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Hopf monads in (IC, ®, /)
» A monad A: X — X in any K is a monoid in (IC(X, X), 0, 1x).
» A pseudomonoid or monoidale is X @ X £ X ¢ | associative and

unital up to coherent iso. Together with oplax I-cells (f, ¢, ¢o) and
2-cells a: f = g, they form a bicategory PsMongp(KC).

» A bimonad or opmonoidal monad is a monad in PsMon,(K): a
monad (A, m,j) on (X, i, n) where (A, ¢, ¢g) is oplax 1-cell and m,
are oplax 2-cells.

» A Hopf monad is a bimonad for which the Hopf map is iso:

XX —"% o x
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XX s XX m X
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Special case: duoidal endohom-categories

[Bohm-Lack] Let X be an opmap monoidale, i.e. § - p, € 4 1.
Then (K(X, X),0,1x,e,J) is a duoidal category, with

SeT=X3Xxox2L, xox 4 x

J=X5S14x

* A o-monoid is monad on X, a e-comonoid is oplax 1-cell X — X.
* A (o, e)-bimonoid is a bimonad on X.

* Hopf structure in duoidal context can take different expressions,
equivalent to invertibility of Hopf map under certain conditions:

= Existence of antipode o: A= A~ & properties (nat. Frobenius)
= Galois map invertibility (well-pointed): for A-comodule (N, )

NoA 2L (AeN)o(Aed) S (AcA)e(NoJ) ™4 Ae(NoJ).
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Let V braided monoidal with coproducts such that ® preserves them.

Monoidal bicategory V-Mat:
. O-cells are sets

. l-cells S: X —+ Y are functors S: X x Y =V, ie. {S,} €V

. 2-cells a: S = T are natural transformations ayy,: Sc, — T,

. Composition X 2y Loz by (S0 T)xz=2)Sxy® Ty
 Tensor (X & Y)®(Z 5 W) by (S® P)xa)(yow) = Sxy@Pruw

* Every object X is canonically an opmap monoidale with

g I, if x=y=z
X<—%X><X by5X7y72:MY7Z:X:{ y

f 0, otherwise

XHH; 1 byex=nc=1  d4pande—n.
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Hopf monads in V-Mat
Each V-Mat(X, X) has duoidal structure ([XxX,V],0,1x, e, J) with

(SeT)xy =5y ® Ty, and J, =1
* a o-monoid is a V-category with objects X (monad in V-Mat)
Mzt LyAxy @Ay z = Axz,  Jxi I = A
* a e-comonoid is a Comon(V)-graph with objects X
Ayt Acy = Axy @ Axy, gt Agy — L.

* a bimonoid is a Comon()V)-category, a.k.a. semi-Hopf category

* a Hopf monoid is a Hopf category [Batista-Caenepeel-Vercruysse]
i.e. 5S¢ Ay —A, x satisfying ‘many-object’ antipode conditions

Hopf monads in V-Mat are Hopf V-categories. (X nat. Frobenius) J
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Double category of enriched matrices
* V-Mat is the horizontal bicategory of a double category V-Mat.

A (pseudo) double category D consists of
- a category of objects Dg (0-cells & vertical 1-cells)

- a category of arrows D1 (horizontal 1-cells & 2-morphisms)
g [e]

- stucture functors Dg 1 Dy, Dy = Do, Dy xp, D1 — Dy
t

- natural isomorphisms (Mo N)o P = Mo (N o P),
Lmyo M= M, Mo lypy = M subject to axioms.

O-cells, horizontal 1-cells and globular 2-morphisms make #(ID).

Here V-Mato=Set, V-Mat; has objects V-matrices and arrows

Fl Ja  lg are axy: Sxy = Thegy-
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* V-Mat is fibrant double: every function f: X — Y has a
companion f: X —= Y and a conjoint f: Y —» X by

v {I, if ix=y

Foy = fyx = f 4 Fin V-Mat
v 0, otherwise ( )

inducing a fibration structure on V-Mat; ﬂ> V-Matg x V-Matg.

* V-Mat is monoidal double: (Set, x, {*}) & (V-Mat, ®, 1y,,)

X3=v , z-Lw) = xxz2 29 yxw

Aol V8 Ry s gk fxhl Jass fexk

X' —=Y" | Z—= W) X'xZ' —=Y'xW'
5/ T/ S/®T/

and (S@T)o(S@T)X(SoT)®(SoT'), Ixxy Xlx®1y.

