The Orbifold Construction
for Join Restriction Categories

Dorette Pronk !
with Robin Cockett? and Laura Scull 3

"Dalhousie University, Halifax, NS, Canada
2University of Calgary

SFort Lewis College

Category Theory 2017
Vancouver, July 19, 2017



Outline

0 Background: Manifolds and Join Restriction Categories

@ The Orbifold Construction
@ The Objects
@ The Arrows

© The Relation with Classical Orbifolds
@ Orbifold Atlases
@ Orbifold Maps



Background: Manifolds and Join Restriction Categories

Restriction Categories

A restriction category is a category equipped with a restriction
combinator

f-A—- B
f-ASA
which satisfies:
[R1] ff=f
[R2] fg = gf
[R3] fg = fg
[R4] fg = fgf
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Background: Manifolds and Join Restriction Categories

Restriction Categories - Some Basic Facts and
Concepts

@ Amap fis totalwhen f = 1.
@ Total maps form a subcategory of any restriction category.

e f = f and we refer to maps e with e = € as restriction idempotents.
@ The restriction ordering on maps is given by,

f < gifandonly if fg = f.

This makes a restriction category poset-enriched.

D. Pronk (Dalhousie, Calgary, Fort Lewis) The Orbifold Construction CT2017 2017 4/34



Background: Manifolds and Join Restriction Categories

Joins

Definition
@ Two parallel maps f and g in a restriction category are
compatible, written f — g, when fg = gf.

@ A restriction category is a join restriction category when for
each compatible set of maps S the join

\/s
seS
exists and is preserved by composition in the sense that

f(\/ s)g ="/ (fsg).

seS seS
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Background: Manifolds and Join Restriction Categories

The Manifold Construction - Objects

The manifold construction as first introduced by Grandis, and then
reformulated by Cockett and Cruttwell:

Definition

An atlas in a join restriction category B consists of a family of objects

(Xi)ies of B, with, for each /,j € I, a map ¢;: X; — X; such that for each
ij, kel

[Atl.1] ¢ipj; = ¢j (partial charts);
[Atl.2] ¢jpjk < ¢ik (cocycle condition);
[Atl.3] ¢ is the partial inverse of ¢;; (partial inverses).
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Background: Manifolds and Join Restriction Categories

The Manifold Construction - Objects

The manifold construction as first introduced by Grandis, and then
reformulated by Cockett and Cruttwell:

Definition

An atlas in a join restriction category B consists of a family of objects

(Xi)ies of B, with, for each /,j € I, a map ¢;: X; — X; such that for each
ij, kel

[Atl.1] ¢ipj; = ¢j (partial charts);
[Atl.2] ¢jpjk < ¢ik (cocycle condition);
[Atl.3] ¢ is the partial inverse of ¢;; (partial inverses).

Remark

Note that this set of data corresponds to a lax functor from the chaotic
(or, indiscrete) category on / to B.

v
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Background: Manifolds and Join Restriction Categories

The Manifold Construction - Arrows

Definition
Let (X, ¢;) and ( Yk, ykn) be atlases in B. An atlas map
A: (X, ¢jj) = (Y, Ykn) is a familiy of maps

A
Xi — Y

such that
@ ¢;iAik = Ai;
@ ¢jAik < Ai;

@ Aivikn = AikAin (the linking condition).
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Orbifolds

@ Orbifold charts are given by charts consisting of an open subset of
R™ with an action by a finite group.

@ An orbifold atlas may contain non-identity homeomorphisms from
a chart to itself (induced by the group action) and parallel
embeddings between two charts.

@ So we want to replace the chaotic category indexing the atlas for a
manifold by an inverse category.
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The Orbifold Construction The Objects

Inverse Categories

@ Amap f: A— Bin arestriction category is called a restricted
isomorphism, or partial isomorphism, if there is a map
f°: B — Asuch that ff° = f and f°f = f°. (Restricted inverses are
unique.)
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The Orbifold Construction The Objects

Inverse Categories

@ Amap f: A— Bin arestriction category is called a restricted
isomorphism, or partial isomorphism, if there is a map
f°: B — Asuch that ff° = f and f°f = f°. (Restricted inverses are
unique.)

