmetric matrix efficiently

function classification = classifySymmetric(A)
HCLASSIFYSYMMETRIC Classify a symmetric matrix efficiently.
% Returns a string: °’PD’, ’PSD’, ’ND’, °’NSD’, or ’Indefinite’

% Ensure matrix is symmetric
if “isequal (A, A’)

error (’Matrix must be symmetric.?’);
end

% Fast check for positive definite using Cholesky
[, pl] = chol(A);

if p == 0
classification = ’PD’; % Positive Definite
return

end

%» Compute eigenvalues for all other classifications
eigvals = eig(A);

if all(eigvals >= 0)

classification = ’PSD’; J Positive Semidefinite
elseif all(eigvals <= 0)

if any(eigvals < 0)

classification = ’ND’; ¥ Negative Definite
else
classification = ’NSD’; % Negative Semidefinite
end
else
classification = ’Indefinite’;
end
end

Exercise 1.7. Let A be an n X n invertible symmetric matriz. Show that if the
quadratic form Q(x) = zT Az is positive definite, then the quadratic form Qn,(x) =
2T A=Y is also positive definite. Hint: Consider the eigen-decomposition of A.
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1.4 Constrained optimisation

Often, we are interested in finding the mazimum or minimum of a quadratic form
Q(z) = 2" Az
subject to a constraint on the vector x € R™. A particularly important case is when x is

restricted to be a unit vector, which can be expressed in several equivalent ways:

lzll =1, Jzll=1, 2'z=1,

or, in expanded form,
i 2t =1, (1.5)
The expanded form (1.5)) is often used in applications because it explicitly shows the

contribution of each coordinate.

Remark 1.3 (Connection to the Rayleigh quotient). The Rayleigh quotient of a real
n X n matriz A and a nonzero vector x € R™ is defined as

TA
R(x) = 2T Ax

2T
Since R(ax) = R(x) for any scalar o # 0, it suffices to consider vectors x on the unit
sphere, ||z|| = 1, where the Rayleigh quotient coincides with the quadratic form

R(x) = 2" Ax.

Consequently, finding the maximum or minimum of the quadratic form over unit vectors
1s equivalent to finding the maximum or minimum of the Rayleigh quotient. U

Denote the left and right endpoints of this interval by m and M, respectively. That
is, let
m =min{z’ Az | ||z| =1}, M =max{z" Az | ||z|| = 1}. (1.6)

Exercise 1.8. Show that that for any symmetric matriz A, the set of all possible

values of
zT Az, for x| = 1,

1s a closed interval on the real axis.

Solution. In fact, for a symmetric matrix A, it is well known that the Rayleigh quotient
satisfies

)\min S R($) S )\maxv

where A, and A\.. are the smallest and largest eigenvalues of A, and the extremal values
are attained when x is an eigenvector corresponding to these eigenvalues. In this way,
the Rayleigh quotient provides a direct connection between the quadratic form and the
eigenvalues of A. Restricting to the unit sphere, ||z|| = 1, we have R(z) = 27 Ax. Since
the unit sphere is compact and R(z) is continuous, by the intermediate value theorem,
all values between the minimum and maximum are attained. Hence,

{ZETALIZ‘ : ”‘TH = 1} = [)‘min7/\max]7

a closed interval on the real axis. OJ
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Exercise 1.9. Show that every value between m and M s attained by the Rayleigh
quotient for some unit vector.

Solution. Let u, and u; be orthonormal eigenvectors of A with eigenvalues m and M,
respectively. For any ¢ € [m, M|, define

t —
&:—mE[O,l], r=vV1—au, +Vou.
M—m
Since uTu; = 0 and ||u,|| = |lui|| = 1, we have ||z||> = 1. Moreover, using Au; = Mu,
and Au,, = mu,,
o' Ar = (1 —a)m+aM =t.
Hence, for each t € [m, M], there exists a unit vector x such that 27 Az = t. O

Listing 1.3: MATLAB code for constructing = for a given ¢ in between m and M

%% Define a symmetric matrix A
A =T[4 20; 23 0; 00 5]; % example 3x3 symmetric matrix

% Eigen-decomposition

[V,D] = eig(A);

[eigenvals, idx] = sort(diag(D), ’descend’); % descending
V = V(:, idx);

M = eigenvals(1); /% max eigenvalue
m = eigenvals(end); % min eigenvalue
ul = V(:,1); % eigenvector for max
un = V(:,end); % eigenvector for min

%.2f\n’, M);
%.2f\n’, m);

fprintf (’Maximum eigenvalue M
fprintf (’Minimum eigenvalue m

%% Choose a value t between m and M

t = (m + M)/2; % example: midpoint

alpha = (t - m)/(M - m); % compute alpha such that t = (l1-alpha)*m
+ alphaxM

%% Construct x as convex combination of ul and un
x = sqrt(alpha)*ul + sqrt(l-alpha)*un;

%% Normalize to ensure x is unit vector (numerical safety)
X = x / norm(x);

%% Verify

t_calc = x’ *x A * x;

fprintf (’Chosen t = %.2f\n’, t);

fprintf (’Calculated x°T A x = %.4f\n’, t_calc);
fprintf (’Norm of x = %.4f\n’, norm(x));
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The next theorem strengthens this result by showing that m and M are themselves

eigenvalues of A, just as in the previous example.

matriz. Then

m = H\llin 2TAr and M = mHax 2T Ax
[|l[|=1 |lz||=1

sponding eirgenvectors.

Theorem 1.6 (Extremal values of quadratic forms). Let A be a symmetric n X n

are eigenvalues of A. Moreover, the minima and mazxima are attained at corre-

The following MATLAB script, together with the subsequent theorem, illustrates and
formalises the relationship between the extremal values of a quadratic form on the unit

sphere and the eigenvalues of the matrix that defines it.

Listing 1.4: MATLAB code for random symmetric 2 x 2 matrix with eigenvectors plotted

% Generate a random symmetric 2x2 matrix
A = randn(2,2); A = (A + A’)/2;

% Compute eigenvalues and eigenvectors
[V,D] = eig(A); lambda = diag(D);

[lambda_max, idx_max] = max(lambda) ;
[lambda_min, idx_min] = min(lambda) ;
u_max = V(:,idx_max) ; % eigenvector for max
u_min = V(:,idx_min) ; % eigenvector for min

% Normalize eigenvectors to have norm 1
u_max = u_max / norm(u_max); u_min = u_min / norm(u_min) ;

% Sample unit vectors on the circle
theta = linspace (0,2*pi,200) ;
x = [cos(theta); sin(theta)]; % 2xN unit vectors

% Compute quadratic form for each sample
Q = zeros(l,length(theta));
for k = 1:length(theta)
QCk) = x(:,k) 7*A*x(:,k);
end

%% Plot unit circle colored by quadratic form
figure(’Color’,’w’);

% Scatter points (do NOT appear in legend)

scatter (x(1,:),x(2,:), 50, Q, ’filled’, ’HandleVisibility’,’off’);

hold on
colormap(jet); colorbar
axis equal; grid on
xlabel (’x_1’); ylabel(’x_27)
title (’Unit circle colored by x°T A x°)

% Plot eigenvectors as arrows (legend only for these)
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hli = quiver(0,0,u_max (1) ,u_max(2),0,’r’,’LineWidth’,2,’MaxHeadSize
’,0.5);

h2 = quiver(0,0,u_min(1),u_min(2),0,’b’,’LineWidth’,2,’>MaxHeadSize
’,0.5);

% Add legend only for arrows
legend ([h1,h2], {’Max eigenvector’,’Min eigenvector’})

%% Plot quadratic form values vs angle

figure(’Color’,’w’);

plot (theta, Q, ’LineWidth’, 2); hold on

yline (lambda_max,’r--’,’LineWidth’,2,’Label’,’\lambda_{max}’);
yline(lambda_min,’b--’,’LineWidth’,2,’Label’,’\lambda_{min}’);

xlabel (’\theta’); ylabel(’x"T A x’)
title (’Quadratic form values on the unit circle’)
grid on

Theorem 1.7. Let A be a symmetric n X n matriz, and define

m = ”rr‘l‘in eT Az, M= Hm”aX T Az
z||l=1 z||=1
Then M 1is the greatest eigenvalue A1 of A and m is the least eigenvalue \,. The
value xT Az attains M when x is a unit eigenvector u, corresponding to i, and it
attains m when x is a unit eigenvector u, corresponding to \,.

Proof. Since A is symmetric, it admits an orthogonal diagonalization A = PDPT, where
P is an orthogonal matrix whose columns w4, ..., u, are orthonormal eigenvectors of A,
and D = diag(\y, ..., \,) with eigenvalues ordered so that Ay > Xy > -+ > A,,.

For any vector z € R", write x = Py. Because P is orthogonal,

[zl = [Pyl = [lyll-

Moreover,
2T Ax = (Py)TA(Py) = 4" PT(PDPT)Py =y Dy.
Thus

A=y Dy =3"Ay?,  whenever [[e] = |y = 1.
=1

Let y be any unit vector. Since yf + -+ +y2 =1 and \; > \; for all 4,
y'Dy = Ayl <> Ayl = A
i=1 i=1

Thus

Hm”ax T Ax < \;.
z||=1

But equality is achieved by choosing y = e; = (1,0,...,0)7, for which

y" Dy = ).
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The corresponding z is
r = Pe; = uq,

the unit eigenvector associated with A;. Hence

M = max 27 Az = ).
[lzll=1

A completely analogous argument, using A, < \; for all ¢, shows that

m = min z7 Az = \,,

[[=[I=1
with the minimum attained at x = w,,. This completes the proof. O

Exercise 1.10. Let

3 21

A=12 3 1

11 4
Find the maximum value of T Az subject to ||x|]| = 1 and a corresponding unit
vector.

In the next theorem and in later applications, the values of 27 Az are computed with
additional constraints on the unit vector x.

Theorem 1.8. Let A, A\i, and uy be as in Theorem [1.77. Then the mazimum of
2T Ax subject to

lz|| =1, zTu; =0
15 the second greatest eigenvalue N\, attained when x is the corresponding eigenvec-
tor usy.

The theorem can be proved by an argument similar to the one above in which the
theorem is reduced to the case where the matrix of the quadratic form is diagonal. The
next exercise gives an idea of the proof for the case of a diagonal matrix.

Exercise 1.11. Find the mazimum of Q(x) = 9z% + 4x3 + 322 subject to

2l =1, 2"w =0, w =(1,0,0)"

Solution. The constraint z7u; = 0 implies ; = 0. Then x% + x§ =1 and
Q(z) = 4x5 + 33 < 4(25 + 23) = 4.

Equality occurs at = = (0,1,0)7, which is an eigenvector corresponding to Ay = 4. ]
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Exercise 1.12. Let A be as in Exercise and let uy be a unit eigenvector
corresponding to \; = 6. Find the mazimum of x¥ Az subject to

|z =1, zTu; =0.

Solution. The second greatest eigenvalue is Ay = 3. Solving (A—37)z = 0 and normalizing
gives the eigenvector

1
uy = —(2,1,-2)7.
2 \/6( )
This vector is automatically orthogonal to u;, and 27 Az = 3 at 2 = us. O

The next theorem generalises the previous one and, together with Theorem [1.7] gives
a useful characterisation of all the eigenvalues of A. The proof is omitted.

Theorem 1.9. Let A be a symmetric n X n matriz with orthogonal diagonalisation
A = PDP~', where D has eigenvalues \y > Xg > -+ > N\, and P = [uy, ..., u,].
Then, for k =2,...,n, the mazimum of x* Ax subject to

|zl =1, 27w =0,...,27us, =0

18 Mg, attained at x = uy.

1.5 An application: public works allocation

Suppose a county must allocate resources between road repair z (hundred miles) and
parks y (hundred acres), subject to

42% + 9y* < 36.

See Figure . Each point (z,y) in the shaded feasible set represents a possible public
works schedule for the year. The points on the constraint curve, 422 + 9y* = 36, use the
maximum amounts of resources available.

y
Parks and
recreation
4x% +9y?2 =36
2 .
Feasible
set
T X
3
Road and bridge repair

Figure 1.4: Public works schedules.

In choosing its public works schedule, the county wants to consider the opinions of
the county residents. To measure the value, or utility, that the residents would assign to
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the various work schedules (z,y), economists sometimes use a utility function such as

q(z,y) = zy.

The set of points (x,y) at which ¢(z, y) is a constant is called an indifference curve. Points
along an indifference curve correspond to alternatives that county residents as a group
would find equally valuable. See Figure [I.5]

Yy
Parks and 4x*+9y% =36
recreation (indifference curves)
14 T q (xa y) = 4

qx,y)=3

2.1 qx,y)=2
Road and bridge repair

Figure 1.5: The optimum public works schedule is (2.,1.4).

To maximise a utility function ¢(x,y) = zy, we first rescale
r1=x/3, x3=1y/2, so that x% —i—xg =1.

Then
Q(xay) =y = 371 - 209 = 61172 = Q(x)v

0 3
bl

1/\@} 4 l—l/\/ﬁ

with eigenvalues 3 and —3, with eigenvectors [ 1 V3l an 1 N5 } , respectively. The

which is a quadratic form.
The matrix of @) is

maximum occurs along the eigenvector corresponding to A = 3, giving z; = x5 = 1/v/2 .
Transforming back,

3
© = 31; = — ~ 2.1 hundred miles, y = 2z, = v/2 ~ 1.4 hundred acres.

V2
Thus, the optimal allocation is the point (z,y) = (1.5,1). The optimum public works
schedule is the point where the constraint curve and the indifference curve ¢(z,y) = 3
just meet. Points (x,y) with a higher utility lie on indifference curves that do not touch
the constraint. curve. See Figure [I.5]

Exercise 1.13. Let
Q(x) = 3x7 + 33 + 23125

1. Find a change of variables that transforms @) into a quadratic form with no
cross-product term, and give the resulting quadratic form.

2. Find the mazimum value of Q(x) subject to the constraint x*x =1, and find
a unit vector at which the maximum 1s attained.
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We illustrate an applied constrained optimisation problem using MATLAB/Octave.

Listing 1.5: MATLAB code for plotting quadratic forms and constrained optimization

%%h Maximize q(x,y) = x*y under user-defined elliptical constraint
clc; clear; close all;

%% User inputs

alpha = 4; % coefficient for x~2
beta = 9; % coefficient for y~2
delta = 36; % right-hand side of ellipse

%% Step 1: Rescale variables to unit circle
sx = sqrt(delta/alpha); % x = sx * x1
sy = sqrt(delta/beta); % y = sy * x2

% Quadratic form in rescaled variables: Q(x1,x2) = sx*sy*xl*x2
A = [0 sx*sy; sx*sy 0]; J symmetric 2x2 matrix

%» Eigen-decomposition to find maximum
[v,D] eig(A); [, idx_max] = max(diag(D));
u_max V(:,idx_max) / norm(V(:,idx_max));

%» Map back to original variables
x_opt = sx * u_max(1); y_opt = sy * u_max(2);

%% Step 2: Plot feasible ellipse and indifference curves
theta = linspace(0,pi/2,250); 7% only first quadrant
x_ellipse = sx * cos(theta); y_ellipse = sy * sin(theta);
figure(’Color’,’w’); hold on;

% Plot shaded feasible region (first quadrant)
h_fil1l = fill1([0 x_ellipse 0], [0 y_ellipse 0], [0.9 0.9 0.9], °
FaceAlpha’,0.3, ’EdgeColor’,’k’, ’LineWidth’,2);

% Indifference curves q(x,y) = Xy

[xg, ygl] = meshgrid(linspace(0,max(x_ellipse)), linspace (0,max(
y_ellipse)));

q-grid = xg.*yg;

contour (xg, yg, q_grid, 2:1:6,’ShowText’,’on’,’LineColor’,’b’);

% Plot optimal point

h_opt = plot(x_opt, y_opt,’ro’,’MarkerSize’,10,’MarkerFaceColor’,’
r’);

text (x_opt+0.1, y_opt, sprintf (’0Optimal (%.2f, %.2f)’, x_opt,
y_opt),’FontSize’ ,10);

xlabel (’Roads x’); ylabel(’Parks y’);

title(’Maximizing q(x,y) = x*y under Elliptical Constraint (x>=0,
y>=0)’);

axis equal; grid on;




CHAPTER 1. BASICS ON LINEAR ALGEBRA 18

% Legend combining fill and optimal point
legend ([h_£fill, h_opt], {’Feasible region’,’0Optimal point’}, ’
Location’,’best’);

%% Step 3: Display results

fprintf (’Optimal allocation:\n’);

fprintf (’x = %.3f\n’, x_opt);

fprintf (’y = %.3f\n’, y_opt);

fprintf (’Maximum utility q(x,y) = %.3f\n’, x_opt * y_opt);

1.6 Exercises

Hand-solved exercises

1. Symmetric matrices and eigenvalues.

(a) Prove that all eigenvalues of a symmetric matrix are real.

(b) Show that eigenvectors corresponding to distinct eigenvalues of a symmetric
matrix are orthogonal.
2 1
=[]

(c) For
compute the eigenvalues and orthonormal eigenvectors.
2. Quadratic forms.
(a) Let
Q(z) = 4a] + dwyw9 + 25

Find a linear change of variables x = Py that eliminates the cross term and
express () in terms of y.

(b) Diagonalise a 2 x 2 symmetric matrix A by an orthogonal matrix P and show
that the quadratic form z” Az becomes y? Dy, where D is diagonal and y =
Py,

(c) Consider the ellipse 7 Az = 1. Use the change of variables y = P’z to
transform it into a circle and identify the axes lengths.

3. Orthogonal projections.

(a) Let v € R™ and u a unit vector. Show that the orthogonal projection of v onto
u is
proj, (v) = (u'v)u,
and that the projection error v — proj,(v) is orthogonal to w.

(b) Given the plane x + 2y + z = 0, find the matrix P that projects any vector in
R? orthogonally onto the plane.

(c) For a symmetric matrix A, show that the Rayleigh quotient remains unchanged
if x is projected onto the eigenspace corresponding to the largest eigenvalue.
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4. Constrained optimisation.

(a) Maximise Q(z) = xT Az subject to z7x = 1. Verify that the maximum occurs
at the eigenvector corresponding to the largest eigenvalue.

(b) Maximise ¢(x,y) = xy subject to the constraint az?+ fy? < § using Lagrange
multipliers.

(c) Consider a 3 x 3 symmetric matrix A and the constraint 27z = 1. Determine
the vector that maximises 27 Az and the maximum value.

Matlab exercises
1. Eigenvalue decomposition.
(a) Create a random symmetric 3 x 3 matrix. Compute eigenvalues and eigenvec-

tors in MATLAB and verify Av = \v.

(b) Check orthogonality of eigenvectors numerically.
2. Quadratic forms visualisation.
(a) For a 2 x 2 symmetric matrix A, plot Q(x) = 7 Az on the unit circle and
color by value.

(b) Add eigenvectors corresponding to maximum and minimum eigenvalues.

(c) Compute and plot the Rayleigh quotient along a set of random unit vectors.
3. Public works allocation.

(a) For q(z,y) = zy and ax? + By* < §, plot the feasible ellipse.
(b) Plot several indifference curves ¢(x,y) = constant over the feasible set.

(c) Compute the optimal (z,y) using eigenvalue decomposition of the quadratic
form in rescaled variables.

(d) Visualise the optimal point on the ellipse and contour plot.

4. Portfolio optimisation. Maximise return of a two-asset portfolio under risk con-
straints.

(a) Let x and y denote fractions of the total investment in two assets.

(b) The portfolio variance is given by a quadratic form

o? o109 [z
o’ =[r 4] {pgf@ ") o)
2 Yy

(c) The objective is to maximise expected return R(x,y) = rix + my subject to
2? +y* <6 (risk constraint).

(d) Analytical tasks: (i) Transform the constraint into the unit circle; (ii) Ex-
press return as a linear/quadratic form in the new variables; (iii) Find the
allocation (x,y) that maximises return for the given risk.

(e) Computational tasks: (i) Plot feasible risk region (ellipse); (ii) Plot level
curves of portfolio return; (iii) Compute and visualise the optimal allocation;
(iv) Experiment with changing p (correlation) and observe the impact on op-
timal allocation.
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5. Mechanical vibrations and principal axes. In mechanical engineering, the
vibration of a rigid body about a fixed point is described by the inertia tensor,
which is a symmetric 3 x 3 matrix

Ixm [my [xz
I = Iry Iyy Iyz
I:vz Iyz ]zz

The rotational kinetic energy of the body can be written as a quadratic form

1
T=-wllw,
2

where w is the angular velocity vector. Finding the principal axes of rotation
amounts to finding an orthogonal change of variables that diagonalises I, so that
in the new coordinates

1
T = 5()\10.}% + )\ng + )\3@%),

where A\, Ay, A3 are the principal moments of inertia.

210
(a) Let I = |1 3 1| . Find the eigenvalues (principal moments) and orthonor-
01 2

mal eigenvectors of I. Interpret the eigenvectors as the principal axes.

(b) Express the quadratic form T' = %wT] w in the new coordinates along principal
axes.

(c) Verify that the cross terms vanish in the transformed coordinates.

(d) For a fixed rotational energy Tp, describe the set of angular velocities w sat-
isfying T" = 1. Show how it transforms under the change of variables to a
coordinate-aligned ellipsoid.

(e) Determine the angular velocity vector that maximises rotation about the
largest principal axis for a fixed kinetic energy Tj.

(f) Computational tasks: Analyse and visualise a rigid body’s rotational energy
using orthogonal projections and principal axes.

i. Input a symmetric inertia matrix I and compute its eigenvalues and eigen-
vectors.

ii. Verify numerically that the eigenvectors are orthonormal and that v =
Av.

iii. Plot the energy ellipsoid 7' = T} in 3D (original coordinates).

iv. Apply the change of variables w = Py using the eigenvectors of I, and
plot the transformed ellipsoid (principal axes aligned).

v. Visualise the principal axes and the optimal angular velocity vector.

vi. Explore how changing the inertia tensor affects the shape of the ellipsoid
and the optimal direction.



