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What are the connections between these developments?
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The theorem remains true [Gran & VdL, 2008] in any semi-abelian category
lanelidze, Marki & Tholen, 2002] with enough projectives;
centrality may be defined via commutator theory or via categorical Galois theory.
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How to extend this to semi-abelian categories?



Three commutators

Smith-Pedicchio

For equivalence relations R, S on X

r 52
R <—Ar—= X —As— S,
ro S1

the Smith-Pedicchio commutator [R, 5]°

the kernel pair of t:

R
<1R,A50r1>/ Y

RXXS > T <t

(Agost,1 5>\ /

Huq & Higgins

For K, L <1 X, the Huq commutator [K, L] is
the kernel of g:

<1/<y \

KxL->Q

N4

The Higgins commutator [K, L] < Xis
the image of (k /Jotk

Kol Kbl — K x L

l[k U]
v

[K, L] > X



Pregroupoids

Smith-Pedicchio

For equivalence relations R, S on X

ri 52
R<Ar= XA, S,
ro s1

the Smith-Pedicchio commutator [R, S]° is

the kernel pair of t:

R
<1R,A50r1>/ X

RXxS>T<t

(Agost,1 :\ /

A span D<l Xx—>Cisa pregroupoid

iff [Eq(d), Eq(c)]® = Ay. [Kock, 1989]

Eq(d)

<1Eq(d)7<77177r1>>/ \m

Eq(d) xx Eq(c) P> X

{mym), 1Eq(c:\ /

([5, oz)



The Smith is Hug condition

Several categorical-algebraic conditions have been considered which
“make a semi-abelian category behave more like Gp does”.



The Smith is Hug condition

Several categorical-algebraic conditions have been considered which
“make a semi-abelian category behave more like Gp does”.

One (weak and well-studied) such is the Smith is Huq condition (SH), which holds when
two equivalence relations R and S on an object X commute iff their normalisations K, L <1 X do.

n 59
<L normalisationsof R—=X3——3§
ro S1

rooker(ry) sooker(s1)
D> X




The Smith is Hug condition

Several categorical-algebraic conditions have been considered which
“make a semi-abelian category behave more like Gp does”.

One (weak and well-studied) such is the Smith is Huq condition (SH), which holds when
two equivalence relations R and S on an object X commute iff their normalisations K, L <1 X do.

n 59
<L normalisationsof R—=X3——3§
ro S1

rooker(ry) sooker(s1)
D> X

» One implication is automatic [Bourn & Gran, 2002].



The Smith is Hug condition

Several categorical-algebraic conditions have been considered which
“make a semi-abelian category behave more like Gp does”.

One (weak and well-studied) such is the Smith is Huq condition (SH), which holds when
two equivalence relations R and S on an object X commute iff their normalisations K, L <1 X do.

n 59
<L normalisationsof R—=X3——3§
ro S1

rooker(ry) sooker(s1)
D> X

» One implication is automatic [Bourn & Gran, 2002].

» All Orzech categories of interest [Orzech, 1972] satisfy (SH). Loop does not.



The Smith is Hug condition

Several categorical-algebraic conditions have been considered which
“make a semi-abelian category behave more like Gp does”.

One (weak and well-studied) such is the Smith is Huq condition (SH), which holds when
two equivalence relations R and S on an object X commute iff their normalisations K, L <1 X do.

n 59
<L normalisationsof R—=X3——3§
ro S1

rooker(ry) sooker(s1)
D> X

» One implication is automatic [Bourn & Gran, 2002].
» All Orzech categories of interest [Orzech, 1972] satisfy (SH). Loop does not.

» By [Martins-Ferreira & VdL, 2012] and [Hartl & VdL, 2013], under (SH) the description
of internal crossed modules of [Janelidze, 2003] simplifies.



The Smith is Hug condition

Several categorical-algebraic conditions have been considered which
“make a semi-abelian category behave more like Gp does”.

