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Quandles

Definition (D. Joyce, S.V. Matveev)

A guandle is a set A equipped with two binary operations < and <’
satisfying the following identities :

» a<a=a;
» (a<b)< 'b=a, (a<'b)<xb=a;
» (a<b)<c=(a<c)<(b<c).

If Aand B are quandles, a quandle homomorphism f: A— Bis a
function such that

fla< &) = f(a) < f(&), fla<™'d)=f(a)<™' f(&).

We write Qnd for the category of quandles.
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Trivial quandles

Example

» Any set A has a natural quandle structure :
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Trivial quandles

Example

» Any set A has a natural quandle structure : one defines

a<b=a a< 'b=a, Va, be A

» This yields a trivial quandle structure (A, <, <~") on A.

We write Qnd” for the category of trivial quandles.
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Quandle associated with a group

Example
If (G,-, 1) is a group, one sets

g<sh=h"'.g.-h, ga'h=h-g-h7' Vg, heG

This defines a quandle Conj(G) = (G, <, <~ '), called the conjugation
quandle of G.
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Quandle associated with a group

Example
If (G,-, 1) is a group, one sets

g<sh=h"'.g.-h, ga'h=h-g-h7' Vg, heG

This defines a quandle Conj(G) = (G, <, <~ '), called the conjugation
quandle of G.

Remark
A quandle can be seen as ... “what remains of a group when one only
keeps the conjugation operation”.

Any identity holding in Conj(G) for all G € Grp also holds in Qnd.
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Connected components of a quandle

For bin a quandle (A, <, <~ "), the right translation
pp- A=A

defined by
pp(@) =a<b, VaecA

is an automorphism.
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Connected components of a quandle

For bin a quandle (A, <, <~ "), the right translation
pp- A=A

defined by
pp(@) =a<b, VaecA

is an automorphism.

Let Inn(A) be the subgroup of Aut(A) generated by the right
translations pp, :

Inn(A) = ({pp | b€ A})ana)
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A connected component of A is an orbit under the action of Inn(A).
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component if there are ay, ap,...,ap € A, <% € {<1, <~} such that
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A connected component of A is an orbit under the action of Inn(A).
Two elements a and b of a quandle A are in the same connected
component if there are ay, ap,...,ap € A, <% € {<1, <~} such that

(...((a<* ar) <92 ap)...) <% a, = b.
A quandle A is algebraically connected if it has one connected

component.

For any A, the set 1 (A) of connected components is a trivial quandle.
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The adjunction between Qnd and Qnd*

The functor my: Qnd — Qnd” is left adjoint to the inclusion functor
U: Qnd" — Qnd

™

Qnd 1 Qnd*
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The adjunction between Qnd and Qnd*

The functor my: Qnd — Qnd” is left adjoint to the inclusion functor
U: Qnd" — Qnd

™0
/\ §
Qnd L Qnd*
v
7]

Trivial quandles are determined by the additional identities

aib=a=a<"'b.
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V. Even (2014) proved that the adjunction

o
/_\ §
Qnd s Qnd”
\_/
7]

is admissible from the point of view of Categorical Galois Theory :
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V. Even (2014) proved that the adjunction

o
/—\ §
Qnd s Qnd”
\_/
7]

is admissible from the point of view of Categorical Galois Theory :

the reflection mo: Qnd — Qnd* preserves all pullbacks of the form

A x ) U(B) —= U(B)

7T1l iu(g)

A———U(C)

where g: B — C is a surjective homomorphism in Qnd”,
and f: A— U(C) is a surjective homomorphism in Qnd.
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The categorical notion of covering arising from the adjunction

o
/\ §
Qnd s Qnd*
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7]

gives back the notion of covering introduced by M. Eisermann (2014) :
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The categorical notion of covering arising from the adjunction

o
/—\ §
Qnd s Qnd*
v
U

gives back the notion of covering introduced by M. Eisermann (2014) :

a surjective homomorphism f: A — B with the property that

f(x) = f(y) impliesthata<tx = a<y, forany a € A.
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Local permutability of congruences

Qnd is not a Mal'tsev category :
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Local permutability of congruences

Qnd is not a Mal'tsev category :

if R and S are congruences on a quandle A,
RoS+# SoR,

in general.
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However, a special type of congruences permute in Qnd.
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However, a special type of congruences permute in Qnd.

For a normal subgroup N of Inn(A) one defines a congruence ~y on
the quandle A :

Definition
(a, b) e~y if and only if a and b belong to the same orbit under the
action of N on A.

Lemma (Even-Gran, 2014)
Let A be a quandle, R a congruence on A and N < Inn(A). Then

NN OR: RO /\JN
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Corollary
Let

m

A*f»
g
C

be a pushout of surjective homomorphisms in Qnd,

Eq(9) = {(a, &) | 9(a) = g(&)} = ~n,
for a normal subgroup N < Inn(A).