Chapter 2

Singular Value Decomposition

2.1 Unsupervised learning

In many real-world problems, datasets contain a large number of features and obser-
vations, and the underlying structure of the data is unknown. When explicit labels for
supervision are not available, unsupervised learning aims to discover patterns, correla-
tions, and inherent structures directly from the data. This makes it particularly useful for
exploratory data analysis, feature extraction, dimensionality reduction, and clustering.

Unsupervised learning techniques are commonly grouped into two major categories:

1. Clustering: Partitioning data into groups (clusters) such that objects in the same
cluster are similar according to a chosen measure of similarity. Examples include
k-means, hierarchical clustering, and DBSCAN.

2. Dimensionality Reduction: Transforming data into a lower-dimensional repre-
sentation while preserving relevant structure or variability. Methods include Princi-
pal Component Analysis (PCA), Singular Value Decomposition (SVD), Independent
Component Analysis (ICA), and t-SNE.

Dimensionality reduction methods are typically unsupervised because they operate
solely on the input data without requiring labels. For instance, PCA identifies directions
of maximum variance in the data, which can be used for visualisation, noise reduction,
feature extraction, or as a preprocessing step before applying supervised learning algo-
rithms.

Although not a purely unsupervised method, Linear Discriminant Analysis (LDA) is
introduced alongside these techniques because it also generates a low-dimensional pro-
jection of the data. In contrast to PCA or SVD, which use no label information, LDA
incorporates class labels (when available) and seeks linear combinations of features that
mazimise class separability. Thus, while PCA maximises retained variance, LDA max-
imises discrimination between groups, making it a supervised dimensionality reduction
method and a natural bridge between dimensionality reduction and classification.

21



CHAPTER 2. SINGULAR VALUE DECOMPOSITION 22

In this module, we will focus on three key methods:

e Singular Value Decomposition (SVD): Decomposes a data matrix X into its
fundamental components,

X=UxvT,

revealing latent structure and enabling optimal low-rank approximations. SVD
is widely used for noise reduction, data compression, and identifying dominant
patterns of variability.

e Principal Component Analysis (PCA): Identifies orthogonal directions (prin-
cipal components) that capture the largest variance in the data. Dimensionality
can be reduced by projecting the data onto the leading components. PCA can be
computed efficiently using SVD.

e Linear Discriminant Analysis (LDA): Finds projections that best separate
predefined classes. While supervised, it is included here for comparison because it
shares the goal of finding meaningful lower-dimensional representations and illus-
trates how label information influences feature extraction.

Understanding these techniques provides a solid foundation for exploring more ad-
vanced unsupervised and semi-supervised learning methods.

The techniques of Singular Value Decomposition (SVD), Principal Component Anal-
ysis (PCA), and Linear Discriminant Analysis (LDA) are widely applied in modern data
analysis. The following four examples illustrate their practical use in real-world scenarios.

Image Compression and Noise Reduction (SVD) Singular Value Decomposi-
tion (SVD) is widely used in image processing for compression and noise reduction. A
grayscale image can be represented as a matrix of pixel intensities. By applying SVD,
the image can be approximated using only the most significant components, effectively
capturing the main structures and details while discarding minor variations associated
with noise.

This approach reduces the storage requirements for images while preserving visual
quality. It is used in applications such as JPEG image compression, enhancing scanned
documents, and improving the quality of medical images such as X-rays or MRI scans.
In addition to compression, SVD can also remove noise from images, producing clearer
and cleaner visual data for analysis or display.

Facial Recognition (PCA) Principal Component Analysis (PCA), often referred to
as Figenfaces in computer vision, is a cornerstone of facial recognition systems. Each face
image is treated as a high-dimensional vector by stacking its pixel values. PCA identifies
the principal components of a dataset of faces, which correspond to the directions of
maximum variance across images. Projecting a new face onto these principal components
reduces the dimensionality and highlights the most discriminative features. Recognition
is then performed by comparing the reduced representation of the new image to stored
projections. PCA thus allows efficient storage, feature extraction, and comparison of face
images, and it is widely used in security systems and social media tagging.
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Genomic Data Analysis (PCA) In bioinformatics, PCA is essential for analysing
large-scale genomic datasets, such as gene expression matrices from RNA sequencing
experiments. Each row represents a gene and each column a sample or condition. PCA
identifies patterns of variation that may correspond to biological factors such as tissue
type, disease state, or population structure. By projecting high-dimensional data onto
the first few principal components, researchers can visualise clusters of samples, detect
outliers, and reduce the number of features for downstream analysis, such as classification
or regression models. This approach is particularly valuable when dealing with thousands
of genes and only a few dozen samples.

Medical Diagnosis and Classification (LDA) Linear Discriminant Analysis is com-
monly used in medical diagnostics to classify patients based on clinical measurements.
For instance, in distinguishing between patients with a particular disease and healthy
controls, each patient is represented as a vector of biomarker values. LDA finds the
linear combination of features that maximises the separation between classes while min-
imising variance within each class. By projecting patient data onto this discriminative
axis, one can construct a classifier that assigns new patients to the most likely class.
LDA has been successfully applied in cancer diagnosis, cardiovascular risk assessment,
and automated analysis of medical imaging data, often improving the interpretability of
the decision boundaries in addition to classification performance.

Throughout this course, we will implement SVD, PCA, and LDA in MATLAB, lever-
aging built-in functions for matrix computation and visualisation, and applying the tech-
niques to real datasets. By the end of this 3-week module, students will be able to: (i)
Explain the purpose and scope of unsupervised learning; (ii) Apply SVD and PCA to
real datasets for dimensionality reduction and exploratory analysis; (iii) Understand the
principles of LDA and how it differs from purely unsupervised techniques; (iv) Implement
all methods in MATLAB and analyse the resulting projections.

2.2 Motivation to SVD

The diagonalisation theorems in Linear Algebra play a part in many interesting applica-
tions. Unfortunately, as we know, not all matrices can be factored as A = PDP~! with
D diagonal. However, a factorisation A = QDP~! is possible for any m x n matrix A!
A special factorisation of this type, called the singular value decomposition (SVD),
is one of the most useful matrix factorisations in applied linear algebra.

The singular value decomposition is based on the following property of ordinary di-
agonalisation that can be imitated for rectangular matrices: The absolute values of the
eigenvalues of a symmetric matrix A measure the amount by which A stretches or shrinks
certain vectors, called the eigenvectors. If Az = Az and ||z|| = 1, then

[Az|| = lAz ]l = [A[ =]l = [A].

If \; is the eigenvalue with the greatest magnitude, then a corresponding unit eigenvector
vy identifies a direction in which the stretching effect of A is greatest. That is, the length
of Ax is maximised when x = vy, and ||Avq|| = || by the previous equation.

This description of v; and |A;| has an analogue for rectangular matrices, which leads
to the singular value decomposition.
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Example 2.1 (Maximum length under a linear transformation). Let

4 11 14
‘4::{8 7 —2}'

Consider the linear transformation x — Ax from R® to R%. This maps the unit sphere
{z e R | |lzf| = 1}

onto an ellipse in R?, as shown in Figure . Find a unit vector x at which the length
|Az|| is mazimised, and compute this mazimum length.

X3

Multiplication X
by A

i:;‘;(’,mﬁ +

1 3,9

Figure 2.1: A linear transformation from R? to R? maps the unit sphere onto an ellipse.

To mazimize ||Azx||, it is convenient to consider ||Ax||?, since the maximum of || Az||?
occurs at the same x as the mazimum of ||Ax||:

|Az||? = (Az)" (Ax) = 27 AT Ax.

Notice that AT A is symmetric, since (AT A)T = AT(AT)T = AT A. Therefore, the problem
reduces to mazimising the quadratic form xT (AT A)x subject to ||x|| = 1. By Theorem
the maximum value is the largest eigenvalue \; of AT A, and it is attained at a unit
eigenvector corresponding to Ai.

For the given matriz A, we have

100 140 200

40 200 200

80 100 40
117 2] [8 7 -—2]‘_

_ATfl—-[4 8 14]7‘{1 11 14

The eigenvalues of AT A are
A1 =360, X =90, M3=0,

with corresponding unit eigenvectors

1
V= =

S
S
[N}
|
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Hence, the mazimum value of ||Az||* is 360, attained when x = vi. The vector Av,
corresponds to the point on the ellipse farthest from the origin:

2
4 11 14|1 18
A’U1:AU1:|:8 7 _2:|§ 2 :|:6]
1

Therefore, the maximum value of ||Ax|| is ||Avy|| = V360 = 64/10. O

Previous example suggests that the effect of A on the unit sphere in R? is related to
the quadratic form
2T AT Az
Ty
In fact, the entire geometric behaviour of the transformation x — Ax is captured by this
quadratic form, as we shall see.

2.3 Singular values

Let A be an m x n matrix. Then AT A is symmetric and can be orthogonally diagonalised.
Let {vy,...,v,} be an orthonormal basis for R" consisting of eigenvectors of AT A, and
let A\i,...,\, be the associated eigenvalues of AT A. Then, for 1 < i < n, we have

HAU1H2 = (A’Ui)TAUi = ’UiTATAUi = U;r()\i’l)i),
since v; is an eigenvector of AT A. Therefore,
[ Avi]|” = A, (2.1)

because v; is a unit vector (i.e., ||v;]| = 1).

So the eigenvalues of AT A are all nonnegative. By renumbering, if necessary, we may
assume that the eigenvalues are arranged so that

Atz Az 2 A 20

Definition 2.1 (Singular values). The singular values of A are the square roots
of the eigenvalues of AT A, denoted by

01y...,0n,
and they are arranged in decreasing order. That is,
o=V, forl<i<n.

By equation (2.1), the singular values of A are also the lengths of the wvectors
Avy, ..., Av,, where {vy,...,v,} is an orthonormal basis of eigenvectors of AT A.

J

Example 2.2. Let A be the matriz in Example . Since the eigenvalues of ATA are
360, 90, and 0, the singular values of A are

o1 = V360 = 6v10, 05 =90 =3V10, o3 =0.
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From Example the first singular value of A is the mazimum of || Az|| over all unit
vectors, and the mazimum is attained at the unit eigenvector vy. Theorem[1.§ shows that
the second singular value of A is the maximum of ||Az|| over all unit vectors that are
orthogonal to vy, and this mazximum s attained at the second unit eigenvector vy. For vo

in Example

411 14 24] |23 23
8 7 -2 ] oAl [—9}'
2/3
This point lies on the minor axis of the ellipse in Figure|2.1), just as Avy lies on the major
azis. (See Figure ) Therefore, the first two singular values of A are the lengths of the
major and minor semi-axes of the ellipse. U

AUQZl

Figure 2.2: Av; and Aw,.

The fact that Av; and Avy are orthogonal in Figure is no accident, as the next
theorem shows.

Theorem 2.1. Suppose {vq,...,v,} is an orthonormal basis of R™ consisting of
eigenvectors of AT A, arranged so that the corresponding eigenvalues satisfy

AL =X > 2 Ay,

and suppose A has r nonzero singular values. Then {Auvy, ..., Av,} is an orthogonal
basis for Col(A), and
rank(A) = dim Col(A) = r.

Proof. First, note that for ¢ #£ j,
(Av)T (Avy) = vl AT Av; = o] (\jv;) = Aol vy = 0,

since v; and v; are orthonormal eigenvectors of AT A. Hence, {Avy, ..., Av,} is an or-
thogonal set.

Next, since the singular values of A are o; = v/)\;, and A has r nonzero singular values,
we have Av; # 0 if and only if 1 <1 < r. Therefore, {Avy,..., Av,.} is a set of r linearly
independent vectors.
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Now, let y € Col(A), so that y = Az for some x € R". Write
T =Cv + -+ CrUp.

Then
y=Ar =clAvy + -+ c,Av, = 1 Avy + - - - + ¢, Av,,

because Av,,1 =--- = Av, = 0.
This shows that any y € Col(A) is a linear combination of {Avy,..., Av,}. Hence,

Col(A) = span{Auvy, ..., Av,},

and {Awvy, ..., Av,} is an orthogonal basis of Col(A).
Finally, since the basis has r vectors, we conclude rank(A) = dim Col(A) = r. O

2.4 The singular value decomposition

The decomposition of a matrix A involves a “diagonal” matrix > of the same size as A,

of the form A
p _
Y= [O Orn—r ] , (2.2)

m—r,r Om—r,n—r

where 0;; denotes the zero ¢ x j matrix, and Sisanr X r diagonal matrix with r <
min{m,n}. If r equals m, n, or both, some or all of the zero blocks vanish.

Theorem 2.2 (Singular value decomposition). Let A be an m x n matriz of rank
r. Then there exist orthogonal matrices

U c Rmxm) V c Ran7

and a diagonal matriz
E G Rmxn

with non-negative diagonal entries
o >09>--2>0, >0,
called the singular values of A, such that
A=UxV"

The columns of U are the left singular vectors, and the columns of V' are the
right singular vectors of A.

.

Proof. Let A € R™™ have rank r, and consider the symmetric positive semidefinite
matrix

AT A e RV,

1. Orthogonal diagonalisation of AT A. Since AT A is symmetric, it can be orthogo-
nally diagonalised. Thus, there exists an orthogonal matrix V' € R™*™ such that

VI(ATA)V = A = diag(A1, ..., \),
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with eigenvalues ordered as
A=A > 20, 20

Let vy, ..., v, denote the orthonormal eigenvectors forming the columns of V.

2. Singular values and the matrix Y. Define the singular values of A by

ai:\//\_i 1=1,...,m,

where 7 is the number of nonzero eigenvalues of AT A (equal to the rank of A). Construct
3 € R™" as the diagonal matrix

~

Y = diag(oy,...,0.),
and embed it into X as in ([2.2]).
3. Construction of U. For each ¢t =1,...,r, define

. AU,;

ag;

e R™.

Uy

Each u; is a unit vector because

_ Al _ Vi AT A

u.

Jusl = - N

Moreover, for i # 7,
T AT T
vy AV Av; v (Mg
uiuj:l Jzz(JJ>:O’
0,05 0;0;

so {uq,...,u,} is an orthonormal set. Extend this set to an orthonormal basis of R™ by
choosing additional vectors w,1, ..., Uy, and let

U=u ... up] € R™™,

4. Verification of the decomposition. By construction,
Avi = ou; (1 <i<r), Av; =0 (i>r),

so that, in matrix form,

AV =UX.
Multiplying on the right by V7 gives
A=UxVT,
which completes the proof. O]

Remark 2.1 (Uniqueness). The singular values are uniquely determined by A, although
the singular vectors need not be unique when singular values are repeated. U
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Example 2.3 (SVD of a 2 x 2 matrix). Consider the matrix

2 2
A:&_J.
Computing AT A gives
. [53
e[t

1. Orthogonal diagonalisation of ATA. The eigenvalues of ATA are \y = 8 and

Ay = 2, with corresponding orthonormal eigenvectors
11 11
V1 = \/5 1l Vg = \/5 1|

V:F/\/E ~1/v2
1/vV2 1/vV2 |

2. Singular values and the matriz Y. The singular values of A are oy = 2v/2 and

oo = V2 and

and so

0 V2

3: Construction of U. The corresponding left singular vectors are obtained from

1 1
Uy = —Avl = |:1:| s Uy — —A'U2 = |:$] .

o1 0 02

2=V ]

4: Assemble the SVD. The SVD of A can be written as

o[ B B0 0

0 1] 0 V2| [-1/vV2 1/V2

Underdetermined systems

Consider the linear system Az = b, where A € R™*" with m < n (short-fat matrix).
There are fewer equations than unknowns, and generically, if A has full column rank,
there are infinitely many solutions for every b. The system is called underdetermined
because there are not enough constraints to uniquely determine .

Example 2.4 (SVD of a 2 x 3 matrix). Consider the matrix

4 11 14
A=l 7 b
We have
80 100 40

ATA = [100 170 140
40 140 200
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1. Orthogonal diagonalisation of AT A. The eigenvalues of AT A are

A1 =360, =90, N3=0.
Let vy, va,v3 be the orthonormal eigenvectors of AT A corresponding to A1, \a, A3, Then

1/3 —=2/3 2/3
V=12/3 -1/3 -2/3
2/3 2/3 1/3
2. Singular values and the matrixz X. The singular values of A are the square roots

of the eigenvalues:
0'1:\/)\1:6@, 0'2:\/)\2:3@, 0'3:0.

The nonzero singular values of A are the diagonal entries of S. The matriz Y has the
same size as A, with 3 in its upper-left corner and with zeros elsewhere

2:{6‘@ 3\%} =~ n=[ 0]:{6\(/)1—0 4/ 8}

3: Construction of U. For the nonzero singular values, define

Awv; .
u; = , 1=1,2.
o)

Note that {uy,us} is already a basis for R%. Thus no additional vectors are needed for U.

This gives
’ VI VT
- [1/\@ —3NE]‘

5. Assemble the SVD. Finally, we have

3/VTo 1/\/EH6\/E . 0} /3 2/3 2/3

VD —3)vI0| | 0 3D o —2/3 —1/3 2/3

A=UxVl=. {
2/3 —2/3 1/3

Here, the first two columns of U form an orthonormal basis for Col(A), the first two
columns of V' form an orthonormal basis for Row(A), and the last column of V' spans
Nul(A). O
Overdetermined systems

Consider the linear system Az = b, where A € R™*" with m > n (tall-skinny matrix).
There are more equations than unknowns, and generically, not all b belong to Col(A), so
there may be no exact solution. A solution exists only if b € Col(A).

Example 2.5 (SVD of a 3 x 2 matrix). Consider the matriz

A:

S O =
S%O
IR
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We compute

7, |10
AA—[O nE
so that the singular values are o1 = 2 and o9 = 1, and so
2 0
EZB ﬂ = =101
0 0

The right singular vectors V are the orthonormal eigenvectors of AT A, giving
01
V= L O] |
The first two columns of the left singular vector matriz U are obtained via
1
U; = _Aviv
0
which yields
1 0 1 1
u1:§A’U1: 1/\/§ s 'LLQZIA'UQZ 0
1/v/2 0
The third column usz is determined so that U is orthogonal, for example via the Gram-
Schmadt process:

0
1/v/2
Hence, the SVD of A is

o 1 0 2 0]y 4
A=UxVT =|1/vV/2 0 —1/V/2| |0 1 {1 0}.
1/v2 0 1/v/2 ][0 0
O

Exercise 2.1. Let

1 -1

A=|-2 2| eR¥>2
2 -2

1. Compute the singular values of A.

2. Determine the corresponding right singular vectors (columns of V') and left
singular vectors (columns of U ).

3. Construct the singular value decomposition of A.

Remark 2.2. The singular value decomposition provides a canonical orthogonal descrip-
tion of the action of a matriz. Let A = UXVT be the SVD of an m x n matriz of rank r.
The nonzero singular values oy > --- > 0, > 0 determine the essential part of the map
x +— Ax, while the remaining n—r singular values vanish. Although singular vectors need
not be unique when values repeat, the singular values themselves are intrinsic to A. [
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Reduced/Economy SVD

When ¥ contains rows or columns of zeros, a more compact decomposition of A is possible.
Using the notation established above, let r = rank (A), and partition U and V into
submatrices whose first blocks contain r columns:

U=1[U, Uy ], whereU, =[u; -+ u,],

V=[V, Vo], whereV, =[v; -+ v,.].

Then U, € R™" and V, € R**". We note that U,,_, and V,,_, are included in the
notation even if one of these blocks happens to have no columns. To simplify the notation,
we set

U=U, and V =V,.

With this partitioning, matrix multiplication shows that

~ 3 7T PN
A=[0 U] E‘ 8} L}/T_] i (2.3)

This factorisation of A is called the reduced or economy singular value decom-
position of A and is illustrated in Figure 2 . Since the diagonal entries of 3 are nonzero,
3 is invertible.

Full SVD

o : .. o

Reduced (Economy) SVD

Figure 2.3: Comparison of full and reduced (economy) SVD of a matrix A.

VT (rx n)
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2.5 Computing the SVD

The singular value decomposition is a cornerstone of computational science and engineer-
ing. Its numerical implementation is both important and mathematically enlightening.
Most standard numerical implementations are mature, and a simple interface exists in
many modern programming languages, allowing us to abstract away the underlying de-
tails of the SVD computation. For most practical purposes, we use the SVD as part of a
larger computational workflow and rely on the existence of efficient and stable numerical
algorithms. In MATLAB, computing the SVD is straightforward.

Listing 2.1: Full SVD in MATLAB

% Create a 100x20 random data matrix
A = rand (100,20) ;

% Compute the singular value decomposition
[U, S, V]I = svd(A);

For non-square or large matrices, the economy SVD is more efficient. It reduces the
size of the output matrices while retaining all non-zero singular values:

Listing 2.2: Economy SVD in MATLAB

[Uhat, Shat, Vhat] = svd(A,’econ’); 7 economy-sized SVD

The decay of the singular values is a key aspect of data compression: most of the in-
formation is concentrated in the first few singular values. This decay is clearly observable
when the singular values are plotted using the MATLAB script below. In particular, the
first few singular values dominate, while the remaining ones are substantially smaller.

Listing 2.3: Plot of singular values for an image

% Read a grayscale image
pkg load image; % for Octave
A = double(imread(’cameraman.tif’));

% Compute singular values
sigma = svd(A);

% Create figure
figure;

% Equal-sized subplots [left bottom width height]
posl = [0.05 0.1 0.4 0.8]; pos2 = [0.556 0.1 0.4 0.8];

% Display the original image
axl = axes(’Position’, posl);
imshow (uint8(A)); title(’0Original Image’); axis square;

% Plot singular values (linear scale)

ax2 = axes(’Position’, pos2);

plot(sigma, ’-o0’, ’LineWidth’, 1.5, ’MarkerSize’, 4);
xlabel (’Index i’); ylabel(’\sigma_i’);

title(’Decay of Singular Values’); grid on; axis square;
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2.6 Geometric interpretation of the SVD

Geometrically, the SVD shows that the linear transformation z — Ax maps the unit
sphere in R™ to an ellipsoid in R™. The lengths of its principal axes are the singular
values o1, ...,0,, and their directions are given by the singular vectors. The number
of nonzero singular values equals the rank of A, determining the essential part of the
transformation; the remaining directions are collapsed to zero.

