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1. Fractional advection diffusion equation

In many applications, an equation commonly used to describe transport diffusive problems is the classical advection
diffusion (or dispersion) equation. The classical advection diffusion equation uses second-order Fickian diffusion which is
based on the assumption that solute particles undergo an addition of successive increments that are independent, where
identically distributed random variables have finite variance and the distribution of the sum of such increments is a normal
distribution. Therefore, the fundamental solutions of the classical advection diffusion equation are Gaussian densities.

The anomalous diffusion [1,2] extends the capabilities of models built on the stochastic process of Brownian motion,
which can be described by Lévy motion which assumes that significant deviations from the mean can occur, where large
jumps are more frequent than in the Brownian motion.

The fractional advection diffusion equation was firstly proposed by Chaves [3] to investigate the mechanism of super-
diffusion and with the goal of having a model able to generate the Lévy distribution. It was given by

8u+V3u_D B“u+ %u (1)
at ax  \axe  a(=x)2 )’

where u is the concentration, V is the average velocity, x is the spatial coordinate, t is the time, D is the diffusion coefficient,

is the order of the fractional differentiation with 1 < o < 2.The fractional advection diffusion equation was later generalized
by Benson et al. [4,5], to include a parameter 3, given by

8u+V8u_D 1+ﬂ 3“u+D 1 B a%u )
at ax ~ \2 2/ axe 2 2) a(—x)*’

where g is the relative weight of solute particle forward versus backward transition probability. For —1 < 8 < 0, the
transition probability is skewed backward, while for 0 < 8 < 1 the transition probability is skewed forward. For 8 = 0, we
obtain the model presented in [3], that is, the transition of the solute particles is symmetric.
We consider an equation with a source term, which can be expressed as follows
au au

— 4+ V— =DV¥% t 3
ot TViox = DVu P D), 3)
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where the fractional operator is given by
a%u

d(—=x)’

The interest in numerical methods for problems involving advection and fractional diffusion has been increasing in the
last years. Different tools have been applied, such as finite difference methods [6-8], finite volume methods [9], spectral
methods [10] and finite element methods for linear and nonlinear diffusion problems [11-17], just to name a few. However,
concerning the use of finite differences the numerical methods presented in the literature, which are second order in
time and space are in general implicit methods. In this paper, we develop an explicit numerical method which is second
order in time and space for fractional advection diffusion problems with source terms in unbounded and bounded domains
with homogeneous boundary conditions, by using a Lax-Wendroff-type time discretization procedure. Since the numerical
method is explicit, it is a more cost effective method than the implicit schemes. Additionally explicit methods are better
tools for problems where advection plays an important role. The classical Lax-Wendroff method was derived for hyperbolic
equations [18] and afterwards was extended for advection diffusion equations. This method uses a small stencil in time
and also uses extensively the original differential equation, that is, the discretization procedure converts time derivatives in
space derivatives.

Let us consider the problem defined in a domain R with an initial condition

uix,0)=f(kx), x€R

and boundary conditions

(4)

viu=2a+p2 21 a_p
u=— —(1-—
B 2 axe 2

lim u(x,t) =0 and lim u(x,t) =0.
X— —00 X—>00

If we have a bounded domain we assume

u(a,t) =0 u(b,t) =0,
since the problem can equally be considered in the whole real line by taking an extension where we have u(x, t) = 0, for
x <aandx > b.

The usual way of representing the fractional derivatives is by the Riemann-Liouville formula. The Riemann-Liouville
fractional derivatives of order «, for x € [a, b], —00 < a < b < oo, are defined by

o%u 1 " [ a1

W(X,t):mﬁ/g u,tH)(x—§&) d, n—1l<a<n (5)
o"u (x,0) = ia—n /b uE, HE—-x)"""de, n—1<a<n (6)

0(—x)% r'(n—a)ox" J,

where I'(+) is the Gamma function and n = [«] + 1, with [«] denoting the integer part of .. Properties about the fractional
derivatives can be found for instance in [19-24].

The remainder of this paper is organized as follows. In Section 2, we describe the numerical method, including its matricial
form and in Section 3 we study the convergence based in the consistency and the stability analysis. The fourth section
includes some numerical tests which confirm the second order convergence of the numerical method and we end with
some final remarks.

