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T ={T;i€l}, T, C Rtiles A" if
> Ui/ Ti=R"

> int(7;) Nint(7;) = 0 for all i # j.
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T ={T;i€l}, T, C Rtiles A" if
> Ui/ Ti=R"

> int(7;) Nint(7;) = 0 for all i # j.

In what follows T; will denote a unit n-cube or a cluster of unit n-cubes.
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1. Tilings; n-Crosses and Lee Spheres

2. Perfect error correcting Lee codes 1.1. Tilings
3. Golomb-Welch Conjecture 1.2. n-Crosses
4. Known results on PL(n,2) codes 1.3. Lee-Spheres

5. PL(7,2) codes
Tiling R" by unit cubes

T ={T,iel}, T; C R"tiles R" if
> Uie/ Ti=R"
> int(T;) Nint(T;) = 0 for all i # .

In what follows T; will denote a unit n-cube or a cluster of unit n-cubes.

Two unit n-cubes are twins if they share a complete n— 1 face

Figure: Twins and no twins.
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Lattice Tiling R" by unit cubes

1.1. Tilings
1.2. n-Crosses
1.3. Lee-Spheres

Lattice: L is a lattice in R" of dimension Kk if.
L={mvi+mvw+..+mv, meZ,i=1,. k}
with vy, va, ..., vk linearly independent.

— group under vector addition such that each of its points is the
center of a ball that contains no other points.
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Lattice Tiling R" by unit cubes

1.1. Tilings
1.2. n-Crosses
1.3. Lee-Spheres

Lattice: L is a lattice in R" of dimension Kk if.
L={mvi+mvw+..+mv, meZ,i=1,. k}
with vy, va, ..., vk linearly independent.

— group under vector addition such that each of its points is the
center of a ball that contains no other points.

Being L a lattice in R” of dimension n, the set
F={xivi+xv+..+Xxpvp, 0< x; <1, i=1,...,n}
is called a fundamental parallelepiped of the lattice.

The volume of F is independent of the chosen basis and is called the
determinant of L.
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lattice.

A Lattice tiling of R by unit cubes is a tiling where the centers of the cubes form a

Minkowski’s Conjecture (1896): Each lattice tiling of R by unit cubes contains
twins.
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2. Perfect error correcting Lee codes 1.1. Tilings
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5. PL(7,2) codes

Lattice Tiling R” by unit cubes

A Lattice tiling of R" by unit cubes is a tiling where the centers of the cubes form a
lattice.

Minkowski’s Conjecture (1896): Each lattice tiling of R by unit cubes contains
twins.

... I plan to give a proof of this theorem in a special article in connection
with arithmetic investigations on n linear forms ...

Geometrie der Zahlen p.105; 1896
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2. Perfect error correcting Lee codes 1.1. Tilings
3. Golomb-Welch Conjecture 1.2. n-Crosses
4. Known results on PL(n,2) codes 1.3. Lee-Spheres

5. PL(7,2) codes

Lattice Tiling R" by unit cubes

A Lattice tiling of R" by unit cubes is a tiling where the centers of the cubes form a
lattice.

Minkowski’s Conjecture (1896): Each lattice tiling of R by unit cubes contains
twins.

... I plan to give a proof of this theorem in a special article in connection
with arithmetic investigations on n linear forms ...

Geometrie der Zahlen p.105; 1896

1907: Minkowski settled the case n =3 Diophantische Approximationen p.67-74.
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Lattice Tiling R" by unit cubes

Minkowski’s Conjecture (1896): Each lattice tiling of R by unit cubes contains
twins.

1941: Hajés settled the Minkowski’s Conjecture proving an equivalent conjecture
about finite abelian groups.

Hajos’s version of the Minkowski’s Conjecture (1896):
let G be a finite abelian group.

If a1, ap,...,an are elements of G and r1, 12, ..., r, are positive integers such that each
element of G is uniquely expressed in the form:

atay, 0<xg <rn—1,.0<x, <rp—1,

then & = e for some i € {1,2,...,n}.

5" Combinatorics Day University of Beira Interior [-2pt] PL(7,2) and the Golomb-Welch Conjecture



1. Tilings; n-Crosses and Lee Spheres

2. Perfect error correcting Lee codes 1.1. Tilings
3. Golomb-Welch Conjecture 1.2. n-Crosses
4. Known results on PL(n,2) codes 1.3. Lee-Spheres

5. PL(7,2) codes
Tilings by crosses

n-cross: Cluster consisting of 2n+ 1 unit cubes; a central cube where
at each facet another unit cube is attached.

L

Figure: A 2-cross and a 3-cross.

Golomb & Welch (1968): there is a tiling of R" by crosses for all n > 2.
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Tilings by crosses

n-cross: Cluster consisting of 2n+ 1 unit cubes; a central cube where
at each facet another unit cube is attached.

&

Figure: A 2-cross and a 3-cross.

Golomb & Welch (1968): there is a tiling of R" by crosses for all n > 2.

Molnar (1971): The number of non-conguent lattice Z-tilings of R” by
crosses equals the number of non-isomorphic abelian groups of order 2n+1.
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5. PL(7,2) codes
Tilings by crosses

n-cross: Cluster consisting of 2n+ 1 unit cubes; a central cube where
at each facet another unit cube is attached.

5 @

Figure: A 2-cross and a 3-cross.

Golomb & Welch (1968): there is a tiling of R" by crosses for all n > 2.

Molnar (1971): The number of non-conguent lattice Z-tilings of R” by
crosses equals the number of non-isomorphic abelian groups of order 2n+1.

Szabo (1981): If 2n+ 1 is not a prime, then there exists a Q-tiling of R” by
crosses that is neither a Z-tiling nor a lattice tiling.
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5. PL(7,2) codes

Lee spheres

By a Lee sphere centered at W = (wy,...,w,) € Z" of radius r, denoted by S(W,r)
we mean the set

S(W,r)={V=(w,...vn) €Z":p(V,W) =Y |wi—vi| < r}.

Figure: Lee sphere of radius 1 and 2 in Z2 and the corresponding unit cube clusters
in R? and R3 respectively.
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4. Known results on PL(n,2) codes

5. PL(7,2) codes

Perfect error correcting Lee codes

Let us consider the metric space (Z",p). Any subset M of Z", | M| > 2, is called a
code. The elements of Z" will be referred as words and in particular, the elements of
M will be called codewords.

A code M is a r-error correcting Lee code if

() Yw vear S(W,ryns(v,r)=0.
If, in adition,

(i) Upyear S(W,r)=17",

then MM is a perfect r-error correcting Lee code of word length n over Z, shortly a
PL(n,r) code.

