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Cartesian closedness

Definition
A category C is cartesian closed if for every object X , the functor

X ˆ p´q : C Ñ C

has a right adjoint.

For any morphism a : AÑ B, there is a functor a˚ : pC Ó Bq Ñ pC Ó Aq

Definition
A category C is locally cartesian closed if all functors a˚ have a right adjoint.
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Points
Let C be a category. For a fixed object B P C, we form the category of points over B, denoted by PtBpCq.

are arrows making the (reasonable) diagrams commute.
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Points
Let C be a category. For a fixed object B P C, we form the category of points over B, denoted by PtBpCq.

Objects are split epimorphisms (with chosen splitting)
are arrows making the (reasonable) diagrams commute.

X 1

f 1

�%

φ ,2 X

fz�
B
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Ze
s
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Protomodularity

Definition (Bourn, 1991)
A category C is protomodular if all a˚ : PtBpCq Ñ PtApCq reflect isomorphisms.

Proposition
Assume that C has zero object and consider the unique map ¡B : 0Ñ B.
The category C is protomodular if and only if the kernel functor

¡˚B : PtBpCq Ñ Pt0pCq – C
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(LACC)

Definition (Gray, 2010)
A category C is locally algebraically cartesian closed (or (LACC) for short)
if all a˚ : PtBpCq Ñ PtApCq have a right adjoint.

Proposition
Assume that C has zero object and consider the unique map ¡B : 0Ñ B.
The category C is locally algebraically cartesian closed if and only if the kernel functor

¡˚B : PtBpCq Ñ Pt0pCq – C

Ker f

��

,2 X

f

��
0

LR

¡B ,2 B

s

LR

has a right adjoint for all B.
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(LACC)

This definition implies many categorical properties as peri-abelianess, strong protomodularity, the Smith
is Huq condition, normality of Higgings commutators, and algebraic coherence.

Examples
Abelian categories,
Groups, Crossed modules, Cocommutative Hopf algebras over a field of characteristic zero,
Lie algebras.
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Non-associative algebras

Definition
Let K be a field. A non-associative algebra is a K-vector space with a linear map

Ab AÑ A.

We denote the category by AlgK.

A subvariety of AlgK is any equationally defined class of algebras,
considered as a full subcategory V of AlgK.

Examples
Lie algebras, Associative algebras, Jordan algebras, Alternating algebras, the abelian case...
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Non-associative algebras

Theorem (Zhevlakov, Slin’ko, Shestakov, Shirshov)
If V is a variety of algebras over an infinte field K, all of its laws are of the form φpx1, . . . , xnq,
where φ is a non-associative polynomial.
Moreover, each of its homogeneous components ψpxi1 , . . . , xinq is also a law.

This means that if
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Constructions in varieties algebras (informally)

Let V be a variety of algebras, the free V-algebra generated by a set X “ tx , y , z , . . . u
is the K-vector space with basis the free magma generated by X

x , y , z , . . .

pxxq, pxyq, pxzq, pyzq, . . .

pxpxxqq, ppxxqxq, pxpyzqq, pypxzqq, . . .

...

quotiented by the equations of V. Multiplication is juxtaposition.

The coproduct in V of two algebras A and B, is the free algebra generated by A and B where if we find
a word formed by just elements from one of them, we substitute by its multiplication.
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Points and actions

Let X ,B P V. Consider the split extension

B5X ,2 k ,2 B ` X
p1 0q

,2 B
ι1lr

Definition (Bourn-Janelidze, 1998)
An action of B on X (or a B-action) is a morphism ξ : B5X Ñ X .

Theorem (Bourn-Janelidze, 1998)
There is an equivalence of categories

PtBpVq » B-ActpVq
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Forgetful functor

Proposition
Assume that C has zero object and consider the unique map ¡B : 0Ñ B.

