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A numerical method is presented to solve a two-dimensional hyperbolic diffusion problem
where is assumed that both convection and diffusion are responsible for flow motion. Since
direct solutions based on implicit schemes for multidimensional problems are computa-
tionally inefficient, we apply an alternating direction method which is second order accu-
rate in time and space. The stability of the alternating direction method is analyzed using
the energy method. Numerical results are presented to illustrate the performance in differ-
ent cases.
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1. Introduction

Hyperbolic diffusion models have been widely discussed in literature since they overcome the unphysical property of infi-
nite speed of propagation that is specific to parabolic models [10,14,15,24]. There are experimental evidences which prove
that diffusive processes take place with finite velocity inside matter [4,12,13]. In some applications, this issue can be ignored
but in many others it is necessary to take into account the wave nature of diffusive processes [22].

We consider a two dimensional hyperbolic transport equation that assumes that both convection and diffusion are
responsible for flow motion, which can be seen as a more general telegrapher’s equation [31]. Similar equations have been
appearing in several works for different applications, such as, diffusive processes in the presence of a potential field [2,3,6],
physical models with transport memory and nonlinear damping [21], hyperbolic models for convection–diffusion problems
in computational fluid dynamics [11] and various heat transfer models [1,16,18,19,26,27]. Despite its great relevance in prac-
tical applications, the incorporation of a convection term has not been exhaustively studied.

In this work we derive a two-level alternating direction implicit (ADI) scheme to solve the two-dimensional problem.
There are a great variety of applications of ADI methods based on the finite difference methods. When implicit methods
are applied in one dimension, usually extensions to two dimensions require approaches such as the ADI, since they reduce
the solution of a multidimensional problem to a set of independent one-dimensional problems and thus we obtain a more
efficient method than the implicit schemes. For these reasons special attention has been given to these type of methods,
when trying to solve multidimensional problems.
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Recently, some attention has been paid to the development and analysis of stable methods for numerical solutions for
hyperbolic diffusive equations in two dimensions, including different ADI methods, such as, for the wave equation, two level
ADI finite volume methods [30], two-level ADI Galerkin methods [33] and for the Sine–Gordon equation a three-level ADI
method can be found in [5]. For the damped wave equation or telegraph equation we can find a vast literature, namely,
three-level ADI methods combined with a Richardson extrapolation [7,8], three-level ADI finite difference methods
[9,20,23] and two-level ADI finite difference methods [25,32].

However, we are not aware of any work that considers an ADI method for a diffusive dominated second order hyperbolic
equation with convection, and as presented in this work, the inclusion of the convective term turns the stability analysis by
the energy method much more intricate. Additionally, the less restrictive stability conditions obtained for the ADI approach
are a great advantage for numerical implementation. Most of the numerical methods for the same type of equation are based
in hybrid methods which involve applications of the Laplace techniques with control-volume formulation or finite-difference
methods [2,3,18,19]. Stability conditions are not discussed theoretically in these works and this is one of the disadvantages
of such approaches, since the stability region of the numerical methods needs to be found experimentally.

We consider the following two-dimensional hyperbolic equation, which includes diffusion and constant convection,
defined in a rectangular domain X � R2,
@u
@t
þ @

2u
@t2 þ P

@u
@x
þ Q

@u
@y
¼ @

2u
@x2 þ

@2u
@y2 ; ðx; yÞ 2 X; t 2 ð0; T�; ð1Þ
where P and Q are constants. It is also assumed that P and Q are less than one in absolute value, that is, less than the diffusion
coefficient. If P and Q are larger than the diffusion coefficient, asymptotic analysis of exact solutions shows that the Cauchy
problem of Eq. (1) can be unstable [31].

We consider the initial conditions given by
u x; y;0ð Þ ¼ u0ðx; yÞ; x; yð Þ 2 X; ð2Þ
@u
@t

x; y;0ð Þ ¼ u1ðx; yÞ; x; yð Þ 2 X; ð3Þ
and Dirichlet boundary conditions
uðx; y; tÞ ¼ f ðx; y; tÞ; x; yð Þ 2 @X; t 2 ð0; T�: ð4Þ
In Section 2, we start to describe the proposed method and also its truncation error. It consists first of deriving a scheme
based in the Crank-Nicolson method and then, to overcome the computational inefficiency of an implicit scheme in two
dimensions, we apply an ADI method. Then, in Section 3 we use the energy method for determining the stability of the finite
difference method. In Section 4 we present some numerical experiments and we end with final remarks.