The elements V € S(W, r), with W € M are said to be covered by W.

A PL(n,r) code is a tiling of Z" by Lee spheres of radius r
inducing a tiling of R" by the corresponding cluster of unit cubes.

5" Combinatorics Day University of Beira Interior [-2pt] PL(7,2) and the Golomb-Welch Conjecture



1. Tilings; n-Crosses and Lee Spheres

2. Perfect error correcting Lee codes
3. Golomb-Welch Conjecture 2.1. Perfect error correcting Lee codes

4. Known results on PL(n,2) codes

5. PL(7,2) codes

PL(2,r) codes

For each r > 2 there is a tiling of R? by clusters of unit 2-cubes associated to

Lee Spheres of radius r.

PL(2,r) codes do exist for any r > 2.

Figure: Tiling of R? by Lee Spheres of radius 2.
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4. Known results on PL(n,2) codes
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Golomb-Welch Conjecture

Golomb-Welch Conj. (1969): For any n > 3 there is no tilings of R” by clusters of
unit cubes associated with Lee spheres of radius r > 2.

Equivalently, there are no PL(n,r) codes for n > 3
andr > 2.
Gravier, Molard, Payan (1998): There are no PL(3,r) codes for any r > 2.
Spacapan (2007): There are no PL(4,r) codes for any r > 2.

(
P. Horak (2009): There are no PL(5,r) codes for any r > 2;.
There are no PL(6,2) codes.
There are no PL(6,r) codes for any r > 2.

0. Grosek & P. Horak (2014): There are no lattice tilings of R" for 7 < n < 12 by
Lee spheres of radius 2.

What about PL(7,2) codes?
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4. Known results on PL(n,2) codes

5. PL(7,2) codes

PL(n,2) codes

Let M be a PL(n,2) code and that O = (0,0, ...,0) € M, which means that:
e allwords V € Z" such that p.(V, O) < 2 are covered by O.

Next level of words to be covered = 93 ={V € Z": p.(O, V) =3}.

Let T = {W € M covering the words of 15}. Then, T C 75,
T=AUBUCUDUEUF UG where
A={VeT: Visoftype [£5]};
B={VeT:Visoftype[+4,+1];
C={VeT:Visof type[+3,£2];
D={VeT: Visof type[£3,+1?];
E={VeT:Visoftype[+2% +1];
F={VeT:Visof type[+2,+13];
G={VeT:Visof type[+19].

vV VY VY VvV VY
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4. Known results on PL(n,2) codes

5. PL(7,2) codes

PL(n,2) codes
Let M be a PL(n,2) code and that O = (0,0, ...,0) € M, which means that:
e allwords V € Z" such that u; (V, 0) < 2 are covered by O.
Next level of words to be covered = 13 ={V € Z": p(O, V) =3}.

Let T = {W € M covering the words V of 13}. Then, T C V5,
T=AUBUCUDUEUF UG where

> 4={VeT:Visoftype [£5]}; = a=|4]
> B={VeT:Visoftype[+4,+1]; = b =B
> C={VeT:Visoftype[+3,+2]; = c=|C]
> D={VecT:Visoftype[+3,+1?]; — d=|D|
> E={Ve&T: Visoftype[+22, +1]; — e=|E|
> F={VeT: Visoftype[+2,+13];, — f=|7]|
> G={Ve&T:Visoftype[+1°]; = g=|g|.
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3. Golomb-Welch Conjecture

4. Known results on PL(n,2) codes

5. PL(7,2) codes

[£5]; B := [£4,+1]; C := [£3,£2]; D := [£3,+17];
= [+22, £1]; F :=[+2,£1%]; G :=[£1°]

e Allwords V € Z" such that u; (V, O) < 2 are covered by O.

Next level of words to be covered = 14 = {V € Z": p.(O, V) = 3}.
V3 = {[+3]; [*2,+1]; [+13]}.

> Each word of type [£3] is covered by one and only one codeword in
AUBUCUD and |[£3]| = 2n. Thus,
at+b+c+d=2n
> Each word of type [+2,+1] is covered by one codeword in ‘B; 2 codewords in
C; 2 codewords in D; 4 codewords in £ and 3 codewords in ¥ . Besides,
[[£2,£1]| =8(3). Thus,
b+2c+2d+4e+3f=8(y)
> Each word of type [+13] is covered by one codeword of 9; one codeword of E;
4 codewords of  and 10 words of G. Besides, |[+1%]| = 8(3). Thus,
d+e+4f+10g=8(3).
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1. Tilings; n-Crosses and Lee Spheres
2. Perfect error correcting Lee codes
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4. Known results on PL(n,2) codes

5. PL(7,2) codes

[£5]; B := [£4,+1]; C := [£3,£2]; D := [£3,+17];
= [+22, £1]; F :=[+2,£1%]; G :=[£1°]

Set of signed coordinates [ = {+1,+2,...,+n,—1,—-2,...,—n}

Given #H C Z" denote by
> Hi={WeH :im;>0} il
> Hy={WeH :imj>0A jw; >0}, i,jeli#ji#—j
> HY = {We s iwy>0A |wy| =k}, i€l keZt.

Relation between the cardinality of each set of codewords and their index
subsets can be derived:

> 9=1[G|={Yics|Gil:

Gil = %Zje]\{/,—/} |Gij:

Similar equalities for the other subsets of 7" can be derived.

Gil = § Lken fi—ij—y | Gikl-
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4. Known results on PL(n,2) codes

5. PL(7,2) codes

A = [£5]; B := [+4,£1]; C := [£8,£2]; D := [£3, £1?];
E = [£2%,+1]; F = [+2,£17]; G = [£17]

Proposition:

» 124080 Uc®uD®| =1, oreachic I;

> 1300804160 61+1D0 00|+ 1 £ g+ 15D n gV =1, for
eachi,j e I, with |i| # |j|

i

> | Dix UEk U Fix U Gix| =1, foreachi,j, k € I, with|i], |j| and |k| distinct

between them.

;

> Vier, BP0 P U 1210 UEP) | 431 5P| =2(n—1) and

1B00cPuc®upMuE® UFED | 4220 =2(n-1).
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Proposition:

> |ﬂ;UfB,.(4)UC}(3)UZ),(3)| =1, foreachic I;

=

> 1300804160 61+1D0 00|+ 1ED g+ 15D n gV =1, for

eachi,j € I, with |i| # |j|

> | Dk UEw U FixU G| =1, foreachi,j k € I, with|i|, |j| and |k| distinct
between them.

