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Introduction

Plethystic substitution
Substitution operation in the ring of power series in infinitely many
variables,

G(x1,x2,...)® F(x1,x2,...) = G(F1,F2,...), where
Fi(x1,x2,...) = F(xk, Xoks - - - )
» Pdlya (1937): unlabelled enumeration. Given a species
F: B — Set,

its cycle index series is a power series Zg(x1, X2, ... ). It
satisfies
Zroc = LF ® Zg

» Littlewood (1944): representation theory of GL. The
character of the composition of polynomial representations is
the plethysm of their characters.



Introduction

» Nava—Rota (1985): combinatorial interpretation of plethystic
substitution based on partitions.

Goal
Recover ® from the coproduct of Q,, ;s for an explicit simplicial
groupoid TS: A°°? — Grpd.

inci h
TS: A°° — Grpd Jncidence Grpd, 7, omotopy

bialgebra QWO TS

cardinality
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Faa di Bruno

One-variable power series

Foo =362 € ll]
n=1 '

600 =Y 8% € Qllx]
n=1 ’

Faa di Bruno bialgebra F
Free algebra Q[A1, Az, .. .],

An: Q[[X]] —Q

F —f,,

with coproduct

A(AR)(F® G)=As(GoF)

Bell polynomials B, «

n
A(An) = Z Bn,k(Ala Ag, . )®Ak
k=1

B,k counts the number of
surjections

n—-k—»1

up to k = k.

Example

8672 = 6A1A5+15A,A,+10A3A3



Faa di Bruno

Theorem (Joyal, 1981)

F is isomorphic to the homotopy cardinality of the incidence
bialgebra of the fat nerve of the category of finite sets and
surjections

NS: A°° — Grpd.

This isomorphisms takes A, to n — 1, and A, --- A,, to
(n=n1+ -+ ng — £). The coproduct is given by

Aln—> 0= > (n— k)@ (k> 0).

n—k—{

Remark

di

(n—»ﬁ)(—!(n—»k—»ﬁ)i%

(n— k,k — 1)



Segal groupoids
A simplicial groupoid X: A°? — Grpd is Segal if for all n > 0

do
Xn+1 E— Xn

_
dn+1 dn

Xn T>X”_1‘
0

Example
The fat nerve of a category.

Remark
There is an up to equivalence “composition” given by

d1

X1 Xx, X1 —— Xo X1,

which is actual composition when X is the fat nerve of a category.



Incidence bialgebras

A:Grpd)x, — Grpd)x . x
A3 Xy > (da,do)iodi(s)

In a similar way we obtain a functor
e: Grpd x, — Grpd.
Theorem (Galvez, Kock, Tonks)

If X is a Segal space the functors A and € are respectively
coassociative and counital, up to homotopy.



Incidence bialgebras

Definition
The slice groupoid Grpd x, together with A and € is the
incidence coalgebra of X.

CULF monoidal structure
Product X, x X, — X, compatible with face and degeneracy maps

and such that gxg
Xp X X, ———— X1 x Xq

l J \L
%
Xn g le

with g induced by the endpoint preserving map [1] — [n]. Most of
times in combinatorics the monoidal structure is disjoint union.

Incidence bialgebra

If X is CULF monoidal the incidence coalgebra becomes a
bialgebra.



Homotopy cardinality

Homotopy cardinality of a groupoid

1
| - |: Grpd — Q, |A|::Zme<@

acmpA

Homotopy cardinality of a finite map of groupoids A 2 B

|Ap|
| Grpd g — Q. g, =3 25, e Qus,
| - |: Grpdg QroB Pl 2 B|Aut(b)|b€QoB
0

where Ap is homotopy fibre.

Remark
1|
B f— —
= TAur(e) % = %

125




Homotopy cardinality

The homotopy cardinality of the incidence bialgebra of X gives a
bialgebra structure on Qn,x, .

A: Grpdx, — Grpd x . x, €: Grpd x, — Grpd

é é

€. Qﬂ' X, — Q
A: Qﬂ'oxl — Qﬁoxl & Qﬂoxl o



Plethystic substitution

Notation

» )\ = (A1, \2,...), nonzero infinite vector of natural numbers
with finite number of nonzero entries,

> aut(\) = 1M\l 2102 )0

> x* :X1>\1X2>\2"-.

nth Verschiebung operator
Shifts the kth entry Ay of X to the nkth position. For example

V23(5,9,2,0...) = (0,5,0,9,0,2,0...).



Plethystic substitution

Remark

i) A represents the isomorphism
class of a surjection of finite sets

a—»b

with A\, fibers of size k.

Example
(1,0,2) corresponds to

RV,

ii) aut(\) = | Aut(a — b)|
a———a
b——b

iii) V"X is the class of n x a — b

Example

V2(1,0,2) = (0,1,0,0,0,2)
corresponds to

VAR



Plethystic substitution

Infinitely many variables power series
o A
FO) =2 iy € A 600 = ey < Qi)
o A

Plethystic substitution

(G® F)(x) = G(F1, Fa,...), with
xVu

aut(p)’

Fk(Xl,XQ,...) = F(Xk7X2k7"') :Zfﬂ
m



Plethystic substitution

Plethystic bialgebra P
Free algebra Q[{Ax}.],

As: Q[[x]] — Q

F —f,

with coproduct

A(A)F® G)=A(G®F)

Example

6122141

_ 2
P(0,0,0,1,02),(12) = 37331 A0,0,0,1)A

Polynomials P, ,({A,})

A(As) = Poa(fAu}) © Ay
A

What does P, ) count?

