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Introduction

Let X be a random variable. Its n-th moment is the expected
value of X" (if it exists):

mp(X) = E(Xp).
Let X and Y be two independent random variables. Then:

This allows to determine the law of X + Y thanks to its
moments:

WX +Y) = i ( ) X) Mo (Y).
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Introduction

The variance of X is:
V(X) = ma(X) — my(X)2.
If X and Y are independent:

VX +Y) = V(X)+ V(Y).
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Introduction

For noncommuting random variables (for example, taking their
values in matrices algebras), one uses instead the notion of
free independence [Nika, Speicher].

This can be defined using free cumulants associated to a
random variable. They are related to the moments through the
following formula:

my= >, []ka

QeNCP(n) meQ

where NCP(n) is the set of noncrossing partitions of [n].
Under reasonable conditions, X and Y are freely independent
if, and only if, for any n,

kn(X + Y) = kn(X) + kn(Y)
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Introduction

We denote by NCP(n) the set of noncrossing partitions on [n].
They are represented by diagrams:

NCP(0) = {&},
NCP(1) = {l},
NCP(2) = {II, U},
NCP(3) = {11, W, I, 1u, Ui},

MR RN RIRL
NCP(4):{ O w o uh w }
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NCP(1) = {I},

my = ky,
NCP(2) = {II, U},

my = K + kg,
NCP(3) = {I11, W, L1, 1, ut},

U | I
NCP(4) = ‘Uﬂ,uu,u,\‘\u,\‘u,\m,u |
L, U L L W L

my = ki + 4kyks + 6kZko + 2Kk3 + Kq.
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(M =k,

me = k12 + kg,

ms = k? + 3kiko + ks,
L My =k14—|-4k1k3+6k12k2+2k22+k4,
ki =my,
ky =mp—mz,
ks = m3—3mimy +2m3,
ke =my—2ms —4myms +10mimy — 5mf.
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my= >, []ka

QeNCP(n) meQ

The aim is to "understand" this formula through the formalism
of operads and bialgebras.
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Gap insertion
Related bialgebras
Convolution

A first operad on noncrossing partitions

First operadic structure: insertion of noncrossing
partitions in gaps of a noncrossing partition

Any element p e NCP(n) has n + 1 gaps to insert other
noncrossing partitions, from left to right: the first one on the left
of the noncrossing partition, the last one on the right.

Lldo (1L, LI, 01, ):II_IIiILI
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A first operad on noncrossing partitions

Proposition

With this composition, the sequence NCPy(n) = KNCP(n—1)
is @ nonsymmetric operad denoted by N'CPy.

o P NCPy(n) NCPE" — NCPy.

n=1

Unit of this operad: ¢f € NCP(0) < KNCP(1).
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A first operad on noncrossing partitions

Reminders on operads

A (set-theoretic, nonsymmetric) operad is a family (P(n))pen of
sets, with maps

o_{ P(n) x P(ky) x ... x P(kn) —> P(ky + ...+ kn)
. (p7p17"'7pn) - po(p'la"'apn)

such that:
@ Associativity:
(po (p17"'apn)) © (p1,1;'--p1,k1a'-->pn,17--'apn,k,,)
=po(pP1o(P1a,---Pik)s--->Pn)© (Pnits---sPnky))-

@ Unit: /e P(1) suchthat lop=po(l,...,I) = pforany
pe P(n).

Loic Foissy Operads on noncrossing partitions



Gap insertion
Related bialgebras
Convolution

A first operad on noncrossing partitions

Reminders on operads

If E is a set, Pe(n) is the set of maps from E" to E.
fo(fy,...,f): Eft-+h _ F

The unit is Idg.

YYy vy YYvy
e dolallel s o L r ]
\ v,V v v
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A first operad on noncrossing partitions

Reminders on operads

Trees

T(n) is the set of planar binary trees with n leaves. The tree
To(Ty,...,Ty) is obtained by grafting T; on the j-th leaf of T for
all i.

T(1) = {1}, T2 ={Y},

T(3) = {\9,?/}, T(4) = {&K% y?y V\/}.
\<<(—Yo(\<(,l), V\X:YO(Y,Y).
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A first operad on noncrossing partitions

Dually, we obtain a coassociative coproduct on noncrossing
partitions:

DN (D) = TR D,

N =0T+ T®LU,

DN =11QTFT+ 1T+ +TRI,
M) =legoaa+legg+aell.

T(NCPy) is a bialgebra. It is graded by the number of blocks.
Its counit is given by

¥P e NCPy, e(P) = dp .

Loic Foissy Operads on noncrossing partitions



Gap insertion
Related bialgebras
Convolution

A first operad on noncrossing partitions

Let us identify &5 and the unit of T(NCPy):

AN =1@1+1®],

A =U®1+1aL,

AN =1®1+2/@+1®1l,
)

T(NCP) is a graded bialgebra:
(A®Id)oA=(ld®A)o A.
Its counit is given by

VP e NCP, (P) = 0.
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A first operad on noncrossing partitions

More structure for almost free:

(L,U)ecut(P),

1eL
A.(P)= > LU

(L,U)ecut(P),

1eU
Then:
(A®Id)o Ay = (IdQAL) o A,
(A-®Id)o AL = (ld®A) o A.

This is a unshuffle bialgebra (or codendriform bialgebra).
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A first operad on noncrossing partitions

As a consequence, the dual algebra T(NCP)* is a dendriform
algebra, with convolution product » =< + >.