@ A restriction category in which all maps are restricted
isomorphisms is an inverse category.
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Linking Functors

Definition

Let X and Y be restriction categories, a map of the underlying directed
graphs F : X — Y is a linking functor when:

[LFuni] F(x) < F(X),

[LFun2] F(x)F(y) = F(x)F(xy).
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Linking Functors

Definition

Let X and Y be restriction categories, a map of the underlying directed
graphs F : X — Y is a linking functor when:

[LFuni] F(x) < F(X),

[LFun2] F(x)F(y) = F(x)F(xy).

Remark

A manifold in a restriction category B is given by a linking functor from
a chaotic category into B.
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The Category Orb(B)

@ The objects of Orb(B) are linking functors from inverse categories

into B,
F:1—-B.
@ The arrows of Orb(B) are deterministic restriction bimodules over
B,
—N¥ g
xw%
B
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The Orbifold Construction The Arrows

Restriction Bimodules

A restriction bimodule X—Y~v between restriction categories X
and Y consists of
@ Aset M(X,Y)foreach X e Xand Y € Y (for ve M(X, Y) we write

X—=Y);

@ Actions of the category X on the left and Y on the right, satisfying
1.v=v (xx)-v=x-(x-v) v-1=v
v-y)=-y)-y (x-v)-y=x-(v-y).
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The Orbifold Construction The Arrows

Restriction Bimodules

A restriction bimodule X—Y~v between restriction categories X

and Y consists of

@ Aset M(X,Y)foreach X e Xand Y € Y (for ve M(X, Y) we write

X—=Y);

@ Actions of the category X on the left and Y on the right, satisfying

1.v=v (xx)-v=x-(x-v) v-1=v
v-w)=(-y)y (x-v)-y=x-(v-y)
@ A restriction operation

X—~Y
X5 X
satisfying
e (v) =V (hence, Vv is a restriction idempotent in X);
eV-v=vVv

eV-y=v-y-v
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The Orbifold Construction The Arrows

Restriction Bimodules

@ Composition: for restriction bimodules X—%Y—Il\’»z,
composition is given by M® N.

@ Anelement m@ nof M® N(X, Z) is given by me M(X, Y) and
ne N(Y,Z) and the equivalence relation is generated by: for

Y
m/ \ln
X< y > Z
m’i\ Y’ /In’
we have mn=m@y-m~m-yn =men.
@ The restriction on this bimodule is given by

m®n=m-n.
@ The identity module 1x is given by 1x(X, X”) = X(X, X’).
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The Orbifold Construction The Arrows

The Category of Restriction Bimodules

@ For a restriction bimodule M: X + Y the restriction bimodule
M: X -+ Xis given by

M(X,X’) = {mf;me M(X, Y) and f € X(X, X")} € X(X, X').

@ [DeWolf, 2017] The category of restriction bimodules with
invertible restriction modulations is a restriction bicategory.

@ Hence we obtain a restriction category when we take
isomorphism classes of restriction bimodules.
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The Orbifold Construction The Arrows

Deterministic Bimodules

Definition

A restriction bimodule X—¥~Y is deterministic if for each pair of
my e M(X,Y)and my e M(X,Y’) thereisanarrow y: Y - Y inY
suchthat my -y = my - mo,

X—”?‘—»\I/
ml
\

X—nl,2—>- Y’

D. Pronk (Dalhousie, Calgary, Fort Lewis) The Orbifold Construction CT2017 2017 15/34



The Orbifold Construction The Arrows

Remarks

@ If Iis an inverse category, the module 1; is deterministic, and so is
each module of the form M, where M: I - 7.