«O0>» «F»r « > < > Q>



Proposition:

1390801+ 6N Gl + 120 D+ 1 EP gy + | 5P 0 F | =1, for each
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Proposition:

ij e I, with |i| # |j|

. mﬂjﬁ)l rp o ﬁ@/'(1)| +122 N g+ 5@ niﬁ-h)| =1, for each

Proof: Let V be a word of type [£2, 1], satisfying iv|;,jv; > 0, |v;| =2 and |vj| = 1.
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:= [£5]; B := [£4,%1]; C := [£3,£2]; D := [£3,£17);

= [+22, £1]; F :=[+2,£1%]; G :=[£1°]

Proposition:

139 03|+ 160 Gl + 190 N DO+ 1ED n gl +|FP 0 F | =1, for each
ij € I, with |i| # |j|
Proof: Let V be a word of type [+2, +-1], satisfying iv|;|,jv|; > 0, |vj;| = 2and |v};| =1.

V must be covered by a codeword W € BUCUDUEU ¥ satisfying one and only one of the
following conditions:

wes“ns weang:wen®noswerPng;we 5P nglh.
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:= [£5]; B := [£4,%1]; C := [£3,£2]; D := [£3,£17);

= [+22, £1]; F :=[+2,£1%]; G :=[£1°]

Proposition:

1890801+ 160 G+ 1P N D)+ 122 15+ | 5P 0 F D) =1, for each
i,j €I, with \l| #* \/|

Proof: Let V be a word of type [+2, +-1], satisfying iv|;|,jv|; > 0, |vj;| = 2and |v};| =1.

V must be covered by a codeword W € BUCUDUEU ¥ satisfying one and only one of the
following conditions:
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1. Tilings; n-Crosses and Lee Spheres
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3. Golomb-Welch Conjecture

4. Known results on PL(n,2) codes

5. PL(7,2) codes

:= [£5]; B := [£4,%1]; C := [£3,£2]; D := [£3,£17);
= [+22, £1]; F :=[+2,£1%]; G :=[£1°]

Proposition:

> |D;UE|+3|Fi|+6|Gi|=4(","),

> DU E|+2|F 48] Gyl =2(n—2);  |DUE|<2n—1
> |G| > —‘D"UE’H(gq)("*G) -t ier
> |j}',|< —|DUE|-5IE] i€l

> Ifn=1(mod3), then |Gj| < %62"75) foreachie I.

> Ifn=0(mod3), then |G;| < w foreachi € I.
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Corollary:

> Ifn=0 (mod 3), then g < Mﬂ;

> Ifn=1(mod 3), then g < Méﬂ

o> < Fr o« A



» “Good Solutions" of

«O>» «F»r « o

at+b+c+d=14

b+2c+2d+4e+3f =168
d+ e+4f+10g = 280.



)

1. Tilings; n-Crosses and Lee Spheres

2. Perfect error correcting Lee codes 51 3<|gGj|<8
3. Golomb-Welch Conjecture 52 3<|Gi|<7
4. Known results on PL(n,2) codes 53 4<|Gi|<7

5. PL(7,2) codes

:= [£5]; B := [£4,%1]; C := [£3,£2]; D := [£3,£17);
= [+22, £1]; F :=[+2,£1%]; G :=[£1°]

Proposition:

> |D;UE|+3|Fi|+6|Gi|=4(","),

> DU E|+2|F 48] Gyl =2(n—2);  |DUE|<2n—1
> |G| > —‘D"UE’H(gq)("*G) -t ier
> |3f,|< —|DUE|-5IE] i€l

> Ifn=1(mod3), then |Gj| < %62"75) foreachie I.

_ n(n—1)(2n—5)
> Ifn=1(mod 3), then g < =——z—>.
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1. Tilings; n-Crosses and Lee Spheres

2. Perfect error correcting Lee codes 51 3<|gGj|<8
3. Golomb-Welch Conjecture 52 3<|Gi|<7
4. Known results on PL(n,2) codes 53 4<|Gj|<7

5. PL(7,2) codes

[£5]; B := [£4,+1]; C := [£3,£2]; D := [£3,+17];
= [£22 41]; F = [£2,413]; G := [£1°]

Proposition:
> |DjUE|+3|Fi|+6|Gj| =60,
> | DU Ey|+2| %] +3|Gyl = 10; Dy U E;j| and |Gy have the same parity,
|DiUE] <13
> 3<|Gj|<9foreachic I.
> R <R -|DUE|I-SIE| i€l
> 6<g<25.
> Vil 175,-(4)UC,(Z)UC,-(a)\+2|ﬂ),-(3)U£,-(2)\+3|95(2)|:12 and

1B0cPuc®PupMuE®ugEM 12120 = 12,
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Proposition:

Foreachie I,3<|Gi| <8; 9<g<22.

Proof: By contradiction, assume |Gj| =9 for some i € I.

«Or «Fr < o™



Proposition:

Foreachie I,3<|Gi| <8; 9<g<22.

Proof: By contradiction, assume |Gj| = 9 for some i € T
1
>lGl=, Y 16l = Y%
jEI\{i,—i}

|Gij| = 36.
jEI\{i9_i}
> |Gj| =3 forany je I\{i,—i}.

«Or < F» A

a
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1. Tilings; n-Crosses and Lee Spheres

2. Perfect error correcting Lee codes 51 3<Gj|<8
3. Golomb-Welch Conjecture 52 3<|Gi|<7
4. Known results on PL(n,2) codes 53 4<|Gj|<7

5. PL(7,2) codes

:= [£5]; B := [£4,%1]; C := [£3,£2]; D := [£3,£17);

= [+22, £1]; F :=[+2,£1%]; G :=[£1°]

Proposition:
Foreachie I,3<|Gj|<8; 9<g<22.

Proof: By contradiction, assume | Gj| = 9 for some j € I.

1
>lGl=5 X gl = )Y IGil=36
je\{i,—i} je\{i,—i}

> |Gj| =3 forany je I\{i,—i}.
Let Wy € GIOLB'Y& a,B,y,8€ I\{i,—i} and [olf, |B|! |Y

> Forany W e Gi\{W;} there exists, at most, one element € € {a,,B,7,8} so that
W € Gie.

d| pairwise distinct.
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Proposition:

Foreachie I,3<|Gi|<8; 9<g<22.

Proof: By contradiction, assume |Gj| =9 for some i € I.

«Or «Fr < o™



R

1. Tilings; n-Crosses and Lee Spheres

2. Perfect error correcting Lee codes 51 3<Gj|<8
3. Golomb-Welch Conjecture 52 3<|Gi|<7
4. Known results on PL(n,2) codes 53 4<|Gi|<7

5. PL(7,2) codes

[£5]; B := [£4,+1]; C := [£3,£2]; D := [£3,+17];
= [+22, £1]; F :=[+2,£1%]; G :=[£1°]

Proposition:
Foreachie I,3<|Gi| <8; 9<g<22.