Thus, A maps the unit sphere in R™ to an ellipsoid in R™. The vectors vy, . .., v, define
the principal directions of the input space that are scaled, the singular values o4, ..., 0,
determine the lengths of the ellipsoid axes, and the vectors uy,...,u, determine the
corresponding directions in the output space.

This geometric perspective also explains why the SVD provides an optimal low-rank
approximation: the largest singular values capture the directions along which A stretches
space the most, and truncating the smaller singular values yields the closest approxima-
tion of A with lower rank.

)

Ellipse Ax

Unit Ci

1U1

Figure 2.4: A maps the unit sphere in R” to an ellipsoid in R™.

The following MATLAB code generates the unit circle, transforms it with a matrix
A, and visualises the singular vectors and ellipse.

Listing 2.4: SVD geometric visualisation

% SVD Geometric visualisation
clc; clear; close all;

% Define a 2x2 matrix A
A=1[21; 1.5 1];

% Compute SVD: A = UxSxV’
[U, s, V] = svd(A);

%» Generate points on the unit circle
theta = linspace (0, 2*xpi, 200);
x = [cos(theta); sin(theta)];
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% Transform the unit circle by A
y = A x x;

% Plot unit circle and transformed ellipse

figure; hold on; axis equal;

plot(x(1,:), x(2,:), ’b’, ’LineWidth’, 2); % Unit circle
text (-1, 0.9, ’Unit Circle’, ’Color’, ’b’, ’FontWeight’,’bold’);

plot(y(1,:), y(2,:), ’r’, ’LineWidth’, 2); % Ellipse A*x
text (1.5, 1.5, ’Ellipse A x’, ’Color’, ’r’, ’FontWeight’,’bold’);

% Plot singular vectors with balanced scaling
for i = 1:2
% Input singular vectors (V)
quiver (0, 0, V(1,i), V(2,i), 0, ’b’, ’LineWidth’, 1.5, ~’
MaxHeadSize’ ,0.5) ;
text (V(1,i), V(2,i), [’v_’ num2str(i)], ’Color’,’b’,’
FontWeight’,’bold’) ;

% Output singular vectors (UxS)
quiver (0, 0, S(i,i)*U(1,i), S8(i,i)*U(2,i), 0, ’r’, ’LineWidth’
, 1.5, ’MaxHeadSize’,0.5);
text (S(i,i)*U(1,1i), S(i,i)*U(2,1),
[’\sigma_’ num2str (i) ’> u_’ num2str(i)], ’Color’,’r’,’
FontWeight’,’bold’) ;
end

% Labels and title

xlabel(’x_1’, ’FontWeight’,’bold’);

ylabel (’x_2°, ’FontWeight’,’bold’);

title(’Geometric Interpretation of SVD’, ’FontWeight’,’bold’);

grid on;

2.7 Applications of the singular value decomposition

Condition number One important use of the SVD is in computing matrix norms.
The spectral/Euclidean norm of a matrix A equals its largest singular value,

|All2 = o1,

while the Frobenius norm can be expressed in terms of all nonzero singular values:

[ Allr = /o 4+ + 02,

The SVD also provides a robust framework for analysing numerical solutions of a linear
system of equations. In fact, most numerical calculations involving a linear system Az = b
are as reliable as possible when the singular value decomposition of A is used. The two
orthogonal (or unitary) matrices U and V do not affect lengths of vectors or angles
between vectors (prove it!). Any possible instabilities in numerical calculations can be
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identified from the singular values. If the singular values of A are extremely large or
extremely small, roundoff errors are almost inevitable. Nevertheless, an error analysis is
facilitated by knowing the entries in ¥ and V' from the SVD.
If A is an invertible n x n matrix, then the ratio of the largest to the smallest singular
value
K(A) = 2
On
defines the condition number of A. The following MATLAB script illustrate how the
condition number affects the sensitivity of a solution of Az = b to changes (or errors) in
the entries of A. Note that the condition number can be defined in several ways, but the

definition above is widely used when studying the stability of solutions of Az = b.

Listing 2.5: Hlustration of condition number and SVD

% Illustration of condition number and SVD
clc; clear; close all;

n = 10; % matrix size

% Construct singular values for a very ill-conditioned matrix
sigma = [l1xones(l1,n-1), le-6]; 7 condition number ~ 1e6

% Generate random orthogonal matrices
rng (0); [U, "] = gr(randn(n)); [V, "] = gr(randn(n));

%» Construct A with specified singular values
A = U x diag(sigma) * V’;

% Right-hand side
b = randn(n,1);

% Solve Ax = Db
x_exact = A\b;

% Perturb b significantly
delta_b = 0.5*randn(n,1); % increase perturbation
b_perturbed = b + delta_b; x_perturbed = A\b_perturbed;

% Compute singular values and condition number
[T, S, "] = svd(A); sigma_vals = diag(S);
condA = sigma_vals(1l)/sigma_vals(end);

% Relative changes
rel_change_b = norm(delta_b)/norm(b);
rel_change_x = norm(x_perturbed - x_exact)/norm(x_exact);

% Display results

fprintf (’Condition number kappa(A) = %.2e\n’, condA);

fprintf (’Relative change in b = %.2e\n’, rel_change_b);

fprintf (’Relative change in solution x = %.2e\n’, rel_change_x);

% Plot original vs perturbed solution
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figure;

plot (1:n, x_exact, ’bo-’, ’LineWidth’, 2, ’MarkerSize’,6);

hold on;

plot(l:n, x_perturbed, ’r*-’, ’LineWidth’, 2, ’MarkerSize’,6);

xlabel (’Component index’);

ylabel (’Value of x’);

legend (’0Original x’,’Perturbed x’);

title([’Effect of Perturbation, Condition Number \kappa(A) = °’
num2str (condA,’%.2e’)]1);

grid on;

3

Exercise 2.2 (Error and condition number for Hilbert matrices). Consider the
matriz H, = (hi;);;—, defined by

1

hij = ——,
T+ -1

1,7 =1,...,n,

1. Forn = 2,3,...,N (choose N > 10), set the exact solution x = 1, and
compute b= H,x.

2. Solve the linear system H,T = b numerically, obtaining an approzimate solu-
tion T. Let b= H,T.

3. Compute the following quantities.
e The relative error of the solution:

|l — [l

error =
112

e The condition number of H,, defined using its singular values oy > « -+ >
o, > 0:
o
K(H,) = —.

On

o An estimate of the error using the condition number and the residual:

=

estimate = k(H,) o
2

4. Plot or tabulate the relative error and the estimate as functions of n. Discuss
the observed trend as the order of the Hilbert matrix increases.

5. Explain why Hilbert matrices are numerically challenging and how the singular
values influence the sensitivity of the solution.

Bases for fundamental subspaces Let A be an m x n matrix with singular value
decomposition A = UXV7T. Let uy, ..., u,, be the left singular vectors, vy, ..., v, the right
singular vectors, and o4, ..., 0, the singular values of A. Let r denote the rank of A.
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By Theorem [2.1]

{uy,ug, ... u.} in an orthonormal basis for Col A. (2.4)

It is well known that (Col A)* = Nul A”. Hence the set

{ U1y yum } in an orthonormal basis for Nul A”" (2.5)

Since ||Av;|| = o; for 1 <i < n, and o; = 0 if and only if ¢ > r, the vectors v,41,...,v,
span a subspace of Nul A of dimension n — r. By the Rank-Nullity Theoremﬂ ,

dim(Nul A) = n — rank(A).

It follows that

{41, 00 } is an orthonormal basis for Nul A. (2.6)

From (2.4) and (2.5)), the orthogonal complement of Nul AT is
(Nul AT)* = Col A.
Interchanging A and AT, we obtain analogous results for the row space and nullspace

(Nul A)* = Col AT = Row A.
Hence, from ({2.6)),

{vi,...,v. } is an orthonormal basis for Row A. (2.7)

Multiplication

Figure 2.5: The four fundamental subspaces and the action of A.

Figure [2.5/ summarises equations (2.4)—(2.7)), but shows the orthogonal basis
{o1uq, ..., 000}

for Col A instead of the normalised basis, to emphasise that Av; = o;u;, < ¢ < r. Explicit
orthonormal bases for the four fundamental subspaces determined by A are useful in
certain calculations, particularly in constrained optimisation problems.

!The Rank-Nullity Theorem states that for a linear map A : R® — R™ (or an m x n matrix A),
rank(A) + dim(Nul(A)) = n. That is, the dimension of the column space plus the dimension of the
nullspace equals the number of columns of A.
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The pseudoinverse of A and the least squares problem Let A € R™*™ have rank
r, and consider its singular value decomposition

A=UxVT, Y=

XA] Or,nfr ]

Omfr,r Omfr,nfr

where U € R™™ and V € R"™" are orthogonal matrices, and 3 € R™" contains the
nonzero singular values o1 > - -+ > 0, > 0. The pseudoinverse (or the Moore—Penrose
inverse) of A is then defined by

»-1 -
At =vStuT, 2+:[ Orim ]

On—r,r On—r,m—r

For certain types of matrices A, especially when A is large or has low—rankﬂ, it is
computationally advantageous to use the For computational efficiency, particularly when
A large, we can use the economy SVD (2.3]), so that

At =Vt (2.8)

This pseudoinverse provides a least-squares solution of Ax = b and has the smallest
length among all solutions (see Exercise .
Given a linear system Az = b, use the pseudoinverse of A from (2.8]) to define

i=Atb=Vx1U".
Then, from the reduced SVD, we have
Ai = (USVT) (VS 0Th) = 0S5 0Ty = 007,

It follows from ({2.4) that b= UUTb is the orthogonal projection b onto Col A. Thus, z
is a least-squares solution of Ax = b.

Exercise 2.3 (Minimal-norm least-squares solution). Let A € R™*" have rank r,

and let A = USVT be its SVD. Define the pseudoinverse A* and & = A*b for
some b € R™.

1. Show that % satisfies the normal equations AT Ax = ATb.

2. Any least-squares solution can be written as x = &+ z, with = € Nul A. Using
the fact that & € ColV and z € ColV,_,, show that 3Tz = 0 (i.e., & is
orthogonal to z).

3. Deduce that

l2]|* = 121" + [|2[* > [|2]*,
and conclude that & has minimal norm among all least-squares solutions.

4. Show that the minimum-norm solution can be expressed as

r

,
- ui b -1, T
x:E vl-zg o, viu; b
0 ,
1=1

i=1

2The economy SVD is particularly convenient when A is large or rank-deficient, as it avoids storing
unnecessary zero singular values and reduces computational cost.
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2.8 Low-rank approximation

The singular value decomposition not only provides insight into the fundamental sub-
spaces of a matrix and allows the computation of pseudo-inverses, but it also gives a
natural way to approximate a matrix by one of lower rank. This is particularly useful
in applications such as data compression, signal processing, and machine learning, where
one often wants to retain the most important features of a dataset while reducing storage

or noise. The following theorem formalises this idea.

7

Theorem 2.3 (Eckart-Young). Let A € R™ "™ have rank r and singular value
decomposition

A=UxVT = Zaiuiv?.
i=1

Then A can be written as a sum of r rank-one matrices. Moreover, for any 0 <
p <, the best rank-p approrimation of A in both the spectral and Frobenius norms
1s the truncated SVD

p
Ay =U,5V, = g T U5 -
i=1
The optimal approximation errors are

l4= 4l = _min_lA=B|l = opua,

and

[A=Apllp= min_ [JA=Blp=
rank(B)<p

\.

-

Proof. Because the Frobenius and spectral norms are unitarily invariant,

IA=Bllr=|UT(A=B)V|r=|S~Bllr. |A-Bll=|T-5],

where B = UTBV. Thus, it suffices to consider approximations B expressed in the

singular-vector basis of A.

Any matrix B of rank at most p can have at most p nonzero singular values. In

particular, in the diagonal approximation we must have 3; = 0 for ¢ > p.
The Frobenius norm satisfies

T

1% - Bl = Z(Ui — Bu)? + Z |6ij1.

i=1 i#j
The expression is minimised by setting all off-diagonal entries /3;; = 0 and choosing
Bi=0; (1=1,...,p), Bi =0 (i>p).
Hence, )
1A= Az =) o,
i=p+1

so A, = UpEprT is the optimal Frobenius approximation.
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For the spectral/Euclidean norm,

”A - B” = amaX(A - B)7

and with the above choice of B, the matrix 3 — B has singular values Optly -0

||A - Ap” = Op+1;

and no other rank-p matrix can improve this value. The truncated SVD therefore min-

imises both norms, completing the proof.

Reduced (Economy) SVD

Truncated SVD (rank p < r)

The following MATLAB script gives an example of a rank-p approximation of a matrix.

A (m x n) .- V. (pxn)

Figure 2.6: Comparison of reduced (economy) and truncated SVD of a matrix A.

VT (r xn)

Listing 2.6: Rank-p approximation via truncated SVD

% Create a 100x20 random matrix
A = rand (100,20) ;

% Compute the full SVD
[U, S, V] = svd(A);

% Choose the desired rank
P = 5;

% Construct the rank-r approximation
A_p = U(C:,1:p) * S(1:p,1:p) * V(:,1:p)’;

% Display approximation error (spectral and

Frobenius norm)
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error2 = norm(A - A_p);

disp([’2-norm of error: ’, num2str(error2)]);

errorF = norm(A - A_p, ’fro’);

disp([’Frobenius norm of error: ’, num2str(errorF)]);

Perhaps the most useful and defining property of the singular value decomposition is
that it provides an optimal low-rank approximation to a matrix A. In fact, the SVD
naturally provides a hierarchy of low-rank approximations: a rank-p approximation is
obtained by retaining the leading p singular values and the corresponding singular vectors,
while discarding the remaining ones. This is particular useful in image compression.

Consider a grayscale image stored as a matrix A € R™*". The SVD can be used to
approximate A by a matrix of lower rank while retaining most of the visual information.
The next example demonstrates that the truncated SVD A,, captures the most significant
features of the image.

Listing 2.7: Image compression via truncated SVD

% Read a grayscale image and convert to double
pkg load image; % for Octave
A = double(imread(’cameraman.tif’));

% Compute the SVD
(U, S, Vvl = svd(A);

% [U, S, V] = svd(A, ’econ’); % recommended for images

% Choose rank r for approximation
p = 50;

% Construct rank-r approximation
A p =7U(C:,1:p) * S(1:p,1:p) * V(:,1:p)’;

% Display original and compressed images

figure;
subplot (1,2,1), imshow(uint8(A)), title(’0Original Image’);
subplot (1,2,2), imshow(uint8(A_p)), title([’Rank-’, num2str(p),

>Approximation’]) ;

Even though A, has the same dimensions as A, the effective storage is much smaller:
only the leading p singular values and vectors need to be stored:

p
A, = Z ouvl = storage =p(m+n+1) < mn.
i=1

For example, a 1000 x 800 image approximated with p = 50 requires storing only
50(10004 800+ 1) = 92500 numbers, instead of 800000, achieving significant compression
while retaining the main visual features.

For large matrices or images, the economy SVD avoids storing unnecessary zero sin-
gular values, making computations faster and less memory-intensive. Using the economy
SVD, we compute only the first min(m,n) columns of U and V', which is sufficient for
forming truncated low-rank approximations. This is especially advantageous for very
large images, where storing the full SVD would be inefficient.
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2.9 Exercises

Hand-solved exercises

1.

10.

11.

12.

Compute the SVD of the matrix

31
[
and verify A = UXVT,
Find the rank, null space, and column space for
2 00
B = [0 1 O] '

Show that for a diagonal matrix D, the singular values are the absolute values of
the diagonal entries.

Let A be an m X n matrix of rank r with singular values oy > 09 > --- > 0, > 0
(the remaining singular values, if any, are zero). Prove the following facts.

(2) [[All = or and [[Allp = /ot + 05 + -+ + 07
(b) If Ais square, A € R™", then |det(A)| = [, 0, where the product includes
any zero singular values when A is singular.

Let A be a square n X n matrix. Prove that the following statements are each
equivalent to the statement that A is invertible: (a) Col A = {0}; (b) Nul A = R™;
(c) Row A = R™; (d) A has n nonzero singular values.

Using SVD, ompute the truncated rank-1 approximation of

1
C=13
5

O = N

. Verify that for a matrix A, AT A and AAT have the same non-zero eigenvalues.

Using SVD, compute the pseudoinverse DT for
10
D= {0 0
0 2
Show that left-multiplying a matrix by a unitary matrix preserves singular values.

Compute the SVD of a 3 x 3 rotation matrix and interpret the singular values
geometrically.

Verify numerically that EETE = F and EYEET = E* for

12 3
E_LL 5 6}

Justify the statement that the second singular value of a matrix A is the maximum
of ||Az|| as x varies over all unit vectors orthogonal to v, where v is a right singular
vector corresponding to the first singular value of A. [Hint: Use Theorem ]
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13. Suppose an experiment leads to the following linear system:
4.5x1 + 3.1x9 = 19.2493,
1.6x1 + 1.129 = 6.843.

The measured right—hand side data are later rounded to two decimal places, giving
system:

(2.9)

4521 + 3.1z = 19.25,

(2.10)
1.6x;+1.1z9 = 6.84.

(a) Solve system (2.9). Then solve system (2.10). In each case give the solution
exactly (to an appropriate number of significant digits) and compare the two
numerical solutions.

(b) The entries on the right—hand side of (2.10)) differ from those of (2.9) by less
than 0.05%. Using the solution of (2.10) as an approximation to the solution
of (2.9), compute the percentage error in this approximation:

percentage error = 100% - ||x(3) _ $(4)||/||£B(3)||,
where (3 and z* are the solutions of systems (2.9) and (2.10)), respectively.

Matlab exercises
1. Rounding errors and condition number.

(a) Find the condition number (with respect to the 2-norm) of the matrix

4 0 =7 =7

-6 1 11 9
A= 7T =5 10 19
-1 2 3 -1

Construct a random vector # € R* and b = Ax. Compute the numerical
solution  of Az = b. Determine how many digits of z and & agree. Find the
number of digits that your software stores accurately, and report how many
digits of accuracy are lost when 7 is used instead of the exact solution z.

(b) Repeat for the matrix

53 1 7 9
6 4 2 8 -8
B=|753 10 9
96 4 -9 -5
8§ 5 2 11 4

2. Hilbert matrices.

(a) Solve the linear system Az = b for a suitable right-hand side b in order to
compute the last column of the inverse of the fifth-order Hilbert matrix. How
many digits of each entry of x do you expect to be correct? Explain your
reasoning in terms of the condition number of the Hilbert matrix.

(b) Compute the inverse of a Hilbert matrix of order 12 or larger. Compute
the product AA~! and report your observations. Comment on the numerical
difficulties that appear when forming the inverse of large Hilbert matrices.
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3. Comparison with MATLAB backslash. For a random matrix A € R™*"

and random vector b € R™, solve Az = b using both the pseudoinverse A' and
MATLAB’s backslash operator x = Ab. Compare the solutions and comment on
any differences.

4. Pseudoinverse via SVD. Consider the rank-deficient matrix

A:

~ &~ =
co Ot o
O O W

(a) Compute the pseudoinverse A* using MATLAB’s pinv function.
(b) Compute AT manually using the SVD (full or economy).
(c) Verify the pseudoinverse property

AATA=A and ATAAT = AT,

(d) The same for a random A € R*? matrix.

5. Least-squares solution with minimal norm. Let

1 7
A= |3 4|, b= |8
5 9

O = BN

(a) Compute the least-squares solution & = A™b.

(b) Compute the projection b = A% of b onto the column space of A.

(¢) Compute the residual ||b— b]|.

(d) The same for a random A € R>*® matrix with entries drawn from a standard
normal distribution and b € R5 a random vector.

. Random rectangular matrices. Generate a random matrix A € R™*" with
m > n and a random vector b € R™.
(a) Compute & = A'b using the pseudoinverse.
(b) Verify that & solves the least-squares problem by checking that AT (b—Az) ~ 0.
(c) Compare the norm ||Z|| with the norm of any other least-squares solution you

can generate by adding a vector from the nullspace of A.

. Economy SVD. For a large random matrix A € R0 compute its pseudoin-
verse using the economy SVD

At =V, n Ul

(a) Verify that & = A*b minimises ||z[|; among all least-squares solutions.

(b) Compare your result with MATLAB’s pinv(A)*b and discuss any differences
(numerical roundoff).
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8.

10.

11.

12.

13.

Compute the truncated rank-2 approximation of a 6 x 6 Hilbert matrix.

H = hilb(6);
[U,S,V] = svd(H);
H2 = U(:,1:2)*S(1:2,1:2)*V(:,1:2)7;

Construct a low-rank approximation of a 10 x 10 random matrix using the top 3
singular values.

A = rand(10);

[U,S,V] = svd(A);

P = 3

Alp = U(C:,1:p)*S(1:p,1:p)*V(:,1:p)7;

Visualize the singular values of a 10 x 10 random matrix.

X = rand (10);
s = svd(X);
semilogy(s,’0-");

Solve an overdetermined system Ax = b using pseudo-inverse.

