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Let X be a random variable. Its n-th moment is the expected
value of X n (if it exists):

mnpX q “ EpXnq.

Let X and Y be two independent random variables. Then:

mnpXY q “ mnpX qmnpY q.

This allows to determine the law of X ` Y thanks to its
moments:

mnpX ` Y q “
n
ÿ

k“0

ˆ

n
k

˙

mk pX qmn´k pY q.
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The variance of X is:

V pX q “ m2pX q ´m1pX q2.

If X and Y are independent:

V pX ` Y q “ V pX q ` V pY q.
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For noncommuting random variables (for example, taking their
values in matrices algebras), one uses instead the notion of
free independence [Nika, Speicher].
This can be defined using free cumulants associated to a
random variable. They are related to the moments through the
following formula:

mn “
ÿ

QPNCPpnq

ź

πPQ

k|π|,

where NCPpnq is the set of noncrossing partitions of rns.
Under reasonable conditions, X and Y are freely independent
if, and only if, for any n,

knpX ` Y q “ knpX q ` knpY q.
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We denote by NCPpnq the set of noncrossing partitions on rns.
They are represented by diagrams:

NCPp0q “ tHu,
NCPp1q “ t u,
NCPp2q “ t , u,

NCPp3q “ t , , , , u,

NCPp4q “

#

, , , , , ,

, , , , , ,

+

.
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NCPp1q “ t u,
m1 “ k1,

NCPp2q “ t , u,

m2 “ k2
1 ` k2,

NCPp3q “ t , , , , u,

m3 “ k3
1 ` 3k1k2 ` k3,

NCPp4q “

#

, , , , , ,

, , , , , ,

+

,

m4 “ k4
1 ` 4k1k3 ` 6k2

1 k2 ` 2k2
2 ` k4.
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$

’

’

&

’

’

%

m1 “ k1,

m2 “ k2
1 ` k2,

m3 “ k3
1 ` 3k1k2 ` k3,

m4 “ k4
1 ` 4k1k3 ` 6k2

1 k2 ` 2k2
2 ` k4,

ðñ

$

’

’

&

’

’

%

k1 “ m1,

k2 “ m2 ´m2
1,

k3 “ m3 ´ 3m1m2 ` 2m3
1,

k4 “ m4 ´ 2m2
2 ´ 4m1m3 ` 10m2

1m2 ´ 5m4
1.
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mn “
ÿ

QPNCPpnq

ź

πPQ

k|π|.

The aim is to "understand" this formula through the formalism
of operads and bialgebras.
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First operadic structure: insertion of noncrossing
partitions in gaps of a noncrossing partition

Any element p P NCPpnq has n ` 1 gaps to insert other
noncrossing partitions, from left to right: the first one on the left
of the noncrossing partition, the last one on the right.

˛ p , , , q “
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Proposition

With this composition, the sequence NCP0pnq “ KNCPpn ´ 1q
is a nonsymmetric operad denoted by NCP0.

˛ :
8
à

n“1
NCP0pnq bNCPbn

0 ÝÑ NCP0.

Unit of this operad: H P NCPp0q Ď KNCPp1q.
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Reminders on operads

A (set-theoretic, nonsymmetric) operad is a family pPpnqqnPN of
sets, with maps

˝ :

"

Ppnq ˆ Ppk1q ˆ . . .ˆ Ppknq ÝÑ Ppk1 ` . . .` knq

pp,p1, . . . ,pnq ÝÑ p ˝ pp1, . . . ,pnq

such that:
1 Associativity:

pp ˝ pp1, . . . ,pnqq ˝ pp1,1, . . .p1,k1 , . . . ,pn,1, . . . ,pn,knq

“ p ˝ pp1 ˝ pp1,1, . . .p1,k1q, . . . ,pnq ˝ ppn,1, . . . ,pn,knqq.

2 Unit: I P Pp1q such that I ˝ p “ p ˝ pI, . . . , Iq “ p for any
p P Ppnq.
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Reminders on operads

Maps

If E is a set, PEpnq is the set of maps from En to E .

f ˝ pf1, . . . , fnq : Ek1`...`kn ÝÑ E .

