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A -5 Set is flat if its left Kan extension
along the Yoneda embedding is left exact
(preserves finite limits).
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A—nM Hom(A°P, Set)
A L5 Set is flat if its left Kan extension - ’
along the Yoneda embedding is left exact P - P
(preserves finite limits). i
Set

For A 2 Set, the following are equivalent:

@ The category of elements Elp of P is cofiltered.
@ P is a filtered colimit of representable functors.

@ P is flat.

* [ML,M] Sheaves in Geometry and Logic: a First Introduction to Topos Theory,
1992.



Flat functors
oce

0000
Idea of the proof

Starting point for the 2-categorical case

Flat 2-functors
000

@ Elp is cofiltered.

@ P is a filtered colimit of representable functors
@ P is flat.

o 1=2: P=lim Aa, ) (= [" Pax A(a,—))
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@ Elp is cofiltered.

@ P is a filtered colimit of representable functors.

@ P is flat.

°ol=2: P:@)@A(a,—) (= [“ Pax A(a,-)).
B

@ 2 = 3: Representable functors are flat.

_|_
Filtered colimit of flat is flat (since filtered colimits
commute with finite limits).
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@ Elp is cofiltered.
@ P is a filtered colimit of representable functors.

@ P is flat.

°ol=2: P:@)@A(a,—) (= [“ Pax A(a,-)).
B

@ 2 = 3: Representable functors are flat.
_|_
Filtered colimit of flat is flat (since filtered colimits
commute with finite limits).

0 3=1: C 5 Dleft exact and C has finite limits = EI F cofiltered.

_|_
FElp+ cofiltered = FElp cofiltered.
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*[K] Structures defined by finite limits in the enriched context, I, 1982.
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Flatness for V-enriched functors

Flat 2-functors
000

Kelly*.

A notion of flatness for V-enriched functors was already considered by

V = Cat gives us a notion of flatness for 2-functors.

There is no known generalization of the main theorem with this
notion of flatness.

)

*[K] Structures defined by finite limits in the enriched context, I, 1982.
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There was no known expression
of P as a (conical) colimit of P~ pfA PAx A(A, —). J
representable functors.

This pseudo-coend can be expressed as a special kind of (conical)
colimit over the 2-category of elements £lp associated to P.
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AL Set, A°P F, Set. J

op
Dicones for A x A® ZXE, get. Cones for Elopp <>—P> Aor £y et
Pa x Fa Fa
) Az.a)
Pa x Fb = A rrlo= 2
Fb
Pbx Fb

ea(x7 y) = )‘(a:,a) (y) J
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Diamonds vs cones (dimension 1)
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000
P F
A — Set, A°? — Set. J
. PxF
Dicones for A x AP 227 Set:
Pa x Fa

oY F

Cones for ElI}Y — AP — Set:
Fa

Pa x Fb =

\(jw
Z
m /

Ff = Z
0y

/(Pf(r) 1)

Pb x Fb £b
0 (.’E y) = A(z,a)(y) J

As a corollary, [ Pa x Fa = lim Fa.

BI%P
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AL Set, Ar Ly Set. |
Dicones for A x Ao» 2XE, Set:
Pa x Fa

or
Cones for EI® “£5 Ar L Set:

Fa
K \(zm
Pa x Fb = 7 Ff =
Pfxid /

= 7
Af(z),b)
Pbx Fb Fb
0 (x,y) — )‘(z,a) (y) J
As a corollary, fa Pa x Fa = l7,_r>n Fa.
E197
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AL Cat, A°P £ cat. J
Dicones for A x Ao» 2XE, Set:
Pa x Fa

or
Cones for EI® “£5 Ar L Set:

Fa
K \(jm
Pa x Fb = 7 Ff =
Pfxid /

= 7
Af(z),b)
Pbx Fb Fb
0 (x,y) — A(z,a) (y) J
As a corollary, fa Pa x Fa = lz_r>n Fa.
Bl
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AL Cat, A°P +, cat. J
Pseudodicones for A x A% 225 cat.
PAx FA
idX Ff

oW
Cones for EIY =2 AP L Set:

Fa
Y,a)
K
PAx FB 10y Z

Ff =
Pfxid

= Z
Af(w),b)
bn Fb
PB x FB
ea(l‘v y) — )‘(z,a) (y) J
As a corollary, [* Pa x Fa = lim Fa. J
BI%?
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AL Cat, A°P +, cat. J
Pseudodicones for A x A% 225 cat.

PAxFA
idX Ff

OF F
o-comes for EIF —5 AP — Cat:

FA
K
PAX FB 0 VA

Az, 4)
Pfxid

Ffl A A
-]
PB x FB

A(a’,B)
FB

Oa ($7 y) - )‘(z,a) (y)

As a corollary, [“ Pa x Fa = lim Fa.
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AL Cat, A°P +, cat. J
Pseudodicones for A x A% 225 cat.
PAx FA
idX Ff

OF F
o-comes for EIF —5 AP — Cat:

FA
K
PA X FB for

Az, 4)
Z
Pfxid

Ffl A A
-]
PB x FB

A(a’,B)
FB

04(z,y) = Az,4)(y)

As a corollary, [“ Pa x Fa = lim Fa.
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AL Cat, A°P £ cat. J
Pseudodicones for A x AP £XE cat.
PAx FA
WdXFf

(e F
o-cones for EIF —5 AP — Cat:

FA
K
PA X FB 0 Z

Az, A)
Ff| Xy Z
A’ B)
Pfxid % FB
PB x B
HA(xa y) = )‘(m,A) (y) P
O1)@.v) = Apidp )y
As a corollary, [* Pa x Fa = lim Fa.