2. Construction and implementation of the scheme

2.1. Discretization of the fractional operator

In this section, a numerical approximation to the Riemann-Liouville derivative is presented. We describe shortly the
approximation, which is second order accurate [25,26].
Consider first the left derivative, that is,

U e — 2 / E Ox— 8", 1 2 @)
WX’ )_F(Z—C()ﬁ _Ocu%_a (X éj g’ <o <z

We consider the discretization domain x; = jAx, j € Z. Let

3L = / u(E, 0(x — &) dk. (8)

First, the following approximation at ; is done,

2

1
@zmxj) ~ A—qug(xj_l) — 24 (x) + 2, X )]1 (9)
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Secondly, we compute these integrals by approximating the function u by a linear spline s}(é ), whose nodes and knots are
chosen at xi, k < j, that is, an approximation to (8) becomes

X
I,(x) = / 5 () (% — £)' 7, (10)
—0o0
where the spline s]’.(S) interpolates {u(x;, t), k < j} in the interval (—oo, x]. We obtain,
! 1 2 : I
I (x) = ———AXx"“ u(xy, t)a; ,, 11
« (%) Q-3 - k;w (e O a

where the g , are defined by
G—k+1)°=2G-k**+(G—k-1*" k<j-1
1, k=j.

Therefore, from (9)-(12), we have an approximation of (7) given by

d2 o o) 1
X L
dx2 e A2 T (2 —a)

Ax2—Y j—1 J J+1
| > u0d =2 > u@. Da + Y un. Dal |
AX*T (4 — a) |: ’ =%

k=—o00 k=—00

1

[ (Xj—1) — 21, (%) + I} (Xj41)]

12

6, u(xj t)

Finally, an approximation to (7) can be given by , where

1 j1
Suxit) = ———— bouxg, t), 13
. O r(4—a)k;wq”"(k : )

for

I ! .
Qi =Gk 2(11k+aj+1’k, k<j—1

1
G = —20); + @

1 Al
9jj+1 = G141

We can write it as,

Sfu(xj, t) = Z q” mUXji—m, t). (15)

mfl

r (4 —
Let us know consider the right derivative
“u 1 92
(D= o
a(—x)¢ 2 —a) ox?

Similarly for the right derivative, let

/‘X’ uE, 0E —x)""%E, 1<a<2. (16)

4o (x) =/ u§, (€ —x'"ds. (17)

First, we do the following approximation at x;,
2
dx2 ™

Similarly we approximate (17) by considering a linear spline, sf(g), which interpolates {u(xy, t), k > j} in the interval
[x, 00). We obtain

1
o () = AX2 5 e (-1 — 245, () + 45, (x40 (18)

o] 2—a o0
IL(x) = / si(&)(E — X)) dE = PEICE) ZU(ka 0 s (19)
X k:j

j
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where
k—j+1D>=2k—)**+*k—j—1D> j+1<k
ay =
1, k=j.
Therefore, from (18)-(20), we have an approximation given by
& o (%) = ! ! [y (xi—1) — 21, (%) + I, (Xj41)]
dqu_AXZF(Z—Ol)D[ji] a '\ a WYj+1

12

=j—1

‘Sr u(Xj,[)

Finally, an approximation of (16) can be given by ——2—, where
Seuxj, ) = F(4 — ’Z q (i, 0),
k=j—1
for
q]k: ]lk 2ajk+a+1k» k>j+1
qj,]- 2a +a 1
Gjo1 = Q11
We can write it as,
3?U(Xj, t) = 1_‘(47 Z q“ mU(X] m» £)-

m=—00

Let us re-write the previous fractional operators. For that, let us define,

m+D>—2m* %+ m—-13" m>1
Uy =
1, m=20
and
p—1 — 20m + g1, mMm>1
(m = {—200 + ay, m=20
do, m=—1.