A

rand (5, 3) ;

b rand (5,1) ;

x = V*xinv (S)*U’*b; Y Using SVD
x_alt = pinv(A)*b; % Using pinv

Load a grayscale image, compute its SVD, and reconstruct using top p singular
values.

pkg load image; % for Octave

img = imread(’cameraman.tif’);

img double (img) ;

[U,S,V] = svd(img);

p = 50;

img_p = UC:,1:p)*S(1:p,1:p)*V(:,1:p)’;
imshow (uint8 (img_p));

Compute the energy captured by the top p < r singular values

2 2
ol +---+op

E=——7-—7-——=
p O%_k...+_gz’

r = rank (5).

Compute the rank using rank and compare with nonzero singular values.

X = rand(6,4);
rank_X = rank(X);
s = svd(X);
sum(s>1e-10)
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14.

15.

16.

17.

18.

19.

20.

21.
22.

23.

Generate a tall-skinny matrix A and compute minimum-norm solution.

A = rand(10,4);

b = rand(10,1);

[U,S,V] = svd(A,’econ’);
x_min = V*xinv (S)*U’x*xb;

Plot truncation error | X — X, ||z vs p for a 20 x 20 matrix.

X = rand(20);

(U,s,V] = svd(X);

errors = zeros (20,1) ;

for p = 1:20
Xp = U(:,1:p)*S(1:p,1:p)*V(:,1:p)7;
errors(p) = norm(X-Xp,’fro’);

end

plot (1:20,errors,’o-’);

xlabel(’p’); ylabel(’Frobenius error’);

Compute the pseudoinverse of a 6 x 4 random matrix using SVD.

A = rand(6,4);
[U,S,V] = svd(A,’econ’);
A_pinv = Vxinv(S)*U’;

Use SVD to solve an overdetermined system Az = b for A € R¥* and random b.

A = rand(8,4); b = rand(8,1);
[U,S,V] = svd(A,’econ’);
x = Vxinv (S)*U’x*b;

Apply SVD to a color image by performing SVD separately on each RGB channel.
Discuss visual results.

Generate a random noisy matrix C' = A + € and compare singular values with the
original A. Analyze the effect of noise.

Generate a 20 x 20 random matrix, zero out all but the top 5 singular values, and
reconstruct it.

Plot the singular values of a 50 x 50 random matrix in decreasing order.

Compute SVD of a 10 x 10 rotation matrix, verify singular values are all 1, and
plot the transformed unit circle.

Generate a 5 x 5 matrix with known rank 3, compute SVD, and verify rank using
the number of non-zero singular values.
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24. Low-rank Image Approximation. In this exercise, you will explore low-rank
approximations of grayscale images using SVD in MATLAB.

(a) Load a grayscale image, for example cameraman.tif, and store it as a matrix
A e R™™,

(b) Compute the SVD of A using both full and economy formats.

(c) For several ranks p (e.g., p = 5, 10, 20, 50), construct the rank-p approximation
A, using both full and economy SVD.

(d) Display the approximated images side by side with the original image.
(e) Compute and record the 2-norm of the approximation error: ||A — A,|s.

(f) Plot the singular values o; of A in descending order and observe how quickly
they decay. Discuss how this decay relates to the quality of the rank-p approx-
imations.

(g) (Optional) Compare the computation time and memory usage of the full SVD
vs. economy SVD for a large image (e.g., 512 x 512). Comment on the advan-
tages of using the economy SVD in practice.

25. SVD and image compression with AT&T Faces. The AT&T (ORL) Face
Database contains grayscale images of 40 subjects, each with 10 images taken un-
der slightly different conditions (expressions, pose). Each image is 92 x 112 pixels
in PGM format. The dataset is freely available for academic use and can be down-
loaded fromhttps://www.cl.cam.ac.uk/research/dtg/attarchive/facedatabase.
html.

Assume that the images are stored in a subfolder att_faces in your current MAT-
LAB folder, with subfolders s1, s2, ..., s40 corresponding to the subjects.

(a) Load the first image of subject 1 (s1/1.pgm) into MATLAB as a grayscale
double matrix A.

(b) Compute the singular value decomposition (SVD) of A.
(c¢) Construct a rank-p truncated approximation for a given p (e.g., p = 10).

(d) Display side by side the original image and the truncated approximation using
imshow, and comment on the visual quality of the approximation as p increases.

(e) Plot the singular values to show their decay and discuss how it relates to the
image content.

You may use the following MATLAB template to get started.

% Current folder and subfolder
dataDir = fullfile(pwd, ’att_faces’);

% Read a grayscale image and convert to double
imgFile = fullfile(dataDir, ’sl1’, ’1.pgm’);
A = double(imread(imgFile));

% Compute de SVD
(U, 8, VI = svd(4);



https://www.cl.cam.ac.uk/research/dtg/attarchive/facedatabase.html
https://www.cl.cam.ac.uk/research/dtg/attarchive/facedatabase.html

Chapter 3

Principal Component Analysis

3.1 Dimensionality reduction

Dimensionality reduction methods aim to simplify datasets while preserving their most
important information. Broadly, these methods can be divided into two main categories:
feature selection and feature extraction. Feature selection involves identifying a subset of
the original features that are most relevant to the task at hand, whereas feature extraction
constructs a new set of features or a subspace that captures the essential structure of the
data.

Feature extraction serves as both a dimensionality-reduction and a data-compression
technique, with the primary goal of retaining the key characteristics of the dataset. In
practice, it is often employed to reduce storage requirements and computational costs, as
well as to improve predictive performance by mitigating the curse of dimensionality.

Real-world applications illustrate the versatility of feature extraction. In recommender
systems, such as those used by Netflix or Spotify, high-dimensional user-item matrices
can be transformed to reveal latent preference patterns, enhancing prediction and rec-
ommendation accuracy. In image processing, large pixel arrays can be summarized into
a few principal components that capture essential structural variations, enabling efficient
compression, noise reduction, and feature extraction, as exemplified by eigenfaces in facial
recognition. In genomics and biology, datasets containing thousands of gene-expression
measurements per sample can be projected onto a smaller set of features that highlight
biologically meaningful patterns, such as differences between healthy and diseased tissues
or between distinct cell types. In finance, correlated asset returns can be represented
by a few underlying factors that describe market-wide or sector-specific trends, facili-
tating risk modeling and portfolio optimization. Even in natural language processing,
high-dimensional representations such as document—term matrices or word embeddings
can be reduced to lower-dimensional features that preserve semantic relationships while
improving computational efficiency.

Among the most widely used feature-extraction techniques are Principal Compo-
nent Analysis (PCA), which identifies directions of maximum variance in the data;
Linear Discriminant Analysis (LDA), which seeks directions that maximize class
separability; and Kernel Principal Component Analysis (Kernel PCA), which
generalizes PCA to capture nonlinear structures. Collectively, these methods provide a
versatile toolkit for reducing dimensionality while preserving the most informative aspects
of complex datasets.

49
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3.2 Principal component analysis

Principal Component Analysis (PCA), also known as the Orthogonal Linear Transforma-
tion (OLT), was first introduced in 1901 by Karl Pearson as an analogue of the Principal
Axis Theorem in mechanics (see Theorem. It was later independently developed and
named by Harold Hotelling in the 1930s.

Figure 3.1: Karl Pearson (1857-1936).

PCA is a statistical procedure that employs an orthogonal transformation to convert
a set of observations, which may consist of correlated variables, into a set of linearly un-
correlated variables called principal components. The orthogonal axes of this new feature
space can be interpreted as the directions of maximum variance, under the constraint
that all axes are mutually orthogonal (see Figure .

v

Figure 3.2: Principal components.

As an unsupervised linear transformation technique, PCA is widely used across various
fields, most prominently in machine learning for feature extraction and dimensionality
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reduction. It identifies patterns in data by analyzing the correlations among features,
revealing the directions along which the data varies most.

It is important to note that PCA is highly sensitive to the scaling of the data. There-
fore, features should typically be standardised prior to applying PCA to ensure that all
variables contribute equally to the analysis. PCA is considered unsupervised because it
does not utilise any class label information in determining the principal components.

3.3 PCA and SVD

High-dimensional datasets often contain correlated or redundant information, making
analysis, visualisation, and predictive modelling challenging. The goal of Principal
Component Analysis (PCA) is to reduce dimensionality while retaining the most
informative patterns. PCA identifies an orthogonal basis of principal directions along
which the data exhibits maximal variance. Projecting the data onto the leading directions
yields a low-dimensional representation that preserves the dominant structure, reduces
noise, and facilitates interpretation. While the Singular Value Decomposition (SVD)
is a purely algebraic factorisation, PCA is a statistical approach that finds directions
maximising variance.

Let
X c RNXd

be the data matrix, with NV samples (rows) and d features (columns). Typically, N > d,
so the data matrix X is tall and narrow. Let 1y € RY*! denote a column vector of ones
and p € R™! be the vector of feature means with components

Centering the data by subtracting the feature means,
XC =X - 1N,LLT7

is a ensures that each column has zero empirical mean. Centring allows PCA to focus on
variance relative to the mean rather than differences in feature offsets.

Before defining PCA formally, it is important to note that the number of independent
directions in the data is determined by the linear independence of the features. If
all features are linearly independent and N > d, the rank of X, is r = d, and there are
d nonzero principal components. If some features are linearly dependent, then r < d,
and only r meaningful principal components exist. PCA therefore extracts the intrinsic
dimensions of the data, ignoring redundant or perfectly correlated features.

The goal of PCA is to find orthonormal vectors v1, ..., v, € R? such that the projec-
tions
z=Xuv, eRYN, i=1,...,r

capture maximal variance, subject to v'v; = §;;. The first principal component v,
) ] 3
maximises

v; = arg max Var(X.v) = arg max v’ Sv,
flvll=1 [[vll=1
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where

1
S = mXCTXC € R4 (3.1)

is the covariance matrix of the centred data. Subsequent components are obtained by
maximising variance in directions orthogonal to the previously found components. In this
way, PCA transforms the original correlated variables into a set of uncorrelated variables
(the principal components) that capture the dominant patterns of variation.

According to theorems [I.7HI.9] the principal directions v; are the eigenvectors of S,
and the corresponding eigenvalues \; quantify the variance captured along each compo-
nent:

Svi:)\ivi, izl,...,T, AlZAQZZ)\T’ZO

From a linear-algebra perspective, PCA can be computed efficiently via the SVD of
the centred data

n o
X, =v ™ Yvr— sy
0 0
where U € RV*" and V' € R are orthonormal matrices, 3 € R™" is diagonal with
singular values 01 > 09 > --- > 0, > 0, and r = rank(X_,). In this case,
=L xrx,= 1y
N—-—1"°"° N-1

and so, the principal directions (loadings) correspond to the columns of V in the SVD,
and the PCA scores (coordinates of the samples in the principal component space) are

7 =XV =U.

This SVD formulation directly links the statistical goal of maximising variance to a linear-
algebraic factorisation and is convenient for computation, dimensionality reduction, and
feature extraction.

Remark 3.1 (Covariance for Transposed Data Matrices). In some applications (e.g.,
signal processing or time-series analysis), data is organized as X € RPN with features
as rows and samples as columns. The feature means form a column vector u € R¥> with
components

|
”Z:_ZXija 2_15 7d7
j=1
the centred data matrixz is then
X, =X — pul},

and the covariance matrixz of the features is

1
§ = 7 XX e R

Applying the SVD,

X, =UxvT,
wher Ue R, S e R™" and Ve RNX" “we can write
1 1 avgn
S=——XX] = ——U2U".

N -1 © N-1

INote that the dimensions of U and V are different from the standard N x d convention.
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Now, the columns of U are the principal directions (loadings), and the scores of the
samples along these directions are

Z=U"X,=32V"T e R™NV,

Thus, the PCA structure is preserved: eigenvectors of X. XTI give the directions of maz-
imal variance, while Z contains the sample coordinates. Only the roles (and the dimen-
sions) of U and V are swapped compared to the standard N x d convention. Il

Remark 3.2 (Efficiency of PCA via SVD). PCA is typically computed using the SVD of
the centred data matriz rather than the eigenvalue decomposition of the covariance matriz.
This is computationally more efficient when the number of samples N is large, because
forming the covariance matriz S requires an additional matriz multiplication and leads
to an eigenvalue problem of size d X d. In contrast, the SVD works directly with X. and
avoids explicitly constructing S, while also providing numerically more stable estimates
of the principal components. O

3.4 Low-rank approximation

One of the most important applications of the Singular Value Decomposition (SVD) is
optimal low-rank approximation. Suppose we wish to approximate the centred data ma-
trix X, by a matrix of rank p < r, where r = rank(X.). The Eckart—Young Theorem
states that if X, = UXVT is the SVD of X,, and ¥, be the diagonal matrix obtained by
keeping only the largest p singular values, then the truncated SVD

Xep = U5,V € RV

minimises the error ||X. — Y||r over all matrices Y of rank at most p. The matrix
V,, € R™P contains the first p principal directions (loadings), and the PCA scores are

Z, =XV, =U,%, € RN*?,
The reconstruction of the centred data is
X, ~ Xc,p = Zp‘/;T c RNVxd

Remark 3.3 (Other data orientation). If samples are arranged as columns (X, € RN ),
the SVD still takes the form X. = UXVT, but now the rank-p approzimation becomes

Xep = U5,V € RPN
where U, € R™P contains the principal directions and the PCA scores are
Zy =Ul X, =%,V e RN,
The rank-k approximation becomes
X.~ X, =U,Z, € R™N,

Thus, the algebraic structure is identical, but the roles and dimensions of U, and V,, swap:
U, stores loadings and V, stores sample coefficients. U
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3.5 Eigenfaces algorithm

Face recognition is a classical application of PCA. Each face image can be represented as
a high-dimensional vector (stacking all pixels into a column). However, images are often
highly correlated, so the effective dimensionality is much lower than the number of pixels.
PCA identifies the directions of largest variation, called eigenfaces, which capture the
main features of faces across a dataset. Projecting new images onto the subspace spanned
by the leading eigenfaces enables efficient and robust recognition.

Let
X = [x1,2,...,25] € ROV

be a dataset of N face images, where d = h - w is the number of pixels in each image, and
x; is the i-th image reshaped into a vector. Since facial images often contain correlations
among pixels, the data is usually high-dimensional but lies near a lower-dimensional
manifold.

Remark 3.4. In image processing, the dataset is often organised with samples as columns,
X € RN where d is number of pizels and N the number of images. O

The procedure is as follows.

1. The first step in PCA is to compute the mean face

| N
M:NZ%
i=1

and centre the data
X, =X — pul¥,

where 1y € RV*! is a vector of ones. Centring ensures that the principal compo-
nents capture variation around the mean face rather than the absolute brightness
values.

2. Next, PCA are computed via the reduced (economy) SVD of the centred data
X, =UsvT,

where U € RV € RVN*" are orthogonal matrices containing the left and right
singular vectors, ¥ € R™" is a diagonal matrix of singular values, and r = rank(X.,).
In this context, the columns of U are called eigenfaces (principal directions).

3. Select the first p < r eigenfaces corresponding to the largest singular values
U, € R¥P.

Note that the dimensionality reduction is achieved by retaining only the first p
eigenfaces corresponding to the largest singular values. This not only reduces com-
putation but also filters out noise and less informative features, while preserving
the most significant variation among faces. In practice, p is chosen to capture a
high percentage (e.g., 90-95%) of the total variance.
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4. Project each centred image onto the eigenface space to obtain the PCA scores

Zy=Ul'X, € RPN,

5. For recognition, a new face image y € R% is centred by the mean face y and projected

onto the eigenface
2y = Ul (y—p) € R,

The identity of the closest match is predicted by finding the nearest neighbour in
the PCA score space using distance measure dist(-, )

it = arg rlnin dist(zy, Zi(:,17)).
i=1,...,
Common distance measures for nearest-neighbour matching include (here lower
values correspond to higher similarity):
e Euclidean distance: dist(y,z;) = ||y — x| or dist(y,x;) = |ly — z||%
T
Y T

e Cosine distance: dist(y, z;) =1 — ————
[yl {]:]]

2

e Gaussian/RBF distance: dist(y,z;) =1 — exp < — %)
The parameter o > 0 controls the sensitivity to differences between feature
vectors. A small 0 makes the exponential decay very fast, meaning that only
pairs of vectors with small Euclidean distance obtain a Gaussian distance close
to 0. Conversely, a large 0 makes the decay slower, so that even moderately
distant vectors retain a relatively small Gaussian distance. In practice, the
Gaussian distance is equivalent to the Euclidean distance.

Listing 3.1: MATLAB template to get started eigenfaces algorithm

% Parametres

trainF = ’path/to/folder’; % folder with grayscale images
files = dir(fullfile(trainF, ’*x.x’)); % all files
N = numel(files); % number of images

% Read the first image to get dimensions
img0 = imread(fullfile(trainF, files (1) .name));

[h, w] = size(img0); % image height and width
d = h *x w; % total pixels per image
X = zeros(d, N); % Preallocate matrix

% Read images and vectorize

for i = 1:N
img = double(imread(fullfile(trainFolder, files (i) .name)));
X(:, 1) = img(:); % store as column

end

% Step 1: Compute mean face and centre data
mu = mean(X, 2); % mean face vector
Xc = X - mu; % centre data
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%» Step 2: Compute SVD
[U, S, V] = svd(Xc, ’econ’);

% Step 3: Select first p eigenfaces and project training images
p = 20; Up = U(:,1:p); % top p eigenfaces
Z_train = Up’ * Xc; % project training images

% Step 4: Project a new image
new_img = double(imread(newImageFile));

z_new = Up’ * (new_img(:) - mu);

% Step 5: Find nearest neighbour in PCA space and visualise

distances = vecnorm(Z_train - z_new, 2, 1);
[, idx] = min(distances);

fprintf (’Predicted identity: %d\n’, idx);
recognized_face = X(:, idx);

figure;

subplot (1,2,1); imshow(reshape(new_img, h, w), [1);

title (’Test Image’);

subplot (1,2,2); imshow(reshape(recognized_face, h, w), []);
title (’Recognized Face’);

Remark 3.5 (Similarity measure). Depending on whether sim is a distance or a simi-
larity, one may use argmin (for distances) or arg max (for direct similarity measures) to
find the most similar sample. If sim(-,-) is a stmilarity measure (that increases with
closeness), the predicted identity is obtained by

i = arg max_sim(z,, Zy(:,1)).
i=1,.,N

Common choices of similarity in this case are:

y @
e Cosine similarity: sim(y, x;) = m;
YL

_Hy—%W>

202 '

The parameter o > 0 controls the kernel width. For a small o, only pairs of vectors
with small Euclidean distance obtain a similarity close to 1. Conversely, for a
large o, moderately distant vectors retain a relatively high similarity. In practice,
o can be chosen as a function of the data, for example as the average norm of the
training differences or a fraction of the standard deviation of pairwise distances.
This makes the similarity computation stable and avoids numerical saturation of
the exponential.

e Gaussian/RBF similarity: sim(y, z;) = exp (

For this case, the previous MATLAB script must be updated according to the following
code (for the case of Gaussian similarity). O

% Gaussian similarity

sigma = 1.0;

sim = exp(-vecnorm(Xp - y, 2, 1).72 / (2*sigma~2));

[7, idx] = max(sim); % predicted identity; idx gives the index of
the most similar training sample
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Remark 3.6 (Eigenfaces, PCA, and computational considerations). The eigenfaces ap-
proach provides a low-dimensional linear representation of face images and can be inter-
preted through PCA. Each column of U, is an eigenface reshaped to h x w, representing
a dominant variation pattern among faces, while Z, contains the coordinates of each
training 1mage in the low-dimensional eigenface space. This approach reduces the dimen-
sionality from d to k < d, filtering noise, reducing storage, and speeding up recognition.
Recognition performance generally improves with more components, but too many can in-
clude noise, so cross-validation is recommended. The method relies on a linear subspace
approximation; variations in pose, lighting, or erpression may require preprocessing or
more advanced methods. It works naturally with the d x N convention for images as
columns; for the N x d convention, the roles of U and V swap accordingly. O

3.6 Face recognition procedure

The eigenfaces method provides a structured approach to face recognition by combining
dimensionality reduction with nearest neighbour classification. The procedure can be
summarised as follows:

1. Load and vectorise images: Each face image is reshaped into a d-dimensional
column vector and collected into a matrix X'; corresponding labels are stored.

2. Split data into training and test sets: A subset of images per subject is used
for training, while the remaining images form the test set.

3. Compute the mean face and centre training data: The column-wise mean
of the training data is subtracted to centre the data.

4. Perform SVD on the centred training data: Singular Value Decomposition
provides the eigenfaces as the left singular vectors of X..

5. Select top p < d eigenfaces: The eigenvectors corresponding to the largest
singular values are retained to form the PCA subspace.

6. Project training and test images into the PCA subspace: Each image is
represented by its coordinates (scores) in the low-dimensional eigenface space.

7. Classify test images using nearest neighbour: The Euclidean distance be-
tween the projected test image and training images is used to assign a label.

8. (Optional) Classify using Gaussian similarity: An alternative similarity mea-
sure applies a Gaussian kernel to the distance in PCA space.

9. Visualise the mean face and eigenfaces: The mean image and first few eigen-
faces are reshaped to image form for inspection.

10. Evaluate recognition accuracy: The fraction of correctly classified test images
quantifies performance.

Choosing the number of principal components k is critical: retaining too few may lose
important facial information, while too many may include noise and increase computa-
tional cost. PCA provides several advantages in this context: it reduces dimensionality,
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captures the most discriminative features for face recognition, improves computational
efficiency, and allows visualization of the dominant modes of variation among faces. How-
ever, it also has limitations: performance can be sensitive to variations in lighting, pose,
expression, or occlusions; it assumes that faces lie approximately in a linear subspace
and may fail to capture complex nonlinear variations; and recognition accuracy may be
reduced when the training dataset is small relative to the dimensionality of the images.

