A ToproLOGICAL THEORY OF (T,V)-CATEGORIES

Serdar Sozubek

York University, Toronto

CT2011, Vancouver

SERDAR SOZUBEK (YORK UNIVERSITY) A ToPOLOGICAL THEORY OF (T,V)-CATS JuLy 21, 2011



@ (T,V)-CATEGORIES
© L-CLOSURE

© L-COMPACTNESS
@ L-SEPARATION

@ L-COMPLETENESS

SERDAR SOZUBEK (YORK UNIVER ) A ToPOLOGICAL THEORY OF (T,V)-CATS JuLy 21, 2011



(T,V)-CATEGORIES

o T=(T,e,m)on Set

Eilenberg-Moore algebra (X,a: TX — X)

ey Ta Tf

X > TX <« TTX X TY
x b
{_ a m a
X X X Y
a f

o (V,®, k) quantale
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ASSUMPTIONS

STRICT TOPOLOGICAL THEORY (HOFMANN 2007)
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ASSUMPTIONS

STRICT TOPOLOGICAL THEORY (HOFMANN 2007)

e T=(T,e,m): T, msatisfy BC, (T1l=1)
@ V quantale
@ £: TV — V compatible with T and V

o 1\/ = §.ev

° fTﬁ = f.mv

o k! =¢.Tk

o ®.<ETm,E T >=£.T(®)

o (&x)x : Py — Py T nat. trans.
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ASSUMPTIONS

STRICT TOPOLOGICAL THEORY (HOFMANN 2007)

e T=(T,e,m): T, msatisfy BC, (T1l=1)
@ V quantale
@ £: TV — V compatible with T and V

o 1\/ = §.€'V

° €T§ = f.m\/

o k! =¢.Tk

o ®.<ETm,E T >=£.T(®)

o (&x)x : Py — Py T nat. trans.

or: X-»Y

Tm, T
TXxY) M2 s Ty

& Tr < L’ Tr
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EXAMPLES
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V=P, =[0,00]” = Met

T=U V=2 =— Top
T=U V=P, —

SERDAR SOZUBEK (YORK UNIVERSITY) A ToPOLOGICAL THEORY OF (T,V)-CATS JuLy 21, 2011



EXAMPLES

=
Il
=

— V-enriched categories

<
|

= = Ord
V=P, =[0,00]” = Met

T=U, V=2 = Top
T=U V=P;y = App (Clementino & Hofmann, 2003)
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L-CLOSURE

o L-closure: symmetrized closure
Closed maps: F = {f: X — Y | f(M?) = F(M)” }
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L-CLOSURE

o L-closure: symmetrized closure
Closed maps: F = {f: X — Y | f(M?) = F(M)” }
e MC X, yeX

Met, yeM — 0>d(y,M)= in{/l d(y,z)
ze
V-Cat, yeM = k< \/ a(y, 2)
o zeM
yeM = k<\/ a(y,z)®a(z,y)
zeM
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L-CLOSURE

o L-closure: symmetrized closure
Closed maps: F = {f: X — Y | f(M?) = F(M)” }
e MC X, yeX

Met, yeM = 0>d(y,M)= in{/l d(y, z)
ze
V-Cat, yeM — k< \/ a(y,
o zeM
yeM = k<\/ a(y,z)®a(z,y)
zeM
(TV)-Cat, yeM <« k< \/
reTM
yeﬂz = k< \/a(zc,y)@?
€TM
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L-CLOSURE

e A4S : (T, V)-Cat — V-Cat
(Specialization :Top — Ord,  Alexandroff :Ord — Top)

A(5(X)%P) = (X, (Ta. Tex.ex)°)

oyeM” — k< \/ a(ty)® TaTe(ex(y).r)
€TM
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oyeM” — k< \/ a(ty)® TaTe(ex(y).r)
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o £ :(T\V)-Cat — Top (k V-irreducible & T preserves finite sums)
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L-CLOSURE

e A4S : (T, V)-Cat — V-Cat
(Specialization :Top — Ord,  Alexandroff :Ord — Top)

A(5(X)%P) = (X, (Ta. Tex.ex)°)

