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@ k is an algebraically closed field
@ T is a k-linear triangulated category
e meZ

Definition
T is m-Calabi-Yau (m-CY) if there is a bifunctorial isomorphism

Homt(s, t) ~ DHom+(t,£™s),

forevery st € T.

Notion important in:
@ Theoretical physics,
@ Algebraic and sympletic geometry,
@ Representation theory: cluster-tilting theory.
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Aim: To understand the structure of negative CY triangulated
categories.
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Aim: To understand the structure of negative CY triangulated
categories.
One can consider:
@ generators: tilting/silting objects, cluster-tilting objects,
simple-minded collections, etc.
@ particular subcategories: torsion pairs, t-structures,
co-t-structures.
In tilting theory: torsion pairs give ways of comparing different
module categories.

In cluster-tilting theory: torsion pairs are a generalisation of
cluster-tilting objects.
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Torsion pairs

@ Every subcategory is full and closed under summands.
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Torsion pairs

@ Every subcategory is full and closed under summands.

Definition

A pair of subcategories (X,Y) is a torsion pair if:
@ Homt(X,Y) =0, and
QVteT,Idx—t—-y—IxwithxeX yeV.
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Torsion pairs

@ Every subcategory is full and closed under summands.

A pair of subcategories (X,Y) is a torsion pair if:
@ Homt(X,Y) =0, and
QVteT,Idx—t—-y—IxwithxeX yeV.

Proposition (lyama-Yoshino)

If (X,Y) is a torsion pair then

Y =Xt = {t e T | Homy(X, t) = 0}.
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The categories

@ Q: Dynkin quiver of type A,
@ kQ: the path algebra of Q
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The categories

@ Q: Dynkin quiver of type A,
@ kQ: the path algebra of Q

@ D?(kQ): bounded derived category of the module category
over kQ

@ : the shift functor
@ 7: the Auslander-Reiten (AR) translate

Raquel Coelho Simées Torsion pairs



The categories

@ Q: Dynkin quiver of type A,
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The categories

@ Q: Dynkin quiver of type A,
@ kQ: the path algebra of Q

@ D?(kQ): bounded derived category of the module category
over kQ
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We will consider the orbit categories:

Bm(kQ) := D°(kQ)/7L™
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The categories

@ Q: Dynkin quiver of type A,
@ kQ: the path algebra of Q

@ D?(kQ): bounded derived category of the module category
over kQ

¥_: the shift functor
7: the Auslander-Reiten (AR) translate
meZ\{0,1}

We will consider the orbit categories:

Bm(kQ) := D°(kQ)/7L™
@ By (kQ)is a (1 — m)-CY triangulated category.
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Auslander—Reiten quivers

Definition
The Auslander—Reiten quiver of an algebra A has as vertices
the indecomposable A-modules and as arrows the irreducible

maps.
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Auslander—Reiten quivers

Definition

The Auslander—Reiten quiver of an algebra A has as vertices
the indecomposable A-modules and as arrows the irreducible
maps.

Example
Q L O— ) @
AR-quiver of mod(kQ):
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Auslander—Reiten quivers

Definition

The Auslander—Reiten quiver of an algebra A has as vertices
the indecomposable A-modules and as arrows the irreducible
maps.

Example
Q L O— ) @
AR-quiver of mod(kQ):

/N
VAVAN
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AR-quiver of the derived category

Do (kAs):

A
VAVAN




AR-quiver of the derived category

DP(kAs3):

AYAVAVANAVAVA
Y AVAVANRVAS




AR-quiver of the derived category

DP(kAs3):

AYAVAVAVAVAVA
VAYVAVAVAVAVAN




AR-quiver of the derived category

NN N NN\
INONINONONSN




AYAVAVAVAVAVA
/NN NN NN
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AYAVAVAVAVAVA
/NN NN NN




AYAVAVAVAVAVA
/NN NN NN




AR-quiver of the orbit categories

AYAVAVAVAVAVA
/NN NN NN




Bs(kAs):

NN\
/N NN NN




B_o(k

NN\
/NN NN\




Combinatorial model of B,(kA,)

vertices.