One (weak and well-studied) such is the Smith is Huq condition (SH), which holds when
two equivalence relations R and S on an object X commute iff their normalisations K, L <1 X do.

rooker(ry) sooker(s1) o r s2
> X <L normalisationsof R—=X3——3§
ro S1

» One implication is automatic [Bourn & Gran, 2002].
» All Orzech categories of interest [Orzech, 1972] satisfy (SH). Loop does not.

» By [Martins-Ferreira & VdL, 2012] and [Hartl & VdL, 2013], under (SH) the description
of internal crossed modules of [Janelidze, 2003] simplifies. This is, essentially, because

then, a span D<? X—S>Cisa pregroupoid iff [Ker(d), Ker(c)] = 0,



The Smith is Hug condition

Several categorical-algebraic conditions have been considered which
“make a semi-abelian category behave more like Gp does”.

One (weak and well-studied) such is the Smith is Huq condition (SH), which holds when
two equivalence relations R and S on an object X commute iff their normalisations K, L <1 X do.

n 59
<L normalisationsof R—=X3——3§
ro S1

rooker(ry) sooker(s1)
D> X

» One implication is automatic [Bourn & Gran, 2002].
» All Orzech categories of interest [Orzech, 1972] satisfy (SH). Loop does not.

» By [Martins-Ferreira & VdL, 2012] and [Hartl & VdL, 2013], under (SH) the description
of internal crossed modules of [Janelidze, 2003] simplifies. This is, essentially, because

then, a span D<? X—S>Cisa pregroupoid iff [Ker(d), Ker(c)] = 0,
d

so a reflexive graph G1<——=Gj is an internal groupoid iff [Ker(d), Ker(c)] = 0.



The Smith is Hug condition

Several categorical-algebraic conditions have been considered which
“make a semi-abelian category behave more like Gp does”.

One (weak and well-studied) such is the Smith is Huq condition (SH), which holds when
two equivalence relations R and S on an object X commute iff their normalisations K, L <1 X do.

n 59
<L normalisationsof R—=X3——3§
ro S1

rooker(ry) sooker(s1)
D> X

» One implication is automatic [Bourn & Gran, 2002].
» All Orzech categories of interest [Orzech, 1972] satisfy (SH). Loop does not.
» By [Martins-Ferreira & VdL, 2012] and [Hartl & VdL, 2013], under (SH) the description

of internal crossed modules of [Janelidze, 2003] simplifies. This is, essentially, because

then, a span D<? X—S>Cisa pregroupoid iff [Ker(d), Ker(c)] = 0,
d

so a reflexive graph G1<——=Gj is an internal groupoid iff [Ker(d), Ker(c)] = 0.

This is important when defining abelian extensions.
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Let 2 be a semi-abelian category. An abelian extension in 2" is a short exact sequence

0 A E—Lox 0
where f is an abelian object in (2" | X): this means that, equivalently,
1 the span (f,f) is a pregroupoid;
2 the commutator [Eq(f), Eq(f)]® is trivial;
3 (1, 1g): E— Eq(f) is a normal monomorphism f — fry in (2" | X);
s {a,ay: A — Eq(f) is a normal monomorphism in Z".

Example: a split extension (a point (f,s) with a = ker(f)) is abelian
iff it is a Beck module [Beck, 1967]: an abelian group object in (2~ | X).

{a, > xf
0 —> Ar—>Eq( A XeX—>0 Given an abelian extension, we may take
H LI@EJQ fgii cokernels as in the diagram on the left to find
0 0 its direction: the X-module (A, £).
a

The pullback (&) of £ along f is the conjugation action of £ on A.
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» There are examples (e.g. in Loop) where A is abelian but f is not.

» The condition (SH) implies that all extensions with abelian kernel are abelian,
because [A, A]? = 0 implies that [Eq(f), Eq(f)]® is trivial.
In particular then, any internal action on an abelian group object is a Beck module.
(Actions are non-abelian modules.)