2. The second-order ADI numerical method

In this section we describe the numerical method applied to solve the problem (1)–(4) and also give its truncation error.
Direct discretization of (1) leads to a finite difference scheme that is three-level in time. To avoid a three-level discretization
scheme we introduce an auxiliary function, following the idea in [34]:
w ¼ @u
@t
þ u ð5Þ
and change (1) into
@w
@t
þ P

@u
@x
þ Q

@u
@y
¼ @

2u
@x2 þ

@2u
@y2 : ð6Þ
Let us consider the mesh points in X ¼ ½a; b� � ½c; d� and 0 6 t 6 T given by
xi ¼ aþ iDx; i ¼ 0; . . . ;Nx; yj ¼ c þ jDy; j ¼ 0; . . . ;Ny, where Dx ¼ ðb� aÞ=Nx and Dy ¼ ðd� cÞ=Ny . Let tn ¼ nDt, with Dt being
the time increment and nDt 6 T . We denote the approximate solutions to uðxi; yj; tnÞ and wðxi; yj; tnÞ by Un

i;j and Wn
i;j

respectively.
We define the following discretization operators. The first order forward and backward difference operators are given by
dþx Un
i;j ¼

Un
iþ1;j � Un

i;j

Dx
; dþy Un

i;j ¼
Un

i;jþ1 � Un
i;j

Dy
and
d�x Un
i;j ¼

Un
i;j � Un

i�1;j

Dx
; d�y Un

i;j ¼
Un

i;j � Un
i;j�1

Dy
:

The first order centered difference operators are given by
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dxUn
i;j ¼

1
2

dþx þ d�x
� �

Un
i;j ¼

Un
iþ1;j � Un

i�1;j

2Dx
;

dyUn
i;j ¼

1
2

dþy þ d�y

h i
Un

i;j ¼
Un

i;jþ1 � Un
i;j�1

2Dy
and the second order centered difference operators are defined by
d2
x Un

i;j ¼
Un

i�1;j � 2Un
i;j þ Un

iþ1;j

Dx2 ; d2
y Un

i;j ¼
Un

i;j�1 � 2Un
i;j þ Un

i;jþ1

Dy2 :
We discretize Eqs. (5) and (6) using the Crank-Nicolson method:
Wnþ1
i;j þWn

i;j ¼ Unþ1
i;j þ Un

i;j þ
2
Dt

Unþ1
i;j � Un

i;j

� �
ð7Þ
and
Wnþ1
i;j �Wn

i;j

Dt
¼ � P

2
Unþ1

iþ1;j � Unþ1
i�1;j

2Dx
þ

Un
iþ1;j � Un

i�1;j

2Dx

" #
� Q

2
Unþ1

i;jþ1 � Unþ1
i;j�1

2Dy
þ

Un
i;jþ1 � Un

i;j�1

2Dy

" #

þ 1
2

Unþ1
i�1;j � 2Unþ1

i;j þ Unþ1
iþ1;j

Dx2 þ
Un

i�1;j � 2Un
i;j þ Un

iþ1;j

Dx2

" #

þ 1
2

Unþ1
i;j�1 � 2Unþ1

i;j þ Unþ1
i;jþ1

Dy2 þ
Un

i;j�1 � 2Un
i;j þ Un

i;jþ1

Dy2

" #
: ð8Þ
Using the discretization operators given above and by denoting the set of discretisations points Un ¼ fUn
i;jg and

Wn ¼ fWn
i;jg the numerical method (7), (8) can be written in the form
Wnþ1 þWn ¼ Unþ1 þ Un þ 2
Dt

Unþ1 � Un
� �

ð9Þ
and
Wnþ1 �Wn ¼ � PDt
2

dx Unþ1 þ Un
� �

� QDt
2

dy Unþ1 þ Un
� �

þ Dt
2

d2
x Unþ1 þ Un
� �

þ Dt
2

d2
y Unþ1 þ Un
� �

: ð10Þ
For our two-dimensional problem, it is computationally inefficient to obtain a direct solution of this scheme. Therefore an
ADI strategy is used to overcome this difficulty, since it is well known that ADI methods can change a multidimensional
problem into a series of independent one-dimensional problems and have the advantage of less computational cost. The
main idea of the ADI for the two dimensional problem is to split the computations in two steps. In the first step, we apply
an implicit method in the x-direction and an explicit method in the y-direction, producing an intermediate solution for time.
In the second step, we apply an implicit method in the y-direction and an explicit method in the x-direction. This is described
bellow.