-—Z
o yeM — k<\/ a(x,y ®TaTeX(eX()}:)
r€TM

o £ :(T\V)-Cat — Top (k V-irreducible & T preserves finite sums)

ToP (B-CLOSURE)

yemb<:> VU open nbhd of y, UﬂMﬂm#Q

ApPp (ZARISKI CLOSURE, GIULI 2006)

i
yeM <« Va,e€Z (q =8, = aly) =B5(y))
(X,d), ye M — Ve> 0, dy, Mn{y}©) =0
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o F={f: X = Y| FM)=FM)"}
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LL-COMPACTNESS

o F={f: X = Y| FM)=FM)"}
e (Top) X compact <= VY, my : X x Y — Y closed

X L-compact <= VY, 7y : X XY =Y e F l
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LL-COMPACTNESS

o F={f: X = Y| FM)=FM)"}

e (Top) X compact <= VY, my : X x Y — Y closed

X L-compact <= VY, 7y : X XY =Y e F \

% preserves finite products,
X is L-compact <= Z(X) is compact
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LL-COMPACTNESS

o F={f: X = Y| FM)=FM)"}

e (Top) X compact <= VY, my : X x Y — Y closed

X L-compact <= VY, 7y : X XY =Y e F

THEOREM

% preserves finite products,
X is L-compact <= Z(X) is compact

| A\

EXAMPLES
Top  b-topology of X is compact
App  Zariski compact ?

v
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LL-COMPACTNESS

oye M’ — k< \/ a(r,y) ® TaTex(ex(y),1)

teTM
yEW:Z kS \/B(Ia)/) =T
€TM
yeM = k< \/ TaTe(ey).r) = 7
€TM
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LL-COMPACTNESS

oye M’ — k< \/ a(r,y) ® TaTex(ex(y),1)

teTM
yEW:Z kS \/ Q(I,y) =T
€TM
yeM = k< \/ TaTe(ey).r) = 7
€TM
App BiTop
&z J o B(X) =X, 717, JX,7,79) = (X, TV TY)
Top
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LL-COMPACTNESS

oye M’ — k< \/ a(r,y) ® TaTex(ex(y),1)

teTM
yEW:Z kS \/B(Ia)/) =T
€TM
yeM = k< \/ TaTe(ey).r) = 7
€TM
@ BiTop
&z J o B(X) =X, 717, JX,7,79) = (X, TV TY)
Tc

X Zariski compact <= i) Every 7-closed set is 79-compact

ii) Every 79-closed set is T-compact
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LL-SEPARATION

X L-separated <= dx : X > X x X € F

. THEORY OF (T,V



L-SEPARATION
X L-separated <= dx : X > X x X € F l

p:(X,a) = (Y,b) (T,V)-module <= ¢: TX »Y
poa=p&bop=y

f:(X,a) = (Y,b) = f:X—=Y, Hfy)=>b(TFx),y)
oY =X, F(n,x) = b(n, f(x))
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L-SEPARATION
X L-separated <= dx : X > X x X € F \

p:(X,a) = (Y,b) (T,V)-module <= ¢: TX »Y
poa=p&bop=y

f:(X,a) = (Y,b) = f:X—=Y, Hfy)=>b(TFx),y)
oY =X, F(n,x) = b(n, f(x))

PROPOSITION

(X, a) L-separated <= Vx,z € X (x, = z. = x = 2)
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L-SEPARATION
X L-separated <= dx : X > X x X € F

p:(X,a) = (Y,b) (T,V)-module <= ¢: TX »Y
poa=p&bop=y

f:(X,a) = (Y,b) = f:X—=Y, Hfy)=>b(TFx),y)
oY =X, F(n,x) = b(n, f(x))

PROPOSITION
(X, a) L-separated <= Vx,z € X (x, = z. = x = 2)

Top X is Ty
App  Top. coreflection of X is To
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LL-COMPLETENESS
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LL-COMPLETENESS

LAWVERE (1973)

p(x) = lim d(xp, x)

(xn) Cauchy — < 1h(x) = nI|_>ngo d(x, xn)
p A X = {x}
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LL-COMPLETENESS