Proof: By contradiction, assume | Gj| =9 for some i € I.

> Forany W e Gi\{W;} there exists, at most, one element € € {a,,B,v,8} so that
W € Gie.

Wi
W,
W
Wy
Ws
W
i
Wy
Wy

Partial index distribution of the codewords of G;

ERIERE

H| | 2|22

|

S| o =2 |2
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1. Tilings; n-Crosses and Lee Spheres

2. Perfect error correcting Lee codes 51 3<Gj|<8
3. Golomb-Welch Conjecture 52 3<|Gi|<7
4. Known results on PL(n,2) codes 53 4<|Gi|<7

5. PL(7,2) codes

:= [£5]; B := [£4,%1]; C := [£3,£2]; D := [£3,£17);
= [+22, £1]; F :=[+2,£1%]; G :=[£1°]

Proposition:
Foreachie I,3<|Gi|<8; 9<g<22.

Proof:

Let 7= {(X7B7'Y;8}, J = {7(X7 7B7 - 78}7 K= I\({":fi} uJ Uji) = {X:7X7Y7 7}’}-
Wi | i | « 5] g, 3
W i k by .
W: : :: kt = Foreache e 7 and W. W' € Gie\{ W1},
Wi | @ | 4 | ke | ks there are, at least, three distinct elements
Wsli|#h ke 1 g
Wi Th T k. k' k" e & sothat
We i [k WE G and W' € Gigyr-
Weli|d | ko |kn -
Wa | i | 8 | ki

Figure: Partial index distribution of the codewords, of G;.
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1. Tilings; n-Crosses and Lee Spheres

2. Perfect error correcting Lee codes 51 3<Gj|<8
3. Golomb-Welch Conjecture 52 3<|Gi|<7
4. Known results on PL(n,2) codes 53 4<|Gi|<7

5. PL(7,2) codes

[£5]; B := [£4,+1]; C := [£3,£2]; D := [£3,+17];
= [+22, £1]; F :=[+2,£1%]; G :=[£1°]

Proposition:
Foreachie I,3<|Gi|<8; 9<g<22.

Proof:

Let ]:{0‘7[37%8}7 ]7:{7(X,7B,7'Y,78}, 7(:I\({i,fi}U]Lij)={X,7X,y,7y}.
Wy | i | a 5 v | & W, | i | « ] " 8
W | i |« | & | & W i | T v | g ||Jededs € J-
Wy | i | « ks Wy | i | o | —a Ja B | # Judae s
W i ] ka ks W4 i ¥ —& i .f.l
Wo | i | 7 | ko We |7 |7 | %o
We i ¥ k 7 il&'g Ws i I k— k %
Ws i g kg Ws i g ky
We | ¢ | & | by | ki Wy | i |6 | kw | kn
Wy | i | 8 | k2 Wy | i | §d | ki

Figure: Partial index distribution of the codewords. of G;.
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1. Tilings; n-Crosses and Lee Spheres

2. Perfect error correcting Lee codes 51 3<Gj|<8
3. Golomb-Welch Conjecture 52 3<|Gi|<7
4. Known results on PL(n,2) codes 53 4<|Gi|<7

5. PL(7,2) codes

[£5]; B := [£4,+1]; C := [£3,£2]; D := [£3,+17];
= [+22, £1]; F :=[+2,£1%]; G :=[£1°]

Proposition:
Foreachie I,3<|Gi|<8; 9<g<22.

Proof:
Let 7= {(X'va’Y:S}¢ J= {7&,*[3,*%*8}, K= I\({irfi}UjUji) = {X77X7Y7 7}/}'

Wilija| B | v |9 o y & kg

Wa | i |« T y g | [ dv d2eds e J"

Wyli|a| - ] Bo| e A dus s s Ity e Uﬁ?? ks, kao, }‘:JJ}
Walli|A|l-=]y |a

We | i |3 K

We | i |~ | & | ke Wy € Gy and Wy € G,y
W | i | v kg contradietion

We i |0 | ku | ku I :

Wo | i | 6 | ki y=lkyory=kp

Figure: Partial index distribution of the codewords, of G;.
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1. Tilings; n-Crosses and Lee Spheres

2. Perfect error correcting Lee codes 51 3<Gj|<8
3. Golomb-Welch Conjecture 52 3<|Gi|<7
4. Known results on PL(n,2) codes 53 4<|Gi|<7

5. PL(7,2) codes

[£5]; B := [£4,+1]; C := [£3,£2]; D := [£3,+17];
= [+22, £1]; F :=[+2,£1%]; G :=[£1°]

Proposition:
Foreachie I,3<|Gi|<8; 9<g<22.

Proof:
Let 7= {(X'va’Y:S}¢ J= {7&,*[3,*%*8}, K= I\({irfi}UjUji) = {X77X7Y7 7}/}'

Wy | i | o 3 ¥ & - )
/ R _ iy =kglory=k

Wy | i |« x Y i1 Jidz s €T Lﬂl y =

- - = . L. Then W5 € Givyivia o
Wa | 7 o == 5 |4 |li # ivin i 1en 1€ Givgio o Jos Jo 7 1
Wy | i | 4| —x iy Tt jo = jo and jg =
We|li |5 kg contradiction
We | i | v | ks kg
W5 E i ky @
Wy | i | 6 | ky | kn
Wa | i | 6 | ke

Figure: Partial index distribution of the codewords. of G;.
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1. Tilings; n-Crosses and Lee Spheres

2. Perfect error correcting Lee codes 51 3<Gj|<8
3. Golomb-Welch Conjecture 52 3<|Gi|<7
4. Known results on PL(n,2) codes 53 4<|Gi|<7

5. PL(7,2) codes

= [£5]; B := [£4,%1]; C := [£3,%2]; D := [£8, £12];
= [£2%, +1]; F = [£2,£1%]; G := [+17]
Proposition:

Foreachie I,3<|Gi|<8; 9<g<22.