We can rewrite the fractional operators in the following way,

SIaU(Xj, t) = Z Qmu(xj m» £)s

m—71

1 e
Sf‘u(xj, t) = m Z ntXj4m, ).
m=-—1

AX*Y ad
m |: Z u (X, f) k=2 ZU(Xk, t)a; ajy + Z u(xg, t)a Gk
k

} |

(20)

(21)

(23)

(24)

(26)

(27)

Note that we can extend easily all of these results to a bounded domain for which u(a, t) = u(b, t) = 0. In this case, we

consider an extension to the whole real line by assuming u(x, t) = O forx < aand x > b.

2.2. Numerical method

To derive a finite difference scheme we suppose there are approximations U" :=

points

X;=jAx, je€Z and t,=nAt, n=>0,

where Ax denotes the uniform space step and At the uniform time step. Let

VAt d DAt
y=—— an = .
AX Ha AX*

The quantity v is called the Courant (or CFL) number and p,, is associated with the diffusion coefficient.

{U}'} to the values u(x;, t,) at the mesh
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We derive a finite difference scheme using Taylor expansions. Let us expand u about time level n, that is, t = nAt, to
obtain

u(x, thp1) —ux, ty) = Ata—u(x, th) + A—tzaz—u(x, tn) + O(AL). (28)
ot 2 ot?
Then, from (3),
0%u 0%u o [Ou
w(x, t)y=-V YD (x,t) + DVy (E(x, t)) + pe(x, t) (29)
Bz—u(x t) = —Vaz—u(x t) —I—DE[V"‘u(X )]+ px(x, t) (30)
axor ax2 ax P A

Therefore, a spatial finite-difference approximation can be obtained by dropping out the « 4+ 1 and higher-spatial-derivative
terms, from the previous equalities, holding

0%u

at?

Inserting (3) and (31) into (28) gives

2
(x, t) ~ v227'2‘(x, t) — Vpe(x, t) + pe(x, t). (31)

ou
u(x, tpy1) = u(x, ty) + At (—Va(x, tn) + DVgu(x, tn) + p(x, tn)>

1, ( ,0%u
+ oA\ VI (%, 1) — Vpu(x, 8) +pe(x, 1) ) . (32)
2 0x?
Therefore (32) can be written in the form
du o 1, 3% _
u(x, thy1) =~ ux, t,) — VAt—(x, t,) + AtDVﬂu(x, ty) + - AtV —(x, ) + Atp(x, t), (33)
0x 2 0x?
where

- 1
px,t) =px, t) + EAr(—Vpx(x, ) + pe(x, ).
The difference (u"*t! — u") becomes

UX, tap1) — ux, tp) = Uj"+1 - U (34)

Let us define the following operators,

1
AU =S (U — UL, SUT = UL, - 207 + UL (35)
and the fractional operator
o 1 o 1 o
Spuljs tn) = S (1+ B3 ulxj, tn) + 2 (1 = B u(x;, ). (36)

If we discretize the first derivative with the central difference operator, the second order derivative with second order
difference operator and the fractional derivative with the respective fractional difference operator, from (33), we have

1 -
U = U = vAoU] + ma8GUT + S0P 87U} + AL, 37)

where f)J’-' = p(xj, ty).

If we do not know the source term and only know a discrete set of values, we need to approximate the values of the
partial derivatives. Therefore we can use the forward difference in time to approximate p;(x, t) and the central difference
in space to approximate py(x, t). In this case we obtain

n+1
Pis1 = P N p}’)

2

1
p(xi, t) ~ pl + =At |-V
P o) ~ By + ( 2AX At

1 v
= 5(p]'.1+1 —I—p}") - Z(p}l+] —pj'-l]),

where p]f' = p(xj, tn).



3146 E. Sousa / Computers and Mathematics with Applications 64 (2012) 3141-3152

2.3. Matricial form

For a better understanding on how to implement the numerical method we give the matricial form of the method. We
have the numerical scheme
1
n+1 __ yn n 2¢2pyn n =n
U™ = U = vAU; —l—iv 87U + nadg U + Atp],
where
UM = 1(1 + B)SFU + 1(1 — B)seur (38)
BZi T 9 L=j 2 rejc
To build the matricial form we assume our solution has compact support. Therefore, the numerical method can be written
in the matricial form
U™l = MU" 4+ b" + p" (39)
where U" = [U]---U§_,1", p" = [Atp]--- Atpy_,1", b" contains the boundary values, and M is an (N — 1) x (N — 1)

matrix given by

M=A+——u,B
2rd—a

where A and B are (N — 1) x (N — 1) matrices. The matrix A is related with the advection and the matrix B with diffusion.