EI%P
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AL, Cat, A°P £, cat.

op
Pseudodicones for A x AP X5 cat. o-cones for EIF <>—P> A By cat.
FA
PAx FA 5
(@,4)
idx Ff 04 \
\ Ff| " Xse) Z
PAx FB N Z /
\ / A, B)
Pfxid (%] FB
PB x FB
HA(ZE, y) = A(m,A) (y) )
(af)(z,y) = (A(f,idpf(x)))y

As a corollary, pfA PA x FA = g-lim FA. J

£12P
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/LN Hom/(AP, Set)
A L5 Set is flat if its left Kan extension e
along the Yoneda embedding is left exact P P
(preserves finite limits). i
Set

Theorem

' P 4 . .
For a functor A — Set, the following are equivalent:

© The category of elements Elp of P is cofiltered.
© P is a filtered colimit of representable functors.

© P is flat.
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A—" Homy, (AP, Cat)
A i> Cat is flat if its left Kan extension LY
along the Yoneda embedding is left exact P L p
(preserves finite limits). K
Cat

Theorem

' P 4 . .
For a functor A — Set, the following are equivalent:

© The category of elements Elp of P is cofiltered.
© P is a filtered colimit of representable functors.

© P is flat.
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Flat 2-functors
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A ——"—— Hom,, (A, Cat)
A L5 cat is flat if its left bi-Kan LG
extension™ along the Yoneda embedding is P o
left exact (preserves finite limits). K
Cat

Theorem

For a functor A N Set, the following are equivalent:
© The category of elements Elp of P is cofiltered.
© P is a filtered colimit of representable functors.

© P is flat.

*[LN] On biadjoint triangles, 2016.
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P . A—" s Hom, (A, Cat)
A — Cat is flat if its left bi-Kan
extension® along the Yoneda embedding is =
left exact (preserves finite weighted P P
bi-limits). Cat s

Theorem

For a 2-functor A £ Cat, the following are equivalent:
Q@ The 2-category of elements Elp of P is cofiltered.
© P is a filtered colimit of representable functors.

© P is flat.

*[LN] On biadjoint triangles, 2016.



Flat functors Starting point for the 2-categorical case Flat 2-functors
[e]e] 0000 000

> A—r Hom,, (AP, Cat)
A — Cat is flat if its left bi-Kan
n R
extension™ along the Yoneda embedding is =
left exact (preserves finite weighted P P
R

bi-limits). Cat

Theorem

For a 2-functor A £ Cat, the following are equivalent:

Q@ The 2-category of elements Elp of P is o-cofiltered (with respect
to the family of co-cartesian arrows).

© P is a filtered colimit of representable functors.

© P is flat.

#[LN] On biadjoint triangles, 2016.
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P s es . A——"— Hom,, (A, Cat)
A — Cat is flat if its left bi-Kan
extension® along the Yoneda embedding is =
left exact (preserves finite weighted P P
bi-limits). Cat

For a 2-functor A N Cat, the following are equivalent:

Q The 2-category of elements Elp of P is o-cofiltered (with respect
to the family of co-cartesian arrows).

@ P is (equivalent to) a o-filtered o-colimit of representable
2-functors.

@ P is flat.

*[LN] On biadjoint triangles, 2016.
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@ 2 = 3: Representable functors are flat.

+

filtered colimit of flat is flat (since filtered colimits
commute with finite limits).

= FElp cofiltered .

e3=1:C5 D left exact and C has finite limits
+
FElp-

cofiltered = FElp cofiltered .
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Idea of the proof = @ &ip is o-cofiltered.

@ P is (equivalent to) a o-filtered o-colimit of
representable 2-functors.

@ P is flat.

e 1= 2 Pro-limA(A, —).

g1y

@ 2 = 3: Representable 2-functors are flat.
_|_
o-filtered o-colimit of flat is flat (since filtered colimits
commute with finite limits).

3= 1: C L D left exact and C has finite limits
= Flp cofiltered .
+
FElp~ cofiltered = Elp cofiltered .
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Q &lp is o-cofiltered.

@ P is (equivalent to) a o-filtered o-colimit of
representable 2-functors.

@ P is flat.

o 1= 2: Prxo-lim A(A, —).

g1y

@ 2 = 3: Representable 2-functors are flat.
_|_
o-filtered o-colimit of flat is flat (since o-filtered o-colimits
commute with finite weighted bilimits*).

3= 1: C L D left exact and C has finite limits
= Flp cofiltered .
+
FElp- cofiltered = FElp cofiltered .

*[DDS] A construction of certain weak colimits and an exactness property of the
2-category of categories, 2016.



Flat functors Starting point for the 2-categorical case Flat 2-functors
[e]e] 0000 (o] le]

Q &lp is o-cofiltered.

@ P is (equivalent to) a o-filtered o-colimit of
representable 2-functors.

@ P is flat.

o 1= 2: Prxo-lim A(A, —).

g1y

@ 2 = 3: Representable 2-functors are flat.

Jr
o-filtered o-colimit of flat is flat (since o-filtered o-colimits
commute with finite weighted bilimits*).
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Q &lp is o-cofiltered.

@ P is (equivalent to) a o-filtered o-colimit of
representable 2-functors.

@ P is flat.

o 1= 2: Prxo-lim A(A, —).

g1y

@ 2 = 3: Representable 2-functors are flat.

+
o-filtered o-colimit of flat is flat (since o-filtered o-colimits

commute with finite weighted bilimits*).

0 3=1: CL Dleft exact and C has finite weighted bilimits
= E&lp o-cofiltered.

+
Elp~ o-cofiltered = Elp o-cofiltered.

*[DDS] A construction of certain weak colimits and an exactness property of the
2-category of categories, 2016.
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Thank you!
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