The unit is IdE .

f ˝p f1
,

f2
,

f3 q“ f

f1 f2 f3
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Reminders on operads

Trees
T pnq is the set of planar binary trees with n leaves. The tree
T ˝ pT1, . . . ,Tnq is obtained by grafting Ti on the i-th leaf of T for
all i .

T p1q “ t u, T p2q “ t u,

T p3q “ t , u, T p4q “ t , , , , u.

“ ˝ p , q, “ ˝ p , q.

Loïc Foissy Operads on noncrossing partitions



Introduction
A first operad on noncrossing partitions

A second operad on noncrossing partitions
Convolution and cointeraction

Gap insertion
Related bialgebras
Convolution

Dually, we obtain a coassociative coproduct on noncrossing
partitions:

∆0pHq “ HbH,

∆0p q “ bHH`Hb ,

∆0p q “ bHHH`Hb ,

∆0p q “ bHHH` b p H`H q `Hb ,

∆0p q “ bHHHH` bH H`Hb .

T pNCP0q is a bialgebra. It is graded by the number of blocks.
Its counit is given by

@P P NCP0, εpPq “ δP,H.
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Let us identify H and the unit of T pNCP0q:

∆p q “ b 1` 1b ,

∆p q “ b 1` 1b ,

∆p q “ b 1` 2 b ` 1b ,

∆p q “ b 1` b ` 1b .

T pNCPq is a graded bialgebra:

p∆b Idq ˝∆ “ pId b∆q ˝∆.

Its counit is given by

@P P NCP, εpPq “ 0.
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More structure for almost free:

∆ăpPq “
ÿ

pL,UqPcutpPq,
1PL

Lb 9U,

∆ąpPq “
ÿ

pL,UqPcutpPq,
1PU

Lb 9U.

Then:

p∆b Idq ˝∆ą “ pId b∆ąq ˝∆ą,

p∆ą b Idq ˝∆ă “ pId b∆ăq b∆ą,

p∆ă b Idq ˝∆ă “ pId b∆q ˝∆ă.

This is a unshuffle bialgebra (or codendriform bialgebra).
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As a consequence, the dual algebra T pNCPq˚ is a dendriform
algebra, with convolution product ‹ “ă ` ą.

An example

Let κ be the infinitesimal character on T pNCPq such that for
any noncrossing partition P,

κpPq “

#

kn if P has only one block of size n,
0 otherwise.

There exists a unique φ P T pNCPq˚ such that

φ “ ε` κ ă φ.

Then φ is a character, called the left half-exponential of κ. For
any non crossing partition Q:

φpQq “ kQ.Loïc Foissy Operads on noncrossing partitions
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Second operadic structure: block substitution

We want to replace any block of a noncrossing partition by
another noncrossing partition:

˝

ˆ

, ,

˙

“ “ .

First technical difficulty: how to know which block is replaced by
each noncrossing partition?
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Second operadic structure: block substitution

We want to replace any block of a noncrossing composition by
another noncrossing compositions:

1
2

3
˝

ˆ 1 2
,

1
2

,
1

2
˙

“
1 2

3
4

5
6

“
1 23

4
5

6

.

The numbers indicate the index of the blocks in the noncrossing
partitions.
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Second operadic structure: block substitution

We want to replace any block of a noncrossing composition by
another noncrossing compositions:

1
2

3
˝

ˆ 1 2
,

1
2

,
1

2
˙

“
1 2

3
4

5
6

“
1 23

4
5

6

.

Second technical difficulty: some compositions are not
possible. Each block has a color (its size); we can only
substitute to a block of color n a noncrossing composition of
degree n.
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Let us denote by NCCpn; k1, . . . , kpq the set of noncrossing
compositions on rns with p blocks, the i-th block of size ki . The
composition is defined from

NCCpn; k1, . . . , kpq b NCCpk1; `1q b . . .b NCCpkp; `pq

to
NCCpk1 ` . . .` kp; `1, . . . , `pq.
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Proposition
With this composition, the sequence
NCCpn; k1, . . . , kpq “ KNCCpn; k1, . . . , kpq is a colored operad.

Partial unit P NCCpn; nq: In “ prnsq.