The category C is locally algebraically cartesian closed if and only if the kernel functor

¡˚B : B-ActpCq » PtBpCq Ñ Pt0pCq – C

has a right adjoint for all B.
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(LACC)

Proposition (Gray, 2012)
The following are equivalent:

V is (LACC).
¡˚B : B-ActpVq Ñ V preserves binary sums.
The cannonical comparison pB5X ` B5Y q Ñ B5pX ` Y q is an isomorphism.
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Nilpotent algebras

Proposition
If V is (LACC) and xpyzq “ 0 is a law in V, then V is abelian.

Proof: Let B,X ,Y be free algebras on one generator. Since V is (LACC), the morphism

pB5X ` B5Y q Ñ B5pX ` Y q

is an isomorphism.

The element
xpybq P B5pX ` Y q

is equal to zero. Therefore, it has to come from zero.

But it also comes from xpyb2q P B5pX ` Y q.

Since yb2 plays the role of “one element” in B5Y , either yb2 is zero, or x multiplied by something from
B5Y is zero. In both cases it implies that the algebra is abelian.
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Associative algebras

Proposition
The variety of associative algebras is not (LACC).

Proof: Consider again B,X ,Y as free algebras on one generator. Assume that we have an isomorphism:

pB5X ` B5Y q Ñ B5pX ` Y q

Then pxbqy and xpbyq go to the same element in B5pX ` Y q but they are different in pB5X ` B5Y q.
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Leibniz algebras

Proposition
The variety of Leibniz algebras is not (LACC).

Proof: In the Leibniz case, we have the identities

bpxyq “ pbxqy ` xpbyq

bpxyq “ ´pxbqy ` xpbyq

Then, we have that pbxqy ` pxbqy “ 0.
Again, pbxqy ` pxbqy is zero in B5pX ` Y q but it does not need to be in pB5X ` B5Y q.
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Algebraic coherence

Theorem (G.M.-Van der Linden, 2017)
Let V a variety of non-associative algebras. Then, the following are equivalent:

V is algebraic coherent, i.e. the map pB5X ` B5Y q Ñ B5pX ` Y q is a regular epimorphism
(Cigoli-Gray-Van der Linden, 2015).

There exist λ1, . . . , λ16 P K such that

zpxyq “ λ1pzxqy ` λ2pzyqx ` ¨ ¨ ¨ ` λ8ypxzq

pxyqz “ λ9pzxqy ` λ10pzyqx ` ¨ ¨ ¨ ` λ16ypxzq

are laws of V.
V is an Orzech category of interest.
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(LACC)

Theorem (G.M.-Van der Linden)
If V is an alternating variety of non-associative algebras, i.e. xx “ 0 is a law, the following are
equivalent:

V is a subvariety of a (LACC) variety of alternating K-algebras
The Jacobi identity is a law in V.
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Theorem (G.M.-Van der Linden)
If V is an alternating variety of non-associative algebras, i.e. xx “ 0 is a law, the following are
equivalent:

V is a subvariety of a (LACC) variety of alternating K-algebras
The Jacobi identity is a law in V.

Theorem
Let V be an alternating variety of non-associative algebras.
If V is (LACC) then it is a subvariety of Lie algebras.

X. García-Martínez (USC) A characterisation of Lie algebras Vancouver, July 16–22, 2017 17 / 17



(LACC)

Theorem (G.M.-Van der Linden)
If V is an alternating variety of non-associative algebras, i.e. xx “ 0 is a law, the following are
equivalent:

V is a subvariety of a (LACC) variety of alternating K-algebras
The Jacobi identity is a law in V.

Theorem?
Let V be an alternating variety of non-associative algebras
If V is (LACC) then it is a subvariety of Lie algebras.

X. García-Martínez (USC) A characterisation of Lie algebras Vancouver, July 16–22, 2017 17 / 17



(LACC)

Theorem (G.M.-Van der Linden)
If V is an alternating variety of non-associative algebras, i.e. xx “ 0 is a law, the following are
equivalent:

V is a subvariety of a (LACC) variety of alternating K-algebras
The Jacobi identity is a law in V.

Theorem???
Let V be an alternating variety of non-associative algebras
If V is (LACC) then it is a subvariety of Lie algebras.

X. García-Martínez (USC) A characterisation of Lie algebras Vancouver, July 16–22, 2017 17 / 17


