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The Hermitian sum eigenvalue problem
(Horn's problem)

a=(ay,...,an), B=(B1,...,8n) n-tuples of real numbers

y=O1--5Y), Y1 > > Tn

When is v the spectrum of A+ B, where A and B are Hermitian

with spectra « and (3, respectively?
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Examples of valid relations

N+ t+tm=a1+--ton+p1+-+ b

Y6 < ap + B

Yo+ v4 < a1 +agq+ 51+ B3

3+ 75 + 79 < ao+ a3+ a7+ B2+ Ba + Bs



Notation: FE(«a,p) = {possible v}

Trivial: F(«a, 8) is contained in the hyperplane defined by the trace
condition, which we abbreviate to >v =22 a4+ 20.

Trivial: E(a,B) is compact, connected

(image of Uy under the continuous mapping U +— A(Dq + UDgU¥) )

Less trivial: E(«, 8) is a convex polytope (Dooley+Repka+Wildberger,

1993, using symplectic geometry)



Conjecture (A. Horn, 1962):

E(a, ) is completely described by a family of inequalities of the type

Vi, oo+, <o+ oy, + 85+ 4B,
where r € {1,...,n} and i1 <...<ip, j1<...<Jr, k1 <...<kr.
In short,

27k < 2o+ 207
where I = (i1,...,%),J = (J1,...,9r), K = (k1,...,kr).

A consequence of this would be that E(a,3) is a convex polytope.



The question is to identify the right triples (I, J, K). Horn makes an
elaborate conjecture on this, which, in sightly changed form, reads

as follows.

For I = (i1,...,%r), With 1<i1<...<ir<n, write

p(I):(ir—T,...,iQ—Q,il—l)

Examples:
p(i) =i—-1

p(2,3) = (1,1)

p(3,5,11) = (8,3,2)



Then Horn's conjecture is:
v € E(a, )
(i

(S =Fa+4+ X3,

N\

> v < 2 a5 + 2 B5 whenever

p(K) € Elp(I),p(J)] (forallr, 1 <r<n)

So F is described recursively.

This is now a theorem. (See Fulton for the long story.)



Complete solutions for n=1,2, 3

n—=1
v1 = a1+ B1
n=2
v1 < a1 + B1
vo < a1 + B2
Yo < a4+ B

Y1+ Y2 = a1 +ap+ B1 + B2



n=3

71 < a1 + B1

Y2 < a1+ B2

v3 < a1+ 03

Y2 < azx+ [

73 < az + B2

73 < a3z + f1

Y1+ 712 <oa1+ax+ 81+ B2
Y1+v3<a1+ax+ 51+ 63
Y2 +v3 < a1 +asx+ B2+ B3
Y1 +13 < a1 t+az+ 61+ B
v2 +v3 < a1 +az+ 81+ B3
Y2+ 13 < ax+az+ B1+ B
1+r+y3=artaxt+az+ 81+ 82+ 63



Example:

E(a,B) =

{(v1,72,73) i 71 = 72 = 73,
Y1 + Y2 + v3 = 24,

v1 < 13,7 < 10,73 < 7,

Y1+ 72 < 21,71 +v3 <18,

o — (67472)7 /B: (77471)

v3 < 15}






An open problem

Construction of solutions: Given «, 8, and v € E(«, 8), find Her-
mitian A with spectrum o and B with spectrum S such that A+ B
has spectrum ~.

For each ~ there may be many solutions.

Since the solution of Horn's problem, several authors have studied
the probability distribution of ~, for given o and g.
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Only one paper — that I know of — addresses the actual construction
problem:

Cao+Woerdemann (2018)

The approach is numerical.

Reduces problem to semidefinite programming and finds an algo-
rithm that works for n = 3.

(The case n = 2 is trivial.)



An exact solution in a very particular case

W.l.g., we may assume the a's, the g's and the ~'s are > 0.

Take o =.---=08,=0
So the second matrix to be constructed has rank 1.

(This covers the case where 8 has n — 1 coordinates equal.)

Solved by many authors (from the 19th to the 21st century).



In this case the Horn inequalities reduce to

Y1+ F+m=a1+ -+ an+ b1

V1 Z Q1 2>V = > 2 Yn 2 Qp

Put D, = diag(aq,...,an). We are looking for a (real) column zx
such that Do 4+ z2! has spectrum ~.



