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Precedents

E. Briand, S. Lopes, M. Rosas

@ Let h(x) be a smooth function and let 9 = %.

@ What is the normally ordered form of the operator (h9)",
n € Ng?

(h0) = 1h0

(h0)? = (hD)(hD) = 1h(h)D + 1h?5?
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Precedents

E. Briand, S. Lopes, M. Rosas

@ Let h(x) be a smooth function and let 9 = %.

@ What is the normally ordered form of the operator (h9)",
n € Ng?

(h0) = 1h0
(h0)? = (hD)(hD) = 1h(h)D + 1h?5?

(hd)3 = (hd)(hA(h)D + K2H?) =
1h(9(h))20 + 1h202(h) + 3h2D(h)o? + 1h30°
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Generalization

Jackson Derivative
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Generalization

Jackson Derivative

@ Usual derivative:

Pedro Fernandes The hidden forest in powers of differential operators



Generalization

Jackson Derivative

@ Usual derivative:

@ Jackson derivative:
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Generalization

Leibniz Rule

d(ab) = 9(a)b + ad(b)
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Generalization

New “Leibniz Rule”

0q(ab) = 9q(a)b + o4(a)0q(b)
where o4(f(x)) = f(gx)
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Generalization

New “Leibniz Rule”

0q(ab) = 9q(a)b + o4(a)0q(b)
where o4(f(x)) = f(gx)

0q00q=q-0q00

(hdg)" =77
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Small n
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Small n

(h0)* = 1h0
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Small n

(h0)* = 1h0

(hd)? = (hd)(hd) = 1hA(h)d + 1ho(h)d?
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Small n

(h0)* = 1h0
(h9)? = (hd)(hd) = 1hd(h)O + Lha(h)5?

(h9)3 = (hO(h)D + ho(h)D?)(hd) =
= 1ho(h)d?(h)0 + 1h(A(h))?0 + 1hd(h)a(h)0>+
+(1 + q)ha(h)a((h))0? + Lha(h)a?(h)d3
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Gaussian Coefficients

Definition
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Gaussian Coefficients

Definition

Binomial Coefficient

(m) € Ny represents the number of binary sequences of length m

where 1 digits are equal to 1.
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Gaussian Coefficients

Definition

Binomial Coefficient

(m) € Ny represents the number of binary sequences of length m

where 1 digits are equal to 1.

Gaussian Coefficient

(m)q € 7Z[q] is such that the coefficient of g represents the
number of binary sequences of length m where n digits are equal to
1 with k inversions, where an inversion is a pair of digits in the
sequence such that the leftmost one is 1 and the other is 0.
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Gaussian Coefficients

Essence
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Gaussian Coefficients

Essence

Essence: The gaussian coefficients are a detailed version of the

binomial coefficients, taking in account the notion of inversions.

We can retrieve the binomial coefficient from the gaussian

coefficient by taking g = 1.
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Gaussian Coefficients

Example
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Gaussian Coefficients

Example

o If m=3, n=2, there are 3 sequences:

011, 101, 110
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Gaussian Coefficients

Example

o If m=3, n=2, there are 3 sequences:
011, 101, 110
o Thus, (3) =3.
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Gaussian Coefficients

Example

o If m=3, n=2, there are 3 sequences:
011, 101, 110
o Thus, (3) =3.

@ The first one has 0 inversions, the second one has 1 inversion,

and the third one has 2 inversions:

3e=1¢"+1-¢"+1-¢>=1+q+7"
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Normal pseudo-compositions (NPCs)

Definitions
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Normal pseudo-compositions (NPCs)

Definitions

Given n € Ng e A = (Ao, ..., Ap—1) € N, we have the following
definitions:

@ |A| = nis the length of );
o s} =K A, Vk > 0; also, we define s*; == 0;
o We write

AES

when S is the sum of the entries of A\, and we say that A is a
pseudo-composition of S; also, we define S(\) = S;

o If s < k, Vk >0, we say that \ is normal.
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Normal pseudo-compositions

Example
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Normal pseudo-compositions

Example

Let n =5 and let A =(0,0,2,0,2). Then:
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Normal pseudo-compositions

Example

Let n =5 and let A =(0,0,2,0,2). Then:
@ A has length 5: |A\| = 5;
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Normal pseudo-compositions

Example

Let n =5 and let A =(0,0,2,0,2). Then:
@ A has length 5: |A\| = 5;
e o5 =0
o 50 =0;
050 =0+0=0;
o532 =0+0+2=2;
050 =0+0+2+0=2;
05 =0+0+2+0+2=4
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Normal pseudo-compositions

Example

Let n =5 and let A =(0,0,2,0,2). Then:
@ A has length 5: |A\| = 5;
e o5 =0
o 50 =0;
050 =0+0=0;
o532 =0+0+2=2;
050 =0+0+2+0=2;
05 =0+0+2+0+2=4

@ )\ is normal.
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Definition

We define ', as the set of all normal pseudo-compositions of

length n.
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Normally ordered form of (hd,)"
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Normally ordered form of (hd,)"

Let n be a non-negative integer. Then,

(hdg)" = exl(q) - i,

AET,
where
IA|—1
W = | T o* % @2x(n)) | 85~>™
k=0
and i
+ [k —s}
aq) = H ( kl) :
k=0 Ak q
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Generalization of the Theorem

Definitions

Given n € Ny and A = (Ao, ..., Ap—1) € Nj, we say that X is
d-normal if s} < dk, Vk > 0.

