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e S - set of segments
e C - set of circles

e (S, C)-bracelet - finite sequence b of the elements in the set S U C fulfilling
the following conditions:

1. b does not start by a circle and it does not end by a circle;

2. in b there are no two consecutive circles.

||ﬂ|%|||

e ((b) - Length of a (S, C)-bracelet b = lengths of all segments + diameters of
all circles

e B(S,C)={b]|bisa(S,C)— bracelet}.
e LB(S,C)={((b) | be B(S,C)}
eN=1{0,1,2,3,4,..}

e A submonoid of (N, +), M, is a (m,..., np)-bracelet if
a+b+{ny,....,n,} C Mforevery a,b e M\ {0}.
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M,...,An €N}

e The set A is a system os generators of Sif < A>=S.

e A is a minimal system of generators of S if no proper subset of A generates
S - msg(S)

e The largest integer belonging to Z\(S) is the Frobenius Number of S,
denoted by F(S).

e PF(S)={x€Z\S|x+sec Sforevery sc S\{0}} =
= set of pseudo-Frobenius numbers of S

e SG(S) = {x € PF(S) | 2x € S} = set of special gaps of S
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Characterization of the (ny, ..., np)-bracelets

Proposition

Letmy,...,mq and ny,...,n, be positive integers and let M be a submonoid
of (N, +) generated by {m;, ..., mg}. The following conditions are equivalent.
1. Misa(ny,...,np)-bracelet.

2. Ifi,je{1,...,q} thenm; + m;+ {ny,...,np} C M.
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Example

Let M = ({4,6}) = {0,4,6,8,10,12,...}. We prove that M is a (2, 4)-bracelet.
As4+4+{2,4} CM,4+6+{2,4} CMand6+6+{2,4} C M, by applying
the previous proposition, we obtain that M is a (2, 4)-bracelet.

v

Given X C N we define the (n,. .., np)-bracelet generated by X as the
intersection of all (ny, ..., ny)-bracelet containing X.
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Proposition
Letmy,...,mq and ny,...,n, be positive integers and let M be a submonoid
of (N, +) generated by {m;, ..., mg}. The following conditions are equivalent.
1. Misa(ny,...,np)-bracelet.
2. Ifi,je{1,...,q} thenm; + m;+ {ny,...,np} C M.

Example

Let M = ({4,6}) = {0,4,6,8,10,12,...}. We prove that M is a (2, 4)-bracelet.
As4+4+{2,4} CM,4+6+{2,4} CMand6+6+{2,4} C M, by applying
the previous proposition, we obtain that M is a (2, 4)-bracelet.

Given X C N we define the (n,. .., np)-bracelet generated by X as the
intersection of all (ny, ..., ny)-bracelet containing X.
""" n,}(X) is the smallest (ny, ..., np)-bracelet containing X

o If M= Lp . ny(X)wesaythat Xis a (ny,...,np)-system of generators of
M. Moreover, if no proper subset of X generates M, then we say that X is a
minimal (n4, ..., ny)-system of generators.
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Characterization of the (ny, ..., np)-bracelets

Let X ={x1,...,x:} TN\ {0} and let{ny,...,np} C N\ {0}. Then

Ling,..npy (X)={aixs +--- +axe + byny + - + bpnp |
ay,...,anb1,....bpeNanday+---+a > by+---+ bp} U{0}.
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Characterization of the (ny, ..., np)-bracelets

Theorem
Let X ={x1,...,x:} TN\ {0} and let{ny,...,np} C N\ {0}. Then

..... ny (X) ={axq +---+axe + by + -+ bpnp |
ay,...,anb1,....bpeNanday+---+a > by+---+ bp} U{0}.

| A

Example

Let us calculate Ly 3y ({4}). From previous theorem, we have that
L{273} ({4}) = {a14 + b12+ b3 | a1, by, b0 € Nand a; > by + bo} U {0}.
Therefore

Lio3y ({4}) ={0,4,8,10,11,12,14,15,16,17,18, —} = (4,10,11,17).
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« A numerical (ny, ..., np)-braceletis a (n4,. .., np)-bracelet M such that
ged (M) =1.
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The numerical (ny, ..., ny)-bracelets

« A numerical (ny, ..., np)-braceletis a (n4,. .., np)-bracelet M such that
ged (M) =1.