If we replace the exact solution in the numerical method (9), (10), then
wnþ1 þwn ¼ unþ1 þ un þ 2
Dt

unþ1 � un
� �

þO Dt2� �
ð11Þ
and
wnþ1 �wn ¼ �PDt
2

dx unþ1 þ un
� �

� QDt
2

dy unþ1 þ un
� �

þ Dt
2

d2
x unþ1 þ un
� �

þ Dt
2

d2
y unþ1 þ un
� �

þO Dt2 þ D2
� �

; ð12Þ
where D2 ¼ Dx2 þ Dy2 and the method is O Dt2 þ D2
� �

accurate. Replacing (11) in (12) we have
1þ 2
Dt

� 	
unþ1 þ 1� 2

Dt

� 	
un ¼ �Dt

2
Pdx þ Qdy
� �

unþ1 þ un
� �

þ Dt
2

d2
x þ d2

y

� �
unþ1 þ un
� �

þ 2wn þO Dt2 þ D2 þ DtD2
� �

:

Let us define the operators
LP ¼
Dt
2
ðPdx � d2

x Þ and LQ ¼
Dt
2
ðQdy � d2

yÞ: ð13Þ
Then, the previous equation can be re-written as
1þ 2
Dt

� 	
þ LP þ LQ

� 	
unþ1 ¼ 1þ 2

Dt

� 	
� LP � LQ

� 	
un ð14Þ

þ 2ðwn � unÞ þ O Dt2 þ D2 þ DtD2
� �

: ð15Þ
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The accuracy of the numerical method isO Dt2 þ D2
� �

, and therefore we can add to it any term of the same or higher order
without changing the accuracy of the scheme. With this in mind, let us consider the term
Dt
Dt þ 2

LPLQ ðunþ1 � unÞ: ð16Þ
Since
LPLQ ðunþ1 � unÞ ¼ Dt3

4
P
@

@x
� @2

@x2

 !
Q
@

@y
� @2

@y2

 !
@un

@t
þO Dt3D2 þ Dt4

� �
¼ Dt3

4
P � @

@x

� 	
Q � @

@y

� 	
@3un

@x@y@t
þO Dt3D2 þ Dt4

� �
;

the term (16) is O Dt3D2 þ Dt4
� �

and can be added to (15) without changing its order of accuracy. Then we obtain
1þ 2
Dt

� 	
þ LP

� 	
1þ Dt

Dt þ 2
LQ

� 	
unþ1 ¼ 1þ 2

Dt

� 	
� LP

� 	
1� Dt

Dt þ 2
LQ

� 	
un þ 2ðwn � unÞ

þ O Dt2 þ D2 þ DtD2 þ Dt3D2
� �

: ð17Þ
Therefore, we have the following numerical method
1þ 2
Dt

� 	
þ LP

� 	
1þ Dt

Dt þ 2
LQ

� 	
Unþ1 ¼ 1þ 2

Dt

� 	
� LP

� 	
1� Dt

Dt þ 2
LQ

� 	
Un þ 2ðWn � UnÞ: ð18Þ
To implement the previous method, and following the Peaceman-Rachford strategy we can split the previous equation in
two, by introducing an intermediate variable eU , which represents a solution computed at an intermediate time. Therefore we
obtain a type of Peaceman-Rachford ADI,
1þ 2
Dt

� 	
þ LP

� 	eU ¼ 1� Dt
Dt þ 2

LQ

� 	
Un þ Dt

Dt þ 2
ðWn � UnÞ; ð19Þ

1þ Dt
Dt þ 2

LQ

� 	
Unþ1 ¼ 1þ 2

Dt

� 	
� LP

� 	eU þ Dt
Dt þ 2

ðWn � UnÞ: ð20Þ
When solving the previous equations we need to pay attention to the boundary values of the intermediate variable eU ,
since in order to solve Eq. (19) for eUi;j; i ¼ 1; . . . ;Nx � 1; j ¼ 1; . . . ;Ny � 1, we need the values eU0;j and eUNx ;j. Note that the
boundary values eUi;0 and eUi;Ny are not needed to solve Eq. (20).