Proof:
Let 7= {(X‘7B7’Y78}? J= {7&,*[3,*%*8}, K= I\({irfi}UjU]i) = {X77X7Y7 7}/}'

Wy | i | o 3 ¥ & - )
/ R _ iy =kglory=k

Wy | i |« x Y i1 Jidz s €T Lﬂl y =

- - = . L. Then W5 € Givyivia o
Wa | 7 o == 5 |4 |li # ivin i 1en 1€ Givgio o Jos Jo 7 1
Wy | i | 4| —x iy Tt jo = jo and jg =
Well i | 6| &
We | i | v | ks kg
W? i ¥ k&] Y

R y=h == [contradiciion
Wy | i | d | by | ku
Wy | i | d | ki

Figure: Partial index distribution of the codewords. of G;.
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Lemma

vie |52 <4 1t 7P| =4, then| 7P n 5| =1 forallj 1\{i,~i}

«gOr «Fr o« L o
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1. Tilings; n-Crosses and Lee Spheres

2. Perfect error correcting Lee codes 51 3<|gGj|<8
3. Golomb-Welch Conjecture 52 3<|Gi|<7
4. Known results on PL(n,2) codes 53 4<|Gj|<7

5. PL(7,2) codes

:= [£5]; B := [£4,%1]; C := [£3,£2]; D := [£3,£17);

= [+22, £1]; F :=[+2,£1%]; G :=[£1°]

Lemma
vie | 5P <4 1| F®| =4, then | F® 0 F| =1 forailj € 1\{i,~i}

Lemma

> 1Gl=3 = |4]|=1, |BUGUE|=0, |D)|=|D"|=3 (D% =0);
|7 =13 with |F®|=4 and |7 =0.

> |Gi|=4 = |DUE| =3 and|Fi|=11; or
D =6=|D", |5|=0, |#|=10, |A|=1, |BUC|=0,
172 =4 and |7 =e6.

> |Gi|=5 = |DUZE|=0 and |F|=10 or |DiUE|=3 and |Fi|=9 or
|Q),'UZ,"=6, |f}','|=8 and ‘@,’|Z3 or
Dl =9=|0"|, |A4|=1, |BUG|=|T|=0 and |F|=7.
with |F® | =4 and |7V =3.
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1. Tilings; n-Crosses and Lee Spheres

2. Perfect error correcting Lee codes 51 3<|gGj|<8
3. Golomb-Welch Conjecture 52 3<|Gi|<7
4. Known results on PL(n,2) codes 53 4<|Gi|<7

5. PL(7,2) codes

:= [£5]; B := [£4,%1]; C := [£3,£2]; D := [£3,£17);
= [£22 41]; F = [£2,413]; G := [£1°]

Conditions satisfied by the index subsets of AU BUCUDUEU ¥ for a specific value of | Gil.
Lemma
> |Gi|=6 = |DUE|=0, |F|=8 or; |DUE|=3, |Fi|=7; or
|ijU£j‘:6, ‘fl‘ZG or ‘@,‘Ufjlzg, ‘@,“26, ‘fl‘:5 or
Al =1, |BUCUE|=0, |D| =D =12, |7 = 7| =4
> ‘g,‘|=7 - |@,‘Uf,'|=37 |}}|=5 or ‘@,‘U‘Z,“ZG, ‘97/‘:4; or
|DUE| =9, |Dj|>3, |F|=63 or
IDIVE|=12, |Dj| >9, |F|=2.
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1. Tilings; n-Crosses and Lee Spheres

2. Perfect error correcting Lee codes 51 3<|gGj|<8
3. Golomb-Welch Conjecture 52 3<|Gi|<7
4. Known results on PL(n,2) codes 53 4<|Gj|<7

5. PL(7,2) codes

:= [£5]; B := [£4,%1]; C := [£3,£2]; D := [£3,£17);

= [+22, £1]; F :=[+2,£1%]; G :=[£1°]

Proposition:
Foreachie I1,3<|Gj| <7, 9<g<19.
Proof: By contradiction assume Jies |Gil =8 = Yjep\(i—i}|Gjl = 32.
Recall that Vjcc p\ (i, —iy |Gyl < 3.
Denote by 7 = {j e I\{i,—}:|Gj| =3} (= [7[>8), by
L={jeI\{i,-i}:|Gj| <2} (= |L£|<4) andby
K={ie \{i,—i}: gl =2}.
» There are, at most, four distinct elements j € 7 such that —j € L
» There are x,y € 7, distinct between them, so that —x,—y € 7; i. e.

|Gix| = 1Gi—x| = |Gy| = |Gi,—y| = 3.
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1. Tilings; n-Crosses and Lee Spheres

2. Perfect error correcting Lee codes 51 3<Gj|<8
3. Golomb-Welch Conjecture 52 3<|Gi|<7
4. Known results on PL(n,2) codes 53 4<|Gi|<7

5. PL(7,2) codes

:= [£5]; B := [£4,%1]; C := [£3,£2]; D := [£3,£17);
= [+22, £1]; F :=[+2,£1%]; G :=[£1°]

Denoteby 7 ={jc I\{i,—i}:|Gj| =3} (= |7]>8), by
L={je I\{i,—i}:|Gjl <2} (= [L|<4) andby
K={je\{i,—i}: |Gl =2}.

|Gix| = |Gi,—x| = |Giy| = |Gi,—y| = 3.

Step 1: || = 8; | K| = | L] = 4 and the partial index distribution of the codewords
Wi, ..., Wg € G; satisfies:

Wy | i ky T i

Wol i [} | = |~y

Wol @ |k | =

Wi i ke | —x | w

Ws | ¢ | & | -2 |-y where ©,—x,y, —y € T,
We | i |k |-= r#y  and

We | i |k |

Wy | ¢ ks | —y ki, ... ks € K.
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1. Tilings; n-Crosses and Lee Spheres
2. Perfect error correcting Lee codes
3. Golomb-Welch Conjecture

4. Known results on PL(n,2) codes
5. PL(7,2) codes

51 3<|G|<8
52 3<|G|<7
53 4<|Gi|<7

A = [£5]; B := [+4,£1]; C := [£8,£2]; D := [£3, £1?];
E = [£2%,+1]; F = [+2,£17]; G = [£17]

Denote by 7 ={j€ I\{i,—i}:|Gj|=3} (= |J]>8), andby

K={ie I\{i, =i} :1Gjl =2}

|Gix| = |Gi—x| = |Giy| = |Gi—y| = 3.

Step 2: If k € K, then —k € K.

Wi | i ko T i o

Ws | i ko r |-y | A

Wy i ks x & 4§ K= {kl-_ ka, ks, ki
Wy | i |[[E]|—=| ¥

Wy | i E —x | —w

W | i [[ks]] -2 ] @ I}

Wi | ke i 3

Wel i [[kz]|-v ]| a
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1. Tilings; n-Crosses and Lee Spheres
2. Perfect error correcting Lee codes
3. Golomb-Welch Conjecture

4. Known results on PL(n,2) codes
5. PL(7,2) codes

51 3<|G|<8
52 3<|G|<7
53 4<|Gi|<7

A = [£5]; B := [+4,£1]; C := [£8,£2]; D := [£3, £1?];
E = [£2%,+1]; F = [+2,£17]; G = [£17]

Denote by 7 ={j€ I\{i,—i}:|Gj|=3} (= |J]>8), andby

K={ie I\{i, =i} :1Gjl =2}

|Gix| = |Gi—x| = |Giy| = |Gi—y| = 3.

