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Let S,, be the symmetric group of degree n, and let o € S,,. We
can represent o as a word by

g = 01 ...Un7

with o(i) = 0;,fori =1,... ) n.



)

Apair (i,7), 1 <i,j <mn,is called an inversion of o if

i<j and o; >0



)

We can define a partial order <; on S,,, the Bruhat order, saying
g jB T,

if o can be obtained from 7 by a sequence of transformations
where

is replaced by

being (7, j) an inversion of 7.



)

Let Pand @ be two permutation matrices of order n
corresponding to permutations 7 and 7 respectively. We write

P <5 @ whenever 7 <5 7.



)

Note that a inversion in a permutation 7 corresponds to a

submatrix
0 1
L= o)

in the correspondent permutation matrix, Q.

Remove this inversion in 7 is equivalent to replace the submatrix

L, of Q by
10



)

Therefore, given two permutation matrices Pand @, we say that

P=pQ

if P can be obtained from @ by a sequence of one sided

interchanges
01 1 0
LQ_[l 0}%12_[0 1}.



)

There is another way to define the Bruhat order on permutation
matrices.

For any m-by-n matrix A = [a, ;] of real entries, let 2, denote
the m-by-n matrix whose (r, s)-entry is

ZZ&W I1<r<m,1<s<n.

=1 j=



)

For permutation matrices Pand @ of order n we have

P jB Q7
if and only if, by the entrywise order

Sp> S



Let R = (ry,...,7,,),and S = (sq, ..., s,,) be two positive integral

vectors such that

rt+..+r, =85 +..+s,.

We denote by A(R, S) the class of all m-by-n matrices of zeros

and ones, the (0, 1)-matrices, with row sum vector R, and column
sum vector S.



)

The class of all n-by-n (0, 1)-matrices with common row and
column sum £ is denoted by A(n, k).

The class of n-by-n permutation matrices is the class A(n, 1).



)

In 2004, Brualdi and Hwang extended the Bruhat order from
A(n, 1) to any nonempty classes A (R, S).



)

Given A,, A, € A(R, S) we say that A, precedes A, by the
Bruhat order, and write

Ay =p Ay
if, by the entrywise order,

Sa, 2Ty,



)

Given A,, A, € A(R, S), we say that A, precedes A, by the
Secondary Bruhat order, and write

A1 ﬁﬁ A27

if A; can be obtained from A, by a sequence of one sided
interchanges L, — I, where

0 1
eV

and I, is the identity matrix of order 2.



)

It is straightforward to verify that if A; <5 A,,then A} <5 A,.

In general, the Bruhat order and the Secondary Bruhat order do
not coincide on A(R, S).

They coincide on .4 (n, 1), and Brualdi and Deaett proved, that
they coincide on .4(n, 2), but, with an example, they showed that
the two partial orders are distinct on .4(6, 3).



)

Let R = (2,2,...,2),and S = (s, ..., s,,) be two nonincreasing
positive integral vectors such that A(R, S) # (). Then the Bruhat
order and the Secondary Bruhat order coincide on A(R, S).



Lemma(Brualdi and Deaett, 2007)

Let A and C be matrices in A(R, S) with A <5 C, and let i and j
be integers with o, ;(A) > o, ;(C). Let s and t be integers with
(s,t) lexicographically maximal such that

(rye) €{i,...,s =1} x {j, ...t =1} = 0,.(4) > 0,.(C).

Then, there exists (i, jo) € {i +1,...,s} x {j +1,...,t} with

a'iojo =1



)

Lemma(Brualdi, Fernandes and Furtado, 2019)

Let A and C be matrices in A(R, S) with A <5 C, and let i and j
be integers with o,;(A) > 0,;(C). Let s and t be integers with
(s,t) lexicographically minimal such that

(rie)e{s+1,...,i} x{t+1,...,5} = 0,.(4) > 0,.(C).

Then, there exists (iy,jy) € {s+1,...,i} x {t+1,...,j} with
a 1.

toJo



)

Let A, C € A(R, S) such that C covers A in the Bruhat order.
Let p, f, gand be integers, with1 < p <1 < m, and
1 < f < g <mn,such that

A[{p, l}a {fvg}] - I27
and, for any (r,c) € {p, ..., 1 — 1} x {f,...,g — 1},

0,.(A) > 0,.(C).
Then A <5 C.



ll l )Outline of the Proof of Theorem 1:

Let A and C be matrices in A (R, S). We know that if
A <B C,

then
A<z C.

So we need to prove thatif A <5 C, then A <5 C.



)

It suffices to show this when C covers A. So, from now on we
assume that C covers A by the Bruhat order.

The strategy is to find integers p, f, gand [, with1 < p <1 <m,
and 1 < f < g < n, such that

Al{p,1}:{f. g}] = L,
and for any (r,c) € {p, ..., | — 1} x {f,...,g — 1},
JTC<A) > UTC<C)'

If this happens, then using Proposition 1 we get A <z C.



)

Since A <5 C, there is a position (3, j) such that a,; = 1 and
0,;(A) > 0,,(C).

Applying the first Lemma, we choose

(i9:Jo) € {i +1,....,m} x {j +1,...,n} such thata, ;, =1,and

forany (r,c) € {i,...,ig — 1} x {j, ..., jo — 1}, 0,.(4) > 0,.(C).



)

So
Atk it = | ) 7]



)

So

Altiih il = | 5 1 |-



)

So

Altiih il = | 5 1 |-



Then
. . 10
Alfiio .ol = [ o 1 |
and
fOI‘ any (Ta C) € {Za ai() - 1} X {], 7j0 - 1}’ O-’I‘C<A) > GTC(C)'
Then

A%EC.



)

Case 2: a; ; = 1.

Atk it = | 1 1]



)

Case2:a; . =1.
07

Alti ok Gt = | 1 1]

Applying Lemma 2, there is

fOI‘ any (T,C) € {ila'“ 77:0_1}X{j17"' 7j_1}7 UT,C(A) > Ur,c<c)'



We now consider three subcases.

Subcase 2.1: i, = i.

Then
A[{iaiO};{j17j7j0}] = |: i } T :| '



We now consider three subcases.

Subcase 2.1: i, = i.

Then 1
A[{iaiO};{j17j7j0}] - |: (1) 1 (1) :| ’



)

We now consider three subcases.
Subcase 2.1: i, = i.

Then

Alti ik i = | o 1 1 |-



)

Thus, A[{7,40}; {j1,Jo}] = I, and
fOI' any (Tv C) € {Za ai()_l}>< {jla ;jO_l}v UT,C(A> > Ur,c<c)'
So

A=<5C.



)

Corollary

Let R=(1,1,...,1)and S = (sy, ..., s,,) be two nonincreasing
positive integral vectors such that A(R, S) # (). Then the Bruhat
order and the Secondary Bruhat order coincide on A(R, S).




ll l ) Proof:

Let A,C € A(R,S) such that A <5 C. Let D be the m-by-n + 1
matrix such that the first column has all entries equal to one and
removing the first column we have the matrix A. Similarly, let £
be the m-by-n + 1 matrix such that the first column has all
entries equal to one and removing the first column we have the
matrix C. Then D and F are matrices in A (U, V') with
U=(2,2,....,2)and V = (m, s, ..., 5,,). Since A <5 C'we get

D <p E. By last theorem, D <5 E. Thus, as the first columns of
D and E have all entries equal to one, A <5 C.
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