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⇐
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⇐
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(2-permutable: RS = SR)

(3-permutable: RSR = SRS)

⇒

;
Exs: vars w/ group structure, Heyting algs, boolean algs, additive regular cats (⇒ abelian cats),

Abop, Toposop, torsion-free abelian groups, topological groups, C∗-algebras, HopfK,coc

Exs: implication algs, right-complemented semigroups
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· [G, ’83] SL ⇔ congruence modular variety

(R 6 T ⇒ R ∨ (S ∧ T ) = (R ∨ S) ∧ T )

· SL in regular cat: R,S, T equivs + (D) w/ els (R ∧ S(R ∧ T )S 6 T )
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- commutator wrt Span(C)
free

⊥

//
Pregrpd(C)

⊃

oo

· [Janelidze, Pedicchio, ’01] Pseudogroupoids and commutators

- commutator theory based on internal structures

- commutator wrt Span(C)
free

⊥

//
Pseudogrpd(C)

⊃

oo
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· [Pedicchio, ’95] A categorical approach to commutator theory

- commutators ↔ internal structures (exact Mal’tsev cat w/ coeqs)

- commutator wrt Span(C)
free

⊥
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Pregrpd(C)

⊃
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· SL  good properties for internal structures

· [BG, ’04]: - pseudogroupoid structure is unique (when it exists)



Internal structures

Aim

The Shifting Lemma

A bit of history I

A bit of history II

Internal structures

Parallelism

Variations on the SL

Mal’tsev cats and the SL

Goursat cats and the SL

References

CT2018 Observations on the Shifting Lemma – 6 / 11

· SL  good properties for internal structures

· [BG, ’04]: - pseudogroupoid structure is unique (when it exists)

- “associativity” for free
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- the same for pregroupoids

· [BG, ’04]: - internal category structure unique (when it exists)
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· [BG, ’04]: - pseudogroupoid structure is unique (when it exists)

- “associativity” for free

- the same for pregroupoids

· [BG, ’04]: - internal category structure unique (when it exists)

- associativity axiom for free
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· [BG, ’04]: - pseudogroupoid structure is unique (when it exists)

- “associativity” for free

- the same for pregroupoids

· [BG, ’04]: - internal category structure unique (when it exists)

- associativity axiom for free

- Cat(C) →֒ RG(C) full
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· SL  good properties for internal structures

· [BG, ’04]: - pseudogroupoid structure is unique (when it exists)

- “associativity” for free

- the same for pregroupoids

· [BG, ’04]: - internal category structure unique (when it exists)

- associativity axiom for free

- Cat(C) →֒ RG(C) full

· internal category = reflexive multiplicative graph
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· SL  good properties for internal structures

· [BG, ’04]: - pseudogroupoid structure is unique (when it exists)

- “associativity” for free

- the same for pregroupoids

· [BG, ’04]: - internal category structure unique (when it exists)

- associativity axiom for free

- Cat(C) →֒ RG(C) full

· internal category = reflexive multiplicative graph
·

  ❇
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·

>>⑤⑤⑤
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· SL  good properties for internal structures

· [BG, ’04]: - pseudogroupoid structure is unique (when it exists)

- “associativity” for free

- the same for pregroupoids

· [BG, ’04]: - internal category structure unique (when it exists)

- associativity axiom for free

- Cat(C) →֒ RG(C) full

· internal category = reflexive multiplicative graph
·

  ❇
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regular Mal’tsev categories Goursat categories

RS = SR RSR = SRS

[B, ’96] f∗ : PtY (C) → PtX(C)

X
f //

Y
s

oo

[GR, ’17] f! : PtX(C) → PtY (C)

X
f // // Y
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oo

[GR, ’17] f! : PtX(C) → PtY (C)

X
f // // Y (Beck-Chevalley)
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[GR, ’14] Cuboid Lemma [L, ’04],[GR, ’12] denormalised 3 × 3 Lemma
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[GR, ’14] Cuboid Lemma [L, ’04],[GR, ’12] denormalised 3 × 3 Lemma

[B, ’96] Grpd(C)/Cat(C) closed in RG(C)

under subobjects

[GRT, ’17] · · ·

under quotients
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[GR, ’14] Cuboid Lemma [L, ’04],[GR, ’12] denormalised 3 × 3 Lemma

[B, ’96] Grpd(C)/Cat(C) closed in RG(C)

under subobjects

[GRT, ’17] · · ·

under quotients

[BG ’02] R, S w/ connector, i mono ⇒

i−1(R), i−1(S) w/ connector

[GRT, ’17] · · · , f regular epi ⇒

f(R), f(S) w/ connector
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· Gumm’s Shifting Principle

R, T congruences, S reflexive, symmetric and compatible relation w/

R ∧ S 6 T and pp in (D)
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· stronger versions of the SL?

