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Completing a preordered fibration to a subobject fibration
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Equivalence relations in elementary doctrines

An elementary doctrine is COP4P>Inf5L such that

e C has binary products

o foreach mapidy Xx A: X x A — X xAx AinC,
the functor P, xa , P(X x A x A) — P(X x A) has a left adjoint Hiq, xa , which satisfy

Beck-Chevalley Condition: for any arrow f: A" — A—producing a pullback diagram

/ /
X'x A i x Ay X' xAx A
f xidy fxidg xidy
X x A idx X A4 X xAxA

—for any /3, the natural map
Hid s n g Prxidgxidy (8) < PrxidyHidyxa,(8) s iso
Frobenius Reciprocity: for « in P(X x A x A), §in P(X x A), the natural map

Hiayxn,(Baxxa, (@) AB) < aANiayxa,(B) s iso.
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A P-equivalence relation over A is an object p in P(A X A) such that

o4 <p 04 = Hn,(Ta)

P < Py pr) (p)

P(prl,pr2>(/0) A P(prz,pr3>(p) < P(prl,pr3>(p)



Examples

o XO°P Sub InfSL: the subobject functor on a category X with binary products and pullbacks

o CP I InfSL: a tripos on a category C with finite products

oyor LT

InfSL: the Lindenbaum-Tarski algebras of well-formed formulae of a first order theory on the
category V of lists of typed variables and substitutions

» nor (A

InfSL: the poset reflections of the comma categories on a category A with binary products and
weak pullbacks

ML
o ML L InfSL: the functor of propositions in context of Martin-Lof type theory on the category ML of
closed types and terms in context



Quotients

A quotient of a P-equivalence relation p in P(A x A) is an arrow ¢: A — C' in C such that

o p < P,,(0c) and
for every h: A — X in C such that p < Pp«p(0x)
there is a unique k:C' — X in Csuch that koqg=h

® Fyuqldc) < p
e there is a bijection between P(C) and Des,, the sub-order of P(A) on those a such that P, () A p < Py, (o)

It is stable if, for g: B — C, then there is a pullback

and ¢": P — B is a quotient of Py, ,(p)



Trying to add quotients to an elementary doctrine

Q pOp P I ﬂfSL

an object of Qp is (A, p) such that A is an object in C and p in P(A x A) is an equivalence relation

an arrow of Qp is [f]|:(A,p) — (B, 0) is an equivalence class of arrows f: A — B in C
such that p < Py (o)
where f~g when p<yua Piyy(0)

the semilattice P(4,p) is Des,,.

The functor C J Qp isfulland PoJ = P.
A (A7 514)
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Comprehensions

For o in P(A), a weak comprehension of « is an arrow {|a|}: X — A in C such that
° TX S Pﬂa[}(@)

e for every arrow g: Y — A such that Ty < Pj(«) there is a (not necessarily unique) h:Y — X such that
g ={laftoh.

It is stable when, for every arrow f: A" — A in C, Py(a) has a weak comprehension and there is a weak pullback

U Pr(a)ly

X' A
I f
X A.

{laly

Say that P: C°* — InfSL is extensional if A4 is a comprehension of 4 for every A in A.



Results

For an elementary doctrine P: C? — InfSL

o If P:C°° — InfSL has weak comprehensions
then P: Qp°® — InfSL is an elementary doctrine with stable quotients and (strict) comprehensions.
Moreover Qp is a regular category.

o If P:C — InfSL is extensional then J: P — P is faithful.
Moreover comprehensions are full in P if and only if they are so in P.

e The assignment P — P determines a left biadjoint to the inclusion of
extensional elementary doctrines with quotients and comprehensions
into extensional elementary doctrines with comprehensions.

o |[f P:C® — InfSL is existential with weak comprehensions
then P: Qp°® — InfSL is existential.

o If P:C°® — InfSL has full weak comprehensions and

— for every arrow f in C, the functor P has a right adjoint and these satisfy Beck-Chevalley condition

— C is weakly cartesian closed

then Qp is cartesian closed.



Comparing the two completions

For an elementary doctrine P: C® — InfSL
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