A convenient way to find the boundary values eU0;j and eUNx ;j is to write Eqs. (19) and (20) in the equivalent form
1þ 2
Dt

� 	
þ LP

� 	eU ¼ 1� Dt
Dt þ 2

LQ

� 	
Un þ Dt

Dt þ 2
ðWn � UnÞ;

1þ 2
Dt

� 	
� LP

� 	eU ¼ 1þ Dt
Dt þ 2

LQ

� 	
Unþ1 � Dt

Dt þ 2
ðWn � UnÞ:
By adding these equations we obtain, at each point ðxi; yjÞ,
eUi;j ¼
Dt

2ðDt þ 2Þ 1� Dt
Dt þ 2

LQ

� 	
Un

i;j þ
Dt

2ðDt þ 2Þ 1þ Dt
Dt þ 2

LQ

� 	
Unþ1

i;j :
This equation does not contain the operator LP and we can now obtain easily the intermediate values eU0;j and eUNx ;j,
yielding
eU0;j ¼
Dt

2ðDt þ 2Þ 1� Dt
Dt þ 2

LQ

� 	
Un

0;j þ
Dt

2ðDt þ 2Þ 1þ Dt
Dt þ 2

LQ

� 	
Unþ1

0;j

¼ Dt
2ðDt þ 2Þ 1� Dt

Dt þ 2
LQ

� 	
f a; yj; tn
� �

þ Dt
2ðDt þ 2Þ 1þ Dt

Dt þ 2
LQ

� 	
f a; yj; tnþ1
� �

ð21Þ
and
eUNx ;j ¼
Dt

2ðDt þ 2Þ 1� Dt
Dt þ 2

LQ

� 	
Un

Nx ;j þ
Dt

2ðDt þ 2Þ 1þ Dt
Dt þ 2

LQ

� 	
Unþ1

Nx ;j

¼ Dt
2ðDt þ 2Þ 1� Dt

Dt þ 2
LQ

� 	
f b; yj; tn
� �

þ Dt
2ðDt þ 2Þ 1þ Dt

Dt þ 2
LQ

� 	
f b; yj; tnþ1
� �

: ð22Þ
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3. Stability analysis

To prove the stability of the finite difference scheme (18) with respect to the initial values we use the discrete energy
method. To this end, let us define the set of discrete values with homogeneous boundary conditions.

Assume that G ¼ Uj U ¼ fUi;jg; and U0;j ¼ UNx ;j ¼ Ui;0 ¼ Ui;Ny ¼ 0

 �

. For U;V 2 G, we define the inner product and norm
respectively as
U;Vð Þ ¼ DxDy
XNx�1

i¼1

XNy�1

j¼1

Ui;jV i;j; kUk2 ¼ U;Uð Þ: ð23Þ
Additionally, we also need to define other inner products that involve the first and second order discretization operators
of U;V 2 G, since they will be used in the next lemmas and in the main theorem.

For U;V 2 G, let us define,
dþx U; dþx V
� �

�x ¼ DxDy
XNx�1

i¼0

XNy�1

j¼1

dþx Ui;jd
þ
x Vi;j; kdþx Uk2

�x ¼ dþx U; dþx U
� �

�x;

dþy U; dþy V
� �

�y
¼ DxDy

XNx�1

i¼1

XNy�1

j¼0

dþy Ui;jd
þ
y Vi;j; kdþy Uk2

�y ¼ dþy U; dþy U
� �

�y
;

dþx dþy U; dþx dþy V
� �

�
¼ DxDy

XNx�1

i¼0

XNy�1

j¼0

dþx dþy Ui;jd
þ
x dþy Vi;j; kdþx dþy Uk2

� ¼ dþx dþy U; dþx dþy U
� �

�
:

Lemma 1. For any W 2 G,
kdxWk 6 kdþx Wk�x; kdyWk 6 kdþy Wk�y; kdxdyWk 6 kdþx dþy Wk�:
Proof. We only prove the first inequality. The other inequalities follow in a similar way. We have
kdxWk2 ¼
XNx�1

i¼1

XNy�1

j¼1

DxDyðdxWi;jÞ2 6
1
2

XNx�1

i¼1

XNy�1

j¼1

DxDy
Wiþ1;j �Wi;j

Dx

� 	2

þ 1
2

XNx�1

i¼1

XNy�1

j¼1

DxDy
Wi;j �Wi�1;j

Dx

� 	2

6
1
2

XNx�1

i¼0

XNy�1

j¼1

DxDy
Wiþ1;j �Wi;j

Dx

� 	2

þ 1
2

XNx�2

i¼0

XNy�1

j¼1

DxDy
Wiþ1;j �Wi;j

Dx

� 	2

6
1
2
kdþx Wk2

�x þ
1
2
kdþx Wk2

�x: �
The following lemma is the well-known property of summation by parts.

