
/ Symplectir Cacti , virtual ization, and a Colourft algorithm )

jointwork with .

Olga Azenhas luniv . of Coímbra)

Mojdeh Tarighat -Feller (univ . of Virginia)

arXiv : 2207.08446



I History I

Cacti
than ( Henriques- kamnitzer, 2008)

1 → q (Ñ
"") → I.→ Sn→1
~

T

y cactus

group
moduli Space of

n- fniled Cacti
.

"The pure cactus

Henriques - kamnitzer : group
"

"

Crystals and Coboundary categorias "



n- fruited Cacti in Mexico



Notation

Stomp semi -simple Lie Algebra

Y - Cortan subalgebra ID - Dynkin diagrama
' to - Root System ,

A - { Lili c- D } E t
'

simple roots

¡E. = A integral weight lattice ; a = {qc-yjpkq.sn?Z0ieD} .

W = W (4) Weyl group
wo c- W largest Weyl group element

n nodes

EX-i.EE?..-.ng=secn,a)(An-,)/.-7omo-....-g--spczni) ( G)
Q : ⇒→ IJ unique automorphism such that - wo Li - Lai) foral)

¡ c- [1in]
.

Ey : Ana : D- (d) = n -d Cn :O (d) =D .



&Crystal Basics I

A ( semi normal) g- Crystal is a finite set B along with maps

wt :B → A
satisfying certuinaxioms

.

e. ¡A: :B → BU { °}←
+he

"root " operators 7 1

Ei
, Mi : B

→ Zzo ti c- D .
inversé to eachother .

A highest Weight g- Crystal
is a semi normal g- crystal BC»

that is Connected , and tras a unique Una c- BC>) which generales

BL>) and has Weight wtl UN⇒ .

quite - dimensional ,

{ highest weignt } { irreducibleg- representation}
idea g- crystals



Highest weight tableau 9- Crystals
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Motivation

A.B g- crystals . The .

mapdefinedby AOXB → BOA is not a crystal
a☒ b -2 b ☒ a morphism .

Idea ( of Bernstein) : to define en involution 5g:B
→B

forany g- Crystal B suchthat for g - Crystals A , B,

la / b) → 5^-0×13 ↳☐
(b) , § (a))

is an isomorphism of Crystals ,



S~tzmberger-luszlig-kiotion-B.CH
- normal 9- Crystal ofh.w.to .

ÚÍ?
"

ni" highest , respectiuely Iowest weight elements .
ofDAI ,

the Schützenberger- Lusztiginvolution Es :BA) → BA) is the
uniqvesetinvolutions.tn

Ei} (b) =3 fq ,, (b)
ln Particular ,

nigh

ti } (b) = } Co ,;) (b)
es (4) = UÍ

"

and

wtl} (A) = wowtlb} 514,4--4;?
lt b- fj , -

. . tjn.lu;^)
,
] (b) = Cog;)

.
_ . -

• eolj ,) ( U
"!



KL-involutionontableaucrystals-S.su
T Nell known as Schützen berger involution

on semi - standard Young tableaux .

1

-
kashiwara - Nakashima tableaux - work by Santos !



tecavsgroup .

Definitiva ( Halacheva)

The cactus group JD is defined
'

by :
s

generator : SI , IED Connected sub - diagrama
relationsi SÍ =/

SIS
,
= § SI ¡ 1- ILIJ is disconneded

SISJ = 50,1g) SI ¥ JEI .

Remark : This generaliza the definitionof Henriques- kamnitzer,
uno originally worhed intype A nly .



A-d-E-rystalstheoremlltatachevaletB.be
anormal 9- Crystal . Then Ig acton B , by
SE 1-3 JI on BI ← Levi branding ofB .

" the "Levi - branched
" Schützen berger -Lusztig

involution
.

For g =Mln , e) , D= SSYT (d)
,
I = [ ↳ i] c- [un] :

Freeze entiies in I in T
.

- jdt them out

- do Sichütren berger invoktion
- jdt the Outer entres back in .



The Colourput Algorithm

Algorithm por g = Ip 12M€) , B = KL ( Ain)
,
E- [¡ in] ⇐ [un]

[ Ázenhas - Tarighat - T] TEKLL>in)

• Freeze leHers in I → TI
.

Green
'

purple
• If I is not KL , apply "contractin relation

" ( 123) toeachcolumn

• - Apply sjdt to coloured leters → somenew Red Ielters

May appear
• Do SL to what you get
• SJDT

"

to the Colour hl lelters → Done !



Virtualization-o-P.jo
--

- - -

Ü ssut ofshape JA
AZN - I in the ordered alphabet

{ < . .
- < naña .

.
- T}

On tableaux :

Baker's virtualization is aninjectivemap }
KN ( din) # SSYT ( Í, n ,

ñ) E- ein
such that B. ( kN (din)) , ¡ ¡ = f- ¡ of ,

É = eiocíti jaífn
has the Structure of a crystal isomorphicto KN.la , n) .



Theory ( Azenhas -Tarighat-Feller-T) Lt Jean] .

2022

1. The following diagrama commutesi

Kwan)- SSYTLJA /niñ)
E | g.Azn- 'SÍ" } [p,»µ[

⇒ pts-3
"" - ' JA""

"

N
{ [p , pti] / 3^-2" CPM] [qi-T.PT]

F- Ippo;] :[Pit]-7 SSYTLÍT / niñ) Moreouer
, the left

KN (dah) E inverse E-
'

can be
- compuledexplicitly -

"

I . There is q group monomorphism

Jsplzn , e) → Jseczni) given by :

S [Pin] 1- Sqp , .pt,]
-

1s p < 9 en
S
[piq] 1-7

S [piq]
S / qi-T.PT}