* Every 0-cell X is a comonoid in the cartesian V-Matyg, via the
canonical A: X — XxX, 11 X — {x}.
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Abstract monoidal fibrant double context

[Shulman] Let D be monoidal fibrant double category. Its horizontal
bicategory H(D) is monoidal.

Def. A (Hopf) bimonad in D is a (Hopf) bimonad in H(D).

Where might opmap monoidales in (D) come from?

Proposition. There is a monoidal pseudofunctor (—): Dy — H(D).

= [Day-Street] (Co)monoids are mapped to pseudo(co)monoids.
= [Fibrant structure] For any f € Do, f - f in #(DD).

Monoids (A, i, n) in (Do, ®o, /) are mapped to map monoidales

(A, 1,79, f1,77) in H(D); comonoids are mapped to opmap monoidales.
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Bimonads and Hopf monads on vertical comonoids
A bimonad in D on a Dy-comonoid (X, d, €) is a monad (A, m,j) with

A A

X —4%—— X X 44— X
§l U9 lé el Uéo le
X®@oX A X®@oX / - /

satisfying axioms.
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Bimonads and Hopf monads on vertical comonoids
A bimonad in D on a Dy-comonoid (X, d, €) is a monad (A, m,j) with

X —4 X X 4. x
5| a4 ls el ua e
X®pX m X®oX / —lo,—> /

satisfying axioms. The Galois map for N horizontal A-comodule is

X L X 4 X

(ﬂ $ J(s {4 la
X @0 X 29N, X @0 X 29, X @0 X

n = n

X®0X X®0X

(AoA)@1(NoJ)
H Im®11 H
X ®o X X ®o X

A®1(NoJ)
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Bimonads and Hopf monads on vertical comonoids
A bimonad in D on a Dy-comonoid (X, d, €) is a monad (A, m,j) with

X —4 X X 4. x
5| a4 ls el ua e
X®pX m X®oX / —lo,—> /

satisfying axioms. The Galois map for N horizontal A-comodule is

X i X 2 X
(ﬂ Yy J(s 4 in
X @ X 25, X @o X 29, X @y X
X @0 X (AcAY&1(NoJ) X @o X
H Im®11 H
X @o X A1 (NoJ) X ®o X

d
Hopf monad (f%) double Galois map corresponds to iso.
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Hopf monad (f%) double Galois map corresponds to iso.
* Double approach captures the ‘right’ notion of morphisms
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Bimonads and Hopf monads on vertical comonoids
A bimonad in D on a Dy-comonoid (X, d, €) is a monad (A, m,j) with

X —4 X X 4. x
5| a4 ls el s e
X®pX m X®oX / —lo,—> /

satisfying axioms. The Galois map for N horizontal A-comodule is

X i X 2 X
(ﬂ Yy l,s 4 in
X @ X 25, X @o X 29, X @y X
X @0 X (AcAY&1(NoJ) X @o X
H Im®11 H
X @o X A1 (NoJ) X ®o X

d _ .
Hopf monad (f%) double Galois map corresponds to iso.
* Double approach captures the ‘right’ notion of morphisms
* Most interesting examples naturally arise in this framework
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semi-Hopf V-category, Hopf monad is a Hopf V-category
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Examples in double context

Canonical structure (X, A,!) — bimonad on any X is a
semi-Hopf V-category, Hopf monad is a Hopf V-category

Canonical structure (X, A,!) — bimonad on any X is a
category, Hopf monad is a groupoid

Monoid (A, i, n) in Algg = commutative algebra —
bicomonad is A-bialgebroid, Hopf comonad is Hopf A-algebroid

(Pseudo)monoid V' in Cat = monoidal category —
bicomonad T = V(—, T—) < ordinary bicomonad T on
monoidal V
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Examples

Examples in double context

Canonical structure (X, A,!) — bimonad on any X is a
semi-Hopf V-category, Hopf monad is a Hopf V-category

Canonical structure (X, A,!) — bimonad on any X is a
category, Hopf monad is a groupoid

Monoid (A, i, n) in Algg = commutative algebra —
bicomonad is A-bialgebroid, Hopf comonad is Hopf A-algebroid

(Pseudo)monoid V in Cat = monoidal category — (Hopf)
bicomonad T = V(—, T—) < ordinary (Hopf) bicomonad T on
(autonomous) monoidal V

Vertical (co)monoids in a double category determine new
examples of Hopf bi(co)monads in its horizontal bicategory.
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Thank you for your attention!
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