Definition

| A

We define I'? as the set of all d-normal pseudo-compositions of
length n.

A\
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Generalization of the Theorem

Normally ordered form of (h0Z)"

Theorem

Let n be a non-negative integer and let d be a positive integer.
Then,
(hg)" =Y l(q) - MY,
\erd
where
[Al-1
h[)\] _ H Jkd—si‘(ag\k(h)) 83—5()\)
k=0
and "
=1l
kd — s}
cf(q) = H( N ) -
k
k=0 q
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Combinatorial study of the coefficients c)(q)
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How many normal pseudo-compositions are there?
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How many normal pseudo-compositions are there?

Let n be a non-negative integer. Then,

|rn| = Cna

ltin

where C, = ) is the n*" Catalan number.
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Catalan numbers
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Catalan numbers

@ Closed Formula:
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Catalan numbers

@ Closed Formula:
1 2n
C, =
" n+1<n>

@ Combinatorial Interpretation: C,, = number of Dyck Paths

on an n X n board.
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Proposition

Let n be a non-negative integer. Then,

Y a(1)=n

Ael,
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Proposition

Let n be a non-negative integer. Then,

Y a(1)=n

Ael,

@ Which combinatorial objects are counted by factorials?
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Increasing trees
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Increasing trees

Definition

An increasing tree with n+ 1 vertices is a rooted tree with
vertices 0, ..., n such that father(i) < i, Vi € [n].
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Increasing trees

Definition

An increasing tree with n+ 1 vertices is a rooted tree with
vertices 0, ..., n such that father(i) < i, Vi € [n].
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Subdiagonal functions
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Subdiagonal functions

Definition

A subdiagonal function of domain [n] is a function
f :[n] — {0} U [n] such that f(i) < i, Vi € [n].
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Subdiagonal functions

Definition

A subdiagonal function of domain [n] is a function
f :[n] — {0} U [n] such that f(i) < i, Vi € [n].

n=_§:
n 2 5
f(n)|0]1
n 213
f(n)| 0|1
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Bijection between increasing trees and subdiagonal

functions

@ There exists a bijection between the set of increasing trees
with n 4 1 vertices and the set of subdiagonal functions of
domain [n], which associates with each tree the function that

sends each (non-root) vertex to its father.
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Proposition

Let n € Ng and A € [, and let Ty be the set of increasing trees
with n + 1 vertices such that, for each i € [n], vertex i has \,_;
children. Then,

ax(1) = |Tal
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Proposition

Let n € Ng and A € [, and let Ty be the set of increasing trees
with n + 1 vertices such that, for each i € [n], vertex i has \,_;
children. Then,

ax(1) = |Tal

OO

= an) "
O OO @ @

AN OIONOIONO RO
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Proposition (Dual)

Let n € Ng and A € [, and let F) be the set of the subdiagonal
functions, f, of domain [n], such that, for each i € [n],
|F2({i})| = An—i. Then,

ax(1) = Ry

Pedro Fernandes The hidden forest in powers of differential operators



Proposition (Dual)

Let n € Ng and A € [, and let F) be the set of the subdiagonal
functions, f, of domain [n], such that, for each i € [n],

!f {}’—)\,,, Then,

an(1) = |Fy- )
n 3 n 2
A=0010 FryTolol1l2] [fmylol1]o]2
(4321)
n 4 n 2
ar(l) =4 f(ny|ojoj2]1 f(nylo|1]2]0
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Inversions

Pedro Fernandes The hidden forest in powers of differential operators



Inversions

Definition

Given a function f : [n] — {0} U [n], an inversion is a pair
(a, b) € [n] x [n] such that a < b and f(a) > f(b).
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Inversions

Definition

Given a function f : [n] — {0} U [n], an inversion is a pair
(a, b) € [n] x [n] such that a < b and f(a) > f(b).

Definition (Dual)

Given an increasing tree with n+ 1 vertices, an inversion is a pair
(a, b) € [n] x [n] such that a < b and father(a) > father(b).
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Inversions

Definition

Given a function f : [n] — {0} U [n], an inversion is a pair
(a, b) € [n] x [n] such that a < b and f(a) > f(b).

Definition (Dual)

Given an increasing tree with n+ 1 vertices, an inversion is a pair
(a, b) € [n] x [n] such that a < b and father(a) > father(b).

(o)

1
O @ () | 0
(») ()
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Proposition
Let n € Ng, A € [, and k € Ny. Then, c)[k] is the number of

functions in F) with k inversions.
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Proposition
Let n € Ng, A € ', and k € Ng. Then, c)[k] is the number of
functions in F) with k inversions.

4321) |f(n)]ofo]1]2 f(ny[0|1]0|2

an(q) =
@ +2q+q L)
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Proposition (Dual)
Let n € Ng, A € [, and k € Ny. Then, c)[k] is the number of
trees in Ty with k inversions.
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Proposition (Dual)
Let n € Ng, A € [, and k € Ny. Then, c)[k] is the number of
trees in Ty with k inversions.

OO
A=(0,0,1,1)
IO ONNOIONOIO
0000 60 o
alg) =
PtiE OO O O G
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(0,0,1,00 > 1+gq

(0,0,0,1) > 1+ q+q?
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How many normal pseudo-compositions are there?

SN
// A
— 5 n 2
) f(n) | 0 212
. >
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