— H >
P polygon with N = {(”+ Him -2 ifm ; 2

(n+1)m+2 ifm< -1
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Combinatorial model of B,(kA,)

vertices.

— H >
P polygon with N = {(”+ Him -2 ifm ; 2

(n+1)m+2 ifm< -1

Definition
Let i, j(i < j) be two vertices of P. The pair {/,j} is a m-diagonal
if 3k € {1,..., n} such that:

i ms
1—km—{l j ifm>2

j—i ifm< 1.
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Combinatorial model of B,(kA,)

Let F(m, n) = (I, 1, 7) be the stable translation quiver defined
by:
@ [ = the set of m-diagonals of P.
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Combinatorial model of B,(kA,)

Definition
Let F(m, n) = (I, 1, 7) be the stable translation quiver defined
by:

@ [ = the set of m-diagonals of P.

ely:D— Dif

o r({i,j}) = {i—|ml,j— |mi}.
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Combinatorial model of B,(kA,)

Definition
Let F(m, n) = (I, 1, 7) be the stable translation quiver defined
by:

@ [ = the set of m-diagonals of P.

ely:D— Dif

o r({i,j}) = {i—|ml,j— |mi}.

Proposition (Caldero-Chapoton-Schiffler, Baur-Marsh, CS)

The AR-quiver of By(An) and T'(m, n) are isomorphic as stable
translation quivers.
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Example in negative CY case

/<\/\/\/\

SN NSNS




Example in negative CY case

r(s,3):

4,6} {7,9} {2,10} {8,5} {6,8} {1,9}
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Example in positive CY case

<\/\/\/\ AN
S

SN NSNS




Example in positive CY case

r(—2,3):
{1.8} {3,10} {2,5} {4,7} {6,9} {1,8}
/NN N
{1,6} {3,8} {5,10} {2,7} {4,9} {1,6}
NS NSNS\
{1,4} 3,6} {5,8} {7,10} 2,9} 1,4}
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Ptolemy arcs

Definition
@ Ptolemy arcs of class I:
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Ptolemy arcs

Definition

@ Ptolemy arcs of class I:

A
L
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Ptolemy arcs

Definition
@ Ptolemy arcs of class I:

T
Y

@ Ptolemy arcs of class II:
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Ptolemy arcs

Definition
@ Ptolemy arcs of class I:

T
Y

@ Ptolemy arcs of class II:

9
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Classification of torsion pairs in B;,(Ap)

Theorem (CS-Pauksztello, Holm-Jergensen-Rubey for m = —1)

@ X subcategory of Bm(An)

Raquel Coelho Simées Torsion pairs



Classification of torsion pairs in B;,(Ap)

Theorem (CS-Pauksztello, Holm-Jergensen-Rubey for m = —1)

@ X subcategory of Bm(An)
@ % corresponding set of m-diagonals

Raquel Coelho Simées Torsion pairs



Classification of torsion pairs in B;,(Ap)

Theorem (CS-Pauksztello, Holm-Jergensen-Rubey for m = —1)

@ X subcategory of Bm(An)
@ % corresponding set of m-diagonals

Then (X, X1) is a torsion pair if and only if:
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Classification of torsion pairs in B;,(Ap)

Theorem (CS-Pauksztello, Holm-Jergensen-Rubey for m = —1)
@ X subcategory of Bm(An)
@ % corresponding set of m-diagonals

Then (X, X1) is a torsion pair if and only if:

| m< 1| m>2
Z closed under
admissible / land Il
Ptolemy arcs of class
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Example in B3(kAs)

/\/ NSNS
./\./\/\/\/\/
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Example in B3(kAs)
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Example in B3(kAs)

of\‘/\/ *&'

1
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Thank you

Thank you!
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