Listing 3.2: Face recognition

% Parameters

h = 64; w = 64; % image height and width
d =h * w; %» number of pixels
Ntrain = 50; Ntest = 10; % number of training and test images

% Steps 1/2: Load vectorise images and split into training and
test sets

Xtrain = rand(d, Ntrain); Xtest = rand(d, Ntest); /% andom data

train_labels = 1:Ntrain;

% Step 3: Compute mean face and centre training data
mu = mean(Xtrain, 2); % mean along rows
Xc_train = Xtrain - mu;

% Step 4: Perform SVD on centred training data
[U, S, V] = svd(Xc_train, ’econ’);

% Step 5: Select top p eigenvectors (eigenfaces)
p = 20; Up = U(:, 1:p);

% Step 6: Project training and test images into PCA subspace
Z_train = Up’ * Xc_train;

Z_test = Up’ * (Xtest - mu);

% Step 7: Classify test images using nearest neighbour (Euclidean)

train_norms = sum(Z_train."~2, 1); % 1 x Ntrain
test_norms = sum(Z_test."2, 1); % 1 x Ntest
distances = zeros(Ntest, Ntrain); % initialize distance matrix
for i = 1:Ntest
for j = 1:Ntrain
diff = Z_test(:, i) - Z_train(:, j); ' difference vector
distances (i, j) = sqrt(sum(diff.~2)); % Euclidean norm
end
end
[7, idx] = min(distances, [], 2); % Nearest-neighbor prediction

pred_labels = train_labels (idx)’;

% Step 8 (optional): Classify using Gaussian similarity
sigma = 1.0;

sim_matrix = exp(-distances.”2 / (2xsigma~2));

[, idx_gauss] = max(sim_matrix, [], 2);
pred_labels_gauss = train_labels(idx_gauss)’;
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% Step 9: Visualise mean face and first few eigenfaces

n_display = min(p, 10); % number of eigenfaces to show
total_display = n_display + 1; % include mean face

cols = ceil(sqrt(total_display)); rows = ceil(total_display/cols);

figure; subplot(rows, cols, 1);
imagesc(reshape(mu, h, w));
colormap gray; axis image off; title(’Mean Face’);

for i = 1:n_display
subplot (rows, cols, i+1);
imagesc(reshape(Up(:,i), h, w)); % Eigenfaces
colormap gray; axis image off;
title([’Eigenface ’, num2str(i)]);

end

% Step 10: Display recognition results
disp(’Predicted labels (Euclidean):’); disp(pred_labels);
disp(’Predicted labels (Gaussian):’); disp(pred_labels_gauss) ;

The following MATLAB code implements the eigenfaces algorithm for face recognition
using the AT&T database. The AT&T (ORL) Face Database is a classical benchmark
dataset for evaluating face recognition algorithms. It contains 400 grayscale images of 40
subjects, with 10 images per subject, each of size 92 x 112 pixels. The images capture
small variations in expression and pose, making it suitable for evaluating PCA-based
recognition methods.

Listing 3.3: Face recognition using the AT&T database

% Step 1: Load vectorise images

datasetFolder = ’path/to/att_faces’; J set to your AT&T folder
h = 112; w = 92; d = h * w;

subjects = 40; imgsPerSubject = 10;

X = []; labels = [];

for s = 1:subjects
subjFolder = fullfile(datasetFolder, sprintf(’s%d’, s));
for j = 1:imgsPerSubject
fname = fullfile(subjFolder, sprintf(’%d.pgm’, j));
img = imread(fname); img = double(img(:));
X = [X, img]; labels = [labels, s];
end
end

N = size(X,2);

% Step 2: Split into training and test sets

train_idx = false(l, N); test_idx = false(l, N);
for s = l:subjects
idx = find(labels == s);

perm = randperm(imgsPerSubject) ;
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train_idx (idx(perm(1:6))) = true; 7% 6 train

test_idx (idx(perm(7:end))) = true; % 4 test
end
Xtrain = X(:, train_idx);
Xtest = X(:, test_idx);

labels (train_idx) ;
labels (test_idx) ;

train_labels
test_labels

% Step 3: Compute mean face and centre training data
p p g

mu = mean(Xtrain,2); 7% mean along rows

Xc_train = Xtrain - mu;

% Step 4: Perform SVD on centred training data
[U, S, V] = svd(Xc_train, ’econ’);

% Step 5: Select top p eigenvectors (eigenfaces)
p = 20; Up = UC(C:,1:p);

% Step 6: Project training and test images into PCA subspace
Z_train = Up’ * Xc_train;
Z_test Up’ * (Xtest - mu);

% Step 7: Classify test images using nearest neighbour (Euclidean)
pred_labels = zeros(l, size(Z_test ,2));
for i = 1:size(Z_test ,2)
distances = vecnorm(Z_train - Z_test(:,i), 2, 1);
[, idx] = min(distances);
pred_labels (i) = train_labels(idx);
end

% Step 8 (optional): Classify using Gaussian similarity

sigma = 800;

pred_labels_gauss = zeros(l,size(Z_test ,2));

for i = 1:size(Z_test,2)
sims = exp(-vecnorm(Z_train-Z_test(:,i),2,1).72/(2*sigma"~2));
[, idx] = max(sims) ;
pred_labels_gauss (i) = train_labels (idx);

end

% Step 9: Visualise mean face and first few eigenfaces

numShow = min(p,20); % show up to 20 eigenfaces
rows = 3; cols = ceil ((numShow+1)/rows); % +1 for mean face
figure(’Name’,’Mean Face + Eigenfaces’); subplot(rows,cols,l);

imagesc(reshape(mu,[h w]));
colormap gray; axis image off;
title(’Mean Face’,’FontWeight’,’bold’);

for i = 1:numShow
subplot (rows,cols,i+1);
imagesc (reshape (Up(:,1i),[h w]));




CHAPTER 3. PRINCIPAL COMPONENT ANALYSIS 61

colormap gray; axis image off;
title(sprintf (’PC %d’,i)); % or "Eigenface i"
end

% Step 10: Display recognition results

acc_e = mean(pred_labels == test_labels)*100;

acc_g = mean(pred_labels_gauss == test_labels)*100;
fprintf (’Accuracy (Euclidean): %.2f %%\n’,acc_e);
fprintf (’Accuracy (Gaussian): %.2f %%\n\n’,acc_g);

To conclude, PCA-based face recognition via eigenfaces provides a principled and
efficient way to reduce high-dimensional face data to a compact representation that pre-
serves the most relevant information for classification. While simple and effective under
controlled conditions, its performance may be limited by nonlinear variations in the data,
motivating extensions such as kernel PCA or deep learning approaches for more challeng-
ing scenarios.

3.7 UK food consumption

Suppose that we are examining the data in Table 3.1} from the UK’s "Department for
Environment, Food and Rural Affairs" (DEFRA), showing the consumption in grams
(per person, per week) of 17 different types of foodstuff measured and averaged in the
four countries of the United Kingdom in 19977

Food type England Wales Scotland North Ireland
Cheese 105 103 103 66
Carcass meat 245 227 242 267
Other meat 685 803 750 586
Fish 147 160 122 93
Fats and oils 193 235 184 209
Sugars 156 175 147 139
Fresh potatoes 720 874 566 1033
Fresh Veg 253 265 171 143
Other Veg 488 570 418 355
Processed potatoes 198 203 220 187
Processed Veg 360 365 337 334
Fresh fruit 1102 1137 957 674
Cereals 1472 1582 1462 1494
Beverages o7 73 53 47
Soft drinks 1374 1256 1572 1506
Alcoholic drinks 375 475 458 135
Confectionery o4 64 62 41

Table 3.1: Per-person weekly consumption (grams) of various food-types in the four UK
countries (1997). Data from DEFRA.

We aim to perform PCA on the UK food consumption dataset to explore patterns

2See: (https://bioboot.github.io/bggn213_W19/class-material/lab-8-bggn213.html)



https://bioboot.github.io/bggn213_W19/class-material/lab-8-bggn213.html
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among the four countries (England, Wales, Scotland, Northern Ireland) and the relation-
ships between different food types. The procedure is as follows

1. Define the data matrix. Let

X c R17><4

contain the per-person weekly consumption (grams) of 17 foods (rows/samples)
across 4 countries (columns/features). Assign labels for the foods and countries.

2. Center the data. Subtract the mean of each row (food type) so that each row
has zero mean:

17
1
Xc:X—lN,uT, for /,szl—,YZXU, j:1,2,3,4.
i=1

3. Scale for covariance eigenvalues. Divide by /N — 1 so that the singular values
of the centred matrix correspond to the eigenvalues of the covariance matrix:

4. Compute the SVD. Decompose the scaled centred matrix:

A A A

X =Uxv?t,

where the columns of U are the principal directions (food loadings), V contains the
right singular vectors (country patterns), and S? gives the covariance eigenvalues.

5. Compute explained variance. Compute the percentage of explained variance
by each principal component:

o2

E;, = 2—12 X 100%,
oi+---+o;
where 0, j =1,...,r, are the (positive) singular values of X?.

6. Project countries onto the first two principal components. Compute the
PCA scores (p = 2) via truncated SVD (see Remark [3.7):

Z,=X:TU, = V,%,.

7. Visualise countries in PCA space. Create a scatter plot of countries in the
PC1-PC2 plane and label them.

8. Biplot of foods and countries. Generate a biplot combining food loadings
(columns of U,) and the projected country scores.

9. Cluster countries. Apply k-means clustering (number clusters = 2) to the
scores and display cluster assignments. Optionally, plot the countries coloured by
cluster.
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Exercise 3.1. Use the next MATLAB script to perform the steps above on the
ATET food dataset. The code includes PCA computation, projection, visualisation,
and clustering of countries in the PCA space.

Listing 3.4: PCA on UK food dataset

% PCA on UK food dataset (scaled for covariance eigenvalues)
clc; clear; close all;

% 1. Define data matrix X (17 foods x 4 countries)

X =1
105, 103, 103, 66; % Cheese
245, 227, 242, 267; % Carcass_meat
685, 803, 750, 586; % Other_meat
147, 160, 122, 93; % Fish
193, 235, 184, 209; % Fats_and_oils
156, 175, 147, 139; % Sugars
720, 874, 566,1033; % Fresh_potatoes
253, 265, 171, 143; % Fresh_Veg
488, 570, 418, 355; % Other_Veg
198, 203, 220, 187; % Processed_potatoes
360, 365, 337, 334; % Processed_Veg

1102,1137, 957, 674; Y Fresh_fruit
1472 ,1582,1462,1494,; % Cereals

57, 73, 53, 47; % Beverages
1374 ,1256 ,1572,1506; % Soft_drinks
375, 475, 458, 135; % Alcoholic_drinks
54, 64, 62, 41 %» Confectionery
1;
[M,N] = size(X); % M=17 foods, N=4 countries
foods = {’Cheese’,’Carcass_meat’,’0ther_meat’,’Fish?’,’

Fats_and_oils’,’Sugars’,
’Fresh_potatoes’,’Fresh_Veg’,’0Other_Veg’,’Processed_potatoes’,
’Processed_Veg’,
’Fresh_fruit’,’Cereals’,’Beverages’,’Soft_drinks’,’
Alcoholic_drinks’,’Confectionery’};
countries = {’England’,’Wales’,’Scotland’,’N.Ireland’};

% 2. Center the data (subtract mean along rows)
Xc = X - mean(X,2); Y% centred (row-wise mean zero)

% 3. Scale by sqrt(N-1) so singular values = covariance
eigenvalues

Xc_scaled = Xc / sqrt(N-1);

% 4. Perform SVD
[U,S,V] = svd(Xc_scaled,’econ’);

% 5. Compute the explained variance
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cov_eigenvalues = diag(S)."2;

explained_var = cov_eigenvalues / sum(cov_eigenvalues) * 100;
fprintf (’Explained variance by each component (%%) :\n’);
disp(explained_var’);

% 6. Project countries onto first p = 2 principal components
p = 2; scores = Xc_scaled’ * U(:,1:p);
% p = 2; scores = V(:,1:p) * S(1:k,1:p); % use first 2 PCs

% 7. Plot countries in PC1-PC2 space

figure;

scatter (scores(:,1), scores(:,2),100,’filled”’);

text (scores(:,1)+0.05, scores(:,2), countries);

xlabel (’PC1’); ylabel(’PC2’); title(’Countries in PCA space’);
grid on;

% 8. Biplot of foods and countries

figure;

biplot (U(:,1:p),’Scores’,scores, ’VarLabels’,foods);
title(’PCA Biplot: Foods and Countries?’);

% 9. Cluster countries

num_clusters = 2;

[idx,C] = kmeans (scores,num_clusters) ;

countries = {’England’,’Wales’,’Scotland’,’N.Ireland’};
for i = 1:length(countries)

fprintf (’%s -> cluster %d\n’, countries{i}, idx(i));
end

% Optional: plot countries colored by cluster

figure;

gscatter (scores(:,1), scores(:,2), idx, ’rb’, ’0’, 8);
text (scores(:,1)+0.05, scores(:,2), countries);

xlabel (’PC1’); ylabel (’PC2’);

title(’Countries clustered in PCA space’);

grid on;

Remark 3.7 (Projection of samples versus features). In PCA, the scores of the samples
are usually computed (via SVD of X.) as

7= XV =08 RV,

where V contains the principal directions (loadings) and s gives the coordinates of each
sample in the principal component space.
Alternatively (as in the previous code), one can compute

Z=X"U=vV% e R¥,

which has the same singular values and principal directions, but the roles of rows and
columns are swapped: here the rows correspond to the features and the columns to the
principal components.
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This formulation is particularly convenient for applications such as biplots, where the
goal is to visualise the contributions of features along the first principal components. In
a biplot, each row of Z can be interpreted as a vector representing a feature, which can
be displayed as arrows in the component space.

Hence, while X,V provides the scores for the samples, the alternative XCTU directly
yields the scaled loadings suitable for feature visualisation. Both expressions are consistent
with the SVD of X., but their use depends on the intended focus: sample representation
or feature representation. U

3.8 Netflix-style recommendation

The goal of this example is to predict missing entries in a user-item rating matrix using
a low-rank approximation based on the SVD. The procedure is as follows:

1. Define the user-item matrix. Construct a matrix R € RV*? where each row
corresponds to a user and each column to an item (e.g., a movie). Missing ratings
are represented by NaN.

2. Handle missing values. Replace the missing entries with the mean rating of the
corresponding item, producing a fully populated matrix R;.

3. Center the data. Subtract the mean rating of each item to obtain the centred
matrix R.. This ensures that the principal components capture variations rather
than absolute values.

4. Compute the SVD. Factorise the centred matrix:

A A A

R.=UXVT,

where the columns of U and V are left and right singular vectors, and S contains
the (positive) singular values.

5. Low-rank approximation. Choose a rank p < min(M,d) and approximate the
matrix by keeping only the first p singular values and vectors:

R, =U%,V,.
6. Add back the mean. To return to the original scale:

Ryred = R, + mean(Ry).

7. Predict missing ratings. Use entries in Rpq corresponding to missing ratings
in R.

8. Recommend items. For each user, identify the unrated item with the highest
predicted rating and recommend it.
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Listing 3.5: Netflix-style recommendation using SVD

% 1. Define user-item rating matrix
R = [6 3 NaN 1;

4 NaN NaN 1;

1 1 NaN 5;

1 NaN NaN 4;

NaN 1 5 4];
[N, d] = size(R);

% 2. Handle missing values
col_mean = nanmean(R); % omitting NaN (or mean(R,’omitnan’))
Rf = R;
for j = 1:d
Rf (isnan(R(:,j)), j) = col_mean(j);
end

% 3. Centre the data
Rc = Rf - mean(Rf); % mean along columns (or mean(Rf,1))

% 4. Compute SVD
[U, S, V] = svd(Rc, ’econ’);

% 5. Low-rank approximation (rank p)
P =2; Rp = U(C:,1:p) * S(l:p,1:p) *x V(:,1:p)”;

% 6. Add back column means
R_pred = Rp + mean(Rf);

% 7. Predict missing ratings
fprintf (’Predicted ratings for missing entries:\n’);
for i = 1:N
for j = 1:d
if isnan(R(i,j))
fprintf (’User %d, Movie %d: %.2f\n’, i,j,R_pred(i,j));
end
end
end

% 8. Recommend top unrated movie for each user
fprintf (’\nRecommended movie for each user:\n’);
for i = 1:N
unrated = isnan(R(i,:));
if any(unrated)
[, idx] = max(R_pred(i, unrated));

unrated_idx = find(unrated) ;

recommended_movie = unrated_idx (idx) ;

fprintf (’User %d: Movie %d\n’, i, recommended_movie) ;
else

fprintf (’User %d: No unrated movies\n’, 1i);

end
end
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Remark 3.8 (Automatic selection of rank p). In a general PCA or SVD setting, the
rank p of a low-rank approzimation can be chosen automatically by examining the singular
values o, i = 1,-+- .1, of the centred data matriz X., with r = rank(X,). Define the
explained variance of each component as

o2

EV, = i

?
o} 4402

and the cumulative explained variance as

Cw:iEvj,

j=1

The rank p < r 1is selected as the smallest number of components such that CV, > «a,
where « is a chosen threshold (commonly 0.9 or 0.95). This ensures that the low-rank
approzimation retains a desired proportion of the total variance, balancing dimensionality
reduction and information preservation. O

3.9 Feature reduction via PCA

This final section highlights feature reduction as a central application of PCA, showing
how the concepts and methods discussed in the preceding sections — centring, covari-
ance structure, principal directions, and scores — come together to provide a compact,
informative representation of the data.

One of the main applications of Principal Component Analysis (PCA) is feature
reduction, which represents the dataset

X c RNXd

in a lower-dimensional space (p < d) while preserving the most relevant information.
Let X, € RY*? denote the centred data. Feature reduction can be described from two
complementary perspectives. In the covariance perspective, the covariance matrix

1
N -1

is computed, and its eigenvectors corresponding to the p largest eigenvalues form

S = XI'X, e R™

V, € RY.

The columns of V,, are the principal directions (loadings), and projecting the centered
data onto these directions
Z,=X,\V, € RN

yields the PCA scores, forming the reduced dataset. Equivalently, in the SVD per-
spective, one computes

X, =UsvT,
and retains the first p columns of V, so that

Z, =XV, =U,%, € RN*?,

The singular values in ¥, correspond to the square roots of the largest eigenvalues of .S,
explicitly linking both approaches.
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To illustrate the feature reduction process in low dimensions, consider first a 2D
dataset reduced to 1D. Figure shows the original data (blue), the principal direction
(red arrow), and the projected points along the first principal component (magenta),
which form the reduced dataset. The reconstructed points (green circles) coincide with the
projections, demonstrating that all relevant variance is captured along the first principal
direction.

PCA Feature Reduction: Original = Loadings — Scores — Reconstruction

®  Original data

2+ == PC1 (loading)

® PCAscores
Reconstructed points

\\e:- T
-
- 8
€ -
.~.\
a\n
e
e
e
.

Figure 3.3: 2D — 1D PCA feature reduction.

For higher-dimensional data, PCA reduces dimensionality while retaining most vari-
ance. As an example, Figure illustrates a 3D dataset projected onto the plane spanned
by the first two principal components (red and green arrows). The projections (magenta
points) form a 2D representation of the original data, preserving the dominant structure.

The number of principal components p is chosen based on the cumulative explained
variance, which is computed from the singular values of the centred data X,

2 2
0'1+...+O'p

>«
of 4402

juiy Y

where o; is the i-th singular value of X, r = rank(X,), and a € (0,1) is a predefined
threshold, typically 0.9 or 0.95. Here, o7 is proportional to the variance explained by the
i-th principal component. This ensures that the reduced representation captures most of
the variability while reducing computational cost and the risk of overfitting.

The rank-p approximation of the centred data is
X, ~ Xc,p = va;)T c RNxd7

showing that each sample is effectively represented by a p-dimensional vector instead of
d, preserving the main structure. Hence, PCA serves as a tool for feature extraction and
data compression, widely applied in image processing, genomics, finance, and machine
learning.
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PCA Feature Reduction: 3D — 2D

2.5
2
1.5
1
w 0.5
>
0
-05
_1 \
. ® Original data
-1.5 ——= PC1 (l0ading)

== PC2 (loading)
1 ® PCAscores (2D)
Reconstructed points (3D)

Figure 3.4: 3D — 2D PCA feature reduction.

Remark 3.9 (Data matrix with features as rows). When the data matriz is arranged as
X e RV

with features as rows and samples as columns, let X, € RN denote the centred data.
The covariance matriz is then

1
S=——XX! € R,
N -1 ¢
The principal directions are the eigenvectors of S, and the PCA scores are

Zy, =V X, e RPN,

where V,, € RP contains the first p eigenvectors. The structure of PCA is unchanged:
loadings span the subspace of mazximal variance, and scores provide coordinates of samples
in the reduced feature space. U

Feature reduction via PCA captures the essential variability in a lower-dimensional
representation, simplifies subsequent analysis, and links linear-algebraic structure to sta-
tistical interpretation, making it a fundamental tool for dimensionality reduction, efficient
data representation, and compression.
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3.10 Exercises

Hand-solved exercises

1.

10.

11.

. Diagonal vs non-diagonal matrices. For B =

SVD of a 2 x2 matrix. Compute the singular value decomposition of A = ﬁ ;)] .

Identify U, S, and V. Discuss which direction captures most variance.

1 2
Covariance and PCA. Given X = | 0 —1]|, compute the covariance matrix
-1 -1
and its eigenvalues. Explain what the first principal component represents in terms
of the data.

Projection onto first principal component. Using the previous matrix, project
the data onto the first PC and interpret the resulting scores.

(2) (1)] , compute the SVD. Dis-
cuss why singular values correspond to the variance along coordinate axes.
Centered 2 x 3 dataset. Create a small centred dataset and identify the first
principal component by hand. Explain why centring is necessary.

Diagonal matrix SVD property. Show that for a diagonal matrix D, the sin-
gular values are simply the absolute values of the diagonal entries.

11
Small dataset PCA. Let X = [0 1|. Centre the data, compute the first prin-
10

cipal component, and discuss the meaning of the PC direction.

