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(symmetry)

(transitivity)
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¨ Thm [HM] V is an n-permutable variety iff D ternary operations

$

’

’

’

&

’
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’

%

w1px, y, yq “ x

wi px, x, yq “ wi`1
px, y, yq, 2 ď i ď n ´ 2

wn´1px, x, yq “ y

¨ Embedding Thm [JJ] ModpΓnq - essentially algebraic n-permutable cat

Sn-sorted sets pAsqsPSn
equipped with, for each sort s P Sn:

- an injective operation αs : s Ñ s̄

- ternary operations ws
1, ¨ ¨ ¨ , ws

n´1 : s
3 Ñ s̄

- a partial operation πs : s̄ Ñ s defined on the image of αs
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¨ Embedding Thm ModpΓ1
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¨ To prove a pp about finite lims and regular epis in an n-permutable

context, it suffices to prove in ModpΓnq or ModpΓ1
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¨ Prop [GR] C is a (regular) Goursat cat iff for any

X ˆY Z

��

''❖❖
❖❖❖

❖❖
λ // // U ˆV W

��✤
✤
✤
✤
✤

''❖❖
❖❖❖

❖❖

Z

g
��

δ // //

gg❖❖❖❖❖❖❖
W

k

��

gg❖❖❖❖❖❖❖

X

OO

f ''PP
PPP

PPP
γ // //❴❴❴❴❴❴❴❴❴❴ U

OO✤
✤
✤
✤
✤

h ''P
PPPP

Y

OO

β
// //

ggPPPPPPPP
V

OO

ggP P P P P
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¨ 3-permutable varieties: F - free algebra on one element