« B(m,...,np)={M|Misa(n,...,np)— bracelet}

N(m,....np) ={M e B(n,...,np) | Mis anumerical (ny,...,np) — bracelet}

Letny, ..., np be positive integers and let D be the set of all positive divisors of
ged {ny,...,np}. Then

B(n,....m)\{{0}} = | J {dS|SeN(%,...,@)}.

deD
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The Frobenius variety of the numerical (n4, ..., ny)-bracelet

A Frobenius variety is a nonempty set V of numerical semigroups fulfilling the
following conditions:

1. ifSand T areinV ,thensois SN T;
2. if Sisin V and itis not equal to N, then SU {F(S)} is in V.
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A Frobenius variety is a nonempty set V of numerical semigroups fulfilling the
following conditions:

1. ifSand TareinV ,thensois SN T;
2. if Sisin V anditis not equal to N, then SU{F(S)} isin V.

Proposition

Letn,...,np be positive integers. Then N (n4,...,np) is a Frobenius variety.
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The Frobenius variety of the numerical (n4, ..., ny)-bracelet

We define the graph G (N (ny, ..., np)) as follows:
1. the vertices are the elements of V' (n1,...,np);

2. anelement (S,8) € N (m,...,Np) x N (m,...,np) is an edge if
SU{F(S)}=¢9.
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The Frobenius variety of the numerical (n4, ..., ny)-bracelet

We define the graph G (N (ny, ..., np)) as follows:
1. the vertices are the elements of N (ny, ..., np);

2. anelement (S,S) e N (ny,...,np) x N'(ny,...,np) is an edge if
SU{F(S)} = 9.

The graph G(N (ny, ..., np)) is a tree rooted in N. Moreover, the descendants
of Se N (m,...,np) are the elements of the set
{S\{x} | x € msg(S), x > F(S) and S\{x} e N'(n1,...,np)}.
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The Frobenius variety of the numerical (ny, ..., np)-bracelet

We now draw part of the tree associated to the numerical (2, 3)-bracelets.

. N has an only descendant N\{1} = (2, 3),

. (2,8) has two descendants (2,3)\{2} = (3,4,5) and (2,3)\{3} = (2,5),

2,5) has an only descendant (2,5)\{5} = (2,7),
2,7) has no descendants,

4, 5) has three descendants (3, 4,5)\{3} = (4,5,6,7),
4,5)\{4} = (3,5,7) and (3,4 5)\{5} = (3,4),
,4) has no descendants,

H\{7} = 3,5),
5) has no descendants,
7,8) has an only descendant (3,7,8)\{7} = (3,8,10),

8,10) has an only descendant (3,8, 10)\{10} = (3,8, 13),

(
(
(3,
(3,

. (3

. (3,5,7) has two descendants (3,5,7)\{5} = (3,7, 8) and
(3,5,
(3,
(3,
(3,
<

3,8, 13) has no descendants,
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The Frobenius variety of the numerical (n4, ..., ny)-bracelet

(1)=N
f
(2,3)
N
(3,4,5) (2,5)
7N N
(4,5,6,7) (3,57) (3,4) (2,7)

—~
w
<o
—
W
S~

D. Torrdo (UE and UG) Combinatorial optimization problems 26th may 2017 15/24



Minimal (ny, ..., ny)-system of generators

Proposition
If m is a positive integer, then

Lioay ({m}) = {km+i| k € N\{0}, i €{0,2,3,...,3(k—1)}} U {0}.
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A

Corollary

If m is a positive integer then F (L3, ({m})) = ([ 3] +2) m+1.
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Minimal (ny, ..., ny)-system of generators

If m is a positive integer, then

Lizsy ({m}) = {km+i| k e N\{0}, i € {0,2,3,...,3(k — 1)}} U {0}.

Corollary

If m is a positive integer then F (L3, ({m})) = ([ 3] +2) m+1.

Let us calculate the set of elements in L, 33 ({7}). In view of the previous
corollary we obtain that F (L 53 ({7})) = 29. By using the above proposition
we have that

Liogy ({73) ={0tu {7} u (14 +{0,2,3}) U (21 + {0,2,3,4,5,6}) U

(28 + {0,2,3,4,5,6,7,8,9}) U {30, —}

and thus

Liaay ({7}) ={0,7,14,16,17,21,23,24,25,26,27,28,30, — } =
(7,16,17,25, 26,27, 36).
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Indecomposable (ny, ..., ny)-bracelets

We say that a (ny, ..., np)-bracelet is indecomposable if it can not be
expressed as an intersection of (ny, ..., np)-bracelets that contain it properly.
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Indecomposable (ny, ..., ny)-bracelets

We say that a (ny, ..., np)-bracelet is indecomposable if it can not be
expressed as an intersection of (ny, ..., ny)-bracelets that contain it properly.