Q|

—_—>

f

O
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Corollary
Let

m

A*f»
g
C

be a pushout of surjective homomorphisms in Qnd,

Eq(9) = {(a, &) | 9(a) = g(&)} = ~n,
for a normal subgroup N < Inn(A).

-~
Q|

O

—_—>

f

Then the induced morphism (g, f): A— C xp B is surjective :
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Example
The kernel pair of the unit 14

4
~inn(A)= EQ(14) _A "> Umo(A)

2

is such a congruence.

15/33



Example
The kernel pair of the unit 14

™

~inn(A)= EQ(14) _A "> Umo(A)

2

is such a congruence.

This fact plays a crucial role in the study of the Galois structure

0
_— T §
Qnd s Qnd*
\_/
U
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Symmetric and abelian quandles
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Central extensions in the variety of quandles

The subvariety of symmetric quandles
Qnd contains the subvariety SymQnd of symmetric quandles :

sym

/\.
Qnd 1 SymQnd
\_/

u
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Central extensions in the variety of quandles

The subvariety of symmetric quandles
Qnd contains the subvariety SymQnd of symmetric quandles :

sym

/—\
Qnd 1 SymQnd
N~ N @

u

A quandle Q is symmetric if it satisfies the additional identity

a<ib=b«a, Va,b e Q.
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Lemma
The variety SymQnd of symmetric quandles is a Mal'tsev variety.

18/33



Lemma
The variety SymQnd of symmetric quandles is a Mal'tsev variety.

Proof
Let p be the ternary term defined by

p(a,b,c)=(a<c)<'b.

18/33



Lemma
The variety SymQnd of symmetric quandles is a Mal'tsev variety.

Proof
Let p be the ternary term defined by

p(a,b,c)=(a<c)<'b.

Then:

p(a,a,b)=(a<b)<'a=(b<a)<'a=b,
p(a,b,b)=(a<b)<™'b=a.
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Abelian quandles

A quandle Ais abelian (or medial ) if
(a<b)<(cad)=(a<c)<(b<d).
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Abelian quandles

A quandle Ais abelian (or medial ) if
(a<b)<(cad)=(a<c)<(b<d).

Remark
The notions of symmetric quandle and of abelian quandle are
independent.

Not all abelian quandles are symmetric :

for a counter-example, take the trivial quandle on A = {a, b}.

Not all symmetric quandles are abelian :

the smallest counter-example has 81 elements (J.-P. Soublin).
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The variety of abelian symmetric quandles

The Mal'tsev variety SymQnd contains the subvariety AbSymQnd of
abelian symmetric quandles determined by the identity

(a<b)<(cad)=(a<c)<(b<d).
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The variety of abelian symmetric quandles

The Mal'tsev variety SymQnd contains the subvariety AbSymQnd of
abelian symmetric quandles determined by the identity

(a<b)<(cad)=(a<c)<(b<d).
Remark

AbSymQnd = Mal(SymQnd)

Lemma

AbSymQnd is a naturally Mal’'tsev category (in the sense of P.
Johnstone, 1989) :

any A € AbSymQnd has a natural Mal'tsev operation

p:AxAxA—= A
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There is a reflection

sym ab
/—\ —
Qnd € SymQnd L AbSymQnd
v '\_/

v u
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There is a reflection

sym ab
/\ T
Qnd il SymQnd L AbSymQnd
v \_/
v U
similar to
I
T
V L Vab
\/
U

where V is a modular variety, 1V, its subvariety of abelian algebras.
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Lemma
The reflection

sym ab
N — T
Qnd L SymQnd 1 AbSymQnd
v ~—
v u

is admissible for Categorical Galois Theory.
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Lemma
The reflection

sym ab

= —
Qnd L SymQnd 1 AbSymQnd
v ~—
v u

is admissible for Categorical Galois Theory.

This means that the reflector ab o sym: Qnd — AbSymQnd
preserves the pullbacks of the form

A x(vouye) (V o U)(B) —== (Vo U)(B)

™ i i (VoU)(9)

A (Vo U)C)
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Given a quandle homomorphism f: A — B, each fiber ~'(b) is a
subquandle of A.
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Given a quandle homomorphism f: A — B, each fiber ~'(b) is a
subquandle of A.
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Given a quandle homomorphism f: A — B, each fiber ~'(b) is a
subquandle of A.

Indeed, each b of B determines a subquandle {b} of B :

f~1(b) —=A

{b} ——B

We say that f: A — B has abelian symmetric fibers if each fiber
f~1(b) is in AbSymQnd.
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Fact :
If f: A— B has abelian symmetric fibers, then

Eq(f) o R = Ro Eq(f)

for any congruence R on A.
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Fact :
If f: A— B has abelian symmetric fibers, then

Eq(f) o R = Ro Eq(f)

for any congruence R on A.

