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Introduction

Chemical Graph Theory

interdisciplinary science that applies Graph Theory to the study of
molecular structures. The molecules or chemical compounds are
modeled by an undirected graph - the molecular graph:

vertices — atoms or group of atoms

edges — chemical bonds between atoms or group of atoms

Figure: Structural formula and (hydrogen-supressed) molecular graphs of
naphtalene, CioHs.



Topological indices

A topological index is a numerical parameter mathematically
derived from the graph structure. It is a graph invariant thus it does
not depend on the labeling or pictorial representation of the graph.

The topological indices of molecular graphs are widely used for
establishing correlations between the structure of a molecular
compound and its physico-chemical properties or biological activity
(e.g., pharmacology).



The Wiener index

The Wiener index of a graph G = (V, E)

W(G)= Y dist(u,v)

{u,v}cVv

is the oldest topological index and its mathematical properties and
chemical applications have been extensively studied.

The Wiener index was introduced by the chemist Harold Wiener
(1947) for explaining the correlations between the boiling points of
paraffins and the structure of their molecules:

t~aW+bp+c,

where t is the boiling point, W is the Wiener index, p is the polarity
number and a, b and ¢ are constants related to the isomeric group.



Other topological indices:

hyper-Wiener (Randi¢, 1993) WW(G) = . (d(u,v)+d?(u,v))
{u,vicVv
edge-Wiener We(G)= > d(e,f), wheree=eje,,
{e,f}CE
(Dankelmann et al., 2009) f=fif,,d(ef)= mi‘n<2 d(e, ;)
<ij<

1st Zagreb (Gutman et al., 1972) | Z(G) = Z d2(u)
2nd Zagreb (Gutman et al., 1972) | Z(G) = Z d(u)d(v)

uvecE

Randi¢ (Randi¢, 1975) R(G) = Y (d(u)d(v))~172

Schultz (Schultz, 1989) 5(G) = WGZE (d(u) + d(v))d(u, v)

modified Schultz (Gutman, 1994) | S*(G) :{U‘VV}ZCV d(u)d(v)d(u, v)

Szeged (Gutman, 1994b) 5z(G) = {Ug;vnu(e)nv(e), where
e=uv

ny(e) =[|{we V: dw,u) <dw,v)}
Ln
Hosoya (Hosoya, 1971) Z(G) = Z m(G, k), where m(G, k) is the no.

of k- matchmgs

Notation: d(u, v) := dist(u, v) and d(u) is the degree of vertex u.



The modified Schultz index

The modified Schultz index

The Schultz index,
S(G)= Y (d(u)+d(v))dist(u,v)
{u,v}cv

was introduced by H. P. Schultz (1989).

For trees, the Schultz index is closely related to the Wiener index: if T
is a tree on n vertices then (Klein et al., 1992)

S(T)=4W(T)—n(n—1).

Motivated by the results on the Schultz index, Gutman (1994)
introduced the modified Schultz index,

S (T)= Y dud(v)dist(u,v),
{u,vicVv

(also known as Gutman index) and presented an analogous relation
with the Wiener index, in the case of trees (Gutman, 1994):

S*(T)=4W(T)—(n—1)(2n—1).




The modified Schultz index

The modified Schultz index

From the above definitions it is immediate that

@ [f 6(G) and A(G) are the minimum and maximum degree,
respectively, of the vertices of G, then

25(G)W(G) < S(G) < 2A(G)W(G)

and
S2(G)W(G) < S*(G) < A%(G)W(G).

@ If Gis p-regular then
S(G) = 2pW(G) and S*(G) = P?W(G).



The modified Schultz index

The modified Schultz index

The modified Schultz index of some graphs:

”73, if nis even,
o S*(Cn) = S(Cn) = 4W(Cn) =

ionif nis odd.

Q S'(Ky) = (n—172(3).
Q S*(P,)=1(n—1)(2m™ —4n+3).
Q S(Kog) = 20a((§) + (9)) + (pa)®.



Graph operations
[ 1]

Cartesian Product

Graph Operations

Definition

The cartesian product G; x G of graphs Gy = (V4, Ey) and

Gy = (Vo, E2), with Vi N Vo = 0, is the graph with vertex set Vi x Vs
and two vertices u = (uy, p) and v = (vq, v») being adjacent
whenever (uy = vy and up s € Ep) or (liivy € Ey and up = wp).

Proposition

Let G; = (V;, E;) be a graph of order n; and dimension m;, i = 1, 2.
The modified Schultz index of the cartesian product G; x Gy is given
by
1 1
S* (G x Go) = 5n1(n1 +1)S*(Gz) + §n2(n2 +1)S*(Gy)
+2m2n28(G1 ) + 2my ny S(Gg)

+(21(Ge) + 2:(Ga) ) W(G)
+(21(Gr) + Z(Gr) ) W(Go).