The matrix B is given by

B=(1+8Q+(1-p8Q’

where
o g1 0 - 0 7
q1
Q:
0
q—1
LAN—2 q1 qo

The vector b" is composed of two parts b" = b} + b, where the vector b} contains the boundary values related to the
matrix A and the vector by contains the boundary values related to the matrix B. We have b" = 0, since we are assuming
Ug = Uy, = 0. The matrix A is given by

1—1? viv—1)/2

viv+1)/2

A=
viv—1)/2

viv+1)/2 1-— 2

3. Convergence analysis

In this section we analyze the convergence of the numerical method using the framework of consistency and stability. We
have the global error given by E" = u™ — U", where u" and U" are respectively exact and approximate solutions. Therefore,
E™! = ME™ + AtT",

where the matrix M contains the coefficients of the difference formulas and T" is the truncation error. Then
n
En+l — Mn—HEO + AfZTan_k.
k=0
We have
n
IE™ < IM™ Eoll + At Y T 1Ml
k=0

If [M¥|| < C, forall0 < k < n+ 1, it follows,

IE™ ! < ClIEs|| + (n + DALC max [T,

<k=n
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Regarding the consistency, let u = u(x, t) be the exact solution and let us assume p(x, t) = 0. The truncation error at each
discrete point x;, is given by

n+1 n n n n n
u; — Uu; u.,, —U; At ul . —2ul + uf D
+1 1 +1 1
™ J J v J ] V2 J ] ] seyn

J At At 2 AX2 2Axx BT

N AP i +v () s o)
at /; 2 \ae2 ), 0x ) ;

3%u .
—Vvi= > (aZ) + 0(AX) — D(VEu)] + O(AX?),

n

since the fractional operator is @ (Ax?) [25,26]. From (31), it follows that

n n

T = (2?) +0O(AtH) +V (3';) + 0(AX%) + O(AX*) — D(Vw)] 4+ O(Ax),
j j

and the numerical method has an order of accuracy close to O (At?) + O (Ax?).

In order to derive stability conditions for the finite difference schemes, we apply the von Neumann analysis or Fourier
analysis. Note that if the scheme is von Neumann stable then the finite difference method is Lax stable in the 2-norm, which
means ||M"||, is bounded for all n [27]. Fourier analysis assumes that we have a solution defined in the whole real line. If uj'?
is the exact solution u(x;, t,), let Uj” be a perturbation of u}?. The perturbation error

g =U' -y (40)
will be propagated forward in time according to the equation
1
e]’.1+l =e —vAe] + Evzézef + wadge]. (41)

The von Neumann analysis assumes that any finite mesh function, such as, the error e}‘ will be decomposed into a Fourier

series with terms given by K[’,’eiép (2% where k" is the amplitude of the p-th harmonic. The product &pAx is often called the
phase angle 8 = &,Ax and covers the domain [—, 7 ].

Considering a single mode «"e% its time evolution is determined by the same numerical scheme as the error e]’-’. Hence
inserting a representation of this form into a numerical scheme we obtain stability conditions. The stability conditions will
be satisfied if the amplitude factor « does not grow in time, that is, if we have |k (0)| < 1, forall 6.

The next lemma characterizes the coefficients q,,, defined by (25), and it follows straightforward from some of the
properties presented in [26].

Lemma 1. Consider the coefficients q,, defined by (25). Then, for 1 < o < 2,

(@) Wehaveq_; =1, o =27 —4 < 0, q; = 3°7% — 4 x 23~% ++ 6, which can be positive or negative depending on the
value of «, thatis, q; < 0 for @ < 1.5545 and q; > 0 otherwise. Also

Gn=m+2>" —4m+ 1> 4+6m> % —4m-1>*+m—-2>%>0, m=>2.

(b) limorg%o Gn=0 ,q-1+q1 =0and g1 < qn < qa. -
(©) Yoo Gm=—0-1—Go—q1 = —3+3x2>*=3“and y" > gy =0.

First we consider the case § = 0.