Step 2: If k € K, then —k € K.

5" Combinatorics Day University of Beira Interior [-2pt]

Wil i ko T i o

Ws | i ko r |-y | A

Wy i ks T & 4§ K= {kl-_ ka, ks, ki
Wyl i |[[F2]|-= |y

Wy | i E —x | —w

W | i [[ks]] -2 ] @ I}

Wal i [k | w | B8

Wel i [[kz]|-v ]| a
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1. Tilings; n-Crosses and Lee Spheres

2. Perfect error correcting Lee codes 51 3<|gGj|<8
3. Golomb-Welch Conjecture 52 3<|Gi|<7
4. Known results on PL(n,2) codes 53 4<|Gj|<7

5. PL(7,2) codes

= [£5]; B := [£4,%1]; C := [£3,%2]; D := [£8, £12];
= [£2%, +1]; F = [£2,£1%]; G := [+17]
Denote by 7={je I\{i,—i}:|Gj|=3} (= |J|>8), andby
K={je I\{i,—i}:1G5| =2}.
Step 3: || =0.

Step 4: Vjes | DjUEj| =1; Veex |Di U Eik| = 4. Besides, if k € X there are codewords
Vi, Vo € Gk and Uy, ..., Uy € Dy U E whose index distribution satisfies:

h|i | k| u
Vil i Eoluy [ | 1w Uy 1. SN v
Vol @ [k oy |us | we Us|i |k |
- - - . Uy | i | k| 5
Vi, Vs € Gir Uy Uy € Dy U Egg.
{viwvs} C T w, —u € K\{k,—k)

gz €T, 5 # 4
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1. Tilings; n-Crosses and Lee Spheres

2. Perfect error correcting Lee codes 51 3<|gGj|<8
3. Golomb-Welch Conjecture 52 3<|Gi|<7
4. Known results on PL(n,2) codes 53 4<|Gj|<7

5. PL(7,2) codes
= [£5]; B := [£4,%1]; C := [£3,%2]; D := [£8, £12];
= [£22,+1]; F = [+2,£17]; G = [£17]

Denote by 7 ={je I\{i,—i}:|G;|=3} (= [J]>8), andby
K={je I\{i,-i}:|Gjl =2}.

Step 5: |Gi| #8.
Recall [+2,+1] are coverd by codewords of B, C, D, E, F.
h|[i [k ] u H ===set of words of type [£2, £1]
ror L i k| —u . .
Vi, Ve (’5 3 2
(ore) € 7 | P e Wy
Uy oeey Y,
11 ] — bci i Hﬁ ;2

~p e
Uy Uy € Dip U Egge.
u, — g ﬁ:\ {k._—k]

.jl'.J;Z S J-. 1 7é 2

Vil @ koo |12 | vs
Vol i@ | k |wy |og | vg

Recall [+2,+£1] are coverd by
codewords of ‘B, C, D, ‘E, F
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1. Tilings; n-Crosses and Lee Spheres

2. Perfect error correcting Lee codes 51 3<|gGj|<8
3. Golomb-Welch Conjecture 52 3<|Gi|<7
4. Known results on PL(n,2) codes 53 4<|Gi|<7

5. PL(7,2) codes

:= [£5]; B := [£4,%1]; C := [£3,£2]; D := [£3,£17);
= [+22, £1]; F :=[+2,£1%]; G :=[£1°]

Step 5: |Gi| # 8.

i Elw | —u|j | k
U] x | x | x
s | x | x x Index distribution of Uy, ..., U, € Dy UEy
ga : z x 3 and index value distribution of P and P,
4 | 2 3 3
P £2 +1
P, | =2 NE]

» P, may only be covered by Us € (QS,-(“) n 23]21)) UGy U (D,(S) N D]?)) U (Z,-(z) NE,);

> P, may only be covered by Uy € (23,-(4) n ’ng)) uG,U (1),(3) N Z)E)) U (Z,-(g) NE,)
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1. Tilings; n-Crosses and Lee Spheres

2. Perfect error correcting Lee codes 51 3<|gGj|<8
3. Golomb-Welch Conjecture 52 3<|Gi|<7
4. Known results on PL(n,2) codes 53 4<|Gi|<7

5. PL(7,2) codes

[£5]; B := [£4,+1]; C := [£3,£2]; D := [£3,+17];
= [+22, £1]; F :=[+2,£1%]; G :=[£1°]

Step 5: |Gi| # 8.

i Elw | —u|j | k
U] x | x | x
s | x | x x Index distribution of Uy, ..., U, € Dy UEy
ga : z x 3 and index value distribution of P and P,
4 | 2 3 3
P £2 +1
P, | =2 NE]

» P, may only be covered by Us € (QS,-(“) n Q}jsﬂ) UGy U (17,(3) N D]?)) U (Z,-(z) NE,);
> P, may only be covered by Uy € (23,(4) n ’ng)) uG,U (1),(3) N Z)E)) U (Z,-(g) NE,)
But [8 N80 +1Gn G+ 12PN DO+ 12 n g+ 175D n 5D =1 and
Us,Uq € (17,(3) n @,51)) U (Z,-(Z) NEx) = either Py is not covered by Us or

P5 is not covered by Us.
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Step 5: |Gi| # 8.

»> Assuming WLOG Py not covered by U3 = P; covered by
4 1
vesPngug.

«O>» «F»r « o



Step 5: |Gi| # 8.

»> Assuming WLOG Py not covered by U3 = P; covered by
4 1
vesPngug.

Both cases V € (23,-(4) n fBjE”) and V € U(j;, lead to a contradiction.

a
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1. Tilings; n-Crosses and Lee Spheres

2. Perfect error correcting Lee codes 51 3<|gGj|<8
3. Golomb-Welch Conjecture 52 3<|Gi|<7
4. Known results on PL(n,2) codes 53 4<|Gi|<7

5. PL(7,2) codes

:= [£5]; B := [£4,%1]; C := [£3,£2]; D := [£3,£17);
= [£22 41]; F = [£2,413]; G := [£1°]

Step 5: |Gi| # 8.

» Assuming WLOG P; not covered by U3 = P4 covered by
ve (3PnsMug,.