Graph operations
oe

Cartesian Product

Example

Figure: C4-nanotube G = PsxCs with S*(G) = 8150

The molecular graph of a C4-nanotube is the cartesian product Py, x Cp. For m=n(n
odd) we have

S (PmxCa) = gn(n+1)(S*(Pr) +°(Ca))
+  2n?S(Pp) 4 2n(n—1)S(Cn)
+ (Z(Cn) + Z5(Cn) ) W(Pn) + (Z(Pn) + Z2(Pn) ) W(Cn)
_n(n-1)
= T(35n3 +22n2 — 4n — 15),
since
W(Cn) = Z=2 (nodd),  z(Ca) = 4n=2(Cn),  S(Ca) = 252 = §*(Cy),
W(P,) = 1= z1(Py) = 4n— 6, 2o(Py) = 4n— 8,

S(P,) = n(n—1)3(2n—1)7 S*(P,) = (n—1)(2r:132—4n+3).



Graph operations
°

Complete product

Definition

The complete product G; VG, of graphs Gy = (V4, E4) and

Gy = (Vo, E2), with Vi N Vo = (), is the graph obtained from Gy and G;
by joining every vertex of Gy with every vertex of Go.

Proposition

Let G; = (Vj, E;) be a graph of order n; and dimension m;, i =1, 2.
The modified Schultz index of the complete product G = G; VG is
given by

S*(G) = 4(mf+ms)+4mimy +3(ninz)? — nina(ny + no)
+(6n1 —4 — n2)n2m1 a4 (6[’12 —4 — n1)n1 mo
7([72 aF 1)21(61) — (n1 + 1)21(62) — 22(61) — Z2(G2)




Graph operations
°

Lexicographic product

Definition

The lexicographic product (or composition) G = Gj o G, of the
graphs Gy = (V4, Ey) and G, = (Vo, E2) (Vi N Vo = ) is the graph
with vertex set Vi x V, and two vertices u = (uy, Uz) and v = (vq, \»)
being adjacent whenever (uivy € Ey) or (uy = vy and up vz € Ep).

Let (u1, up), (v1, v2) € V(G) and u € V;.
@ Degree: dg(ut, Up) = dg,(Uu1)n2 + dg,(U2).
@ Distances: 5 it £
, _ ITUsVo € 2
d’StG((Ua U2)7 (U7 V2)) - { 1 if UoVo ¢ E.

In all other cases, distg|( (u1, U2), (v1, Vo) | = distg, (uy, vy).
1



Graph operations
.

Subdivision

Proposition

Let G; = (V;, E;) be a graph of order n; and dimension m;, i = 1, 2.
The modified Schultz index of the lexicographic product Gy o G; is
given by

nd 1
S*(G1 o Gg) = (I’71 = 1)22(62) + Ez(ng = 1)21(61) = §n1Z1(Gg)
m
4

+na2(n2 + 1)maS(Gy) + W(Gy)(m3 + %(mg + %z1((32)).

+4(np — 1)namymo + 2nym3 + —2(np + 3)S*(Gy)




Graph operations
°

Subdivision

Definition
The subdivision graph G’ of a graph G = (V, E) is obtained from G
by inserting a new vertex of degree 2 in each edge of G.

Proposition

Let G = (V, E) be a connected graph of order n and dimension m.
The modified Schultz index of the subdivision graph G’ of G is given
by

§'(G) = 28(G)+4 > da(u)D(u,e)

ecE,ucV

+ 4m? +8W(L(G)),

where L(G) is the line graph of Gand fore=xy € Eand u € V,
D(u, €) = min{dg(u, x), da(u, y)}.




Bounds on S*(G)

Bounds on the modified Schultz index

Proposition (Andova et al., 2011)

If G is a connected graph with n vertices then
S*(G) > 2n* —5n+ 3.

The equality holds if and only if G is the star S,. In addition, if T is a
tree (Andova et al., 2011),

2% —5n+3 = S*(S,) < S*(T) < S*(P,) = %(2n3 — 62 +7n-3).

v




Bounds on S*(G)
°

Unicyclic graphs

Proposition

Let G = (V, E) be a unicyclic graph (that is a connected graph with
|V| = |E|) of order n.

@ Forn> 3,
S*(G)>2r* +n-9. (1)
@ (Feng and Liu, 2011) For n > 5,
S'(G) < §n3 _ 23—9n+23. @)

The equality holds on (1) if and only if G ~ Uy, and on (2 ) if and only
if G~ Us.




Bounds on S*(G)
.

Bicyclic graphs

Proposition

Let G = (V, E) be a bicyclic graph (that is a connected graph with
|E| = |V|+ 1) of order n. For n > 5 (Chen and Liu, 2010),

S*(G) >2n* +7n—13 (3)
and for n > 6 (Feng and Liu, 2011),

S*(G) < §n3+2n2—%3n+27. (4)

Equality holds on (3) if and only if G ~ B;, and on (4) if and only if
G~ Bg.

