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Manes’ exercise on monads

A monad S on a category C is equivalent to:
@ A function |S|:|C| — |C|;
@ forevery A< C, an arrow nA: A — SA;
@ for every morphism f: B — SAin C, an S-extension
5:SB — SA.
Subject to the axioms:

o forevery Ain C,
(nA)° = 1sa;

o forevery f:B— SAin Cand g: C — SB, the diagrams

S
8" 3B sc-2-sB
N AN
SA SA

commute.
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The algebras for S

An S-algebra B = (B, (—)®) consists of:

@ An object Bin C;

@ for every arrow h: X — Bin C, an extension h? : SX — B;
Subject to the commutativity of the diagrams
(with h: X — Band y: Y — SX):

S
x % sx sy V- sx
N N
B, B.
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The algebras for S

A morphism of S-algebras (B, (—)B) to (A, (—)*) is

anarrow /:B — AinC
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The algebras for S

A morphism of S-algebras (B, (—)B) to (A, (—)*) is
anarrow (:B — AinC

subject to the commutativity of the diagram

sx B

A.
for every h: X — B.
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The algebras for S

Theorem. The category of usual algebras for the monad S is
isomorphic to the category of algebras just defined.
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Distributive laws

S=(S,ng,(—)°), T =(T,n,,(—)") monads on C.

A distributive law of S over T can be given as follows:
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Distributive laws

S=(S,ng,(—)°), T =(T,n,,(—)") monads on C.

A distributive law of S over T can be given as follows:

@ For every Ain C an S-algebra (TSA, (—)*)
Subject to the axioms
e forevery Ain C, (Tn A-n,A)* = n,SA;

@ forevery f: B — TSA,
(F)F:(TSB,(-)") = (TSA,(-)")
is a morphism of S-algebras.
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All the diagrams together

f:B— TSA,
g:C— SB,
h:C — TSB.
B S
B—"°- sB sc—2~sB
gL N
TSA; TSA;
A
A" sp sc—"- 1sB
\ \ l(p\)ﬂr
nrA nrA =| (TnsAnrA)> ((F)Th)>
TA TSA.
TSA:
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Colax idempotent pseudomonads

D= (D,d,m,a,B,n,¢)
on I, is given by dD 4 m - Dd:

D

bo 5 D
I Z N
D? D2 D?
D2

1
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Colax idempotent pseudomonads

6:dD — Dd
’

p?—2—D?,
%%Y;ﬂﬂw
1p

D
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Kan pseudomonads

Definition

A right Kan pseudomonad D on K is given as follows:

i) A function D : Ob(K) — Ob(K).

ii) For every A € K, a 1-cell dA: A — DA.

iii) For every 1-cell F:B — DA, a right Kan extension of F

along dB

dB
B

DB

4,

F
DA

with Dg invertible.
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Kan pseudomonads

Subject to the axioms
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Kan pseudomonads

Subject to the axioms
a) For every Ain IC,

dA

A DA

DA

exhibits 1pa as a right Kan extension of dA along dA.
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Kan pseudomonads

b) For every G:C — DB and F: B — DA the 2-cell
c—%L-nc
Dg
3/ |
DB
F]D)
DA
exhibits F®GP as a right Kan extension of F”G along dC.
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A right Kan pseudomonad induces
a colax idempotent pseudomonad

First we must define a pseudofunctor D: K — K.
For F:B — A, DF .= (dA o F)D, dF = Dga.F-
Foro:F — F':B — A, Dy is the unique 2-cell such that

B dB DB B aB DB
F Dya.rr DF’ /DW \DF = F'/| / ) ID)dAA,: DF
/ \ » /
A dA dA 2l
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A right Kan pseudomonad induces
a colax idempotent pseudomonad

For Ain IC,
define DA 1pa — D(1 A)
as the unique 2-cell such that

dA

A DA
1AL DdA»1E(dA) (&) Toa = 1ga.
/
A DA

dA
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A right Kan pseudomonad induces
a colax idempotent pseudomonad

For F:B —+ Aand G:C — B,
define D&F : DF - DG — D(F - G)
as the unique 2-cell such that

c—% ~pc . c—* -npc
GJ/ D(F-G) DG\FA G‘L DdB% j/DG
B e — DB = B T> DB
Fl / A__ F\L DdA»F/ lDF
A = DA A - DA
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A right Kan pseudomonad induces
a colax idempotent pseudomonad

Define m: D?> — D such that for every A,

mA = 1DAD.
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A right Kan pseudomonad induces
a colax idempotent pseudomonad
Define m: D?> — D such that for every A,

mA = 1DAD.