∇ “ p1F 1F q : 2F Ñ F



Stability property n “ 3

Aim

2- and 3-permutability

n-permutability

Embedding Theorem I

Embedding Theorem II

Stability property
n “ 3

Stability property
n ě 3

Avoiding coproducts

Unconditional exactness
properties

The finite issue

The algorithm

Another stability
property

CT 2017 Stability properties for n-permutable categories – 7 / 13

��

''❖❖
❖❖❖

❖❖
// //

��✤
✤
✤
✤
✤

''❖❖
❖❖❖

❖❖

��

// //

gg❖❖❖❖❖❖❖

��

gg❖❖❖❖❖❖❖
OO

''PP
PPP

PPP
// //❴❴❴❴❴❴❴❴❴❴

OO✤
✤
✤
✤
✤

''P
PPPP

OO

// //

ggPPPPPPPP

OO

ggP P P P P

¨ 3-permutable varieties: F - free algebra on one element

∇ “ p1F 1F q : 2F Ñ F



Stability property n “ 3

Aim

2- and 3-permutability

n-permutability

Embedding Theorem I

Embedding Theorem II

Stability property
n “ 3

Stability property
n ě 3

Avoiding coproducts

Unconditional exactness
properties

The finite issue

The algorithm

Another stability
property

CT 2017 Stability properties for n-permutable categories – 7 / 13

��

''❖❖
❖❖❖

❖❖
// //

��✤
✤
✤
✤
✤

''❖❖
❖❖❖

❖❖

��

// //

gg❖❖❖❖❖❖❖

��

gg❖❖❖❖❖❖❖
OO

''PP
PPP

PPP
// //❴❴❴❴❴❴❴❴❴❴

OO✤
✤
✤
✤
✤

''P
PPPP

OO

// //

ggPPPPPPPP

OO

ggP P P P P

¨ 3-permutable varieties: F - free algebra on one element

∇ “ p1F 1F q : 2F Ñ F

P Eqp∇q

3F 2F

3F 2F

2F F

∇ ` 1F ∇

1F ` ∇

∇

1F ` ∇

∇

∇ ` 1F



Stability property n “ 3

Aim

2- and 3-permutability

n-permutability

Embedding Theorem I

Embedding Theorem II

Stability property
n “ 3

Stability property
n ě 3

Avoiding coproducts

Unconditional exactness
properties

The finite issue

The algorithm

Another stability
property

CT 2017 Stability properties for n-permutable categories – 7 / 13

��

''❖❖
❖❖❖

❖❖
// //

��✤
✤
✤
✤
✤

''❖❖
❖❖❖

❖❖

��

// //

gg❖❖❖❖❖❖❖

��

gg❖❖❖❖❖❖❖
OO

''PP
PPP

PPP
// //❴❴❴❴❴❴❴❴❴❴

OO✤
✤
✤
✤
✤

''P
PPPP

OO

// //

ggPPPPPPPP

OO

ggP P P P P

¨ 3-permutable varieties: F - free algebra on one element

∇ “ p1F 1F q : 2F Ñ F

P Eqp∇q

3F 2F

3F 2F

2F F

∇ ` 1F ∇

1F ` ∇

∇

1F ` ∇

∇

∇ ` 1F

surjective



Stability property n “ 3

Aim

2- and 3-permutability

n-permutability

Embedding Theorem I

Embedding Theorem II

Stability property
n “ 3

Stability property
n ě 3

Avoiding coproducts

Unconditional exactness
properties

The finite issue

The algorithm

Another stability
property

CT 2017 Stability properties for n-permutable categories – 7 / 13

��

''❖❖
❖❖❖

❖❖
// //

��✤
✤
✤
✤
✤

''❖❖
❖❖❖

❖❖

��

// //

gg❖❖❖❖❖❖❖

��

gg❖❖❖❖❖❖❖
OO

''PP
PPP

PPP
// //❴❴❴❴❴❴❴❴❴❴

OO✤
✤
✤
✤
✤

''P
PPPP

OO

// //

ggPPPPPPPP

OO

ggP P P P P

¨ 3-permutable varieties: F - free algebra on one element

∇ “ p1F 1F q : 2F Ñ F

P Eqp∇q

3F 2F

3F 2F

2F F

∇ ` 1F ∇

1F ` ∇

∇

1F ` ∇

∇

∇ ` 1F

surjective

pp1, p2q

P

"

p1px, yq “ x

p2px, yq “ y



Stability property n “ 3

Aim

2- and 3-permutability

n-permutability

Embedding Theorem I

Embedding Theorem II

Stability property
n “ 3

Stability property
n ě 3

Avoiding coproducts

Unconditional exactness
properties

The finite issue

The algorithm

Another stability
property

CT 2017 Stability properties for n-permutable categories – 7 / 13

��

''❖❖
❖❖❖

❖❖
// //

��✤
✤
✤
✤
✤

''❖❖
❖❖❖

❖❖

��

// //

gg❖❖❖❖❖❖❖

��

gg❖❖❖❖❖❖❖
OO

''PP
PPP

PPP
// //❴❴❴❴❴❴❴❴❴❴

OO✤
✤
✤
✤
✤

''P
PPPP

OO

// //

ggPPPPPPPP

OO

ggP P P P P

¨ 3-permutable varieties: F - free algebra on one element

∇ “ p1F 1F q : 2F Ñ F

P Eqp∇q

3F 2F

3F 2F

2F F

∇ ` 1F ∇

1F ` ∇

∇

1F ` ∇

∇

∇ ` 1F

surjective

pp1, p2q

P

"

p1px, yq “ x

p2px, yq “ y
pr, sq

P



Stability property n “ 3

Aim

2- and 3-permutability

n-permutability

Embedding Theorem I

Embedding Theorem II

Stability property
n “ 3

Stability property
n ě 3

Avoiding coproducts

Unconditional exactness
properties

The finite issue

The algorithm

Another stability
property

CT 2017 Stability properties for n-permutable categories – 7 / 13

��

''❖❖
❖❖❖

❖❖
// //

��✤
✤
✤
✤
✤

''❖❖
❖❖❖

❖❖

��

// //

gg❖❖❖❖❖❖❖

��

gg❖❖❖❖❖❖❖
OO

''PP
PPP

PPP
// //❴❴❴❴❴❴❴❴❴❴

OO✤
✤
✤
✤
✤

''P
PPPP

OO

// //

ggPPPPPPPP

OO

ggP P P P P

¨ 3-permutable varieties: F - free algebra on one element
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∇
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rpx, x, yq “ spx, y, yq
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¨ Thm C regular + binary sums. C is an n-permutable cat iff for any
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¨ Thm C regular + binary sums. C is an n-permutable cat iff for any
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¨ Thm C regular + binary sums. C is an n-permutable cat iff for any
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¨ Thm C regular + binary sums. C is an n-permutable cat iff for any
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ñ Embedding Theorem (follows varietal proof) - doesn’t use sums

ð Uses approximate Hagemann-Mitschke co-operations [RVdL]
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¨ Thm C regular + binary sums. C is an n-permutable cat iff for any
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∇
∇
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❡❡❡❡❡❡
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❡❡❡❡❡❡
❡❡❡❡❡❡

