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e {fi,...,fs} minimal homogeneous generators of /;
o dp = max{deg(f;):i=1,...,s}
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@ | homogeneous ideal of R = K[x, ..., x];
e dy<di <---<d
o reg(/)=min{meZ:dj—j<m Vj=0,...,c}

— measures the complexity of /;
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Castelnuovo-Mumford regularity

@ | homogeneous ideal of R = K[x, ..., x];

e dy<di <---<d

o reg(/)=min{meZ:dj—j<m Vj=0,...,c}
o for k e N, I*x = (Rfa---f : ;i € 1,Vi).

Gongalo Nuno Mota Varejdo July 14, 2023 3/9



Castelnuovo-Mumford regularity

I homogeneous ideal of R = K[xq, ..., xp|;

do<dp <---<d.

reg(/)=min{meZ :dj—j<m, Vj=0,...,c}.
for k e N, IK = (Rfy- f : f; € 1,Vi).

dim(R/1) = 1 = reg(I¥) < reg(I)k, Yk € N;

Geramita, Gimigliano, Pitteloud (1995). Math. Ann.
Chandler (1997). Commun. Algebra.
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Castelnuovo-Mumford regularity

I homogeneous ideal of R = K[xq, ..., xp|;

do<dp <---<d.

reg(/)=min{meZ :dj—j<m, Vj=0,...,c}.
for k e N, IK = (Rfy- f : f; € 1,Vi).

dim(R/1) = 1 = reg(I¥) < reg(I)k, Yk € N;

Consider the function k — reg(I¥), Vk € N,
Je,beZ:reg(l¥) = ek + b, Yk large enough.

Custkosky, Herzog, Trung (1999). Compos. Math.
Kodiyalam (2000). Proc. Am. Math. Soc.
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Graphs and homogeneous ideals

Simple graph G = (Vg, Eg), Homogeneous ideals in
with Vg ={1,...,n} — polynomial rings:
and () # Eg C (‘gc) K[x, -, Xa);
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Graphs and homogeneous ideals

Simple graph G = (Vg, Eg), Homogeneous ideals in
with Vg ={1,...,n} — polynomial rings:
and () # Eg C (‘gc) K[te : e € Eg].

o Edge ideal of G: (xixj : {i,j} € Eg);
e Binomial edge ideal: (xjy; — xjyi : {i,j} € Eg)
o Parity binomial edge ideal: (x;x; — yjyi : {i,j} € Eg);

o Toric ideal of a graph:

(tertes " teryp—tertes " tey, : €1,€2,...,€xq is a closed walk in G).
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Eulerian ideal — Definition

e G a simple graph, with Vg = {1,...,n}, and Eg # 0;
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Eulerian ideal — Generators

Definition

C C Eg is Eulerian & >~ [en{v}| is even, Vv € V;.
ecC
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Eulerian ideal — Generators

Definition

C C Eg is Eulerian & >~ [en{v}| is even, Vv € V;.
ecC

e Notation: 0 #£ J C Eg ~t; = ][] te,

ec)
J,LC Eg:
o JNL=0, [J|=|L|, ~ ty;—t,€l(G) (Eulerian binomial).
J U L Eulerian,

A generating set of I(G) is

{ty —t,: JUL Eulerian, |J| = |L|} U {t2 — t2 : e, f € Eg}.

Neves (2022). Commun. Algebra
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Eulerian ideal — Regularity

Definition
J C Eg is a parity join of G if, VC C Eg Eulerian with |C| even,

< —,
nel<
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Eulerian ideal — Regularity

Definition
J C Eg is a parity join of G if, VC C Eg Eulerian with |C| even,

€]
< —,
ncl<

reg(/(G)) = max{|J| : J is a parity join of G}

Neves (2022). Commun. Algebra.
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Goal — refine the generators

@ minimal generating set;
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Goal — refine the generators

@ minimal generating set;
@ generating degrees;

o dim(R/1) =1 = reg(I¥) < reg(l)k, Yk € N;

Consider the function k + reg(I¥), Yk € N,
J e, bcZ:reg(l¥) = ek + b, Yk large enough.

Geramita, Gimigliano, Pitteloud (1995). Math. Ann.
Chandler (1997). Commun. Algebra.

Custkosky, Herzog, Trung (1999). Compos. Math.
Kodiyalam (2000). Proc. Am. Math. Soc.
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This work is financed by the Portuguese Republic/MCTES, by the
ESF and the program POR_Centro, through FCT — Fundagdo para a

Ciéncia e a Tecnologia, I.P., in the scope of the scholarship project
2021.05420.BD.

Gongalo Nuno Mota Varejdo July 14, 2023

9/

9



