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Anatoly Ivanovich Mal'tsev

Find a common setting to accommodate the three notions:
A\

\ Mal'tsev category
- em— naturally Mal'tsev category
weakly Mal'tsev category
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Mal'tsev categor
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DIAGRAM CHASING IN MAL'CEY CATEGORIES
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M.C. PEDICCHIO
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Communicated by F.W. Lawvere
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A diagram chasing technigue generalizing the ‘two-square’ lemma of homological algebra is ex-
tended from Mal'cev varieties to Mal'cev categories: regular categories in which all reflexive rela-
tions are effective. The principal method used is the calculus of relations. The connection with
Goursat's Theorem in group theory is discussed.
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Naturally Mal'tsev category

Journal of Pure and Applied Algebra 61 (1989) 251-256
North-Holland

AFFINE CATEGORIES AND NATURALLY
MAL'CEV CATEGORIES

Peter T. JOHNSTONE

Department of Pure Mathematics, University of Cambridge, United Kingdom

Communicated by P.J. Frevd
Received 9 August 1988

This note is a complement to a beautiful recent paper of A. Carboni, which characterizes affine
categories, i.e. those calegories which occur as slices of additive categories. We show that the con-
dition that every reflexive graph has a unique groupoid structure, which was observed by Carboni
to follow trom atfineness, 15 equivalent to the existence ot a natural Mal'cev operation on a
category; we further show that this condition implies the additiveness of the category of pointed
objects, but not the affineness of the original category.
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Weakly Mal'tsev category

WEAKLY MAL'CEV CATEGORIES

N. MARTINS-FERREIRA

ApsTrACT. We introduee a notion of weakly Mal'cev category, and show that: (a) every
internal reflexive graph in a weakly Mal'tsev category admits at most one multiplicative
graph structure in the sense of [10] (see also [11]), and such a structure always makes it
an internal eategory; (b) (unlike the special case of Mal'tsev categories) there are weakly
Mal’tsev eategories in which not every internal category is an internal groupoid. We also

give a simplified characterization of internal groupoids among internal categories in this
context.

1. Introduction
A weakly Mal'cev category (WMC) is defined by the following two axioms:
1. Existence of pullbacks of split epis along split epis.

2. Every induced canonical pair of morphisms into a pullback (see Definition 2.3), is
jointly epimorphic.

Theory Appl. Categ. 21 (6) (2008) 91-117.
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Recap | - redefining for uniformity

Let C be a category with pullbacks and equalizers. We will say
that C is:
@ Mal'tsev, when every relation in C is difunctional
@ naturally Mal'tsev, when every span in C is uniquely equipped
with a pregroupoid structure

© weakly Mal'tsev, when every strong relation is difunctional
X y z

D T

% \ Py 2)

d(x)=d(y), cly)=c(z) plxy,y)=x  ply,y.z)=z
dp(x,y,z) =d(z), cp(x,y,z)=c(x)
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Difunctionality of strong relations

Theory and Applications of Categories, Vol. 27, No. 5, 2012, pp. 65-79.

WEAKLY MAL'TSEV CATEGORIES AND STRONG RELATIONS

ZURAB JANELIDZE AND NELSON MARTINS-FERREIRA

ABSTRACT. We define a strong relation in a category C to be a span which is “orthog-
onal” to the class of jointly epimorphic pairs of morphisms. Under the presence of finite
limits, a strong relation is simply a strong monomorphism R — X x Y. We show that
a category C with pullbacks and equalizers is a weakly Mal'tsev category if and only if
every reflexive strong relation in C is an equivalence relation. In fact, we obtain a more
general result which includes, as its another particular instance, a similar well-known
characterization of Mal'tsev categories.
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Example - commutative magmas with cancellation

J. Fatelo and N. Martins-Ferreira, Internal monoids and groups in the category of commutative cancellative medial
magmas, Portugaliae Mathematica 74 (3) (2016) 219-245.

Lemma 3.5. Let f,g: X x Y — B be any two morphisms in the category of cem-
magmas. Then:

[z, y) = g(x,) _

flz,u) =g(z.9) | = flz,w) = g(z,w).

flz.w) = g(z,w)

8 J. P. Fatelo and N. Martins-Ferreira
Proof. Assuming f(x,y) = g(x,y) and f(z,w) = g(z,w) we have:

faw) e flzy) = flrezwsy)
= flz®z,ydw)
= flwy) @ fzw)
= glx,y) @ g(z,w)
= glzDzydw)
= glzrdz,wdy)
= glz,w) ©g(z,v)-
Now, if f(z,y) = g(z,y) then we conclude that f(x,w) = g(x,w) as desired, using
axiom (M2). O
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Distributive lattices

Lat category of lattices; DLat distributive lattices.