@ Deterministic modules are closed under composition.
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The Orbifold Construction The Arrows

Restriction Bimodules over B

@ A bimodule (profunctor) M: X -» Y between ordinary categories
corresponds to a bipartite category (collage) Cy(X,Y) on the
disjoint union of the objects of X and Y.

@ When M is a restriction bimodule, Cy(X,Y) is a restriction
category.
@ A restriction bimodule over B,

I

N g

e

B

consists of a linking functor a: Cy(X,Y) — B which restricts to F
onXandto GonY.
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The Orbifold Construction The Arrows

Composition of Restriction Bimodules over B

For deterministic restriction bimodules

X My N Z
\Gl %
B
we define
M N
\mﬁ /
by

cepmen = \/  ao(m)sn)
(m,n")~(m,n)
and this is again a linking functor from a deterministic restriction

bimodule into B.
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The Orbifold Construction The Arrows

The Restriction Operation

For a deterministic restriction module,

x— ¥ .y
A
B
we define @ in B
X—'V—>X

by L
an=\/ a(mF(f)

m: So(m)=oo(f)
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The Restriction Category Orb(B)

Theorem

The category Orb(B) with objects linking functors F: 1 — B and arrows

equivalence classes of deterministic bimodules over B is a restriction
category.
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Joins for Orb(B)

Let

RN

be arrows in Orb(B) with an equivalence 7: M® N = N® M. We
define the join M v N by the pushouts

NeMx,Y) X2 We Nx, v) N(X,Y)

| |

M(X,Y) Mv N(X,Y)
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Joins for Orb(B)

We define @ v g in
MyN

N4

[ a(p) ifpeMX,Y)
aVvp(p)= { B(b) ifpeN(X,Y)

by

Theorem

The category Orb(B) with objects linking functors F: 1 — B and arrows
equivalence classes of deterministic restriction bimodules over B is a
Jjoin restriction category.
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Orbifold Atlases [Joint with A. Sibih]

For an orbifold (X, U), the atlas U consists of
° Chelrts, (Q,-, G, pi,¢i) Where p;: Gj — Homeo(Ui, Ui) and
p: Ui - Ui/G; N U cX.

@ Anindex poset I = O(U) € O(X) such that any intersection of two

atlas opens is the union of smaller atlas opens.
@ Pseudofunctors and a vertical transformation,

(Aa)
HI lp Groupmod
(Cy)

into the double category of groups, bimodules (as horizontal
arrows) and group homomorphisms (as vertical arrows).
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Atlas Modules

@ For each U; ¢ U;, we obtain a double cell,

Aj
G —+— Gj

Pil/ Pij LP/’

red red
G —=G

@ Cj contains the actual embeddings between the charts.

@ Aj and Cj are atlas modules: all groups act freely and the
codomain groups act transitively. Furthermore, G; acts transitively
on the fibers of pj.
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The Inverse Category for U

The poset / together with the elements of the modules A; can be used
to build a category Iy:

@ Objects are the elements of /.
@ An arrow / — j is given by an element 1 € A;.

@ The composition of i 4 i 4 i”" is given by ajjj» (2, 4") € Ajjr.
@ Foreachie I, aj: Aj —» Gj, and we obtain the identity arrow
1, = ai;(eG,.).

We turn Iy, into an inverse category Iy, by freely adding all partial
inverses.
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The Relation with Classical Orbifolds Orbifold Atlases

Orbifold Inverse Categories

The finite isotropy groups and local compatibility conditions on an

orbifold atlas give us that the resulting inverse category has the
following properties:

@ Orbital For each object i there is a finite group G; of total maps
and for any other endomorphism 6: i — i there is a gy € G such
that 6 < gy.

@ Local Compatibility For any map of the form 6£°: i — j there is a
finite collection of maps w; & such that 6° = 2 a wpék and all wg
and & are total.