For F:B — A,
Define mg : DF - mB — mA - D°f
as the unique 2-cell such that

pB—®2 . 2 D

DF|  Dapa D2F

l dDAI% l mF /D) 1DB\
DA D2A

\/_> .|

104 DA.
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A right Kan pseudomonad induces
a colax idempotent pseudomonad
ol = ]D1DA_1
BA:dDA - mA — 125 as the unique 2-cell such that

DA —222. p2p

N 2,

D2A.
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A right Kan pseudomonad induces
a colax idempotent pseudomonad

e:mA - DdA — 1pa as the unique 2-cell such that

%A . DA A—2 . pa

DdA D
dAl dDA‘d% DdA
% p2A = DA—"2 - pep
1pa D1pa
LmA N mA

DA DA

A
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A right Kan pseudomonad induces
a colax idempotent pseudomonad

1:1p2a — DdA - mA as the unique 2-cell such that

dDA

DA DA
aA/L \ o
/nA 5
DdA DA
DA—2 . p2p.
BA
mA
eA™ \ T /
DA DA

DdA
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Algebras for a colax idempotent pseudomonad

Recall that the algebras are adjunctions ¢, Z: B - dB,

dB\{;ﬂs% DB/B;NDB

with invertible unit.
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Recall that the algebras are adjunctions ¢, Z: B - dB,
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Algebras for a colax idempotent pseudomonad

Al-cellfrom(:1g > B-dBto&:1p — A-dAis a 1-cell
H:B — A such that the the pasting

B H A A A
D S N 5
DB — DA

is invertible.

DB
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Algebras for a colax idempotent pseudomonad

Al-cellfrom(:1g > B-dBto&:1p — A-dAis a 1-cell
H:B — A such that the the pasting

B H A A A
P e LT
DB — DA

is invertible.

Given H, K :{ — &, a 2-cell in D-Alg
isa2-cell7:H— Kin K.

DB

F. Marmolejo, R. J. Wood



The algebras for a right Kan pseudomonad

An object B consists of an object B
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The algebras for a right Kan pseudomonad

An object B consists of an object B
together with an assignment, to every F:C — B,
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The algebras for a right Kan pseudomonad

An object B consists of an object B
together with an assignment, to every F:C — B,
of a right Kan extension F® : DC — B of F along dC

C dC

o DC

with Bf invertible,
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The algebras for a right Kan pseudomonad

such that for every G: X — DC,
the diagram

x—2% . px

G
DC

F]E

exhibits F® - G as a right Kan extension of F® - G along dX.

F. Marmolejo, R. J. Wood



The algebras for a right Kan pseudomonad

Al-cell H:B — A
isal-cell H:B— Ain K
such that for every F:C — B, the diagram

C dC

DC

F
B

H

A

exhibits F® - H as a right Kan extension of F - H along dC.
A2-cell:H—- K:B— Aisa2-cell7:H — Kin K.
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The algebras for a right Kan pseudomonad

Theorem. The 2-category of algebras for a right Kan
pseudomonad is biequivalent to the usual 2-category of
algebras for the induced colax idempotent pseudomonad.
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Transitions

Definition

A transition from U to D along F : A — B is a strong
transformation r: DF — FU together with invertible
modifications

Dr rU

D?F DFU FU?
\/ mF W% l Fn
FU
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Transitions

that satify the following coherence conditions:
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Transitions
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Transitions

Definition
2
D3F —>"~ D2FU
\?rU
mDF Do DFU?
DmF / \an
5 D2F DFU =
D-F “y Dr iru
mF
h FU?
m

W/ iFn
DF FU
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Transitions

2
D3 F —> D2FU
DrU
mDF e DFU?
mr_1 rU2 DFn
w2y injs ’"\NDFU
D?F — = DFU Z

mF
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Transitions for right Kan pseudomonads

U and D right Kan pseudomonads
on 2-categories L and K respectively.

F. Marmolejo, R. J. Wood



Transitions for right Kan pseudomonads

Theorem

U and D right Kan pseudomonads
on 2-categories L and K respectively.

A transition from U to D along a 2-functor F : L — K is given as
follows:

F. Marmolejo, R. J. Wood



Transitions for right Kan pseudomonads

Theorem

U and D right Kan pseudomonads
on 2-categories L and K respectively.