Theorem (NMF'12)

Let |: C — Lat be a full subcategory of lattices. TFAE:
@ every strong relation in C is difunctional;
@ |/ factors through DLat

Further examples

F: A — B be a functor preserving finite limits. If there is a natural
transformation pa: F(A) x F(A) x F(A) — F(A) such that
pA(vaay) =X = PA(}/ay,X)v and
@ the functor is faithful, then A is a weakly Mal'tsev category;
@ the functor is faithful and conservative, then A is a Mal'tsev
category [Pedicchio];
© F is an isomorphism, then A is naturally Mal'tsev category
[Johnstone]
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First Unification Result

CATEGORIES VS. GROUPOIDS
VIA GENERALISED MAL'TSEV PROPERTIES

by Nelson MARTINS-FERREIRA and Tim VAN DER LINDEN

Résumé, On étudie la différence entre les catégories internes et les
groupoides internes en termes de propriétés de Malcev généralisées—Ila pro-
priété de Malcev faible d’un cété, et I'n-permutabilité de I'autre. Dans
la premigre partie de I’article on donne des conditions sur les structures
catégoriques internes qui détectent si la catégorie ambiante est naturellement
de Malcev, de Malcev ou faiblement de Malcev. On démontre que celles-ci
ne dépendent pas de I’existence de produits binaires. Dans la seconde partie
on se concentre sur les variétés d'algébres universelles.

Abstract. We study the difference between internal categories and internal
groupoids in terms of generalised Mal’tsev properties—the weak Mal'tsev
property on the one hand, and n-permutability on the other. In the first part of
the article we give conditions on internal categorical structures which detect
whether the surrounding category is naturally Mal'tsev, Mal’tsev or weakly
Mal'tsev. We show that these do not depend on the existence of binary
products. In the second part we focus on varieties of algebras.

Cah. Topol. Géom. Differ. Catég. LV (2014), no. 2, 83-112



Structuring diagram and directed kite

Fa

Grpd(C)

Cat(C) — > -~ RG(C) \ Jj,/
. b
MG(C) RG(C) / \
JT Dy Dy

PreGrpd(C) L, Span(C)

RG(C)

fr=1g=gs
H ar=f0= s
MKite(C) — -~ DiKite(C) B = o

A multiplication on a kite is a morphism m: A xg C — D such
that dm = dym, cm = camy, me; = « and mey; = 7.
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Reflexive graph as a directed kite

If (Ci, Co,d, e, c) is a reflexive graph then the following diagram is
a directed kite

d c
G—=G=7XG

¢ =0 . \ i/
PN

This directed kite is multiplicative if and only if the reflexive graph
is a multiplicative graph.
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Multiplicative graph as a directed kite

If (Ci, Co,d, e, c,m) is a multiplicative graph then the following
diagram is a directed kite

- C2<—C1—>C1

—e2— d
Cy —m—= () =—<e— (|
2 e 1 — 0
- c
1

This directed kite has a unique multiplicative structure if and only
if the multiplicative graph is associative (i.e., an internal category).
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Directed kite derived from an internal category

If (C1, Co,d, e, c,m) is an associative multiplicative graph (that is,
an internal category) then the following diagram is a directed kite

2 C2 <7 Cl *> Cl
e d
Gy T Cy == Co \ /
" (3)

/\

This directed kite is multiplicative if and only if the internal
category is an internal groupoid.
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Morphism of reflexive graphs

If (fi,f0): (Ci, Co,d,e,c) = (Cf, C§,d', €, c’) is a morphism of
reflexive graphs then the following diagram is a directed kite

d c
G—=G=—7XG

e e
!
f
d Kleofl

GQ==0C c (4)

c
f-l f-O d/ C/
d/
C],_ <-e/— C(/) . .
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The kernel pair construction as a directed kite

If (D,d,c) is a span then the kernel pair construction gives a
directed kite as follows

D(d. ()"D( ‘)—>—D

i

D(d)—=D—“>~D, D(d)

1

D—2-D,

N

D <:> D(c

7

D (5)
This yields a reflection between the category of directed kites and
the category of spans DiKite Z——= Span

A directed kite goes to its direction span, a span goes to the

directed kite displayed above. Moreover, the span (D, d,c) is a
pregroupoid if and only if its associated directed kite is

multiplicative.
Nelson Martins-Ferreira Mal'tsev like categories
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Main Theorem |

Theorem

Let C be a category with pullbacks and equalizers. If M is a class
of spans in C which contains all identity spans and is stable under
pullbacks, then t.f.c.a.e:

Fy: Grpd(C, M) — RG(C, M) has a section.

F3: Cat(C, M) — RG(C, M) has a section.

Fy: MG(C, M) — RG(C, M) has a section.

Fi1: PreGrpd(C, M) — Span(C, M) has a section.

