
Category of M -algebras and Internal Homomorphisms

M. Mahmoudi ∗

Recall that for (universal) algebras A, B in a category E , Hom(A,B) is usually
an external object, in the sense that it is just a set and is neither an algebra nor even
an (internal) object of the base category E . Ebrahimi introduced an object [A,B]
inside E to be the best counterpart of Hom(A,B), for universal algebras A,B in a
Grothendieck topos E .

In this paper, taking a monoid M and an equational category of algebras A, we
introduce the category Int(MA) of universal algebras in the category E=MSet, of
sets with an action of a monoid M , together with members of [A, B], called internal
homomorphisms, as the set (M -set) of homomorphisms from A to B. We study some
algebraic and categoric ingredients of the category Int(MA), and consider the relation
between this category and the category A as well as the category MA of algebras in
MSet with ordinary (external) homomorphisms. Among other things, we show that
in this category equalizers do not exist in general while all colimits exist.

References

[1] Adamek, J. and H. Herrlich and G.E. Strecker, Abstract and Concrete Categories,
John Wiley and Sons, Inc., 1990.

[2] Burris, S. and H.P. Sankapanavar, A Course in Universal Algebra, Springer-
Verlag, 1981.

[3] Ebrahimi, M. Mehdi, Bimorphisms and tensor products in a topos, Bull. Iranian
Math. Soc. 15(1), (1988), 1-31.

[4] Ebrahimi, M. Mehdi, Internal completeness and injectivity of Boolean algebras
in the topos of M -sets, Bull. Austral. Math. Soc. 41(2) (1990), 323-332.

[5] Ebrahimi, M. Mehdi and M. Mahmoudi, The category of M -sets, Italian J. of
Pure and Appl. Math. 9 (2001), 123-132.

[6] Mac Lane, S., Moerdijk, I., Sheaves in Geometry and Logic: A First Introduction
to Topos Theory, Springer-Verlag, 1992.

[7] Mahmoudi, Mojgan, Internal injectivity of Boolean algebras in MSet, Algebra
Universalis 41(3) (1999), 155-175.

∗Joint work with M.Mehdi Ebrahimi

1