Remark

It follows that each map in Ty, can be written as 62° = \/_, w?é with
wg and &k in Iq.
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The Linking Functor for U

An orbifold (X, U, I, A, p, C) induces the linking functor:

p: 1y, — Open

@ i— Uon objects;

@ 1 pj(a) for A € Ay;

® g pi(g) for g € Gj;

@ w’¢ B pji(w)°pik(€) Wwhere w € Aj and & € Aj;

@ This can be extended to arbitrary maps, since compatible families
in I, are sent to compatible families in Open.
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Maps Between Orbifold Atlases

With Sibih we developed a notion of map between orbifolds that
corresponds to generalized maps between orbifold groupoids. We took
our inspiration from the manifold construction.

@ In the manifold construction an atlas map ¢: U — <V is given by a
family of partial maps ¢;: U; — V; between charts.

@ For orbifolds, we only use partial maps that are defined on special
subsets of the charts: translation subsets.

@ Hence, we give a poset of such maps for each pair (i, ).
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The Relation with Classical Orbifolds Orbifold Maps

Translation Subsets of Charts

Definition

Let U be a chart with structure group G. A subset V c Uis a
translation subset if for each g € Gy, eitherg-V =Vorg-VnV =0.
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Maps Between Orbifolds

A map
(k; RAR,CR. R w = (X, U, LA, C.p"y - 8 =(Y;V.J A, C,pY)
consists of

@ a continuous function k: X — Y;
@ a poset-valued profunctor R: | — J over GroupMod,

HBipart (R)

Al GroupMod ¢’

We can work with Set-valued profunctors, because the restriction
will give the poset structure.
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The Relation with Classical Orbifolds Orbifold Maps

Maps Between Orbifolds, Cont'd

The data in (k; R, AR, Cf, p*) need to satisfy the following conditions:
) C,?(r) is a set of functions f: Ur — V, with Ur C Ei a translation
subset, and G,fed and H™®9 act by composition. We may need to
add additional structure related to this.

o ForfeCl(r), U—+V,

ﬂilu,l = l”/’

U; -V
"ok

@ The Uy cover the preimage of V; in Uj:
Ur = ;" (KIg (V)
reR(i.j).feCy(r)

Instead of referring back to the quotient space, we use the linking

condition.
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The Relation with Classical Orbifolds Orbifold Maps

Horizontal Maps, Cont'd (action conditions)

The data in
(k; R, AR, CR,pR): A= (X;U, I,A C’,pl) - B=(Y;v, J, A, CJ,pJ)
need to satisfy the following conditions:

@ H; (resp. ijed) acts freely on A%(r) (resp. C/(r)) for each
r € R(i,j). We need to add this.

@ G;jand H; act jointly transitively on Af.;"(r): for f,f € Cf(r) there
are g€ Gjand he H;suchthat h-f.g = f. This works
automatically in the new set-up.

o It f,f € Afl(r) with Uy() = Uy(ry then there is an h € H; such that
f=h-f.This is part of the deterministic condition on modules.

o It fe AR(r), I € Afl(r') with X € Uyry N Up(ry © U; then there is an
s R(i.j) with s <r, s < r and there is an f” € Af¥(s) with
x € Uy € Ur n Ur. Automatic in the restriction category set-up.
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The Relation with Classical Orbifolds Orbifold Maps

The Correspondence for Maps

@ Maps in Orb(Open) with some additional properties give rise to
orbifold atlas maps.

@ (Classical) orbifold maps give rise to restriction modules over
Open, but in general they are only locally deterministic.
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Other Results and Future Work

@ For classical orbifolds one tends to take larger equivalence
classes of maps than we took here; there is a natural way to do
this here as well, but in order to obtain joins we can only require
modules to be locally deterministic;

@ We would like Orb to monadic, but it isn’t in the current set-up. We
plan to fix this by extending the definition of Orb for to join
restriction bicategories of a particular type (and let the result be a
join restriction bicategory as well). We plan to show that this
construction is 2-monadic.
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