Theorem (Cohomology with non-trivial coefficients)

H2(X, (A, €)) = OpExt! (X, A, £), the group of equivalence classes
of extensions from A to X with direction (A, ).

Under (SH), cohomology classifies all extensions with abelian kernel.

» By [Bourn & Janelidze, 2004], abelian extensions are torsors, which by [Duskin, 1975]
[Glenn, 1982] are classified by means of comonadic cohomology [Barr & Beck, 1969].

» H?(—, (A, €)) is a derived functor of Hom(—, A x¢ X — X): (2 | X)° — Ab.
We assume that 2 carries a comonad G whose projectives are the regular projectives.



Overview, n = 1

Homology Ha(X)
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trivial action & arbitrary action £

c R A [F, F]
g R,
abelian 0
categories
Barr-exact
categories
semi-abelian RA[FA

categories [R, F]

CentrExt* (X, A) OpExt' (X, A, €)
Ext' (X, A)
Tors'[X, (A, €)]

CentrExt* (X, A) OpExt' (X, A, €)
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any simplicial resolution) determines an (n + 1)-fold extension (presentation).
In fact, the extension property characterises being aspherical [Everaert, Goedecke & VdL, 2012].
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In the abelian case, Yoneda n-extensions are equivalent to n-fold extensions (by Dold-Kan).
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Repeating this construction gives a definition of n-fold central extensions for all n.
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Theorem [Duskin, 1975] [Glenn, 1982]
Let £ be Barr-exact and G a comonad on 2~

o o~ H"Homyz 1) (G(1x), A x¢ X 2 X)
where (G-projectives = regular projectives). .
For any X in £~ and any X-module (A, ), the = moTors” (X, (A, €))
cotriple cohomology HE (X, (A, €)) is =: Tors"[X, (A, §)]
» Tors" (X, (A, €)) denotes the category of torsors over K((A,&),n) in (Z~ | X).
Opy121x fe
» K((A, £),n) is determined by (4,6)"*1 5 x ™7 (a,¢) x X X X X X
ﬂo;ﬂlx fe

where 0,41 = (—1)" X7 o(—1)'m;.

» An augmented simplicial morphism t: T — K((A, &), n) is called a torsor when

(T1) tis a fibration which is exact from degree n on;
(T2) T = Cosk,—1(T);
(T3) T is aspherical.

If (A, {) is a trivial X-module in a semi-abelian category with (SH), then (1) any torsor, viewed
as an n-extension, is central; and (2) every class in CentrExt”(X, A) contains a torsor.
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mainly certain aspects of commutator theory need to be further developed:
in particular, higher Smith commutators, and their decomposition
into (potentially non-binary) Higgins commutators.

It seems here something stronger than (SH) may be needed.

» Results in group theory/non-abelian algebra may only extend
to the semi-abelian context when certain additional conditions are satisfied.

We made heavy use of the condition (SH), but a whole hierarchy of categorical-algebraic
conditions has been introduced and studied over the last few years: some examples are
(local) algebraic cartesian closedness, action representability, action accessibility,
algebraic coherence, strong protomodularity, normality of Higgins commutators.

» These categorical conditions may help us understand algebra from a new perspective.
For instance, they might lead to a categorical characterisation of Cp, Lie, etc.
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Higher central extensions play “dual” roles
in the interpretation of homology and cohomology
(with trivial coefficients):

Homology H,,+1(X): take the limit
over the diagram of all n-fold central extensions over X
of the functor which forgets to A.

Cohomology H""!(X, A): take connected components
of the category with maps of n-fold central extensions
that keep A and X fixed.

The relationship between homology and cohomology of groups
(with trivial coefficients) may be simplified by viewing it yet another way:

Theorem [Peschke & VdL, 2016]

If X is a group and n = 1, then H,11(X) = Hom(H" (X, =), 1ap).

» This may also be shown via a non-additive derived Yoneda lemma.



Thank you!