I1 “ , I2 “ , I3 “ , I4 “ . . .
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Dually (with technical difficulties), we obtain a second
coproduct on SpNCPq:

δp q “ b ¨ ` b

δp q “ b ¨ ` b

δp q “ b ¨ ` b

δp q “ b ¨ ¨ ` b ¨ `
`

`
˘

b ¨ ` b

δp q “ b ¨ ¨ ` b ¨ ` b ¨ ` b
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The finest partitions have the longest formulas for the
coproduct:

δp q “ b ` b ¨

δp q “ b `
`

` `
˘

b ¨ ` b ¨ ¨

δp q “ b ` b ¨ ` b ¨ ` b ¨ ¨

` b ¨ ¨ ` b ¨ ¨ ` b ¨ ¨ ` b ¨ ¨

` b ¨ ¨ ` b ¨ ` b ¨ ` b ¨

` b ¨ ` b ¨ ¨ ¨
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Partial order on noncrossing partitions

Let P,Q be two noncrossing partitions. Then P ď Q if P is a
refinement of Q.

~~
~~
~~
~~

@@
@@

@@
@@

@@
@@

@@
@@

~~
~~
~~
~~
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Working similarly with noncrossing compositions,

P ď Q ðñ DP1, . . . ,Pn, P “ Q ˝ pP1, . . . ,Pnq.

pP1, . . . ,Pnq is unique up to their order, and we put in SpNCPq:

P{Q “ P1 . . .Pn.

Then, in SpNCPq:

δpPq “
ÿ

QěP

Q b P{Q.

We recover an incidence coalgebra in the sense of Schmitt.
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The coproduct δ induces a second convolution ˚ product on
SpNCPq˚.

mn “
ÿ

QěJn

kJn{Q “ ζ ˚ kpJnq,

where ζpPq “ 1 for any noncrossing partition and

Jn “ tt1u, . . . , tnuu “ | . . . |
loomoon

n

.

J1 “ , J2 “ , J3 “ , J4 “ , . . .
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If α, β P SpNCPq˚ and γ is a character of SpNCPq:

pα ‹ βq ˚ γ “ pα ˚ γq ‹ pβ ˚ γq,

pα ă βq ˚ γ “ pα ˚ γq ă pβ ˚ γq,

pα ą βq ˚ γ “ pα ˚ γq ą pβ ˚ γq.

Loïc Foissy Operads on noncrossing partitions



Introduction
A first operad on noncrossing partitions

A second operad on noncrossing partitions
Convolution and cointeraction

Convolution
Cointeraction
An application

For any infinitesimal character κ, let us denote by Eăpκq the
unique element φ of T pNCPq˚ such that

φ “ ε` κ ă φ.

From the dendriform axioms, φ is a character of T pNCPq or of
SpNCPq.

The map Eă is the left half-exponential.
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An application

Let e be the infinitesimal character on SpNCPq defined by:

epPq “

#

1 if P has one block,
0 otherwise.

Then π1 is the block of P containing 1,

EăpeqpPq “ 1ˆ EăpeqpPztπ1uq.

Hence, for any noncrossing partition P,

EăpeqpPq “ 1 “ ζpPq.
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Proposition
Let κ be an infinitesimal character and ψ be a character of
SpNCPq. We denote by K the character such that for any
noncrossing partition P, K pPq “ κpPq. Then:

φ “ Eăpκq ðñ φ “ ζ ˚ K .

K is the unique character such that e ă K “ κ.
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Let ψ “ ζ ˚ K . Then:

ψ “ Eăpeq ˚ K
“ pε` e ă ζq ˚ K
“ ε ˚ K ` pe ă ζq ˚ K
“ ε` pe ˚ K q ă pζ ˚ K q
“ ε` κ ă ψ.

So ψ “ Eăpκq.
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Consequently, if ψ “ Eăpκq:

ψpJnq “
ÿ

QPNCPpnq

ź

πPQ

kp|J|π|q.

To be compared to

mn “
ÿ

QPNCPpnq

ź

πPQ

k|π|.

Corollary
The character giving moments is the left half-exponential of the
infinitesimal character giving free cumulants.
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Thank you for your attention!
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