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Why | Care: Goodwillie Calculus

@ Goodwillie associates to a functor F : ¢ — D, a Taylor tower:
F—--—PF— Py 1F— - = PF

where P,F is the “best n-excisive approximation to F”.

@ The fibre D,F := fib(P,F — P,_1F) is n-homogeneous and can
be classified in terms of a (symmetric multilinear) functor

InF = Sp(C)" x Sp(D)% — Sp.
(Sp(C) is the stabilization of C) where, for D = Top, :
DnF(X) =~ Q®0pF(X, ..., X; S%)ps,.

@ |deally: (i) calculate d,F, (ii) calculate P,F, (iii) the tower
converges to F.
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We need additional structure on the collection (0,F)n>1 to tell us how
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Goodwillie Calculus and Operads

We need additional structure on the collection (9,F),>1 to tell us how
to piece together the layers to calculate the tower (PpF),>1.

Theorem (C., 2018)

@ For a pointed compactly-generated co-category C, there is a
stable non-unital co-operad De with:
e colours: objects of Sp(C);
e multi-morphism spectra

DQ(X1,. oo 7Xn; Y) ~ 6,,Ie(X1,. o .,Xn; Y)

© For F : ¢ — D reduced and preserving filtered colimits, there is a
bimodule Dg over the operads De and D with multi-morphism
spectra

De(Xi, ..y X Y) = 0nF (X, ..., Xn; Y)

for Xi,..., X, € Sp(€), Y € Sp(D).
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Remarks

@ This theorem was previously proved, jointly with Greg Arone, in
the case where € and D are either Top,, or Sp. The construction
here is very different though.

@ When € = Top,, the operad D¢ is analogous to the Lie operad in
vector spaces. Algebras over this operad are therefore a kind of
“spectral Lie algebras”.

@ The bimodule Dfr contains “some” of the information needed to
reconstruct the Taylor tower of F, but, in general, not all. Work in
progress: there is a refinement of the constructions here in terms
of pro-operads and pro-bimodules that contains all the
information.
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Day Convolution

@ C: pointed compactly-generated oo-category

@ Fun(C, Sp): reduced filtered-colimit-preserving functors ¢ — Sp
with objectwise smash product A:

(F7 G)(X) := F(X) A G(X)

a (non-unital) symmetric monoidal oco-category.

@ Sp: spectra with smash product A: a (non-unital) symmetric
monoidal co-category.

Definition (Glasman, 2016)

Let ® be the (hon-unital) symmetric monoidal structure on
Fun(Fun} (€, Sp), Sp)

given by Day convolution of A and A.
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Examples of Day Convolution

@ Each x € ¢ determines an evaluation functor
evy : Funy(C,Sp) — Sp;  F — F(x).
and
(evx @ evy)(F) = cra(F)(x, y).
© More generally
cri(=)(x1) @ -+ @ cri(=)(Xn) = crn(=) (X1, - .., Xn).

@ For Xi,..., X, € Sp(€), we have a derivative functor
On(=)(X4,..., Xp; S°) : Fun?(C, Sp) — Sp.
and
01(=)(X1;8%) @ -+~ @ 04 (=)(Xn; S°) =~ On(—) (X1, ..., Xn; S°).
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The Construction of the co-operad De

@ There is a corresponding symmetric monoidal structure ® on the
opposite category (Barwick-Glasman-Nardin, 2014)

Fun(Fun? (€, Sp), Sp).

@ This symmetric monoidal structure can be viewed as a
symmetric multicategory (more precisely, a stable non-unital
oo-operad) with:

e colours F : Fun{(C, Sp) — Sp;
e multi-morphism spectra (F1, ..., F,) — G given by

Nat(G, F1 ® - - ® Fp).

Proposition

Let D¢ be the full sub-oo-operad of Fun(Fun? (€, Sp), Sp)%":® whose
colours are the objects of the form 9;(—)(X; S°) for X € Sp(€). Then

De(Xi, ..., Xn; Y) = Nat(d;(=)(Y), 01(=)(X1) @ ... 01 (=)(Xn))
~ 8,,/(3()(1, BN 7Xn; Y)
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Conjectures

@ The constructions De and Dfg form a pseudofunctor between
bicategories:
D : Cat’* — OphM

oo

@ In particular, there is a chain rule:
Dgr ~ Dg op,, DF.
@ There is also a co-category of algebras pseudofunctor
Alg : OpSi™ — Cat’¥

@ Alg is the embedding of a reflective sub-bicategory, with right
adjoint D. In particular, we have
e DAIg(0)~0
e C — Alg(DC)
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