A transition from U to D along a 2-functor F : L — K is given as
follows:

for every A in L, a D-algebra (FUA, ( )),

F. Marmolejo, R. J. Wood



Transitions for right Kan pseudomonads

Theorem

U and D right Kan pseudomonads
on 2-categories L and K respectively.

A transition from U to D along a 2-functor F : L — K is given as
follows:

for every A in L, a D-algebra (FUA, ( )*),
such that forevery L:B — UA in L,

F(LY):(FUB, ()" — (FUA,()")

is @ morphism of D-algebras.
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Transitions for right Kan pseudomonads

Theorem

U and D right Kan pseudomonads
on 2-categories L and K respectively.

A transition from U to D along a 2-functor F : L — K is given as
follows:

for every A in L, a D-algebra (FUA, ( )*),
such that forevery L:B — UA in L,
F(LY):(FUB,()*) — (FUA,()")

is @ morphism of D-algebras.

Every transition from U to D along F is coherently isomorphic to
one that arises in this way.
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Transitions for right Kan pseudomonads

Proof. rA = (FuA)*
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Transitions for right Kan pseudomonads

Proof. rA = (FuA)*

FA I - DFA

w1A= Arua
wiA =

FuA

(FuA)*=rA

FUA

F. Marmolejo, R. J. Wood



Transitions for right Kan pseudomonads

woA is the unique 2-cell such that

DFA -PFA pepp P2 pryA DFA—22 _ pepp

g
aJDFA_1/ A fAi y lDfA
_ druA”

FUA ———— DFUA
1pFa

mFA  FLRA = «UB
M

wol FnA FU2A
\LFnA
DFA —— FUA FUA
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Proof of the second coherence condition:

r-ppF-dD2F

r-mF-DmF-dD2F
wp-DmF-dD2F

Fn-rU-Dr-DmF -dD? F

Fn-rU-DFn-DrU-dDFU-FD(
~7

Fn-ruU-
Dwp-dD2F Fn-ry - dFU2 .U D

Fn-rU-DFn-DrU-dp,

Fn-rU-DFn-DrU-D2r-dD2 F
J{Fn-rn* -DrU-D2r-dD2F

Fuy-rU2.dFU2.-rU-Dr
Fn-FUn-rU2.DrU-D2r-dD2 F
\LFHU«rUZ-DrU-Dzr»dDZF

Fn-FnU-rU2.DrU-D2r-dD2F

Fn-FnU-rU2

Fn-woU-
Dr-dD2F

F-mF-GpF
r-mF-apDF—1
r-mF-dDF-mF

Fn-rU-Dr-dppe

/

rU-DFn-dy,-Dr

Fn-rU-DFn-

Fn-FUn-rU2.

Fn-FnU-rU2.DrU- I
DEnU.-rU2.

r-mF-mDF -dD2F

Fn-rU-Dr-dDF-mF ~ wy-dDF-mF

camF—1.mF
\I—:Q«’U‘d";ngm m

Fn-rU-dFU-r-mF

Fn-rU-dFU-wyp xn UrmE
‘wqU-r

2.y
G an-DrfJ- dpp-rU-Dr
Fn-FuU-r-mF

~

Fn-rU-dFU-Fn-rU-Dr Fn-Ful-wy
Fn-wy U-Fn-rU-Dr 1\
Fa[U r-mE e
dFU2.1U.-Dr

Fn-FuU-Fn-rU-

W-w “Zy \
Fn-Fup-rU-Dr
Fn-FUn-FuU2 . ry.Dr,

FnFayU—1.rU-Dr

\ / XmF»mDF»dDZF
Fuy-Ful2.rU-Dp

r —1
QaU -Fn-rU-Dr
w2
F-apDF—1

-dFU2.rU-Dr ————> Fn-FnU-FuU2.rU-Dr
Fn-FnU-wq U2 -rU-Dr 1
TFn~FnU-rU2~d,U-Dr Fn-rU-apFU—T-Dr wp -mDF-
dD2F

Fn-rU-mFU-dDFU-Dr
Fn-rU-Dr- oy DF—1

DrU-dDFU-Dr
Fn-wo U-dDELL-

Fn-rU-mFU-dp,

Fn-rU-mFU-D2r.dD2F
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a transition (r: UD — DU, w1, ws3) from U to U along D,

together with an op-transition (r, w»,w4) from D to D along U
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Pseudo-Distributive laws