. Variance explained. Suppose singular values are 0; = 5 and o0y = 2. Compute

the fraction of total variance explained by the first principal component.

Relation between SVD and PCA scores. Explain how the right singular
vectors V of the centred data matrix relate to PCA scores.

Dominant PC in a diagonal covariance matrix. Let S = diag(1,2,3). Com-
pute the SVD and identify which component explains the largest portion of variance.

Featrure reduction. Consider the following dataset with 3 samples and 2 features:

20
X=101
3 1

(a) Center the data by subtracting the mean of each feature and compute the
covariance matrix S of the centred data.

(b) Identify the principal components and determine which direction captures the
most variance.

(c¢) Project the original data onto the first principal component to obtain a 1D
representation.
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MATLAB exercises

1. Image compression
Dataset: Built-in MATLAB image cameraman.tif or any grayscale image from
USC-SIPI Image Database.
Task: Load the image, convert to double precision, compute the SVD, and recon-
struct the image using the top 10%, 20%, and 50% singular values. Compare the
images visually and compute the compression ratio.

pkg load image; % for Octave
img = imread(’cameraman.tif’);
img = double (img) ;

[U,S,V] = svd(img);

p_values = [floor (0.1*min(size(img))), floor (0.2*min(size (img)
)), floor (0.5*min(size(img)))];
for p = p_values

img_p = U(:,1:p) * S(1:p,1:p) * V(:,1:p)’;
figure; imshow(uint8(img_p));
title ([’Rank-’, num2str(p)]);

end

2. Facial recognition
Dataset: Yale Faces dataset (link) or AT&T (ORL) Faces.
Task: Load a subset of images, reshape each into a vector to build a data ma-
trix X, perform SVD, and reconstruct images using top singular values. Analyse
dimensionality reduction and reconstruction error.

%» Load images as columns of X

[U,S,V] = svd(X,’econ’);

p = 20; % top singular values

Xp = U(:,1:p) * S(1l:p,1:p) * V(:,1:p)7;

% Reshape columns back to images to display

3. Recommender systems
Dataset: MovieLens 100K (link)
Task: Construct user-item rating matrix R with missing entries as zeros or NaNs,
perform truncated SVD, and approximate missing ratings. Evaluate predictions

using RMSE.

R = load(’ul.base’); % preprocess to create matrix
[U,S,V] = svd(R,’econ’);

p = 2; % top singular values

R_approx = U(:,1:p) * S(l:p,1:p) * V(:,1:p)’;



http://sipi.usc.edu/database/
http://cvc.yale.edu/projects/yalefaces/yalefaces.html
https://grouplens.org/datasets/movielens/100k/
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4. PCA with Fisher’s Iris dataset
Dataset: Fisher’s Iris dataset (Load fisheriris in MATLAB).
Task: Take the feature matrix, centre it by subtracting the mean, compute SVD,
project onto first 2 principal components, and plot.

pkg load statistics % for Octave (if not already loaded)
load fisheriris
X = meas;
Xc = X - mean(X,1); % mean along columns (or mean (X))
[U,S,V] = svd(Xc,’econ’);
PC1 = Xc * V(:,1); PC2 = Xc * V(:,2);
% Map species to numeric labels
speciesNum = grp2idx(species); % 1 = setosa, 2 = versicolor,

3 = virginica
% Define colors for each species
colors = [1 0 0; 01 O0; O O 1]1; % red, green, blue
figure; hold on;
for i = 1:3

idx = (speciesNum == 1i);
scatter (PC1(idx), PC2(idx), 50, colors(i,:), ’filled’);

end
xlabel (’PC1°); ylabel (’PC27);
title (’PCA of Fisher Iris Dataset’);
legend (’setosa’,’versicolor’,’virginica’,’Location’,’best’);
grid on; hold off;

5. Linear regression via SVD
Dataset: Boston Housing datase.
Task: Load dataset, construct matrix A including a column of ones, compute SVD,
solve least-squares via x = Vel *b, and compare predicted vs true house prices.

clear; clc; close all;

data = readmatrix(’BostonHousing.csv’);

A = data(:,1:13);

b = data(:,14);

A = [ones(size(A,1),1) A]; % add intercept

[U,S,V] = svd(A,’econ’);

x =V *x inv(S) * U’ * b;

b_pred = A * x;

plot(b,’k-0’); hold on; plot(b_pred,’r--0’);
xlabel (’House index’); ylabel(’Price ($1000)°);
legend (’True’,’Predicted’);

6. Climate data analysis. Use climate-related datasets (e.g., temperature, CO,,
precipitation) to uncover correlations, dominant modes, and potential relationships
among environmental variables. Construct a matrix with locations as columns and
time points as rows. Apply SVD to identify dominant climate patterns.

data = readmatrix(’temperature.csv’); Y rows=time, cols=
locations

[U,S,V] = svd(data,’econ’);

plot (diag(S) / sum(diag(S)),’0’); % Energy captured by modes



https://github.com/selva86/datasets/blob/master/BostonHousing.csv
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Climate datasets (downloadable CSV, NetCDF, or similar formats), examples:

e NASA GISS Surface Temperature Data;
e NOAA CO, Concentration Data;
e Global Precipitation Climatology Project (GPCP);
e Berkeley Earth Temperature Data; UCI ML Repository)).
7. Movie recommendation (Netflix-style). Predict missing ratings in a synthetic
user-movie matrix. Determine the optimal number of principal components based

on cumulative variance, reconstruct the matrix, and recommend top movies for each
user.

% Synthetic ratings (NaN = missing)
X = [65 NaN 3 1 4; 4 2 NaN 5 NaN; NaN 4 5 2 3; 1 5 2 NaN 4; 3
NaN 4 5 2; 5 3 NaN 4 NaN; 2 4 5 NaN 3];

[N, d] = size(X);

%» Handle missing values

col_mean = nanmean (X, 1); % Mean by column ignoring NalNs
Xf = X;

for j = 1:d
Xf(isnan(X(:,j)), j) = col_mean(j);

end
% Center the data
Xc = Xf - mean(Xf,1); % Subtract column means

% Compute SVD

[~,S,V] = svd(Xc,’econ’);

% Automatic selection of p (number of principal components)
singvals = diag(8);

p = find(cumsum(singvals.”2 / sum(singvals.~2)) >= 0.9,1);
% Reconstruct matrix

X_pred = Xc * V(:,1:p) * V(:,1:p)’ + mean(Xf,1);

% Top recommendations

nan_idx isnan(X); % <-- needed for finding missing ratings
num_top 2;

top_recs = cell(N,1);

for i = 1:N

missing = find(nan_idx(i,:));
if isempty(missing), continue; end
[T,ord] = sort(X_pred(i,missing),’descend’);

top_recs{i} = missing(ord(l:min(num_top,length(ord))));
end
%» Display recommendations
for i = 1:N
fprintf (’User %d recommended movies: %s\n’, i, mat2str(
top_recs{il}));
end

8. Video compression. Select a short video clip, treat each frame as a column in a
matrix, compress using SVD, and reconstruct the video.


https://data.giss.nasa.gov/gistemp/
https://www.esrl.noaa.gov/gmd/ccgg/trends/
https://www.ncei.noaa.gov/products/precipitation
http://berkeleyearth.org/data/
https://archive.ics.uci.edu/
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Figure 3.5: Example of cumulative explained variance as a function of the number of
principal components. The optimal p is chosen where the curve reaches the desired

threshold (e.g., 90%).

video = VideoReader (’sample.mp4’);

frame = read(video,1);

X = double(rgb2gray(frame)) ;

(U,s,V] = svd(X);

p = 30; Xp = U(:,1:p) * S(1l:p,1:p) * V(:,1:p)?;
imshow (uint8 (Xp)) ;

9. Image compression. Load a grayscale image from a dataset (e.g., CIFAR-10).
Apply SVD and reconstruct the image using truncated singular values. Compare
storage and visual quality. Update for RGB images.

% Load CIFAR-10 batch
load(’data_batch_2.mat’); % loads ’data’

% Take the first image

img_row = data(l, :);

% Extract RGB channels and reshape to 32x32
R = reshape(img_row(1:1024), [32,32]);
reshape (img_row (1025:2048), [32,32]) ’;
B = reshape(img_row (2049:3072), [32,32])7;
% Convert to grayscale (average of RGB)

I = double((R + G + B)/3);

% Apply SVD compression

[U,S,V] = svd(I);

p = 20; % number of singular values

Ip = U(C:,1:p) * S(1l:p,1:p) * V(:,1:p)?;

% Enlarge for display (e.g., 8 x bigger)
Ip_large = imresize(Ip, 8);

% Display the compressed image

imshow (uint8(Ip_large)) ;

title ([’CIFAR-10 Compressed with p = ’, num2str(p)]);

[}
1]



https://www.cs.toronto.edu/~kriz/cifar.html
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10.

11.

12.

13.

14.

15.

Medical imaging. Load MRI/CT images, apply SVD for denoising or compres-
sion, and visualise reconstructed images for different truncation levels.

I = double(imread(’mri_slice.png?’));

[U,S,V] = svd(I);

p = 20; Ip = U(:,1:p) * S(l:p,1:p) * V(:,1:p)’;
imshow (uint8 (Ip));

Social network analysis. Use an adjacency matrix of a social network. Apply
SVD to identify dominant clusters or communities.

A = load(’social_net.mat’); % adjacency matrix
[U,S,V] = svd(A);
p = 3; nc = 3; clusters = kmeans(U(:,1:p),nc);

Financial market data. Take stock price data for multiple companies. Construct
a matrix of returns and apply SVD to find principal market modes.

prices = readmatrix(’stocks.csv’); 7% rows=time, cols=stocks
returns = diff (prices) ./ prices(l:end-1,:);
[U,S,V] = svd(returns,’econ’);

plot(diag(S) / sum(diag(8)),’0’);

Sensor data compression. Load multi-sensor IoT data over time. Use SVD to
reduce dimensionality and reconstruct signals with minimal loss.

X = readmatrix(’sensor.csv’); % rows=time, cols=sensors
[U,S,V] = svd(X,’econ’);
p=25; Xp = U(:,1:p) * S(l:p,1:p) *x V(:,1:p)’;

Audio compression. Load an audio signal, represent it as a matrix using over-
lapping frames, apply SVD, and reconstruct the signal using truncated singular
values.

[audio ,Fs] = audioread(’speech.wav’);

frame = buffer (audio,256) ;

[U,S,V] = svd(frame,’econ’);

p = 50; frame_p = U(:,1:p) * S(l:p,1:p) * V(:,1:p)7;

audio_p = reshape(frame_p,size(frame_p,1)*size(frame_p,2) ,1);
sound (audio_p,Fs);

Gene expression analysis. Use microarray gene expression data. Construct a
gene-by-sample matrix and apply SVD to identify dominant expression patterns
across conditions.

expr = readmatrix(’gene_expression.csv’); % rows=genes, cols=
samples

[U,S,V] = svd(expr,’econ’);

p = 5; top_patterns = U(:,1:p);
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16.

17.

Feature reduction with synthetic dataset. Use the MATLAB template below
to complete the missing steps and answer: (a) What are the PCA scores? (b) How
many components retain most variance? (c¢) Compare original and reconstructed
data: do they match? Explain. (d) Plot original vs reconstructed points: what do
you observe?

%% PCA Template: Synthetic Data
X = [...]1; % define your dataset

% Step 1: Center the data
Xc = X - mean(X);

% Step 2: Compute SVD
% YOUR CODE HERE

% Step 3: Project data onto first p principal components
%» YOUR CODE HERE

% Step 4: Reconstruct data from reduced dimensions
% YOUR CODE HERE

% Step 5: Plot original and reconstructed points
% YOUR CODE HERE

Feature reduction with Boston Housing dataset. Use the Boston Housing
dataset with the template below and complete the missing steps. Answer: (a) What
do the first 2-3 principal components represent? (b) Project onto the first 2 PCs:
any patterns or clusters? (c) Reconstruct the original features: how accurate is the
approximation? (d) How many components retain > 90% variance? Justify.

%% PCA Template: Boston Housing
data = readmatrix(’BostonHousing.csv’); % load dataset
X = data(:,1:end-1); % select features

% Step 1: Centre the data
Xc = X - mean(X);

% Step 2: Compute SVD
% YOUR CODE HERE

% Step 3: Project data onto first 2 or 3 principal components
% YOUR CODE HERE

% Step 4: Reconstruct data from reduced dimensions
% YOUR CODE HERE

% Step 5: Visualise scores and/or reconstruction
% YOUR CODE HERE



https://github.com/selva86/datasets/blob/master/BostonHousing.csv
https://github.com/selva86/datasets/blob/master/BostonHousing.csv

Chapter 4

Linear Discriminant Analysis

4.1 Introduction

In previous chapters, we studied the Singular Value Decomposition (SVD) and Principal
Component Analysis (PCA), which are fundamental tools for dimensionality reduction
and data representation. PCA identifies directions of maximal variance in an unsupervised
manner, but it does not take into account class labels, which can be critical for classifica-
tion tasks. PCA, introduced by Karl Pearson in 1901, operates under the premise that the
most informative features are those along which the variance is largest. Mathematically,
PCA identifies a set of orthogonal axes that capture the maximum spread of the data,
either by computing the eigenvectors of the covariance matrix or equivalently via the SVD
of the centred data matrix. Each principal component represents a linear combination
of the original features, and projecting the data onto the first few components reduces
dimensionality while retaining most of the variance. PCA is widely used for exploratory
analysis, noise reduction, and data compression, especially when the intrinsic geometry
of the entire dataset is of interest.

In contrast, Linear Discriminant Analysis (LDA) is a supervised dimensionality
reduction technique: it explicitly seeks directions that maximise class separability, making
it particularly suitable for classification tasks where preserving discriminatory information
is critical.

Linear Discriminant Analysis (LDA), in contrast, is inherently supervised and lever-
ages class labels to guide the dimensionality reduction process. Originally introduced
by Sir Ronald Fishelﬂ in 1936 to distinguish between species. In his seminal 1936 pa-
per, The Use of Multiple Measurements in Taxonomic Problems, Fisher introduced the
linear discriminant to distinguish between three species of Iris flowers. Unlike Pearson’s
geometric approach to variance, Fisher’s goal was explicitly classification. He sought a
linear combination of features that separated the means of different classes while keeping
the data within each class tightly clustered. This was later generalised to multi-class
problems (Multiple Discriminant Analysis) by Calyampudi Radhakrishna Rao in 1948.

! According to Wikipedia, Sir Ronald Aylmer Fisher FRS (17 February 1890 — 29 July 1962) was a
British polymath who was active as a mathematician, statistician, biologist, geneticist, and academic.
He has been described as "a genius who almost single-handedly created the foundations for modern
statistical science" and "the single most important figure in 20th century statistics".

7


https://en.wikipedia.org/wiki/Ronald_Fisher
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Figure 4.1: Ronald Fisher (1890-1962).

LDA aims to find projections that maximise the separation between different classes
while minimising the variability within each class. The main goals of LDA are to reduce
the dimensionality of the data, retain the features that are most informative for distin-
guishing between classes, and improve the performance of subsequent classification tasks.
Unlike PCA, which identifies directions of maximal variance without considering class in-
formation, LDA focuses on the directions that carry the most discriminatory information,
ensuring that the resulting lower-dimensional representation preserves class separability
and facilitates more effective analysis and recognition.

The choice between PCA and LDA depends on the data and analytical goals. For
unlabelled data or tasks focused on general simplification, PCA is preferred. For labeled
datasets where classification is the primary objective, LDA is more effective because it
preserves the directions most relevant for distinguishing between classes. Understanding
this distinction — the unsupervised pursuit of variance versus the supervised pursuit of
separability — is essential for applying dimensionality reduction effectively in modern
machine learning and statistical analysis.

4.2 Connection to PCA and SVD

Linear Discriminant Analysis (LDA) can be understood from a linear-algebra perspective
closely related to Principal Component Analysis (PCA).
Let
X =[z1,...,25] € RPN

denote the data matrix, where d is the number of features and /N is the number of samples,
and let
X, =X —pul%

be the centred data, with 15 € R¥*! the column vector of ones and p € R? the overall
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mean vector
1 N
= — Z;.
"N

PCA overview. In PCA, the principal directions U, € R¥? with p < r = rank(X,),
are obtained from a low-rank approximation of the covariance matrix

1
S=——XX7T
N—1 ¢

via the truncated Singular Value Decomposition (SVD):
X~ Xep, = U,V

where U, € R™P and V,, € RV*? have orthonormal columns, and Y, € RP*? is diagonal
with singular values o; > --- > 0, > 0. The PCA scores of the samples (the projection
onto the principal subspace) are then

Zpea = Ul X =%,V

depending on the chosen convention. Each column of Zpga represents a sample in the
p-dimensional principal component space.

Remark 4.1 (Alternative data orientation). If the data is arranged as X, € RN*? (sam-
ples in rows, features in columns), the principal directions are the columns of V,, € R4,
and the PCA scores are

Zpoa = XV, =U,%, € RV,

g

LDA formulation. Suppose each sample belongs to one of C' distinct classes, indicated
by a label vector

y=Iy,...,yn] €{1,..., O},

so that y; = c if x; belongs to class C.. For each class c =1,...,C, define
C.={ie{l,...,N}:y; = c}, N, = |C|,

the set of sample indices in class ¢ and its cardinality. The class mean vectors are

C

N
1 1
He = N Z z; € R? and the overall mean remains = N ; ;.

1€Cc

The within-class and between-class scatter matrices are

¢ c
Sw =3 D (@i = pe)(wi — )T € RTS8y =B Ne(pe = p) (e — )" € R
c=1 1eC. c=1
The Fisher criterion seeks a projection matrix W = [wy, ..., wy] € R>* that max-

imises the ratio of between-class to within-class variance in the projected space

tI(WTSBW)

JW) = tr(WT Sy W)
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Maximising J(W') simultaneously selects k directions that maximise the between-class
variance relative to the within-class variance. This is equivalent to solving the generalised

eigenvalue problem
Syt SpW = WA,

where A is the diagonal matrix of the largest generalised eigenvalues. The columns of
W are therefore the eigenvectors of SV_VIS B, defining the discriminant directions that
maximise the ratio of between-class to within-class variability.

Computationally. In practice, Sy may be singular, particularly when the number of
features d exceeds the number of samples N. To address this, LDA is often preceded by a
dimensionality reduction step, typically PCA, or Sv_vl is replaced by a regularised inverse.
When d > N, let U, € R™? and V,, € RV*? denote the principal directions from the
truncated SVD of X_:

X~ U,V

Projecting the centred data onto the principal subspace gives Zpca = UpT X, € RPN,
The within-class and between-class scatter matrices in this reduced space are

C C
Spw = Z Z(xp,i = Hep) (Tpi — ﬂc,p)T’ Sp.B = Z Ne(ttep = tp) (Hep — ,Up)T>

c=1 ieC. c=1

where 2,; = U] %;, ficp = U] jic, and p, = Ul j1. The LDA directions in the reduced space
are the eigenvectors of S - wSp.B, denoted by W, € RP*F. The corresponding directions
in the original feature space and the LDA scores are, respectively,

Wipa = U)W, € R™* and  Zipa = Wip, X, € RPN,

These columns of Wipa define the discriminant directions in the original space that
maximise class separability after PCA-based dimensionality reduction. The LDA scores
are the coordinates of each sample along the discriminant directions.

Remark 4.2 (Alternative data orientation). If the samples are arranged in rows, X. €
RN*4 the class sets C.. correspond to row indices, the class and overall means are computed
similarly, and PCA projection is performed as X., = X.V, € RN*P. The LDA directions
in the original space and the LDA scores are

Wipa = V,W, € R** and  Zypy = X Wips € RV,
respectively, consistent with the previous derivation. O

This procedure highlights the deep connection between PCA and LDA: PCA reduces
dimensionality and ensures that the within-class scatter matrix Sy, is invertible, while
LDA finds the most discriminative directions within the subspace spanned by the principal
components. The combination of SVD-based PCA followed by LDA is widely known as
the Fisherfaces method in computer vision applications.

4.3 Linear discriminant analysis

Principal Component Analysis (PCA) aims to find the most accurate data representation
in a lower dimensional space spanned by the maximum-variance directions. However,
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such directions might not work well for tasks like classification. Here we present a new
data reduction method that tries to preserve the discriminatory information between
different classes of the data set.

Linear Discriminant Analysis (LDA) is a classical supervised dimensionality reduction
and classification technique. It generalises Fisher’s Linear Discriminant Analysis, orig-
inally developed for two-class problems, to multi-class datasets while maximising class
separability in a reduced subspace.

Figure 4.2: Left: PCA: representative but not discriminative; Right: LDA: discriminates
between the two classes.

Fisher LDA: two-class case

Let
X = [z1,...,25] € RPN

be the data matrix, where each column z; € R represents a sample belonging to one of
two classes, C; and Co, with N7 and N, samples respectively (N = Ny + Ns).

From a statistical perspective, the goal of LDA is to find a projection that maximises
the separation of the class means relative to the variability within each class. Denote the
class means by

and the within-class variances by

S1=> (wi—p)wi—m)"s  Sh= (wi— pa)(wi — )"

1€Cy i€Ca
Projecting the data along a direction w € R, the projected class means are
my = wTﬂb My = wTMQ,
and the variance of each class along w is
o} =wl'Siw, oF =w' Syw.

A naive approach is to maximise the squared distance between the projected means,

d* = (my —my)® = w' (1 — p2)(y — p2) " w,
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but this ignores the within-class scatter. Even if the means are far apart, large variances
may cause the classes to overlap in the projected space.

To account for both separation and spread, Fisher proposed maximising the ratio of
between-class to within-class variance:

between-class variance along w  w? Spw

J(w) =

within-class variance along w wl Syw’

where the between-class scatter matrix is

Sp = (1 — p2) (1 — p2)",

and the total within-class scatter matrix is

Sw =814 8= (& — p)(wi — )" + (i — o) (i — )"

i€Cy 1€Co

Maximising J(w) identifies a projection direction that simultaneously maximises the
distance between class means and minimises the spread of each class, resulting in a more
robust and discriminative representation.