LAWVERE (1973)

p(x) = lim d(xp, x)

(xn) Cauchy — < 1h(x) = nI|_>ngo d(x, xn)
p A X = {x}

w1  +—— Eq. class of Cauchy seq.
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LL-COMPLETENESS
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p(x) = lim d(xp, x)

(xn) Cauchy — < 1h(x) = nI|_>ngo d(x, xn)
p A X = {x}

w1  +—— Eq. class of Cauchy seq.
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LL-COMPLETENESS

LAWVERE (1973)

p(x) = lim d(xa,x)

(xn) Cauchy — < 1h(x) = nI|_>ngo d(x, xn)
p A X = {x}

w1  +—— Eq. class of Cauchy seq.

(xn) 2> x <= o=x (&¢=x*)

(X, a) L-complete :<= Vo 4 : (X,a) = (E, k), IxeX:p=x:
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LL-COMPLETENESS

LAWVERE (1973)

p(x) = lim_ d(xn,x)

(xn) Cauchy — < 1(x) = nll_>ngo d(x, xn)

A X = {x}

Y — Eq. class of Cauchy seq.

() > x <= p=x (&¢=x%)

(X, a) L-complete <= Vo 49 : (X,a) = (E, k), Ixe X:p=x

X L-complete <= X weakly sober
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L-COMPLETE MORPHISMS

@ X L-complete & M L-closed = M L-complete
X L-separated & M L-complete = M L-closed

SERDAR SOZUBEK (YORK UNIVERSITY) A TOPOLOGICAL THEORY OF (T,V)-CATS Jury 21, 2011 12 / 14



L-COMPLETE MORPHISMS

@ X L-complete & M L-closed = M L-complete
X L-separated & M L-complete = M L-closed

@ compact object «~ proper map
L-complete object «w ?
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LL-COMPLETE MORPHISMS

@ X L-complete & M L-closed = M L-complete
X L-separated & M L-complete = M L-closed

@ compact object «~ proper map
L-complete object «w ?

DEFINITION (L-cOMPLETE (T,V) FUNCTOR)

f:(X,a) = (Y,b): Vody:X s E & WyeY
QIO (X,a)
\ / = IxeX: p=x & f(x)=
(Y, b) )
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LL-COMPLETE MORPHISMS

@ X L-complete & M L-closed = M L-complete
X L-separated & M L-complete = M L-closed

@ compact object «~ proper map
L-complete object «w ?

DEFINITION (L-cOMPLETE (T,V) FUNCTOR)

fo(X,a) = (Y,b): Vodv:X>E & WyeY
QIO (X,a)
\ / = IxeX: p=x & f(x)=
(Y, b)

e (X,a) L-complete <=1, : (X,a) — (1, T) L-complete
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L-COMPLETE MORPHISMS

O

L= fA) ={y} = xeX: A={x} & f(x) =y
z ----f---»w

Jury 21, 2011 13 / 14
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LL-COMPLETE MORPHISMS

er

FIA) =y} = Ixe X: A= [x} & f(x) =

PROPERTIES

o Pullback stable
@ X L-complete, Y L-sep. = Vf : X — Y L-complete

o Cancellation w.r.t. L-separated maps,
f:X—=YLsep. <= Vx,zeX (xs =2z, & f(x) =f(z) = x=2)

¢ 21, 2011

A TorPOLOGICAL THEORY OF (T,V)-CArts JuLy
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FACTORIZATION SYSTEM
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FACTORIZATION SYSTEM

e 3 : Tych — CpctHaus

Factorization Sys. on Tych : (antiperfect, perfect)
Antiperfect = 37!{lso} , Perfect = Proper & separated
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FACTORIZATION SYSTEM

e 3 : Tych — CpctHaus

Factorization Sys. on Tych : (antiperfect, perfect)
Antiperfect = 37!{lso} , Perfect = Proper & separated

e V:(T,V)-Cat — (’Jl’,V)—CatCPI & sep
Factorization Sys. on (T,V)-Cat : (V" {lso}, L-comp & L-sep)
Y Uisol = {f | fiof* =1, f of,=1)
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