A distributive law of U over D consists of
a transition (r: UD — DU, w1, ws3) from U to U along D,
together with an op-transition (r, w»,w4) from D to D along U

that satisfy the following coherence conditions:
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Pseudo-Distributive laws

/\i /\
\/ \/
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Pseudo-Distributive laws

2
PD vz —2% 12p .
U=d Ur
e N T~ uDU
U2 —o—= UDU
woU w nD
/ il — n lrU
du? / DU2
n 2 w:
d 7T u ud ub % l Dn
/ \LDn w Z/x
U ——— DU DU,
du
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Pseudo-Distributive laws

uD? p2 —*%~ yp?
UVM D u\fD{ \D
2 DUD
D DuD DUD
D‘*’/ " um lDr
D20 Dr = um/
m w DU
my i D2 v D uD ub / \L mU
L
D B DU DU,
i Du

F. Marmolejo, R. J. Wood



Pseudo-Distributive laws

o UMD

ubub 2 pu2p

S

UD?U DUDU 2% p2 (2

2
o\ ““/\““ -

U2D

nDQL

V2D~ UDU = DU?
lnD Z;/¢ LDn
ubD DU

F. Marmolejo, R. J. Wood



Distributive laws

nD?

uD?

uUbDUD
rubD
DU?D
DUr
“0/ 1P “bupy o
r
DUD ~X o
Dr . DU mU2
% D”\ 2
DU
Um

% DZU% L

r

ub

DU

F. Marmolejo, R. J. Wood



Pseudo Distributive Laws

D be a pseudomonad on K

U be a colax idempotent pseudomonad on K.
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Pseudo Distributive Laws

Lemma
D be a pseudomonad on K

U be a colax idempotent pseudomonad on K.

If there is a distributive law of U over D, then

F. Marmolejo, R. J. Wood



Pseudo Distributive Laws

Lemma
D be a pseudomonad on K

U be a colax idempotent pseudomonad on K.

If there is a distributive law of U over D, then
@ Forevery A,

uA

A UA
dAL du‘i/ LdUA
DA DU DUA

exhibits dUA as a right Kan extension of
DuA - dA along uA.

F. Marmolejo, R. J. Wood




Pseudo Distributive Laws

Lemma
@ ForeveryL:B — UA in K,

uB

U,
L1U

B

L

DUA

exhibits dUA - LY as a right Kan extension of
dUA - L along uB.

F. Marmolejo, R. J. Wood



Pseudo Distributive Laws

U is a colax idempotent pseudomonad on K

D is a lax idempotent pseudomonad on I
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Pseudo Distributive Laws

Theorem

U is a colax idempotent pseudomonad on K
D is a lax idempotent pseudomonad on I

such that the conditions of the previous Lemma are satisfied.
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Pseudo Distributive Laws

Theorem
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D is a lax idempotent pseudomonad on I
such that the conditions of the previous Lemma are satisfied.

Then a distributive law of U over D can be given by the
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Pseudo Distributive Laws

Theorem

U is a colax idempotent pseudomonad on K
D is a lax idempotent pseudomonad on I
such that the conditions of the previous Lemma are satisfied.

Then a distributive law of U over D can be given by the
following data:

@ Forevery A in K, a U-algebra structure (DUA, ( )*),
such that the following two conditions are satisfied:
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Pseudo Distributive Laws

Theorem

U is a colax idempotent pseudomonad on K
D is a lax idempotent pseudomonad on I
such that the conditions of the previous Lemma are satisfied.

Then a distributive law of U over D can be given by the
following data:

@ Forevery A in K, a U-algebra structure (DUA., ( )*),

such that the following two conditions are satisfied:

o Forevery L:B — UA, D(LY): (DUB, ()*) — (DUA, ()*) is
1-cell of U-algebras.
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Pseudo Distributive Laws

Theorem

U is a colax idempotent pseudomonad on K
D is a lax idempotent pseudomonad on I
such that the conditions of the previous Lemma are satisfied.

Then a distributive law of U over D can be given by the
following data:

@ Forevery A in K, a U-algebra structure (DUA., ( )*),

such that the following two conditions are satisfied:
@ ForeveryL:B — UA, D(LY):(DUB, ()*) — (DUA,()") is
1-cell of U-algebras.
@ Forevery H:C — DUA, (H*)?:(DUC, ()*) — (DUA, ()")
is an algebra morphism.

F. Marmolejo, R. J. Wood
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