: Grpd(C, M) — RG(C, M) is an isomorphism.

F3: Cat(C, M) — RG(C, M) is an isomorphism.

F>: MG(C, M) — RG(C, M) is an isomorphism.

F1: PreGrpd(C, M) — Span(C, M) is an isomorphism.
Fo: MKite(C, M) — DiKite(C, M) is an isomorphism.

~—~ o~ —~
o N o w
~

0Q =

e =
D

O O O = — — — —
N

—~~ ~~
= =25
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Sketch of proof

FM
Grpd(C, M)
\L F3./\/l
Cat(C, M)
\L F2./\/l
MG(C, M)

AMl

PreGrpd(C, M) SN Span(C, M) =M

I

MKite(C, M) —>— DiKite(C, M)
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Sketch of proof (cont.)

a section 0: A xp C — A xp C(m1,m2), sending a pair (a,c) to
the zigzag

a=—sf(a) —=rg(c)=—-¢c
AxpClm,m) 22 AxpC
ql o< J’
& - @
D(d )‘é Pd,c D \I\ -
¢ T Ju/

from which we conclude ¢ = py 0, since we have

D
; N
© = PPy w0 = PaeP”d = pal b
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Recap Il - Uniform definition in terms of a class of spans

Let C be a category with pullbacks and equalizers. Suppose that
M is a class of spans in C which contains all identity spans, is
stable under pullbacks and the equivalent conditions of Theorem |
are satisfied. We say that C is:
@ Mal'tsev, when the class M consists of all relations (monic
spans)
@ naturally Mal'tsev, when the class M consists of all spans
© weakly Mal'tsev, when the class M consists of all strong
relations (strongly monic spans)

%IT;ix,Iﬂ,t\ ’g

b o o i e

This is very good!, but not yet good enough...
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Fibration of pointed objects

Mal’cev Categories and Fibration of Pointed
Objects

DOMINIQUE BOURN
Université du Littoral, 1 Quai Freycinet, BP 5526, 59379 Dunkerque, France

{Received: 5 December 1994; accepted: 6 July 1995)
Abstract. The fibration p of pointed objects of a category E is shown to have some classifying
properties: it is additive if and only if E is naturally Mal’cev, it is unital if and only if E is

Mal'cev. The category E is protomodular if and only if the change of base functors relative to p
are conservative.

Appl. Categ. Struct. 4 (2-3) (1996) 307327
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Orthogonality between spans and cospans

AXBC.%C

E C
H 82 H ﬂ 62 H A+ €22 Axg €
P1]||e1 g|ls | |e glls l 0 7 l
f u - v
A B

A——=8B DE %9 by x D,

split square split pullback cospan | span

Works well, but only when spans are monic (relations)

Moving to arbitrary spans required the discovery of a
new concept: instead of a cospan being orthogonal to
a span, we have to consider a split square compatible
with a span.
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Compatibility between a split square and a span

Definition

A split square, such as (previous slide), is said to be compatible
with a span (D, d, c) if for every morphism

u: E— D
with du = dueypr and cu = cue; p1, there exists a unique morphism

9: AxgC— D

such that fe; = vey, 0er = uey, db = dueym and cl = cueym.

When a split square is compatible with all the spans from a class of
spans M then we say that it is M-compatible.
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Comparing with classical orthogonality

In the presence of products and pushouts:

A+4+p C CxA
e:[eli
a=[aq,00] P E M A XB C dasxcay
T \\y\\
D%~ tdhc) Do x Dy

For every outer commutative diagram, if there exists u: E — D
such that ve = a and (d, c)u = §({p1, p2), then there exists a
unique morphism 6 such that e = « and (d, c)f = .
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Main Theorem Il

Theorem

Let C be a category with pullbacks and equalizers. If M is a class
of spans in C which contains all identity spans and is stable under
pullbacks, then t.f.c.a.e:

Fy: Grpd(C, M) — RG(C, M) has a section.

F3: Cat(C, M) — RG(C, M) has a section.

Fy: MG(C, M) — RG(C, M) has a section.

Fi1: PreGrpd(C, M) — Span(C, M) has a section.

: Grpd(C, M) — RG(C, M) is an isomorphism.

F3: Cat(C, M) — RG(C, M) is an isomorphism.

F>: MG(C, M) — RG(C, M) is an isomorphism.

F1: PreGrpd(C, M) — Span(C, M) is an isomorphism.
Every split square in C is M-compatible.

~—~ o~ —~
o N o w
~

N N~ —~

> O @™ -~ ™

SN N N N N N N N
Ny

—~
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Sketch of proof

/

P2
E_—=C
(=) w
PlJTel Q’Hs / \ -
f .LT iz
A—=8 R
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Many Thanks and

Thank You J

\
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