~

Theorem 4.1. Suppose Sy € R¥™? is nonsingular. Then the vector w that max-
imises the Fisher criterion

wl' Spw

) = TS

subject to ||w|| =1,

is the eigenvector of Sv’vlSB corresponding to the largest eigenvalue.

Proof. Since Sy is symmetric positive definite, define the change of variable

V= S%zw = w= Sa,l/Qv.

Then the Fisher criterion becomes

Jw) = LSmw _ (S *0)"Sp(Sy’?v) o7 (S >S5Sy v
 wlSypw vTy N vTy ’

The numerator is a quadratic form and the denominator is the squared norm of v, so
this is a Rayleigh quotient. It is maximised when v is the eigenvector corresponding to
the largest eigenvalue of SI;/l/ 9 BSv_Vl/ 2, Transforming back to w gives w = 51;/1/ ®v, and

so w is an eigenvector of Sﬁ,l Sp corresponding to the largest eigenvalue. O

This result shows that the optimal LDA direction w* aligns with the inverse within-
class scatter applied to the difference of class means, which is exactly the eigenvector of
Sﬁ/l Sp associated with the nonzero eigenvalue.

Remark 4.3 (Computational aspects). The within-class scatter matriz

Siw =35 s — )y — )"

c=1 ieCc
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1s always symmetric and positive semidefinite. It is positive definite if the within-class
deviations span R?, ensuring w? Syw > 0 for all nonzero w.
In the two-class case, the between-class scatter matrix

Sp = (1 — p2) (1 — po)”

has rank one. Consequently, SljvlSB also has rank one and only one nonzero eigenvalue.
Indeed, for any vector w,

Syt Spw = Syt (pn — p2) (1 — po) " w,
—_— ——

scalar

showing that any nonzero vector in the direction of SV_V1 (11— p2) 1s an eigenvector. There-
fore, the LDA direction w* that mazimises J(w) can be computed directly by solving the
linear system
Sww = i1 — piz
and normalising w to unit length.
Alternatively, when Sy s singular, one may use the pseudo-inverse

w* = Sl—/’[_/(“l - “2)’

to obtain the same direction. O

Algorithm: Fisher LDA

The procedure can be described in the following steps:

1. Compute class statistics: Calculate the mean vectors p; and o, and the within-
class scatter matrices Sy, 5.

2. Construct total within-class scatter: Sy = S; + Ss.

3. Compute the Fisher direction: Solve w* = Sy} (1 — ). This direction max-
imises the separation between the two classes relative to their internal variance.

4. Project the data: For each sample, compute the 1D projection z; = w*’ z;.
5. Classification (optional): Determine a threshold t = w*” (u; + j12)/2 to classify
new samples based on their projection.

Dimensionality Reduction Perspective

Fisher LDA reduces the original d-dimensional space to a 1D subspace. Along this
subspace, the projected data exhibits maximal class separability, since the projec-
tion aligns with the direction that maximizes the between-class variance relative to the
within-class variance. This makes Fisher LDA both a dimensionality reduction and a
classification tool. Mathematically, the 1D projection is the eigenvector corresponding
to the largest eigenvalue of Sﬁ,l Sp, which in the two-class case is unique and guarantees
the optimal discriminant direction.
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Listing 4.1: MATLAB example: two classes

% Generate synthetic 2-class data

rng (1) ; d=3; N1=50; N2=50;

X1 = randn(d,N1)+1; X2 = randn(d,N2)-1;

X = [X1 X2]; y=[ones(1,N1) 2*ones(1,N2)];

% Compute class means
mul = mean(X1,2); mu2 = mean(X2,2);

% Compute within-class scatter
SW = (X1-mul)*(X1l-mul)’ + (X2-mu2)*(X2-mu2)’;

% Compute Fisher direction
w = SW \ (mul-mu?2);

% Project data
Z = w’ x X;

% Plot

figure; hold on;

plot(Z(1:N1), zeros(1,N1),’ro’,’MarkerFaceColor’,’r’);

plot (Z(N1+1:end), zeros(1,N2),’bo’,’MarkerFaceColor’,’b’);

xlabel (’Projected data’); ylabel(’Zero axis’); grid on;

legend(’Class 1’,’Class 2’); title(’Fisher LDA: 2-class projection
70

In the binary case C' = 2, Fisher LDA finds the projection direction w = Sﬁ/l (1 — o),
and the data is mapped to one dimension as Z = w' X. The resulting projection is shown
in Figure 4.3, where samples from the two classes are clearly separated along a single axis.
Since C' = 2, the dimensional reduction is 1 = C' — 1.

Fisher LDA: 2-class projection
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Figure 4.3: Projection of 2-class data using Fisher LDA.
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Fisher LDA: an example

We illustrate Linear Discriminant Analysis (LDA) for a simple two-class example, where
the data is represented in R¥¥  i.e., each column is a data point.

Data. Consider two classes with d = 2 features and N; = Ny = 5 points each:

2 4 235 76 7 8 10
&:E3144’&:L8699}

The combined data matrix is

X = [X1, Xp] € R#¥1O,

Class means. The class mean vectors are computed as

where puy, gy € R2.

Scatter matrices. The within-class scatter matrices are

N1 N2

S1=> (X1(1) = p)(Xa(0) — )", So =) (Xa(s,4) — p)(Xa(:, 1) — )",
i=1 i=1
and the total within-class scatter is
SW = Sl + Sg.
The between-class scatter matrix is

Sp = (1 — p2)(p1 — p2)"

LDA direction. The LDA directions are obtained by solving the generalised eigenvalue
problem:
Syt SpW = WA,

and selecting the eigenvectors corresponding to the largest eigenvalues. Denote the prin-
cipal Fisher direction as w; and the secondary direction as ws.

Projection onto w;. The 1D projection of all points onto the principal direction is
7y =wi X € R0,
with 2D coordinates on the line given by

T 2x10
Xproj,l = W1wy X = U)1Z1 eR .
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Listing 4.2: MATLAB Implementation

% Data as d x N

X1 = [2, 4, 2, 3, 5;
3, 3, 1, 4, 47;

X2 = [7, 6, 7, 8, 10;
4, 8, 6, 9, 91;

X = [X1, X2];

% Class means
Mul mean (X1,2) ;
Mu?2 mean (X2 ,2) ;

% Within-class scatter

S1 = (X1-Mul)=*(X1-Mul) ’;
S2 = (X2-Mu2)*(X2-Mu2)’;
Sw = S1 + S2;

% Between-class scatter
Sb = (Mul-Mu2)*(Mul-Mu2) ’;

% Solve generalized eigenvalue problem
[W,D] = eig(inv(Sw)=*Sb);

[7,idx] = sort(diag(D),’descend’);

wli = W(:,idx(1));

w2 = W(:,1dx(2));

%» Projection onto V1
Z1 = wl’x*xX;
Xpl = wilxZ1;

% Positive direction V1 1line
scale = 15;
wl_line = [zeros(2,1), scalex*xwl];

% Plot

figure; hold on; grid on;

plot(X1(1,:),X1(2,:),’ro’,’MarkerFaceColor’,’r’);

plot (X2(1,:),X2(2,:),’bo’,’MarkerFaceColor’,’b’);

plot(wl_line(l,:),wl_line(2,:),’k-’,’LineWidth’,1,”
HandleVisibility’,’off’);

origin = [0;0];

quiver (origin (1) ,origin(2) ,3*xw1 (1) ,3*w1(2),0,’k’,’LineWidth’,2);

quiver (origin (1) ,origin(2) ,3*w2(1) ,3*w2(2),0,’m’,’LineWidth’,2);

for i=1:size(X,2)
plot ([X(1,1i),Xp1(1,1i)],[X(2,1),Xp1(2,1)],’k--");

end

plot (Xp1(1,1:5) ,Xp1(2,1:5),’ro’,’MarkerFaceColor’,’r’,’MarkerSize’
1F

plot (Xp1(1,6:end) ,Xpl(2,6:end),’bo’,’MarkerFaceColor’,’b’,”’
MarkerSize’ ,8);

xlabel (’X1’); ylabel(’X2’); axis equal;
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title(’Two-Class LDA: d x N example’);
legend ({’Class 1’,’Class 2’,’wl’,’w2’}, ’Location’,’best’);

Remark 4.4 (Alternative data orientation). If the data is represented as

X e RVxd

with each row as a data point, the class means and within-class scatter matrices are
computed row-wise:

1 1
:—Ex T _—§X T
M1 Nl a 1(27 ) ) j25) N2 £ 2(Z> ) )
N1 N2

Si= Y (X0 )" = ) (X (i, )" = )", S = (Xali, )" = p2) (Xa(i, )" — pia) "

i=1 i=1

The LDA procedure, including solving

St SEW = WA

and projecting onto the principal Fisher direction is Z1 = Xw, since the data orientation
differs: points are rows rather than columns. O

Figure[d.4]illustrates the results of the two-class LDA example. The main observations
are summarised below:

Original points: The red and blue markers correspond to the two classes. The
distribution of the points shows some overlap, but they are generally separable
along a principal direction.

Principal Fisher direction (w;): The black arrow at the origin indicates the
principal LDA vector wy, along which the class separation is maximised. The thin
black line extending from the origin shows the positive extension of this direction,
acting as the LDA axis for projecting points.

Secondary LDA direction (w;): The magenta arrow at the origin represents
the secondary LDA vector ws, orthogonal to w; in this two-dimensional case. This
direction captures the residual variance not aligned with class separation.

Projections onto w;: Each data point is projected orthogonally onto the w;
axis (shown by dashed lines). The projected points retain their class label and are
visualised as larger markers on the LDA axis. This projection effectively reduces the
two-dimensional classification problem to a one-dimensional representation while
maximising class separability.

Class separation: The projections demonstrate that the two classes are well sepa-
rated along V. This confirms that the principal Fisher direction captures the main
discriminatory information in the dataset.

Invariance to orientation: As discussed in the previous remark, the LDA results
are invariant under rigid rotations of the data. The vectors w; and w, rotate cor-
respondingly if the data is rotated, but the projections along w; remain consistent
in terms of class separation.
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Two-Class LDA: d x N example

® Class1
10| @ cClass2

— 1
—=u « e

X2

Figure 4.4: Two-Class LDA: Original points, projections onto w;, and LDA vectors. Red
and blue markers represent the two classes.

Multi-class LDA

For C' > 2 classes, Linear Discriminant Analysis generalises Fisher’s two-class LDA to
find a set of linear projection directions that maximise class separability while reducing
the data dimensionality. Let

X = [I‘l,...,x]\[] ERdXN

be the data matrix, with each column z; € R? a sample labeled y; € {1,...,C}. Denote
by C. = {i : y; = ¢} the indices of samples in class ¢, and N, = |C,|.
The class mean vectors are

The within-class scatter matrix

Siw =3 S — ) — )"

c=1 ieC.

is symmetric and positive semidefinite, and positive semidefinite (positive definite if the
within-class deviations span R?). The between-class scatter matrix

C
Sp =Y Nelpte = 1) (pte — )"
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weights each class by its size, ensuring that the total scatter

N

Sr =Y (wi— p) (i — )"

=1

decomposes exactly as Sy = Sy + S, so Sp captures the variance due to class mean
differences. Each term in Sp is rank one, so rank(Sg) < C' — 1, meaning there are at
most C' — 1 informative discriminant directions.
Let
W = [wy,...,w] € R

be a matrix of projection directions, with k£ < C' — 1. The projected data is
Z=W'X e R™V,
and the within- and between-class scatter matrices in the projected space are
S =WrswWw,  S&=WwTSzW.
The multi-class LDA criterion generalises the Fisher ratio:

_tr(SE) e (WTSpW)
TWV) = 5057 = w(Wrs, )’

which is maximised by selecting directions that maximise between-class variance relative
to within-class variance. The eigenvectors corresponding to the C'— 1 largest eigenvalues
form the columns of W*, defining the subspace of maximal class separability.

If Sy is singular or d > N, one can first apply PCA to reduce dimensionality. Let
U, € R™? contain the first p principal directions of X.. In the reduced space, solving

Sp,Bwp = /\Snwwp
yields the LDA directions W), with the original-space directions given by Wipa = U,W,,.

Remark 4.5. Fach discriminant direction can also be computed by solving the linear

system
Sww = (e — p), c=1,...,C—1,

in the subspace spanned by the class-mean differences, followed by normalisation to unit
length. The generalised eigenvectors of SI,_VlS B maximise between-class variance relative to
within-class variance, and only the C — 1 directions corresponding to nonzero eigenvalues
are informative for class separation. O

Algorithm: multi-class LDA

The procedure for multi-class LDA can be described step by step, highlighting both the
mathematical and computational reasoning:

1. Compute class and overall means: For each class ¢ = 1,...,C, calculate p,.
and the global mean p. These means provide the reference points for computing
scatter matrices.
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2. Compute scatter matrices: Evaluate the within-class scatter Sy, and the between-
class scatter Sg. Sy captures the variance within classes, while Sg captures vari-
ance between class means.

3. Solve the generalised eigenvalue problem: Find eigenvectors w satisfying
Spw = ASyw. Each eigenvector corresponds to a discriminant direction.

4. Select top eigenvectors: Choose the £ < C' — 1 eigenvectors corresponding to
the largest eigenvalues to form the projection matrix W. These directions preserve
maximal class separability.

5. Project data: The reduced-dimensional representation is
Z=W"'X e R™".
Each column of Z represents a sample in the (C' — 1)-dimensional discriminant
space.

Dimensionality reduction perspective

Multi-class LDA projects the original d-dimensional data onto a (C' — 1)-dimensional
subspace that maximises between-class separation relative to within-class variance. The
resulting representation is suitable for visualisation, classification, and further analysis.
Mathematically, this can be interpreted as selecting the leading eigenvectors of S{,_VlS B,
which form an optimal basis for discrimination among C' classes.

Listing 4.3: MATLAB example: three classes

% Generate synthetic 3-class data

rng (1) ; d=4; N3=50; N2=N3; N1=N2;

X1=randn(d,N1)+1; X2=randn(d,N2)-1; X3=randn(d,N3);
X=[X1 X2 X3]; y=[lones(1,N1) 2%ones(1,N2) 3*ones(1,N3)];

% Compute class means and overall mean
mul=mean (X1,2); mu2=mean(X2,2); mu3=mean(X3,2); mu=mean(X,2);

% Compute scatter matrices

SW = (X1-mul)*(X1-mul)’ + (X2-mu2)*(X2-mu2)’ + (X3-mu3)*(X3-mu3) ’;

SB = Ni*(mul-mu)*(mul-mu)’ + N2*(mu2-mu)*(mu2-mu)’ + N3*x(mu3-mu) *(
mu3-mu) ’;

% Solve generalized eigenvalue problem
[V,D] = eig(SB,SW);

[7,idx] = sort(diag(D),’descend’);

W= V(:,idx(1:2)); % For C=3, k=C-1=2

% Project data
Z =W’ x X;

% Plot 2D projection

figure; hold on;
plot(Z(1,1:N1),Z(2,1:N1),’ro’,’MarkerFaceColor’,’r’);
plot(Z(1,N1+1:N1+N2),Z(2,N1+1:N1+N2),’bo’,’MarkerFaceColor’,’b’);
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plot (Z(1,N1+N2+1:end) ,Z(2,N1+N2+1:end),’go’,’MarkerFaceColor’,’g’)

xlabel (’LD 1’); ylabel(’LD 2’); grid on;
legend(’Class 1’,’Class 2’,’Class 3’); title(’Multi-class LDA: 3-
class projection’)

For C' = 3, LDA yields a projection matrix W € R%*2 since the discriminant subspace
has dimension at most C'— 1 = 2. After computing the eigenvectors of Spv = ASy v, we
form W = [v; v5] and project the data as Z = W' X. Figure shows the resulting 2D
representation, where the three classes become linearly separable in the reduced space.

Multi-class LDA: 3-class projection
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Figure 4.5: 2D LDA projection for a 3-class dataset.

This demonstrates that multi-class LDA projects d-dimensional data to a (C' — 1)-
dimensional subspace, while maximising class separability. For C' = 3, the projection is
2-dimensional, suitable for visualisation and classification.

Three-class LDA: an example

We illustrate LDA for three classes in three-dimensional space (d = 3, C' = 3). The data
matrices for the three classes are X, X5, X3 € R35 with each column representing a
point in R3. The combined data matrix is

X = [X1, Xo, X3] € R¥*15,

Class means and scatter matrices. The class mean vectors are computed as
1 &
i = N, X;Xi(i,j), 1=1,2,3.
]:

The within-class scatter matrices are
N;
Si=> (Xi(5,4) = p) (X ) — )", i =1,2,3,

Jj=1
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with total within-class scatter Sy, = S;+.55+ 53, and the between-class scatter matrix
is ,
Sp=>_ Nilpi —p)(pi —p)", = mean(X, 2).

i=1

LDA directions. The LDA directions are obtained by solving the generalised eigen-
value problem
Syt SpW = WA,

and selecting the eigenvectors corresponding to the largest eigenvalues. In 3D, we
can use the first two eigenvectors w; and wy to visualise the main directions of class
separation.

Projection onto LDA directions. Each data point can be projected onto the first
two LDA directions:

Z = [wl,wz]TX € R2X15.

The 2D coordinates Z provide a reduced representation that preserves maximal class
separation.

Listing 4.4: MATLAB implementation: three classes

% Three-class LDA in 3D

% Data (d x N)
X1 = [2,4,2,3,5; 3,3,1,4,4; 1,2,1,3,2];
[(7,6,7,8,10; 4,8,6,9,9; 3,2,4,5,6];

X2 = b 3 3 b
X3 = [1,2,1,2,3; 7,8,6,7,9; 4,5,3,4,5];
X = [X1, X2, X3];

% Class sizes
nl = size(X1,2); n2 = size(X2,2); n3 = size(X3,2);

% Class means
Mu1l mean(X1,2); Mu2 = mean(X2,2); Mu3 = mean(X3,2);
Mu mean (X,2) ;

I

% Within- and between-class scatter

S1 = (X1-Mul)*(X1-Mul)’;
S2 = (X2-Mu2) *(X2-Mu2)’;
S3 = (X3-Mu3)*(X3-Mu3)’;
Sw = S1 + S2 + S3;

Sb = ni1*(Mul-Mu)*(Mul-Mu)’ + n2*(Mu2-Mu)*(Mu2-Mu)’ + n3*(Mu3-Mu) *(
Mu3 -Mu) ’;

% Solve generalized eigenvalue problem
[W,D] = eig(inv(Sw)*Sb);

[T, idx] = sort(diag(D), ’descend’);
wl = W(:,idx(1)); w2 = W(:,idx(2));

% Projection onto first two LDA directions
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Z = W(:,idx(1:2)) * X;

% 3D plot of original points and LDA vectors

figure; hold on; grid on; view(3);

plot3(X1(1,:),X1(2,:),X1(3,:),’ro’,’MarkerFaceColor’,’r’);

plot3(X2(1,:),X2(2,:),%X2(3,:),’bo’,’MarkerFaceColor’,’b’);

plot3(X3(1,:),X3(2,:),X3(3,:),’go’,’MarkerFaceColor’,’g’);

origin = Mu;

quiver3(origin(1l) ,origin(2) ,origin(3) ,3*wl (1) ,3*wl1(2) ,3*w1(3),0,°k
» oLineWidth’,2);

quiver3(origin (1) ,origin(2) ,origin(3) ,3*w2(1) ,3*w2(2) ,3*w2(3),0,’n
> ’LineWidth’,2);

xlabel (’X1’); ylabel(’X2’); zlabel(’X3’);

title(’Three-Class LDA: 3D data with LDA vectors?’);

legend({’Class 1’,’Class 2’,’Class 3’,’wl’,’w2’},’Location’,’best’
IE

% 2D projection onto first two LDA directions

figure; hold on; grid on;

plot(Z(1,1:n1), Z(2,1:n1),’ro’,’MarkerFaceColor’,’r’);

plot(Z(1,n1+1:n1+n2), Z(2,nl1+1:n1+n2),’bo’,’MarkerFaceColor’,’b’);

plot(Z(1,n1+n2+1:end), Z(2,nl1+n2+1:end),’go’,’MarkerFaceColor’,’g’
);

xlabel (’LDA direction 1’); ylabel(’LDA direction 2°);

title(’Projection of three-class 3D data onto first two LDA
directions’);

legend ({’Class 1’,’Class 2’,’Class 3’},’Location’,’best’);

axis equal;

Figure [4.6] shows the original 3D points of the three classes, together with the LDA
vectors w; and wy originating from the overall mean. The main observations are sum-
marised below:

e Original points: Red, blue, and green markers correspond to Classes 1, 2, and 3,
respectively. The points are distributed in 3D space with partial overlap.

e LDA vectors (w; and ws): The black arrow w2; indicates the principal LDA
direction that maximises class separation, while the magenta arrow w, captures the
secondary direction orthogonal to w;. Both vectors originate from the overall mean
of all points.

e 3D class separation: Although the three classes occupy overlapping regions in 3D,
the directions w; and ws highlight the axes along which separation is maximised.

e Projections onto LDA directions: Figure [4.7] shows the projection of all points
onto the first two LDA directions. The 2D representation reduces dimensionality
while preserving discriminative information.

e Class separation: The separation between classes is evident: Class 1 (red) and
Class 2 (blue) are well-separated along wy, while Class 3 (green) overlaps partially
but is more clearly distinguished along ws.
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e Invariance to rotation: As in the 2D case, LDA results are invariant under rigid
rotations of the dataset. Rotating the 3D points rotates w; and ws accordingly, but
the projected separability remains consistent.