An example

Let x be the infinitesimal character on T(NCP) such that for
any noncrossing partition P,

(P) kn if P has only one block of size n,
K; =
0 otherwise.
There exists a unique ¢ € T(NCP)* such that
p=c+ K<

Then ¢ is a character, called the left half-exponential of . For
any non crossing partition Q:
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Related bialgebras

A second operad on noncrossing partitions : e :
Partial order on noncrossing partition

Second operadic structure: block substitution

We want to replace any block of a noncrossing partition by
another noncrossing partition:

||_I_'|||||||O(||_|,ILI, I_|>
ILI L | L

= L] =1Ll .

First technical difficulty: how to know which block is replaced by
each noncrossing partition?
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X " Related bialgebras
A second operad on noncrossing partitions : e :
Partial order on noncrossing partition

Second operadic structure: block substitution

We want to replace any block of a noncrossing composition by
another noncrossing compositions:

2 2 2
1 3 12 1 1
||_I_'|||||||o<||_|,|L|, |_|>
4
3| 6 4 6
_1||_l25I_I 3 | L

1 2 5
L] = L1 Ll .

The numbers indicate the index of the blocks in the noncrossing
partitions.
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X " Related bialgebras
A second operad on noncrossing partitions ) e
Partial order on noncrossing partition

Second operadic structure: block substitution

We want to replace any block of a noncrossing composition by
another noncrossing compositions:

1 3 12 12|_|
I IIIIIIIo(II_I, ,|_|_|>
1 2 5 (|3_| 13T2 5 6|_|
= [ ] = | L1 L] .

Second technical difficulty: some compositions are not
possible. Each block has a color (its size); we can only
substitute to a block of color n a noncrossing composition of
degree n.
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A second operad on noncrossing partitions ) e
Partial order on noncrossing partition

Let us denote by NCC(n; k1, .. ., Kp) the set of noncrossing
compositions on [n] with p blocks, the i-th block of size k;. The

composition is defined from

NCC(n; ky, ..., kp) @NCC(K1;£1) ® ... @ NCC(kp; £,)

to
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Proposition

With this composition, the sequence
NCC(n; ki, ..., Kp) = KNCC(n; ky, ..., kp) is a colored operad.

Partial unit e NCC(n; n): I, = ([n]).
=1, Iy = LW, = UU...

Operads on noncrossing partitions
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A second operad on noncrossing partitions

Dually (with technical difficulties), we obtain a second
coproduct on S(NCP):

) =l®!-U+ Wl
(U )-UU@UUJrUM@UU
SN =Weuu+wel
() = \U@MU+UU®H~U+(M+LU)®\\U+M®\\U
Iy =1beru+ueu+Le!h+ WL
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A second operad on noncrossing partitions

Partial order on noncrossing partition

The finest partitions have the longest formulas for the
coproduct:
S =L@l +11®I
SN =W N+ (U + 10+ U@+ 1@
SN =W+ Ul + W@+ 1u@l-li
+ih@rrn+ e+ + Wil
U@+ W+ Wi+ U el
F W1+ T 1111
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A second operad on noncrossing partitions . . ”
s 9P Partial order on noncrossing partition

Partial order on noncrossing partitions

Let P, Q be two noncrossing partitions. Then P < Qif Pis a
refinement of Q.
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A second operad on noncrossing partitions

Working similarly with noncrossing compositions,
P<Q«=3P;,....Py, P=Qo(Py,...,P,).
(Py,...,Pp)is unique up to their order, and we put in S(NCP):
P/Q=P;...Py.

Then, in S(NCP):

i(P)= > Qe P/Q.
Q=P

We recover an incidence coalgebra in the sense of Schmitt.
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An application

Convolution and cointeraction

The coproduct ¢ induces a second convolution = product on
S(NCP)*.

Mn= > Kya=Cxk(dn),
Q=Jn

where ((P) = 1 for any noncrossing partition and

o= (1) = |

n

Ji =1, Jo = 11, Js = 111, Jp =111,
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An application

Convolution and cointeraction

If o, 3 € S(NCP)* and v is a character of S(NCP):

(axB)xvy = (a*y)*(B+*7)
(@< B)xy=(axy)<(B=*
(> )y =(axy)>(Bx*
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Convolution and cointeraction

For any infinitesimal character «, let us denote by £ (k) the
unique element ¢ of T(NCP)* such that

p=c+K <09

From the dendriform axioms, ¢ is a character of T(NCP) or of
S(NCP).

The map &= is the left half-exponential.
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An application

Let e be the infinitesimal character on S(N'CP) defined by:

(P) 1 if P has one block,
| 0 otherwise.

Then 7 is the block of P containing 1,
E<(e)(P) =1 x E-(e)(P\{m1}).
Hence, for any noncrossing partition P,

£<(e)(P) =1=((P).
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Convolution and cointeraction

An application

Proposition

Let x be an infinitesimal character and ) be a character of
S(NCP). We denote by K the character such that for any
noncrossing partition P, K(P) = x(P). Then:

¢ = E(r) = ¢=CxK.

K is the unique character such that e < K = k.
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An application

Lety = ( = K. Then:

v =2=E<(6)xK
=(e+e<()xK
=exK+(e<()*K
et (exK) < (CHK)
=c+ K<

So ¢ = E<(K).

Loic Foissy Operads on noncrossing partitions



Convolution
Cointeraction

) . An application
Convolution and cointeraction

An application

Consequently, if ¢ = E-(k):

OAESED S [ R ™)

QeNCP(n) meQ

To be compared to

mo= > []ka

QeNCP(n) meQ

Corollary

The character giving moments is the left half-exponential of the
infinitesimal character giving free cumulants.
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Cointeraction
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Convolution and cointeraction

Thank you for your attention!
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