2
+ 32 2A000.0.0.0.1)A0,0,1)A

(0,0,0,1,0,2) =v*(0,0,0,0,0,1) + V?(0,0,1) + V3(0,1)
(0,0,0,1,0,2) =v*(0,0,0,1) + V3(0,0,1) + V?(0,0,1)



The simplicial groupoid TS: A°® — Grpd

. &/tozx‘
< / x z .

too —— t11, S too

to3
¥ N\
to2 t13
v }/ v
&

”\A/’R\

tl/ \/ﬂt
SN N

too » 11 > 133

> t;; are finite sets,
> —» are surjections,
> every square is a pullback of finite sets.



The simplicial groupoid TS: A°® — Grpd

Face maps

d; removes all the elements containing an i index:

J&

* z SVEPA I

» t11 t22,

Degeneracy maps

s; repeats all the elements containing an i index:

to1 /t\o/l\g
3] N NN

too —» t11 —=1tn1



The simplicial groupoid TS: A°® — Grpd

Face maps
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Q/toz\x .
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The simplicial groupoid TS: A°® — Grpd

Face maps

d; removes all the elements containing an i index:

J\

B _ 02
J NN o

» t11 t22,

Degeneracy maps

s; repeats all the elements containing an i indeX'

to1 /
NN /x

too — > 11 [ \ﬁ / \

too —» 11 —=1tn1



The simplicial groupoid TS: A°® — Grpd

Face maps

d; removes all the elements containing an i index:

J\

B _ 02
J NN o

» t11 t22,

Degeneracy maps

s; repeats all the elements containing an i indeX'

to1 \
) g\

too — > 11 / \ J \ﬁ

too =———=1too —* t11



The simplicial groupoid TS: A°® — Grpd
Proposition. TS is a Segal groupoid.

Equivalence T1S x 7,5 T1S = 5 TS

J & / &\tzz [01\ / =

)

Proposition. TS is CULF monoidal with disjoint union (+).

tor + o,

VT N

too — >l tly——» ]y too + tog ——— tir + ty;



The simplicial groupoid TS: A°® — Grpd

Corollary

Qnr, s has a bialgebra structure given the homotopy cardinality of
the incidence bialgebra of TS.

Remark
The isomorphism classes of connected elements

SN

too———» 1

of T1S form a basis of Qr, 7s-



Formal construction of TS

Twisted arrow category
Tw([2])

02
N\
01 12
NG\
00 11 22
Quillen’s Q-construction
QnA C Fun=(Tw([n]), A)

to2

N

t01 t12

NN

Extended twisted arrow
category Tw([2])

02
A
/\/\

> 11 » 22

T-construction
T,S C Fun=(Tw*([n]),S)

N,
NN

> t11




@7‘(07-18 = 7)

Theorem (C.)

The homotopy cardinality of the incidence bialgebra of TS is
isomorphic to the plethystic bialgebra.

The isomorphism Q, 7,5 ~ P

to1
N A

too———» 1

where A = (A1, A2, ...) represents the isomorphism class of

to1 — too.



to1 + t(/)l

/ \ — A\Ay,

too + thy —————— 2

where X\ and )\ represent the isomorphism classes of tg; — tpg and
/ /

to1 = too-
Verschiebung operator X X152 %o

Sx X o /V
? v S1+S2 X1+X2
5/ \X
AN O

> 1
o= VvXy o = VXl 4 viXl,,

Bi+B>



The comultiplication

75t 1,82, 15 75

]

1+—— T2SO'
A(As) = A(]"07) = [T2Se — T1S x T1S|

|T2 ox\u|
: A A
= 2D Tau() A

AemoT1S pnem T1 S

Hence we should see that

|T2SO')\M’
= N A A
PoallAN) = D Taaco Ay © A
MEW0T1S



Example

2 2
P0,0.0.1,02),(1.2) = 78t A0,0,01)A% 0 1) + 3T 2A(0.0.0.0.0.1)A0,0,1) A

44-64-6 14242

TN A N
(0,0,0,1,0,2) = V1?24 V224 V22

4+6+6

N

4747 14242

NN

3 »3




Example

2 2
P0,0.0,1,02),(1.2) = 7511 A0.0.0.1)A%0.0,1) T Braar 24(0,0,0,0.0,1)A(0,0,1)A(0,1)

44-64-6 1+242

2(// o \\\g &(// A \\\g
3——— %1 3——— %1
(0,0,0,1,0,2) = V*(0,0,0,1) + + V2(0,0,1)
4+6+6

<N

443+3 14242

PANVAN




Example

_ 6172141 2 612214
P(0,0,0,170,2),(172) - 4!3122!22!A(070,0,1)A(0,0,1) t 63 2’4(070,0,070,1)A(O,O,I)A(O,l)

44-64-6 1+242

3@1 3@»1

(0,0,0,1,0,2) = V1(0,0,0,0,0,1) + (0,0, 1) 4+ V3(0,1)




Thank you
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