Both cases V € ($,(4) n QSIE”) and V € U(j, lead to a contradiction.

Result: Vic; 3<|Gi| <7, 9<g<19.
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1. Tilings; n-Crosses and Lee Spheres

2. Perfect error correcting Lee codes 51 3<|gGj|<8
3. Golomb-Welch Conjecture 52 3<|Gi|<7
4. Known results on PL(n,2) codes 53 4<|Gj|<7

5. PL(7,2) codes

[£5]; B := [£4,+1]; C := [£3,£2]; D := [£3,+17];
= [£22 41]; F = [£2,413]; G := [£1°]

Proposition:
LetJ={ieI:|Gi|=pA|Fi|=aq}
> p=3=qg=13and|J| <5;
> p=4=qg=10and|J| <3;
> p=5=(g=10and|J| <4)or(q=7and || <2);
> p=6=(q=8and|J|<3)or(@q=7and|J| <8)or(q=>5and|J| <5);
> p=7=(q=5and|J| <5)or(@=2and|J| <2)
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1. Tilings; n-Crosses and Lee Spheres

2. Perfect error correcting Lee codes 51 3<|gGj|<8
3. Golomb-Welch Conjecture 52 3<|Gi|<7
4. Known results on PL(n,2) codes 53 4<|Gi|<7

5. PL(7,2) codes

[£5]; B := [£4,+1]; C := [£3,£2]; D := [£3,+17];
= [£22 41]; F = [£2,413]; G := [£1°]

Proposition:
Letg={iel:|G|=pA|F|=aq}.
> p=3=qg=13and|J| <5;
> p=4=qg=10and|J| <3;
> p=5=(g=10and|J| <4)or(q=7and || <2);
> p=6=(q=8and|J|<3)or(@q=7and|J| <8)or(q=>5and|J| <5);
> p=7=(q=5and|J| <5)or(@=2and|J| <2)
Corollary:

g#9andg#10.
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1. Tilings; n-Crosses and Lee Spheres

2. Perfect error correcting Lee codes 51 3<|gGj|<8
3. Golomb-Welch Conjecture 52 3<|Gi|<7
4. Known results on PL(n,2) codes 53 4<|Gj|<7

5. PL(7,2) codes

:= [£5]; B := [£4,%1]; C := [£3,£2]; D := [£3,£17);
= [£22 41]; F = [£2,413]; G := [£1°]

Proposition:
Letg={iel:|G|=pA|F|=aq}.
> p=3=qg=13and|J| <5;
> p=4=qg=10and|J| <3;
> p=5=(g=10and|J| <4)or(q=7and || <2);
> p=6=(q=8and|J|<3)or(@q=7and|J| <8)or(q=>5and|J| <5);
> p=7=(q=5and|J| <5)or(@=2and|J| <2)

Corollary:
g#9andg#10.

g=9= %Z\g,-\ = Z|g,-|:45:11 x 343 x4 =|7J| > 11 (contradiction).
icl il

g=10=Y |Gi|=50=6x3+8x4=|J| > 6 (contradiction).
iel
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1. Tilings; n-Crosses and Lee Spheres

2. Perfect error correcting Lee codes 51 3<|gGj|<8
3. Golomb-Welch Conjecture 52 3<|Gi|<7
4. Known results on PL(n,2) codes 53 4<|Gi|<7

5. PL(7,2) codes

:= [£5]; B := [£4,%1]; C := [£3,£2]; D := [£3,£17);
= [£22 41]; F = [£2,413]; G := [£1°]

Proposition:
Foreachie I |Gj|# 3. More precisely, Vicr 4<|Gi| <7, 12<g<19.

Proof: By contradiction assume Jier |Gil =3 = Yjepn(i—i)1Gil = 12.

Step1: |G| =3 = |Di| =3,|E| =0, |F|=13 and |J={ic :|G| =3A|F|=13}|<5.

Step 2: |Gi| =3 = Jupyen (i) |Fial = |Fipl = | Fl =5, o, B,y distinct between them;
Yo\ {i—iopy |Fiol <3

Ay, Up,Us,U, € Fi satisfying

oy | @ al 8| x
[ i a| y|x
Us | 1 S ¥ | #s E
Ts | i | vi |y |vs] T1so:s,9Yeys € INE, 4,0, 3,7}
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1. Tilings; n-Crosses and Lee Spheres

2. Perfect error correcting Lee codes 51 3<|gGj|<8
3. Golomb-Welch Conjecture 52 3<|Gi|<7
4. Known results on PL(n,2) codes 53 4<|Gj|<7

5. PL(7,2) codes

:= [£5]; B := [£4,%1]; C := [£3,£2]; D := [£3,£17);

= [+22, £1]; F :=[+2,£1%]; G :=[£1°]

Proposition:
Foreachie I |Gj|# 3. More precisely, Vic; 4<|Gi| <7, 12<g<19.
Step 3:
|Fiol =1 Fipl = Tl =5 = |Gial =G| = |Gyl = 0.
Js.e0en\{i—iopy) |Gisl = |Giel =1Gio| =2
and voJeI\{i,—i.oc,[},y,&,s,e} ‘g:‘m| =1
The 3 codewords Wy, W, W3 € G; satisfy:

Wl 16| sl|zr|2] 8,60, 21,2,..2 € I\{i,—i,0,8,7}
S| 8| z2:| 2
&lzs|zs

distinet between them

B
o
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1. Tilings; n-Crosses and Lee Spheres
2. Perfect error correcting Lee codes
3. Golomb-Welch Conjecture

4. Known results on PL(n,2) codes
5. PL(7,2) codes

51 3<|G|<8
52 3<|G|<7

53 4<|Gi|<7

= [+22, £1]; F :=[+2,£1%]; G :=[£1°]

Proposition:

Foreachie I |Gj|# 3. More precisely, Vic; 4<|Gi| <7, 12<g<19.

Step 4: Characterization of the index distributions of G; U #; having into account their interaction.

S=-jande=—k

I) 6,20 £1;
) | A

k[

ilJ

Uplilj|ylar
s | i | k| y|x
Ug | iy |z s

Codewords of F;

1) 3'w € {4, 6} such that w =1.