Theorem 2. For 8 = 0, the numerical method is von Neumann stable if, and only if,

) P —— 2r(4 Z( D'gm <1, l<a<2. (42)

Proof. For 8 = 0 we have,

k(@) =1—ivsin® + v*(cos6 — 1)+F(47 Z qm cos(mo),
- m=—1
that is,
w — ’
NP =1|1+v*cosd —1)+ —= cos(mé sin67]?.
(0] [+v< )+F(4—a>m;1qm (m6) | + [vsino]
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Let us consider & = 7, which corresponds to the highest frequency resolvable on the mesh, namely frequency of wavelength
2Ax. We have

k() = 1— 207 +r(4— Z( D"

m—]

Therefore |k (r)| < 1 gives

0<v?— 2r(4 Z( D" < 1,

and it is proved condition (42) is a necessary condition.
Let us now turn to the sufficient condition, that is, if we have condition (42) then |« (6)| < 1, for all 6. We have that

Y mcos(md) = (q_1 + 1) c0s(®) + qo + Y _ qm cos(mo)

m=—1 m=2

and sinceq_1 + q; > 0and g, > 0, m > 2 we get

o0 00
Y mcos(md) < (q-1+ 1) cosO + o+ Y qm = (q-1+ 1) (cos & — 1).

m=-—1 m=2

From the fact that

o0
Z qmcos(mf) <0

m=—1
we have
r 2
lk(@)]? < |14 v23(cos® — 1) + W Z qm cos(m@):| + [vsind]%.
Therefore
r 2
k(@)? < |1—=1v%(1—cosh) — “7@ 14+ q)(1 —cos0) | + [vsin6]?,
~L 2I' (4 — a)
For
Mo
C=v4+-—"—
v +2r(4 )(q 1+q1),
it follows
lk(@)]* < [1—C( —cosO)]*> + [vsin6]?

[1—2Csin?(6/2)]1* + v?sin® 0
= 1—4Csin?(8/2) + 4C%sin*(0/2) + 2v? sin?(8/2) — 212 sin*(8/2).
Let s = sin(6/2). Then
lk(@)> < 1—[4C — 2v%]s* 4 [4C% — 20%]s*
< 1—[4C — 4C?)s?,

since s> < s* By hypothesis C < 1, since by (42),

2, Mo 4 M
V4 S @t S 1 5RaT [Z( 1)qm+qo}<1

Note that
o0
D (=1)"gn+qo <0
m=2
since
o0 o]
Y D" +00 < D dm+do=—(a1+d-1) —do+do = —(q1 +q1).

Therefore, for C < 1, we have | (8)|> < 1,forall6. O
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1.2 1.2

1

0.8

> 0.6

0.4

0.2

2.5

Fig. 1. Stability Fourier conditions (42). Plotted « changing. Necessary and sufficient conditions for g = 0. Necessary conditions forall -1 < g < 1.
The next theorem gives a necessary stability condition forall -1 < 8 < 1.

Theorem 3. For —1 < 8 < 1, a necessary von Neumann stability condition for the numerical scheme is given by

21—.(4 Z( D' <1, 1<oa =<2 (43)

Proof. If we insert the mode e into (41) we obtain the amplification factor

v o —i0 v —i
K(Q):l—i(e —e )+—(e —2+e")

+m ((1+ﬁ) Z qme”™ + (1 - B) Z qme’ )

m=-—1 m=—1

that is,

m=—1

k(@) =1—ivsin@ + v*(cosd — 1) + T (Z qm cos(mo) —ip Z qm sm(m6)>

For & = 7 we have

=1-2r 4+ == cos(mo 44
k() v +2F(4_ mzlq'" (m6) (44)
and therefore
1-— 2\)2 + F'(T Z dm cos(mh)| <1

and then we get the necessary condition (43). O

In Fig. 1, we plot the necessary and sufficient stability condition, for 8 = 0, and given by (42), which is also a necessary
conditionfor —1 < 8 < 1.