Vi V2 Vn—s

B>

4 V2 V3 Vn5 Vn—4




Tricyclic graphs with 3 cycles

Decreasing transformations

Transformation 1:

G, G G, G, G G,
y
Proposition (Chen and Liu, 2010)

Let G; and G: be vertex disjoint connected graphs, u € Vi, ve Vs
and G is the graph obtained by connecting G; and G, with a bridge
uv. Let G’ be the graph obtained by coalescence of u and v in a new
vertex v’ and by adding a new pendant edge u'v’. Then

S*(G) < S*(G)




Tricyclic graphs with 3 cycles

Decreasing transformations

Transformation 2:

Proposition (Chen and Liu, 2010)

Let H be a connected graph, u,v € V(H) and
U, -+ ,Ug, Vi, , Vi & V(H). Let

G=H+{uuy, - ,uus} + {vvq, -, Wi},
G =H+{uuy,--- ,uus} + {uvy,--- ,uv;} and
G'=H+{vu, - ,vus} + {vvy,--- ,vv;}. Then

S*(G) > min {S*(G), S*(G")} .




Tricyclic graphs with 3 cycles

Tricyclic graphs with 3 cycles

Tricyclic graphs
A connected graph G of order n and dimension m is a tricyclic graph
if m= n+ 2. Itis known that a tricyclic graph has 3, 4, 6 or 7 cycles
(see, for example, (Geng and Li, 2012)).

r, ()

L HO OO L
Seoliesrole ey

Figure: Bases of tricyclic graphs with 3 cycles

Using transformations 1 and 2 we reduce our search of a lower bound
for the modified Schultz index of tricyclic graphs of order n with 3
cycles, to the study of graphs with bases T; and T, with ¢

(0 < t < n—7) pendant edges attached to one vertex.




Tricyclic graphs with 3 cycles
[ TeleleYolote}

Tricyclic graphs with 3 cycles

Notations:
CpquuCr CpquvCr

The search for the tricyclic graphs with three cycles with least
modified Schultz index:

@ we determine the tricyclic graph with n > 7 vertices and three
cycles of lengths p, q,r (p + q + r < n — 2) with least modified
Schultz index.

@ Using a decreasing transformation, we determine the tricyclic
graphs with n > vertices and three cycles with least modified
Schultz index.




Tricyclic graphs with 3 cycles
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Tricyclic graphs with 3 cycles

Proposition

Let H= (V, E) be a CouCquC, graph. Let v € V\ {u},
G=H+{vwq,---,ws}and G' = H+ {uvy,--- ,uv;}. Then

S*(G) < S*(G).




Tricyclic graphs with 3 cycles
00@0000

Tricyclic graphs with 3 cycles

Proposition

Let H=(V, E) be a Co,uCyvC; graph (u # v) and w € V(Cp) \ {u}.
LetG=H+ {wwy,--- ,wv;}, G = H+ {uvy,--- ,uv;} and

G’ =H+ {wx,---,v}. Then

Q@ S (@) < S (0G).

Q S*(G") < S*(@)ifandonlyifp < r.




Tricyclic graphs with 3 cycles
[e]e]e] Yolole}

Tricyclic graphs with 3 cycles

Let H= (V, E) be a CouCqyvC; graph (u # v), w € V(Cq) \ {u, v},
G=H+{wvy,--- ,wv;} and G' = H+ {vvq,--- ,v;}. Then

S*(G) — S*(G) = 4t< — rdist(w, v) + p(dist(u, v) — dist(u, w))).

Let H= (V, E) be a CouCqyvC; graph (u # v), w € V(Cq) \ {u, v},
G=H+{wvy,--- ,wvi} and G' = H+ {wvy,--- , v }.
@ If p < rthen S*(G) < S*(G).
Q@ If p=rthen S*(G') < S*(G), equality holding if and only if
dist(u, v) = dist(u, w) + dist(w, v).




Tricyclic graphs with 3 cycles
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Tricyclic graphs with 3 cycles

Proposition

Let H= (V, E) be a CouCyqvC; graph (u# v)and H' = (V,E’) be a
CpuCquC; graph, G=H+ {uwy,--- ,uv;} and
G =H' + {uvy,--- ,uv;}. Then S*(G') < S*(G).

G G'
ey ¢
< X
VoV, ViV,



Tricyclic graphs with 3 cycles
0000080

Tricyclic graphs with 3 cycles

A decreasing transformation

Proposition

Let H= (V, E) be a CouCquC, graph, v € V(Cp) \ {u},

Nc,(v) = {u,w}, H = (V, E") a Cy uCquC; graph such that

V(C) = V(Cp) \ {v} and E(Cp) = (E(Cp) \ {uv,vw}) U {uw}. Let
G=H+{uwy,--- ,uvi} and G' = H' + {uv,uvy,--- ,uv;}. Then
$*(G') < §*(G).




Tricyclic graphs with 3 cycles
000000e

Tricyclic graphs with 3 cycles

If G is tricyclic graph with 3 cycles and n > 7 vertices then

S*(G)>2n*+9n-5

with equality if and only if G ~ S,(3, 3, 3).

vy V7

Figure: Tricyclic graph Ss(3,3,3)
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