:= [£5]; B := [£4,%1]; C := [£3,£2]; D := [£3,£17);

22 23
W t|s]le] !z Wililsle]|i|z W li|i|d|m|n A HEAEAE Wt 2z |z
Wli|s|J|z|e Wali| 8|tz |zs Wl i|1|k]z]z2 W i | 1 |m |z 2 W | 21|24
AHBREEAE Wsl:i|s|-t{z]2 We| 1| 5| *|z: ]2 Wl il m|z]zs Al 25| 26

Each one of these cases are subdivided in several other according with the available possibilities

to fill the unknown coordinates.
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1. Tilings; n-Crosses and Lee Spheres

2. Perfect error correcting Lee codes 51 3<|gGj|<8
3. Golomb-Welch Conjecture 52 3<|Gi|<7
4. Known results on PL(n,2) codes 53 4<|Gi|<7

5. PL(7,2) codes

= [£5]; B 1= [+4,+1]; C := [£3,£2]; D := [£3, £17];

= [+22, £1]; F :=[+2,£1%]; G :=[£1°]

Proposition:
Foreachie I |Gj|# 3. More precisely, Vic; 4<|Gi| <7, 12<g<19.

Step 4: Characterization of the index distributions of G; U #; having into account their interaction.

1) 6,60 £1; 11 AEFARAN
Wlilsls|l!l ]z AR
Woli| 85|z |2 sl | k| v
Wsli|lec| g2z Us |3 yr [ [ s
111 1121 1122 Codewords of F;
Wl |- km] ] n MHEIIEE Wililm|n]l]oe
Wl il|k|Jjlz |z Wali|m|dlz|z Wl i|m|g|-k]|z
Welit|m|-j|2z5] 2z Weliln||zs|ze Wsli|n| |z |2
1Gima] =2 16,4l =1

5" Combinatorics Day University of Beira Interior [-2pt] PL(7,2) and the Golomb-Welch Conjecture



)

1. Tilings; n-Crosses and Lee Spheres

2. Perfect error correcting Lee codes 51 3<|gGj|<8
3. Golomb-Welch Conjecture 52 3<|Gi|<7
4. Known results on PL(n,2) codes 53 4<|Gj|<7

5. PL(7,2) codes

:= [£5]; B := [£4,%1]; C := [£3,£2]; D := [£3,£17);
= [£22 41]; F = [£2,413]; G := [£1°]

Proposition:
Foreachie I |Gj|# 3. More precisely, Vic; 4<|Gi| <7, 12<g<19.

Step 4: Characterization of the index distributions of G; U ¥; having into account their interaction.

G

W |il-k|m| 1l ] =
W |i| k||| -»
Wy |ilm|-]o -

F Fie Fim

|l i | J k|1 Dzl 1 |k |-m]| e Un| i m | g |
Uyl i | 7 |m|n Us| i |k | m | = Un| || |
Us| i | jlm|-e Up| i |k || »m Ul i |-m|l-e| &
Us|i | j|-k]|o Ul i [k | -] -0

Oz | i Fl-ila T, i I l=n]le

Codewords of F; UG;

|Gim| = 2=|Fim| and 3 <|G,,| € 7 == |G \Gi| = 1

Wi € Gikandans Wa € G jion.—oy Us € Fijun—1 and Us € Figmo

induce a partition P of Z\{i,m, —m}:

|'P1 ={-kd,n}; Py ={—j—n,—o}; Py ={j-1}; Py={ko}; Ps={-i}
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1. Tilings; n-Crosses and Lee Spheres

2. Perfect error correcting Lee codes 51 3<|gGj|<8
3. Golomb-Welch Conjecture 52 3<|Gi|<7
4. Known results on PL(n,2) codes 53 4<|Gi|<7

5. PL(7,2) codes

= [£5]; B := [£4,%1]; C := [£3,%2]; D := [£8, £12];
= [£22 41]; F = [£2,413]; G := [£1°]
Proposition:

Foreachie I |Gj|# 3. More precisely, Vic; 4<|Gi| <7, 12<g<19.

W1 € Gio—kmdins W3 € Gim,—ji—n,—o»  Us € Fijjum,—1 and U8 € Fikmo

P of T\{i.m. —m}: "Pl ={—k.ln}y Py={-j—n, -0}y Py={j—1}; Py={ko}; Ps={-i}

] | o [13] g [ e
2| w | 14 | ERN:
[3] kel [15] |
KN o | 1| 7 o [
Possibilities for W € G,,\G; [ 5 | a Fi [ 17| k J
o] R 18] E T
7 i I i a 19 | = E a J
R TR E R
] RN 2t T & [
o] ER [2z] E
] R = S
12 a 7 24 2] 7
%] o [T
26 - k
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1. Tilings; n-Crosses and Lee Spheres

2. Perfect error correcting Lee codes 51 3<|gGj|<8
3. Golomb-Welch Conjecture 52 3<|Gi|<7
4. Known results on PL(n,2) codes 53 4<|Gi|<7

5. PL(7,2) codes
= [£5]; B := [£4,%1]; C := [£3,%2]; D := [£8, £12];
= [£22,+1]; F = [+2,£17]; G = [£17]

Proposition:
Foreachie I |Gi| # 3. More precisely, Vicr 4 <|Gi| <7, 12<g<19.

Step 5: Identification of a partition of the index set relevant to the index distributions of G; U ;.

] E]7 e 5
A1 [e -1 2
& " 7 ]
il TS - 2 [ 7]
E i >
= 4 o ]
Possibilities for M € F,,\JF; 4 [ K o | J =
m | s B " ila ™ 'ﬁ
k -k
o | K e | &
..7 o
k [a -
) - [ e
L2 1 . £
n % i i
< | 7 7| %
- )
o J n - | k&
=
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1. Tilings; n-Crosses and Lee Spheres

2. Perfect error correcting Lee codes 51 3<|gGj|<8
3. Golomb-Welch Conjecture 52 3<|Gi|<7
4. Known results on PL(n,2) codes 53 4<|Gi|<7

5. PL(7,2) codes

:= [£5]; B := [£4,%1]; C := [£3,£2]; D := [£3,£17);
= [£22 41]; F = [£2,413]; G := [£1°]

Proposition:
Foreachi€ I |Gj| # 3. More precisely, Vic; 4<|Gi| <7, 12<g<19.
Step 6: New results about the index distributions of G U # han«ving into account the known
distributions.
> 3<|Gm <6;
it |G| = 3, then | Fom| = 13 with | 77| = 4;
if |Gm| =4 and | | = 10, then \f,,(f)\ —4;
if |Gm| =5 and | Fm| =7, then |j}'n(12)| =4
it |Gm| = 6 and | Fr| = 4, then |f,,(72)| =4

It | 72| = 4, then 2 = {Us, M, M',M"}, where
Us € Fik,m—nand M, M, M" satisfy one of the following conditions:

vyVvyVvYyVvyy

M m, k-l M mido M mino
M mol-t]m-ond M , o, B, -l Mmookl mol
M| mino| m-ilo M n, -3, -k, M| m-il | m-i-k -]
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