Proposition

Let my,..., mq be positive integers such that S = (my, ..., mg) is a numerical
(M, ..., np)-bracelet. Then S is an indecomposable (n;, ..., ny)-bracelet if
and only if for every x € SG(S)\ {F(S)} we have that

X+ {x,m,....mg}+{m,....,np} ¢ S.
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Indecomposable (ny, ..., ny)-bracelets

We say that a (n4, ..., np)-bracelet is indecomposable if it can not be
expressed as an intersection of (ny, ..., np)-bracelets that contain it properly.

Proposition

Let my,. .., mq be positive integers such that S = (my, ..., mq) is a numerical
(M, ..., np)-bracelet. Then S is an indecomposable (n;, ..., ny)-bracelet if
and only if for every x € SG(S)\ {F(S)} we have that

X+ {x,m,....mg}+{m,....,np} ¢ S.

| A

Example

e S=(5,12,19,26,33) =

{0,5,10,12,15,17,19, 20, 22, 24, 25, 26,27, 29, 30, 31,32,33, —}

e F(S) =28 e PF(S)={7,14,21,28} SG(S) = {21,28} Since
21+ 5+ 2 =28 ¢ S We can conclude that the numerical (2)-bracelet
S =(5,12,19, 26, 33) is an indecomposable (2)-bracelet
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Sets of positive integers closed under product and the number of
decimal digits

e /(n) is the number of digits of a positive integer n written in decimal
expansion.
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Sets of positive integers closed under product and the number of
decimal digits

e /(n) is the number of digits of a positive integer n written in decimal
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e A digital semigroup D is a subsemigroup of (N\{0}, -) such thatif d € D
then {x € N\{0} | ¢(x) = ¢(d)} C D.
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Sets of positive integers closed under product and the number of
decimal digits

e /(n) is the number of digits of a positive integer n written in decimal
expansion.

e A digital semigroup D is a subsemigroup of (N\{0}, -) such thatif d € D
then {x € N\{0} | ¢(x) = ¢(d)} C D.

e L(A)={l(a)| ac A}, for Aa subset of N\{0}.

If D is a digital semigroup, then L(D) U {0} is a numerical semigroup.

A numerical semigroup S is called LD-semigroup if there exists a digital
semigroup D such that S = L(D) U {0}.

Let S be a LD-semigroup, then S = L(D) U {0}.
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Sets of positive integers closed under product and the number of
decimal digits

Let S be a numerical semigroup. The following conditions are equivalent.
1) S is a LD-semigroup.
2) Ifa,be S\{0} thena+b—1€ S.
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Sets of positive integers closed under product and the number of
decimal digits

Let S be a numerical semigroup. The following conditions are equivalent.
1) S is a LD-semigroup.
2) Ifa,be S\{0} thena+b—1¢€S.
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Sets of positive integers closed under product and the number of
decimal digits

Let S be a numerical semigroup. The following conditions are equivalent.
1) S is a LD-semigroup.
2) Ifa,be S\{0} thena+b—1¢€S.

Let D = {D| D is a digital semigroup} and let £ = {S | S is a LD-semigroup}.

The correspondence ¢ : D — L, defined by ¢(D) = L(D) U {0}, is a bijective
map. Furthermore its inverse is the map 6 : L — D,

6(S) = {a e N\{0} | ¢(a) € S}.

So,

D ={6(S) | S is a LD-semigroup} .
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Sets of positive integers closed under product and the number of
decimal digits

Proposition

Let L ={S | S is a LD-semigroup}. The set L is a Frobenius variety.
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Sets of positive integers closed under product and the number of
decimal digits

Proposition

Let L ={S | S is a LD-semigroup}. The set L is a Frobenius variety.

Let £ ={S| Sis a LD-semigroup}. We define the graph G(£) as the graph
whose vertices are the elements of £ and (S, S’) € £ x L is an edge if
S = SU{F(S)}.
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Sets of positive integers closed under product and the number of
decimal digits

Proposition

Let L ={S | S is a LD-semigroup}. The set L is a Frobenius variety.

Let £ ={S| Sis a LD-semigroup}. We define the graph G(£) as the graph
whose vertices are the elements of £ and (S, S’) € £ x L is an edge if
S = SU{F(S)}.

The graph G(L) is a tree rooted in N. Moreover, the sons of a vertex S € L
are S\{x1},..., S\ {x} with
{X1,...,x }={x € msg(S) | x > F(S) and S\ {x} € L}

D. Torrdo (UE and UG) Combinatorial optimization problems 26th may 2017 22/24



Sets of positive integers closed under product and the number of

decimal digits

Figure: The tree of LD-numerical semigroups

(5,6,7,8,9) (4,6,7,9) (4,5,7)
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Thank you!
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