❡❡❡

π2
rrr

rrr
rrr

rrr
rrr

rrr
r

yyrrr
rrr
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✔✔
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✬✬
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✺✺

✺✺
✺✺
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✺✺
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✺✺

✺✺
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✺✺
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✺✺

✺✺
✺✺

✺✺
✺✺

✺✺
✺

// //

��✲
✲✲
✲✲
✲✲
✲✲
✲✲
✲✲
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✲✲
✲✲
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✲✲
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✲✲
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✲✲
✲✲
✲✲
✲
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// //❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴
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✶✶
✶✶
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✴
✴
✴
✴
✴
✴
✴
✴
✴
✴
✴
✴
✴
✴
✴
✴
✴
✴
✴
✴
✴
✴
✴
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✶✶
✶✶
✶✶
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✶✶
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④④
④④
④④

XX✶✶✶✶✶✶✶✶✶✶✶✶✶✶✶
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④④
④④
④④
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XX✶✶✶✶✶✶✶✶✶✶✶✶✶✶✶
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✻
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¨ n-permutable varieties: F - free algebra on one element

∇ “ p1F 1F q : 2F Ñ F

Eqp∇q

3F 2F

2F

3F

2F

3F

3F

2F

3F 2F

F

∇

∇
∇

∇
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¨ Thm C small + lex, (P) unconditional exactness pp

C satisfies (P) ñ LexpC,Setqop satisfies (P)
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¨ How does it work?
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¨ finite diagram + finite (co)limits ù some map is an isomorphism

¨ (SP)

L
π1

rr❡❡❡❡❡❡
❡❡❡❡❡❡

❡❡❡❡❡❡
❡❡❡❡❡

π2
tt
tt
tt
tt
tt
t

zzttt

π3
✔✔
✔✔
✔✔
✔✔
✔✔



✔✔
✔

πn´2

✪✪
✪✪
✪✪
✪✪
✪✪
✪✪
✪✪
✪✪
✪

��✪
✪✪
✪✪
✪

πn´1

��✴
✴✴
✴✴
✴✴
✴✴
✴✴
✴✴
✴✴
✴✴
✴✴
✴✴
✴✴
✴✴
✴✴
✴✴
✴✴

λ // // U ˆV W

��✯
✯✯
✯✯
✯✯
✯✯
✯✯
✯✯
✯✯
✯✯
✯✯
✯✯
✯✯
✯✯
✯✯
✯✯��⑧

⑧

X
γ // //❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴

f

��✴
✴✴
✴✴
✴✴
✴✴

U

h

��✯
✯
✯
✯
✯
✯
✯
✯
✯
✯
✯
✯
✯
✯
✯

??⑧
⑧

X

f

��✴
✴✴
✴✴
✴✴
✴✴g

��⑧⑧
⑧⑧

Y

s

WW✴✴✴✴✴✴✴✴✴
t

??⑧⑧⑧⑧

β

**❱❱❱❱❱❱❱❱❱❱❱❱❱❱❱❱❱❱❱❱❱❱❱❱❱❱❱❱❱❱❱❱❱❱❱ X
g

��⑧⑧
⑧⑧

¨ ¨ ¨Y

s

WW✴✴✴✴✴✴✴✴✴
t

??⑧⑧⑧⑧

β ++❲❲❲❲❲❲❲❲❲❲❲❲❲❲❲❲❲❲❲❲❲❲❲❲❲❲❲❲❲❲

¨ ¨ ¨

X

f

��✴
✴✴
✴✴
✴✴
✴✴

Xg

��⑧⑧
⑧⑧

δ // // W

TT✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯

k

��⑧⑧
⑧⑧

Y

s

WW✴✴✴✴✴✴✴✴✴
t

??⑧⑧⑧⑧

β

...

// // V

u

TT✯
✯
✯
✯
✯
✯
✯
✯
✯
✯
✯
✯
✯
✯
✯

w

??⑧⑧⑧⑧
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k

��⑧⑧
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Y

s
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t
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β
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// // V
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TT✯
✯
✯
✯
✯
✯
✯
✯
✯
✯
✯
✯
✯
✯
✯

w
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γ, δ regular epis ñ λ regular epi
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¨ finite: the category generated by a finite conditional graph is finite
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¨ Thm C regular, n ě 3. C is an n-permutable cat iff for any
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