In Figs. 2-5, we show the sufficient conditions for stability computed numerically through the calculus of |M]|, < 1.
We observe that for « > 1.6 the conditions are very similar to the condition (42) plotted in Fig. 1. Therefore the necessary
condition (43) is very sharp for@ > 1.6 and —1 < B8 < 1. However, for « < 1.6 the stability condition (43) is not sharp
when 8 # 0. Note that v < 1 is a necessary condition for all the cases.

4. Numerical results

In this section we present some numerical tests to show the second order convergence of the numerical method by
considering the [, error, for an instant of time t = nAt, given by

max [u(x;, t) — U'|. (45)
j
For the first example we assume 8 = 1in Eq. (3), that is, we have the equation
ou ou “u
— 4+ V— =
at ox X«

+px, t),
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12

1

0.8

> 0.6

0.4

0.2

Fig. 2. Stability condition |[M||; < 1.Plotted « changing for § = —1.

1.2 1.2

1

0.8

> 0.6
0.4

0.2

Fig. 3. Stability condition ||[M||; < 1. Plotted « changing for § = 1.

1.2 1.2

1

0.8

> 0.6

0.4

0.2

Fig. 4. Stability condition ||[M||, < 1.Plotted o changing for § = —0.5.

in the domain 0 < x < 1. We assume the problem has initial condition u(x, 0) = x* and boundary conditions u(0, t) = 0,
u(l,t) =e ' Let
rs-—
V=02 D= (Ta) and p(x,t) = e X34V —x — x'7%).
The exact solution is given by u(x, t) = e ‘x*.
For this problem the scheme has the form

1 -
U],”+1 = an _ vAOUj“ + 511282111-" + Maglaujn + Atp]’?. (46)

In Table 1 we present the I, error, for the instant of time t = 1, which shows the numerical method has second order
convergence.

The second example considers Eq. (3) for 8 = 0, that is, we have the equation

ou ou D (0% 0“u
— V==
at 9x 2

o=t 3 (_X)a) +p(x, 0),
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1.2 1.2
1
0.8
> > 0.6
0.4
0.2
0
2.5
uu o
Fig. 5. Stability condition ||[M||, < 1. Plotted « changing for § = 0.5.
Table 1
I error (45) at t = 1, for the numerical method (46).
AX oa=12 a=14 oa=16 oa=18 o=2
1/10 0.4603 x 103 0.3703 x 1073 0.4453 x 1073 0.7477 x 1073 0.1239 x 1072
1/100 0.5667 x 107> 0.4444 x 107> 0.3561 x 107> 0.4848 x 107> 0.1095 x 10~*
Rate 1.90 1.92 2.09 2.19 2.05
Table 2
I error (45) at t = 1 for the numerical method (47).
Ax a=12 a=14 a=1.6 a=1.8 a=2
2/10 0.5738 x 107! 0.6981 x 107! 0.7739 x 107! 0.8086 x 107! 0.7621 x 107!
2/100 0.5693 x 1073 0.5729 x 1073 0.6748 x 1073 0.7701 x 1073 0.7289 x 1073
Rate 2.0 2.09 2.06 2.02 2.02

in the domain 0 < x < 2. We assume the initial condition is u(x, 0) = 4x?(2 — x)? and the boundary conditions are

u(0,t) =0,u(2,t) =0.Let
I'G—ow)
V =0.05, D= —

and

p(x, t) = 4e7 (—x*(2 — x)? + 4Vx(x* — 3x + 2) — X YA(x, @) — (2 — x)>T*B(x, a))

where
Alx, @) = 20(a — 1) — 60(2 — x) + 6(2 — x)?
B(x, o) = 2o(o — 1) — 6ax + 6x%.

The exact solution is given by u(x, t) = 4e~'x*(2 — x)°.
For this problem the numerical method has the form

1 1
1 2¢2 fd
an+ = an — UA()an —+ 5‘) 8 an + EMO{((S;YUJU —+ (SterJn) —+ Atpjn

We observe both examples present second order convergence (see Table 2).

5. Final remarks

(47)

We have derived a second order numerical method for the fractional advection diffusion equation which is explicit. The
convergence of the numerical method was analyzed through the consistency and the stability. For the stability analysis
we have used Fourier analysis. Note that, in general, explicit numerical methods are more cost effective methods than the
implicit methods. Additionally explicit methods are better tools for problems where advection plays an important role.
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