Three-Class LDA: 3D data with LDA vectors
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Figure 4.6: Original 3D points with LDA vectors w; (black) and wy (magenta) originating
from the overall mean. Red, blue, and green markers correspond to the three classes.

Projection of three-class 3D data o.nto first two LDA directions
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-10 |-

LDA direction 1

Figure 4.7: Projection of the three-class 3D data onto the first two LDA directions. The
2D coordinates Z = [V}, V5]T X clearly separate the classes.

Fisherfaces

Fisherfaces generalises Fisher LDA to multiple classes for face recognition, providing a
supervised dimensionality reduction that maximises class separability while reducing the
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high-dimensional image space. Without loss of generality, we consider three subjects
(s1, S2,53) from the ATT face database; the procedure naturally applies to two subjects
by restricting C' = 2.

Data setup. Let
X =[zq,...,25] € RPN

be the data matrix, where d is the number of pixels per image and N = N; + Ny + N3
is the total number of images. Fach column z; represents a vectorised image. The class
labels are defined as

y=11,...,1,2,...,2,3,...,3] € {1,2,3}",
N——

N1 Ny N3

so that x; belongs to class C. if y; = c.
The mean image is computed across all samples:

LN
= Nzl’i,
=1

and the centred data matrix is
X, =X — pl.

PCA: eigenfaces. Since the dimensionality d of each image is usually much larger than
the number of samples N, direct LDA may lead to singular within-class scatter matrices.
To address this, PCA is performed first

X =UsV = U5, V],

where U, € R¥" contains the top r eigenvectors (eigenfaces) capturing the principal
variations in the dataset. The PCA-projected data is

ZPCA = U;TXC < RTXN7

which reduces the dimensionality and retains the directions of maximum variance.

LDA: Fisherfaces. Within the PCA subspace, for each class ¢ = 1,2, 3, compute the

class mean: .
fhe = i ZXPCA,iy

¢ ieC.

and the overall mean
| N
(| — — X i
% N ;:1 PCA,

The within-class scatter matrix in PCA space is

3
Sw = Z Z(XPCA,Z' — Jie)(Xpca — fie)’,

c=1 iECC



CHAPTER 4. LINEAR DISCRIMINANT ANALYSIS 96

and the between-class scatter matrix is

The Fisherfaces are obtained by solving the generalised eigenvalue problem
S BW = )\Sww

and selecting the top & = min(C' — 1,7) = 2 eigenvectors corresponding to the largest
eigenvalues. These eigenvectors are then mapped back to the original image space:

WLDA = Up [w1 ’LUQ].
Finally, all images are projected onto the 2D Fisherface subspace:
Z1DA = WLTDAX c RZXN,

allowing visualisation of all three subjects in a reduced space. In this representation,
each class forms a distinct cluster, demonstrating that Fisherfaces achieve dimensionality
reduction from d pixels to C' — 1 = 2 dimensions while preserving class separability.

Algorithm: Fisherfaces

The Fisherfaces algorithm for multiple subjects can be summarised as follows. Each step
is accompanied by a short explanation.

1. Load the images for all subjects, for example s, s9, s3, and assign class labels y
accordingly. This prepares the dataset for processing.

2. Compute the mean image p over all samples and centre the data by subtracting it:
X. = X — ul%. Centring ensures that PCA captures the directions of maximum
variance rather than being biased by the mean.

3. Apply PCA to reduce dimensionality and compute X, = UpEprT. Project the
images into the PCA subspace: Zpcay = UpT X.. Dimensionality reduction helps
avoid singularity in the within-class scatter matrix.

4. In the PCA subspace, compute the mean of each class fi. and the overall mean ji.
These are used to construct the scatter matrices.

5. Compute the within-class scatter Sy, and the between-class scatter Sg in the PCA
space. These matrices quantify the variation inside each class and between classes,
respectively.

6. Solve the generalised eigenvalue problem Spw = ASyw and select the top C' —
1 eigenvectors corresponding to the largest eigenvalues. This step identifies the
directions that best separate the classes.

7. Map the selected eigenvectors back to the original image space to obtain the Fish-
erfaces: Wipa = U,[w; ws)]. Fisherfaces highlight the discriminative features in the
original high-dimensional space.
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8. Project all images onto the Fisherface subspace: Zyps = Wi, X. This produces a
low-dimensional representation suitable for classification or visualisation.

9. Optionally, display the mean face, the top eigenfaces, the Fisherfaces, and the
projected 2D data. Visual inspection can help understand the effectiveness of the
dimensionality reduction and class separation.

Listing 4.5: MATLAB code: three-class Fisherfaces

% Settings

img_size = [112,92]; data_folder=’ATT’; subjects={’sl’,’s2’,7s83°};
N = 10; d = prod(img_size); C = numel(subjects);

X = zeros(d,C*N); y = zeros(1,Cx*N);

% Load images
for c=1:C
img_files = dir(fullfile(data_folder ,subjects{c},’*.pgm’));
for i=1:N
img = double(imread(fullfile(img_files(i).folder,img_files
(i) .name)));

X(:,(c-1)*N+i) = img(:);
y((c-1)*N+i) = c;
end
end
% Mean and PCA
mu = mean(X,2); Xc = X - mu;
[U,”,7] = svd(Xc,’econ’); Up = U(:,1:min(C*N-C,size(U,2)));

Z_pca = Up’ * Xc;

% Compute class means

tilde_mu = mean(Z_pca,2); SW = zeros(size(Z_pca,1l)); SB = zeros(
size(Z_pca,1));
tilde_mu_c = zeros(size(Z_pca,1l),C);
for c=1:C
idx = find(y==c);

tilde_mu_c(:,c) = mean(Z_pca(:,idx),2);
Xc_c = Z_pca(:,idx)-tilde_mu_c(:,c);
SW = SW + Xc_cx*xXc_c’;
diff = tilde_mu_c(:,c)-tilde_mu; SB = SB + length(idx)*(diffx*
diff ) ;
end

% Fisherfaces
[V,D] = eig(SB,SW); [~,idx_sort] = sort(diag(D),’descend’); k=C-1;
W_lda = UpxV(:,idx_sort(l:k)); Z_lda = W_lda’*X;

% Display 2x2 figure

figure(’Position’,[100,100,800,800]) ;

subplot (2,2,1); imagesc(reshape(mat2gray(mu),img_size)); colormap
gray; axis image off; title(’Mean Face’);
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subplot (2,2,2); imagesc(reshape (mat2gray(Up(:,1)),img_size));
colormap gray; axis image off; title(’Eigenface 17);

subplot (2,2,3); imagesc(reshape(mat2gray(Up(:,2)),img_size));
colormap gray; axis image off; title(’Eigenface 27);

subplot (2,2,4); imagesc(reshape(mat2gray(W_lda(:,1)),img_size));
colormap gray; axis image off; title(’Fisherface 17);

print (’Mean_Eigen Fisherfaces_3subject.pdf’,’-dpdf’,’-bestfit’);

% 2D Fisherfaces projection
figure; hold on; colors=’rgb’; markers=’o+s’;
for c=1:C
idx=find (y==c);
plot(Z_1da(1,idx),Z_1da(2,idx) ,markers(c),’MarkerFaceColor’,
colors(c),’MarkerEdgeColor’,’k’);

end
xlabel (’Fisher LD1’); ylabel(’Fisher LD2’); grid on; title(’3-

Class Fisherfaces Projection’);
legend (subjects,’Location’,’best’);
print (’Fisherfaces_3class_Projection.pdf’,’-dpdf’,’-bestfit’);

Figure displays the mean face, the first two eigenfaces, and the first Fisherface
for the three subjects. The mean face represents the average appearance across all im-
ages, capturing the common facial structure. The first two eigenfaces show the primary
modes of variation in the dataset, reflecting features that vary the most across all sub-
jects. The first Fisherface, in contrast, emphasises the features that are most relevant for
distinguishing between the three classes, highlighting discriminative characteristics that
separate the subjects.

Mean Face

Eigenface 1

Eigenface 2 Fisherface 1

Figure 4.8: Mean face, first two eigenfaces, and first Fisherface for three subjects.
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4.4 Conclusion

In summary, while Principal Component Analysis (PCA) and Linear Discriminant Anal-
ysis (LDA) both serve as powerful linear techniques for reducing the dimensionality of
complex datasets, their methodologies diverge fundamentally based on the availability of
class labels and the ultimate analytical objective.

PCA operates as an unsupervised method, agnostic to group membership, with the
singular goal of maximising the total variance within the data. By computing the eigen-
vectors of the covariance matrix, PCA identifies the orthogonal axes that capture the
most information about the dataset’s global geometric structure. This makes it the ideal
instrument for noise reduction, data compression, and exploratory visualisation when the
data is unlabelled or when the intrinsic variability of the signal is of primary interest.

Conversely, LDA is a supervised technique that integrates class labels to guide the pro-
jection process. Rather than seeking global spread, LDA optimises the Fisher criterion,
mathematically maximising the ratio of between-class variance to within-class variance.
This approach ensures that the resulting subspace pushes class means apart while keeping
data points within classes tightly clustered. Consequently, LDA is the superior choice for
preprocessing data in classification tasks, as it preserves the discriminatory information
necessary to distinguish between groups — information that PCA might inadvertently
discard if the discriminatory features possess low variance. Ultimately, the choice rests
on the task at hand: use PCA to reveal the general structure of the data, and LDA to
define the boundaries between its classes.

4.5 Exercises

Hand-solved exercises

1. For a 3-class 2D dataset, compute Sy and Sg, then find the top 2 LDA components.
Project and visualise the data.

2. Consider two classes in 2D with samples:

Cl = {(27 3)7 (3a 3)’ (274)}7 CQ = {(67 5)’ (77 6)7 (57 6)}

Compute the class means, within-class scatter Sy , and between-class scatter Spg.
Find the Fisher LDA direction w*.

3. Show that for a 3-class dataset, the maximum number of LDA components is C'—1 =
2. Use a small 3x2 dataset as example.

4. Explain why the number of LDA components cannot exceed C' — 1. Provide a
mathematical derivation.

5. Compute the total scatter

N

Sr = (i — )i — )"

i=1

for a 2D dataset and verify S; = Sy + Sp numerically.
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6.

10.

11.

12.

Take a toy 2D dataset with overlapping classes. Project it using PCA (top eigen-
vector) and LDA. Compare the separation along each direction.

Given a 3-class dataset: C; = {(1,2),(2,1)},Cy = {(5,5),(6,5)},C3 = {(8,1),(9,2)}.
Compute Sy, Sp, and find the generalised eigenvectors of Sy Sp.

Derive the Fisher criterion .
wt Spw
J(w) = —=2—

w? Syrw

and explain why maximising it gives optimal class separation.
Show that translating all points by a vector vg does not change the LDA directions.

For a dataset where one class has a single sample, discuss what happens to Sy and
how it affects the LDA solution.

For an unbalanced 2-class dataset with 90 and 10 samples, compute Sy, and Sp
and discuss how class imbalance may bias the LDA direction.

Take a 2D dataset with all class means equal. Show that in this case, LDA reduces
to PCA (maximising total variance).

MATLAB exercises

1.

LDA on Iris dataset. Load the data using

load fisheriris
X = meas; % N x 4
y = species; % N x 1

Implement LDA and plot the projected data in 2D.

2. Compare PCA vs LDA.

[coeff_pca, score_pcal = pca(X);

% Project onto top 2 PCs

Z_pca = X * coeff_pca(:,1:2);

%» Project using LDA (from previous exercise)

Z_1lda = X * W; % W from LDA

figure; scatter(Z_pca(:,1), Z_pca(:,2), 50, grp2idx(y), ’
filled?);

figure; scatter(Z_1lda(:,1), Z_1da(:,2), 50, grp2idx(y), ’
filled?’) ;

3. Visualise 2D LDA projections. Colour each class differently and add legend.

4. Multiclass LDA. Generate synthetic data with 4 classes:

X = [randn(20,2)+[1,1]; randn(20,2)+[5,5];
randn (20,2)+[1,5]; randn(20,2)+[5,1]1];
y = [ones(20,1); 2*xones(20,1); 3*ones(20,1); 4*ones(20,1)
1;
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5. Compute LDA using SVD. Center X, whiten Sy, and use SVD on S;,/*S55,,"/>.

6. Classification accuracy. Split Iris dataset into 70% training, 30% testing. Use
LDA projection + nearest centroid classifier and report accuracy.

7. Synthetic overlapping data. Generate two 2D Gaussian clouds with overlap and
apply LDA. Visualise separation.

8. Few samples in one class. Take 2-class data with 1 sample in the second class.
Compute Sy, attempt LDA, discuss results.

9. Data orientation. Repeat exercises for X € RN and X € RV¥*? Adapt code
for each case:

% d x N

Z = W’ x X;
% N x d

Z = X x W,

10. LDA on ORL face dataset. Implement PCA+LDA for the ORL face dataset.
Vary the number of PCA components £ and observe changes in recognition accuracy.

11. LDA on handwriting digits. Compare PCA alone versus PCA+LDA for classi-
fication of handwritten digits. Discuss performance differences.

12. LDA on noisy images. Experiment with noisy images. Analyse how noise affects
PCA and LDA projections and classification accuracy.

13. Lab Activity: Face Recognition with PCA + LDA. Implement a simple face
recognition system using PCA and LDA.

pkg load image; % for Octave

imgSize = [64,64]; dataDir = ’orl_faces’;
imgFiles = dir([dataDir, ’/s*/*.pgm’]);
numImgs = length(imgFiles); X = zeros(prod(imgSize) ,numlmgs) ;
labels = zeros(numImgs,1);
for i = 1l:numlImgs
img = imread([imgFiles(i).folder ’/’ imgFiles (i) .namel]) ;
img = imresize(img,imgSize);

X(:,1i) = double(img(:));
labels (i) = str2num(regexp(imgFiles(i).folder,’\d+’,’match’,”’

once’){1});
end
% Compute PCA
meanFace = mean(X,2); X_centred = X - meanFace;

[U,S,V] = svd(X_centred,’econ’);
k = 50; W_pca = U(:,1:k); X_pca
% Split train/test

trainldx = 1:7:numlmgs; testldx

W_pca’*xX_centred;

setdiff (1:numImgs, trainIdx)
X_train = X_pca(:,trainldx); y_train = labels(trainIdx);
X_test = X_pca(:,testIdx); y_test = labels(testIdx);

% Train LDA
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classes = unique(y_train); C = length(classes);
[n_features,n_samples] = size(X_train);
Sw = zeros(n_features); Sb = zeros(n_features);
meanTotal = mean(X_train,?2);
for i=1:C

Xi = X_train(:,y_train==classes(i));

meanClass = mean(Xi,2);

Sw = Sw + (Xi-meanClass)*(Xi-meanClass) ’;

Sb = Sb + size(Xi,2)*(meanClass-meanTotal)*(meanClass -

meanTotal) ’;

end

[V_1da,D] = eig(Sb,Sw); [7,idx] = sort(diag(D),’descend’);
V_lda = V_1lda(:,1:C-1);
X_train_lda = V_1lda’*X_train; X_test_lda = V_lda’*xX_test;
% Classification (nearest neighbor)
y_pred = zeros(size(y_test));
for i=1:length(y_test)

dists = sum((X_train_lda - X_test_1lda(:,i))."2,1);

[7,idx_min] = min(dists); y_pred(i) = y_train(idx_min);
end
accuracy = mean(y_pred==y_test);
disp([’PCA+LDA Face Recognition Accuracy: ’, num2str (accuracy

*100),°%°1) ;




References

[1] D. C. Lay, S. R. Lay, and J. J. McDonald, Linear Algebra and Its Applications, 5th
ed., Pearson Education, 2015.

[2] G. H. Golub and C. F. Van Loan, Matriz Computations, 4th ed., Johns Hopkins
University Press, 2013.

[3] L. N. Trefethen and D. Bau, Numerical Linear Algebra, STAM, 1997.

[4] R. A. Horn and C. R. Johnson, Matriz Analysis, 2nd ed., Cambridge University
Press, 2013.

[5] M. Fazel, Matriz Rank Minimization with Applications, PhD Thesis, Stanford Uni-
versity, 2002.

[6] S. Boyd and L. Vandenberghe, Applied Linear Algebra, Cambridge University Press,
2018. https://web.stanford.edu/"boyd/vmls/

[7] C. M. Bishop, Pattern Recognition and Machine Learning, Springer, 2006.

[8] T. Hastie, R. Tibshirani, and J. H. Friedman, The Elements of Statistical Learning:
Data Mining, Inference, and Prediction, 2nd ed., Springer, 2009.

[9] I. T. Jolliffe, Principal Component Analysis, 2nd ed., Springer, 2002.
[10] K. P. Murphy, Machine Learning: A Probabilistic Perspective, MIT Press, 2012.

[11] A. C. Rencher and W. F. Christensen, Methods of Multivariate Analysis, 2nd ed.,
Wiley, 2012.

[12] C. Bouveyron, G. Celeux, T. B. Murphy, and A. E. Raftery, Model-Based Clustering
and Classification for Data Science: With Applications in R, Cambridge University
Press, 2019.

[13] E. Alpaydin, Introduction to Machine Learning, 4th ed., Adaptive Computation and
Machine Learning series, The MIT Press, 2020.

[14] A. Burkov, The Hundred-Page Machine Learning Book, freecomputerbooks.com,
2019.

[15] M. P. Deisenroth, A. A. Faisal, and C. S. Ong, Mathematics for Machine Learning,
Cambridge University Press, 2020.

[16] G. James, D. Witten, T. Hastie, R. Tibshirani, and J. Taylor, An Introduction to
Statistical Learning: With Applications in R, Springer, 2021.

103


https://web.stanford.edu/~boyd/vmls/

REFERENCES 104

[17]

18]

[19]

[20]

[21]

22]

23]

[24]

[25]

[26]

27]

28]

29]

S. Shalev-Shwartz and S. Ben-David, Understanding Machine Learning: From The-
ory to Algorithms, Cambridge University Press, 2014.

F. Cucker and S. Smale, On the Mathematical Foundations of Learning, Bull. Amer.
Math. Soc., 39(1) (2002), 1-49.

M. Mohri, A. Rostamizadeh, and A. Talwalkar, Foundations of Machine Learning,
2nd ed., MIT Press, 2018.

A. Ng, CS229 Lecture Notes: PCA, SVD, Figenfaces, Stanford University. https:
//cs229.stanford.edu/notes2021fall/lecturel4-pca.pdf

A. Ng and T. Ma, CS229 Main Notes, Stanford University. https://cs229.
stanford.edu/main_notes.pdf

JHU Vision Group, PCA and LDA Lecture Notes, Johns Hopkins University,
2014. https://www.cs. jhu.edu/"ayuille/courses/Stat161-261-Springl4/
RevisedLectureNotelO.pdf

J. Shlens, A Tutorial on Principal Component Analysis, 2014. https://arxiv.org/
abs/1404.1100

B. Ghojogh and M. Crowley, Unsupervised and Supervised PCA: A Tutorial, 2019.
https://arxiv.org/abs/1906.03148

L. van der Maaten, E. Postma, and H. van den Herik, Tutorial on Dimensionality
Reduction, Technical Report, 2009. https://arxiv.org/abs/0907.3742

A. Arenas-Garcia, A. Petersen, and B. Scholkopf, Kernel Multivariate Analysis, 2013.
https://arxiv.org/abs/1310.5089

B. Ghojogh, F. Karray, and M. Crowley, Unified Spectral Dimensionality Reduction,
2021. https://arxiv.org/abs/2106.15379

S. Khan, PCA-Based Face Recognition System Using ORL Database, MATLAB Cen-
tral File Exchange. https://www.mathworks.com/matlabcentral/fileexchange/
43610-pca-based-face-recognition-system-using-orl-database

AT&T  Laboratories /  Cambridge, ORL  Face  Dataset  (ATET
Database of Faces). https://www.kaggle.com/datasets/tavarez/
the-orl-database-for-training-and-testing


https://cs229.stanford.edu/notes2021fall/lecture14-pca.pdf
https://cs229.stanford.edu/notes2021fall/lecture14-pca.pdf
https://cs229.stanford.edu/main_notes.pdf
https://cs229.stanford.edu/main_notes.pdf
https://www.cs.jhu.edu/~ayuille/courses/Stat161-261-Spring14/RevisedLectureNote10.pdf
https://www.cs.jhu.edu/~ayuille/courses/Stat161-261-Spring14/RevisedLectureNote10.pdf
https://arxiv.org/abs/1404.1100
https://arxiv.org/abs/1404.1100
https://arxiv.org/abs/1906.03148
https://arxiv.org/abs/0907.3742
https://arxiv.org/abs/1310.5089
https://arxiv.org/abs/2106.15379
https://www.mathworks.com/matlabcentral/fileexchange/43610-pca-based-face-recognition-system-using-orl-database
https://www.mathworks.com/matlabcentral/fileexchange/43610-pca-based-face-recognition-system-using-orl-database
https://www.kaggle.com/datasets/tavarez/the-orl-database-for-training-and-testing
https://www.kaggle.com/datasets/tavarez/the-orl-database-for-training-and-testing

	Basics on Linear Algebra
	Multichannel image processing
	Symmetric matrices
	Quadratic forms
	Constrained optimisation
	An application: public works allocation
	Exercises

	Singular Value Decomposition
	Unsupervised learning
	Motivation to SVD
	Singular values
	The singular value decomposition
	Computing the SVD
	Geometric interpretation of the SVD
	Applications of the singular value decomposition
	Low-rank approximation
	Exercises

	Principal Component Analysis
	Dimensionality reduction
	Principal component analysis
	PCA and SVD
	Low-rank approximation
	Eigenfaces algorithm
	Face recognition procedure
	UK food consumption
	Netflix-style recommendation
	Feature reduction via PCA
	Exercises

	Linear Discriminant Analysis
	Introduction
	Connection to PCA and SVD
	Linear discriminant analysis
	Conclusion
	Exercises

	References