· Gumm’s Shifting Principle

R, T congruences, S reflexive, symmetric and compatible relation w/

R ∧ S 6 T and pp in (D)6 R

· [G, ’83] SP ⇔ SL ⇔ congruence modular variety
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· Gumm’s Shifting Principle

R, T congruences, S reflexive, symmetric and compatible relation w/

R ∧ S 6 T and pp in (D)6 R

· [G, ’83] SP ⇔ SL ⇔ congruence modular variety

× × ×

· non-symmetry in (D) means: left related to right, up related to down
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· non-symmetry in (D) means: left related to right, up related to down

· variations on R,S and T
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· Gumm’s Shifting Principle

R, T congruences, S reflexive, symmetric and compatible relation w/
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· [G, ’83] SP ⇔ SL ⇔ congruence modular variety

× × ×

· non-symmetry in (D) means: left related to right, up related to down

· variations on R,S and T
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Variations on the SL

Aim

The Shifting Lemma

A bit of history I

A bit of history II

Internal structures

Parallelism

Variations on the SL

Mal’tsev cats and the SL

Goursat cats and the SL

References

CT2018 Observations on the Shifting Lemma – 8 / 11

· stronger versions of the SL?

· Gumm’s Shifting Principle

R, T congruences, S reflexive, symmetric and compatible relation w/

R ∧ S 6 T and pp in (D)6 R

· [G, ’83] SP ⇔ SL ⇔ congruence modular variety

× × ×

· non-symmetry in (D) means: left related to right, up related to down

· variations on R,S and T

· Mal’tsev: equivalence = reflexive, Goursat: equivalence = ?
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· Mal’tsev category = finitely complete + (reflexive = equivalence)
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· Mal’tsev category = finitely complete + (reflexive = equivalence)

· Thm [CPP, ’91] C finitely complete. TFAE:

(i) C is a Mal’tsev category

(ii) ∀ D ֌ X × Y relation is difunctional (DD◦D = D)

(iii) ∀ E ֌ X × X reflexive relation is symmetric (E◦ = E)
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· Thm [CPP, ’91] C finitely complete. TFAE:

(i) C is a Mal’tsev category

(ii) ∀ D ֌ X × Y relation is difunctional (DD◦D = D)
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· [CLP, ’91] regular Mal’tsev ⇔ RS = SR (2-permutability)
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· Mal’tsev category = finitely complete + (reflexive = equivalence)

· Thm [CPP, ’91] C finitely complete. TFAE:

(i) C is a Mal’tsev category

(ii) ∀ D ֌ X × Y relation is difunctional (DD◦D = D)

(iii) ∀ E ֌ X × X reflexive relation is symmetric (E◦ = E)
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· [CLP, ’91] regular Mal’tsev ⇔ RS = SR (2-permutability)

· Thm C regular. TFAE:

(i) C is a Mal’tsev category

(ii) SL holds for R, S, T reflexive relations
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· Thm [CKP, ’93] C regular. TFAE:

(i) C is a Goursat category (RSR = SRS)

(ii) ∀ D ֌ X × Y relation, D◦DD◦D = D◦D

(iii) ∀ E ֌ X × X reflexive relation, E◦E is an equivalence relation
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· Thm [CKP, ’93] C regular. TFAE:

(i) C is a Goursat category (RSR = SRS)

(ii) ∀ D ֌ X × Y relation, D◦DD◦D = D◦D

(iii) ∀ E ֌ X × X reflexive relation, E◦E is an equivalence relation

· [T, ’17] positive relation is of the form U◦U , for some relation U
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(i) C is a Goursat category (RSR = SRS)
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· Thm [CKP, ’93] C regular. TFAE:

(i) C is a Goursat category (RSR = SRS)

(ii) ∀ D ֌ X × Y relation, D◦DD◦D = D◦D

(iii) ∀ E ֌ X × X reflexive relation, E◦E is an equivalence relation

· [T, ’17] positive relation is of the form U◦U , for some relation U

· Thm Goursat category iff (reflexive and positive = equivalence)
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· Thm [CKP, ’93] C regular. TFAE:

(i) C is a Goursat category (RSR = SRS)

(ii) ∀ D ֌ X × Y relation, D◦DD◦D = D◦D

(iii) ∀ E ֌ X × X reflexive relation, E◦E is an equivalence relation

· [T, ’17] positive relation is of the form U◦U , for some relation U

· Thm Goursat category iff (reflexive and positive = equivalence)

· Prop (inspired from [K, ’92]) The SP holds in any Goursat category
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· Thm [CKP, ’93] C regular. TFAE:

(i) C is a Goursat category (RSR = SRS)

(ii) ∀ D ֌ X × Y relation, D◦DD◦D = D◦D

(iii) ∀ E ֌ X × X reflexive relation, E◦E is an equivalence relation

· [T, ’17] positive relation is of the form U◦U , for some relation U

· Thm Goursat category iff (reflexive and positive = equivalence)

· Prop (inspired from [K, ’92]) The SP holds in any Goursat category

· Thm C regular. TFAE:

(i) C is a Goursat category

(ii) SL holds for S reflexive and R, T reflexive and positive relations
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