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Cylinders and homotopies with respect to a
class of weak equivalences

Setting C bicategory

Σ class of morphisms with the identities
(plays the role of W)

Theory of Cylinders and (left) homotopies wrt the class Σ

Cylinder

Homotopy

X
d0 //

d1

��

MMxMM

  

∼=

W

◦s

��
∼=

W ◦s // Z

X

x
  

d0 //

d1

//W
h //

◦s
��

Y

Z

f
η⇒ h ∗ d0

h ∗ d1
ε⇒ g
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A localization of bicategories via
homotopies

Homotopy
bicategory

Ho(C,Σ)

Objects and arrows: the ones of C
2-cells: classes of tuples of homotopies
under an ‘ad-hoc’ equivalence relation

Theorem 1. For any bicategory C and family Σ

2. Under certain ‘reasonable’ properties on Σ

Σ
�

##

C

∀F %%

i // Ho(C,Σ)

∃ ! F ′vv
≡
D

Equiv

Ho(C,Σ) is the strong bicategorical localization at the
weak equivalences.
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Definition of model bicategory

Model
bicategory

Three classes of morphisms, fibrations, cofibrations and
weak equivalences, satisfying certain axioms (generaliza-
tion of model category)

Replacement We have the corresponding notions of fibrant and

cofibrant object and a way to ‘replace’ any object

(arrow, and 2-cell) of a model bicategory by a

fibrant-cofibrant one

C rep
−! Cfc

not necessarily functorial
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Quillen cylinders and homotopies

Definition Quillen cylinders and (left) Quillen homotopies
correspond to Quillen’s notions

Quillen cylinder

Quillen homotopy

X
d0 //

d1

��

MM idMM

  

∼=

W

◦s

��
∼=

W ◦s // X

X

id   

d0 //

d1

//W
h //

◦s
��

Y

X

f
η⇒ h ∗ d0(d0

d1

)
cofibration h ∗ d1

ε⇒ g

Σ

Quillen
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The homotopy bicategory

Homotopy
bicategory

Ho(C)

Objects and arrows: the ones of Cfc
2-cells: classes of Quillen homotopies under
an ‘ad-hoc’ equivalence relation

Ho(C) = Hofc(C,W) �
� inc // Ho(C,W)

10/15



The homotopy bicategory

Homotopy
bicategory

Ho(C)
Objects and arrows: the ones of Cfc

2-cells: classes of Quillen homotopies under
an ‘ad-hoc’ equivalence relation

Ho(C) = Hofc(C,W) �
� inc // Ho(C,W)

10/15



The homotopy bicategory

Homotopy
bicategory

Ho(C)
Objects and arrows: the ones of Cfc
2-cells: classes of Quillen homotopies under
an ‘ad-hoc’ equivalence relation

Ho(C) = Hofc(C,W) �
� inc // Ho(C,W)

10/15



The homotopy bicategory

Homotopy
bicategory

Ho(C)
Objects and arrows: the ones of Cfc
2-cells: classes of Quillen homotopies under
an ‘ad-hoc’ equivalence relation

Ho(C) = Hofc(C,W) �
� inc // Ho(C,W)

10/15



Main theorem

Theorem Ho(C) is the bicategorical localization of C wrt the
weak equivalences

W � //
�

##

Equiv

C

∀F %%

r // Ho(C)

∃F ′ww
≈
D

Equiv

Hom(C,Ho(C))
r∗
−! HomW,Equiv (C,D)

is a pseudoequivalence of bicategories
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Idea of the proof

≡

C

r

**
rep // Cfc �

� inc // C i // Ho(C)

Ho(C,W)

WW Ho(C,W) Equiv

D D
Equiv

Step 1 r is a pseudofunctor

Step 2 r maps weak equivalences to equivalences
rep(W) ⊆ W 3 i(W) ⊆ Equiv7 i◦inc(W) ⊆ Equiv3

Step 3 r satisfies the universal property

rep(X ) Yw .e.
oo

w .e.
// X 

F ′ ◦ inc ◦ r(X ) = F ′ ◦ i ◦ rep(X ) = F ◦ rep(X ) ≈ FX
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Final remarks and future work

Dimension 1 Recover Quillen’s theorem

Applications New invariants in strong shape theory

Examples Other interesting examples of model bicategories
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Thanks for your attention!
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