This also follows from a result by D. Bourn (2015) concerning some
“partial Mal’'tsev” properties of Qnd.
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Definition
If R and S are equivalence relations on A, a double equivalence
relation Con Rand S

P1
C—/=S
P2
T{'1\L T2 Sq \LSQ
n
R—/—=A
r2

is called a centralizing relation if the square

9
g
°
)><7(D

d

R

is a pullback.
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In a Mal'tsev variety the existence of a centralizing relation C on R

and S

C—=
——

P2
T | |7T2 S| | S
n
R—=
E——

r2

T W»

is equivalent to the triviality of the Smith commutator :

[R, S] = Aa,
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In a Mal'tsev variety the existence of a centralizing relation C on R
and S

R
.

C
P2

™| | T2 S
n

—_—
R I
2

S2

T W»

is equivalent to the triviality of the Smith commutator :

[R, S] = Aa,

and to the existence of a partial Mal'tsev operation p: R x4 S — A:

P(Xaya}’):& P(XaX,Y):}’-
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Definition
A surjective quandle homomorphism f: A — B is an algebraically

central extension if there is a centralizing relation on Eq(f) and A x A :

C—ZAXA

I, el

Eq(f) f4; A > B
2
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Lemma

» For a quandle homomorphism f: A — B with abelian symmetric
fibers such a centralizing relation is unique, when it exists.
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Definition
A surjective quandle homomorphism f: A — B is an algebraically

central extension if there is a centralizing relation on Eq(f) and A x A :

C—ZAXA

I, el

Eq(f) f4; A > B
2

Lemma

» For a quandle homomorphism f: A — B with abelian symmetric
fibers such a centralizing relation is unique, when it exists.

» When this is the case, one can prove that
Eq(f) = Ax Q

where Q is an abelian symmetric quandle.

28/23



This type of products

Ax Q—sQ

L

A4>>{*}:1

is preserved by the reflector ab o sym: Qnd — AbSymQnd.
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This type of products

Ax Q—sQ

L

A4>>{*}:1

is preserved by the reflector ab o sym: Qnd — AbSymQnd.

This follows from the surjectivity of Q — 1, and the fact that it lies in
AbSymQnd.
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A surjective homomorphism f: A — Bin Qnd is a trivial covering if the
commutative square induced by the units of the reflection

A f B
]
A 8
(@b o sym)(A) " (ab o sym)(B)

is a pullback.
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A surjective homomorphism f: A — Bin Qnd is a trivial covering if the
commutative square induced by the units of the reflection

A f B
]
nNA 7B
(@b o sym)(A) " (ab o sym)(B)

is a pullback.

A surjective homomorphism f: A — B is a covering if there is a
surjective homomorphism p: E — B suchthat 71: E xg A— E in

ExgA— 25 A

|

is a trivial covering.
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Theorem (Even, Gran, Montoli, 2016)

Given a surjective homomorphism f: A — B in Qnd, the following
conditions are equivalent :

1. fis a covering for the reflection

sym ab
/\ —

Qnd € SymQnd 1 AbSymQnd (1)
v ~

% U
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Theorem (Even, Gran, Montoli, 2016)

Given a surjective homomorphism f: A — B in Qnd, the following
conditions are equivalent :

1. fis a covering for the reflection

sym ab
/—\ —
Qnd € SymQnd 1 AbSymQnd (1)
k/ ~—
v U

2. fis a normal covering for the reflection (1)

3. fis an algebraically central extension with abelian symmetric
fibers

Remark

For a homomorphism the two conditions “being algebraically central”
and “having abelian symmetric fibers” are independent.
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This theorem opens the way to the study of higher-order coverings.
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This theorem opens the way to the study of higher-order coverings.

Other results concern closure operators in Qnd

and factorization systems associated with reflective subcategories.

29/272



Bibliography

» M. Eisermann, Quandle coverings and their Galois
correspondence, Fund. Mathematicae (2014)

» E. Bunch, P. Lofgren, A. Rapp, and D. N. Yetter, On quotients of
quandles, J. Knot Theory Ramifications (2010)

» V. Even and M. Gran, On factorization systems for surjective
quandle homomorphisms, J. Knot Theory Ramifications (2014)

» V. Even and M. Gran, Closure operators in the category of
quandles, Topology and its Applications (2016)

» V. Even, M. Gran and A. Montoli, A characterization of central
extensions in the variety of quandles, Theory and Applications of
Categories (2016)

» P.T. Johnstone, Affine categories and naturally Mal’cev
categories, J. Pure Appl. Algebra (1989)

» D. Bourn, A structural aspect of the category of quandles, J. Knot
Theory Ramifications (2015)

22/29



	Quandles
	Symmetric and abelian quandles
	Central extensions in the variety of quandles