Denote by x? the column [z% z3 --- 22]T.

Also, for each k € {0,1,...,n}, or(a) is the k-th elementary
symmetric function of aq,...,an,

op(a) = > Qi , 09=1
1<iq<-<ig<n

and we write o(a) for the column [o1(a) oo(a) -+ on(a)]L.

Denote also by J(«) the Jacobian matrix of the o(a), that is,

ﬁai]
8()éj

J(a) = [



Then we can prove (JFQ, 1994) that

J(a) 22 =o(y) — o(a) .

We have

det J(a) = ][] (e; — a;) .
1<J

Assuming a1 > --- > an (W.l.g), J(«) is nonsingular and there is a
nice expression for its inverse.



Example

a:(67472)7 /8:(37070)7 7:(77573)

(0.6124
We get = [0.8660]| , soO
11.3693

0.3750 0.5303 0.8385]
and B = |0.5303 0.7500 1.1859
10.8385 1.1859 1.8750]

N

|
© oo
ohO
N OO

solve the problem.



A possible general approach

. related to the Littlewood-Richardson rule

(an object appearing in many settings, starting from representation theory)



The Littlewood-Richardson rule

(7,4,1)

8=

a=(6,4,2)

L0
LI
Lo
L0

(9,8,7)

IO
Lo
LI
Lot
L0
Lo
.

(11,7,6)

(12,9,3)



LR(a,B)

In the example,

LR(e, ) = {(10,10,4),(11,10,3),(9,9,6),(10,9,5),(11,9,4),
(12,9,3),(9,8,7),(10,8,6),(11,8,5),
(12,8,4),(13,8,3),(10,7,7),(11,7,6),

(12,7,5),(13,7,4),(12,6,6),(13,6,5)}



Results in 1998-1999

Santana+JFQ+4Sa (1998): For integral a and S,

E(a, ) NZ" 2 LR(c, B)

Klyachko (1998), Knutson+Tao (1999):

E(a, ) N Z" = LR(a, B)



Example: o=(6,4,2),8=(7,4,1)

E(o,B) = {(71,72,73) i 71 = 72 = 73,
Y1+ 2 + 3 = 24,

v1 < 13,7 < 10,93 < 7,

y1+ 72 <21,91 +7v3 < 18,7 4+ v3 < 15}



E(a, B)




LR(e, B) = {(10,10,4),(11,10,3),(9,9,6),(10,9,5),(11,9,4),
(12,9,3),(9,8,7),(10,8,6),(11,8,5),
(12,8,4),(13,8,3),(10,7,7),(11,7,6),

(12,7,5),(13,7,4),(12,6,6),(13,6,5) }



LR(a,B)




E(a,8) & LR(a,p)




O<oa,pBeZ"

E(a, ) N 2" = LR(a, B)

First, this gives an idea of why Horn's conjecture should be true,
because nonempty intersections of Schubert varieties (which
produce inequalities) are governed by the LR rule:

2> v < a7 + 285 whenever

po(K) € LR[p(I),p(J)] (forallr, 1<r<mn)



Second, it suggests a connection to another problem: invariant
factors of a product of two integral matrices.

Let R be a PID (e.g. Z).

a=(an,...,an,a1), b=(bn,...,b>,b;) n-tuples of nonzero elements of R
an|---lazlar, bn|---|b2]b1
C:(Cn,...,CQ,C]_), Cn|"'|C2|C]_

When is ¢ the n-tuple of invariant factors of AB, where A and B
have invariant factors a and b, respectively?



The Klein solution (1968)

Localization: Fix a prime p € R and work over the local ring Ry
(i.e. work with powers of p)

a; — p™, b; — pPi, ¢; — p7

where a3 > ---2ap, 12+ 2pPn, Y1227 are
nonnegative integers.

Denote by the set of possible v in the invariant factor
product problem.

Theorem. (Klein)

LR(«, ).



So
E(a,B)N Z" =

But... there is a constructive version of Klein's theorem:
Azenhas+Sa (1990)

A speculative question: is there a way of ‘“transporting” this
construction from the invariant factor setting to Hermitian
matrices?

Actually, the equality F(a,3) N Z" = reflects a deep
result, the Kirwan-Ness theorem, relating symplectic geometry to
geometric invariant theory. (See Fulton’s survey.)