Lemma 2. For any U;V 2 G,
d2
x U;V

� �
¼ � dþx U; dþx V

� �
�x; d2

yU;V
� �

¼ � dþy U; dþy V
� �

�y
:

The next lemma can be seen, for instance in [25,28].
Lemma 3. For any U 2 G, the following inequalities hold
kdþx Uk2
�x 6

4
Dx2 kUk

2
; kdþy Uk2

�y 6
4

Dy2 kUk
2
;

kdþx dþy Uk2
� 6

4
Dy2 kd

þ
x Uk2

�x; kdþx dþy Uk2
� 6

4
Dx2 kd

þ
y Uk2

�y:
Before proving the main result, note that the ADI method can be written in the form
1þ 2
Dt

� 	
Unþ1 þ 1� 2

Dt

� 	
Un � 2Wn þ Dt

Dt þ 2
LPLQ Unþ1 � Un

� �
¼ � LP þ LQð Þ Unþ1 þ Un

� �
: ð24Þ
Taking into account (7) we have
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Wnþ1 �Wn þ Dt
Dt þ 2

LPLQ Unþ1 � Un
� �

¼ � LP þ LQð Þ Unþ1 þ Un
� �

: ð25Þ
Theorem 4. Suppose that fUn
i;j;W

n
i;jg and fVn

i;j;Y
n
i;jg are solutions of the finite difference scheme (25) which satisfy the boundary

condition (4), and have different initial values fU0
i;j;W

0
i;jg and fV0

i;j;Y
0
i;jg respectively. Let xn

i;j ¼Wn
i;j � Yn

i;j; �
n
i;j ¼ Un

i;j � Vn
i;j. For

Dt 6 1, such that, Dt 6 cpDx; Dt 6 cqDy, with constants cp; cq, then fxn
i;j; �

n
i;jg satisfy
jjxnþ1jj2 þ jjdþx �nþ1jj2�x þ jjd
þ
y �

nþ1jj2�y 6 ð1þ CDtÞ jjxnjj2 þ jjdþx �njj2�x þ jjd
þ
y �

njj2�y
� �

; ð26Þ
where C denotes a constant independent of Dx;Dy;Dt.
Proof. We consider fUn
i;j;W

n
i;jg and fVn

i;j;Y
n
i;jg which are solutions of the finite difference scheme (25) and satisfy the same

boundary condition (4). Therefore, for xn ¼ fxn
i;jg and �n ¼ f�n

i;jg, we have fxn; �ng 2 G, that is, these discrete points at the
boundary are zero. From (25) they also satisfy
xnþ1 �xn þ Dt
Dt þ 2

LPLQ �nþ1 � �n
� �

¼ � LP þ LQð Þ �nþ1 þ �n
� �

: ð27Þ
Multiplying both sides of (27) by xnþ1 þxn with respect to the inner product (23) we obtain, using (13),
kxnþ1k2 � kxnk2 þ Dt3

4ðDt þ 2Þ PQdxdy � Pdxd
2
y � Qd2

xdy þ d2
xd

2
y

� �
�nþ1 � �n
� �

;xnþ1 þxn
� �

þ Dt
2

Pdx � d2
x þ Qdy � d2

y

� �
�nþ1 þ �n
� �

;xnþ1 þxn
� �

¼ 0: ð28Þ
By (9) and summation by parts we have
d2
xd

2
y �

nþ1 � �n
� �

;xnþ1 þxn
� �

¼ kdþx dþy �
nþ1k2

� � kd
þ
x dþy �

nk2
� þ

2
Dt
kdþx dþy �

nþ1 � �n
� �

k2
� ;

d2
x �

nþ1 þ �n
� �

;xnþ1 þxn
� �

¼ �kdþx �nþ1 þ �n
� �

k2
�x �

2
Dt
kdþx �nþ1k2

�x � kd
þ
x �

nk2
�x

� �

and
d2
y �

nþ1 þ �n
� �

;xnþ1 þxn
� �

¼ �kdþy �nþ1 þ �n
� �

k2
�y �

2
Dt
kdþy �nþ1k2

�y � kd
þ
y �

nk2
�y

� �
:

We can re-write (28) as
kxnþ1k2 þ Dt3

4ðDt þ 2Þ kd
þ
x dþy �

nþ1k2
� þ kd

þ
x �

nþ1k2
�x þ kd

þ
y �

nþ1k2
�y

¼ kxnk2 þ Dt3

4ðDt þ 2Þ kd
þ
x dþy �

nk2
� þ kd

þ
x �

nk2
�x þ kd

þ
y �

nk2
�y �

Dt
2
kdþx �nþ1 þ �n
� �

k2
�x þ kd

þ
y �

nþ1 þ �n
� �

k2
�y

� �
� Dt2

2ðDt þ 2Þ kd
þ
x dþy �

nþ1 � �n
� �

k2
� �

Dt
2

Pdx þ Qdy
� �

�nþ1 þ �n
� �

;xnþ1 þxn
� �

� Dt3

4ðDt þ 2Þ PQdxdy � Pdxd
2
y � Qd2

xdy

� �
�nþ1 � �n
� �

;xnþ1 þxn
� �

: ð29Þ
Let us now discuss the terms with P or Q. We first consider the terms
� Pdx �nþ1 þ �n
� �

;xnþ1 þxn
� �

and � Qdy �nþ1 þ �n
� �

;xnþ1 þxn
� �

:

Using the Cauchy–Schwarz inequality, Lemma 1 and the inequality ab 6 ga2 þ b2
=4g, for g > 0, we have
� Pdx �nþ1 þ �n
� �

;xnþ1 þxn
� �

6 kPdx �nþ1 þ �n
� �

kkxnþ1 þxnk 6 kjPjdþx �nþ1 þ �n
� �

k�xkxnþ1 þxnk

6 g1jPj
2kdþx �nþ1 þ �n

� �
k2
�x þ

1
4g1
kxnþ1 þxnk2

:

Using the inequality ðaþ bÞ2 6 2a2 þ 2b2, we conclude that
� Pdx �nþ1 þ �n
� �

;xnþ1 þxn
� �

6 g1jPj
2kdþx �nþ1 þ �n

� �
k2
�x þ

1
2g1

kxnþ1k2 þ kxnk2
� �

: ð30Þ
Similarly
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� Qdy �nþ1 þ �n
� �

;xnþ1 þxn
� �

6 g2jQ j
2kdþy �nþ1 þ �n

� �
k2
�y þ

1
2g2

kxnþ1k2 þ kxnk2
� �

: ð31Þ
Let us now consider the term
� PQdxdy �nþ1 � �n
� �

;xnþ1 þxn
� �

:

Using the Cauchy–Schwarz inequality, Lemma 1 and the inequalities used previously we have
� PQdxdy �nþ1 � �n
� �

;xnþ1 þxn
� �

6 g3jPQ j2kdþx dþy �
nþ1 � �n

� �
k2
� þ

1
2g3

kxnþ1k2 þ kxnk2
� �

: ð32Þ
Finally, we consider the terms
Pdxd
2
y �

nþ1 � �n
� �

;xnþ1 þxn
� �

and Qdyd
2
x �

nþ1 � �n
� �

;xnþ1 þxn
� �

:

Using summation by parts, Lemma 1 and the inequalities used previously, we obtain
Pdxd
2
y �

nþ1 � �n
� �

;xnþ1 þxn
� �

6 g4jPj
2kdþx dþy ð�nþ1 � �nÞk2

� þ
1

4g4
kdþy ðxnþ1 þxnÞk2

�y:
Using Lemma 3 and the inequalities,
Pdxd
2
y �

nþ1 � �n
� �

;xnþ1 þxn
� �

6 g4jPj
2kdþx dþy �

nþ1 � �n
� �

k2
� þ

2
g4Dy2 kx

nþ1k2 þ kxnk2
� �

: ð33Þ
Similarly
Qdyd
2
x �

nþ1 � �n
� �

;xnþ1 þxn
� �

6 g5jQ j
2kdþx dþy �

nþ1 � �n
� �

k2
� þ

2
g5Dx2 kx

nþ1k2 þ kxnk2
� �

: ð34Þ
From (29) and the inequalities (30)–(34), we obtain
:

kxnþ1k2 þ Dt3

4ðDt þ 2Þ kd
þ
x dþy �

nþ1k2
� þ kd

þ
x �

nþ1k2
�x þ kd

þ
y �

nþ1k2
�y

6 kxnk2 þ Dt3

4ðDt þ 2Þ kd
þ
x dþy �

nk2
� þ kd

þ
x �

nk2
�x þ kd

þ
y �

nk2
�y �

Dt
2
kdþx �nþ1 þ �n
� �

k2
�x þ kd

þ
y �

nþ1 þ �n
� �

k2
�y

� �
� Dt2

2ðDt þ 2Þ kd
þ
x dþy �

nþ1 � �n
� �

k2
�

þ Dt
2

g1jPj
2kdþx �nþ1 þ �n

� �
k2
�x þ g2jQ j

2kdþy �nþ1 þ �n
� �

k2
�y þ

1
2

g�1
1 þ g�1

2

� �
kxnþ1k2 þ kxnk2
� �� 	

þ Dt3

4ðDt þ 2Þ jPQ j2g3 þ jPj
2g4 þ jQ j

2g5

� �
kdþx dþy �

nþ1 � �n
� �

k2
� þ

1
2

g�1
3 þ 4g�1

4 Dy�2 þ 4g�1
5 Dx�2� �

kxnþ1k2 þ kxnk2
� �� 	

ð35Þ
Reorganizing the terms and using the conditions Dt 6 cpDx and Dt 6 cqDy, we obtain
Akxnþ1k2 þ Dt3

4ðDt þ 2Þ kd
þ
x dþy �

nþ1k2
� þ kd

þ
x �

nþ1k2
�x þ kd

þ
y �

nþ1k2
�y

6 Bkxnk2 þ Dt3

4ðDt þ 2Þ kd
þ
x dþy �

nk2
� þ kd

þ
x �

nk2
�x þ kd

þ
y �

nk2
�y þ

Dt
2
kdþx �nþ1 þ �n
� �

k2
�xðg1jPj

2 � 1Þ

þ Dt
2
kdþy �nþ1 þ �n
� �

k2
�yðg2jQ j

2 � 1Þ þ Dt2

4ðDt þ 2Þ kd
þ
x dþy �

nþ1 � �n
� �

k2
� Dt jPQ j2g3 þ jPj

2g4 þ jQ j
2g5

� �
� 2

� �
; ð36Þ
where A and B are given by,
A ¼ 1� Dt
2

g�1
1 þ g�1

2

2
þ

c2
pg�1

5 þ c2
qg�1

4

Dt þ 2
þ Dt2g�1

3

4ðDt þ 2Þ

 !
ð37Þ
and
B ¼ 1þ Dt
2

g�1
1 þ g�1

2

2
þ

c2
pg�1

5 þ c2
qg�1

4

Dt þ 2
þ Dt2g�1

3

4ðDt þ 2Þ

 !
: ð38Þ
Let us choose g1 ¼ g2 ¼ g3 ¼ g4 ¼ g5 ¼ g with
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g 6min
1
P2 ;

1

Q2 ;
2

ðPQÞ2 þ P2 þ Q 2

( )
: ð39Þ
Then, from (36) we have
Akxnþ1k2 þ Dt3

4ðDt þ 2Þ kd
þ
x dþy �

nþ1k2
� þ kd

þ
x �

nþ1k2
�x þ kd

þ
y �

nþ1k2
�y

6 Bkxnk2 þ Dt3

4ðDt þ 2Þ kd
þ
x dþy �

nk2
� þ kd

þ
x �

nk2
�x þ kd

þ
y �

nk2
�y; ð40Þ
with
A ¼ 1� Dt
2

g�1 þ g�1 c2
p þ c2

q

Dt þ 2
þ Dt2g�1

4ðDt þ 2Þ

 !
ð41Þ
and
B ¼ 1þ Dt
2

g�1 þ g�1 c2
p þ c2

q

Dt þ 2
þ Dt2g�1

4ðDt þ 2Þ

 !
: ð42Þ
Using Lemma 3 and Dt 6 cqDy, from (40) we obtain
Akxnþ1k2 þ kdþx �nþ1k2
�x þ kd

þ
y �

nþ1k2
�y 6 Bkxnk2 þ 1þ

c2
qDt

Dt þ 2

 !
kdþx �nk2

�x þ kd
þ
y �

nk2
�y: ð43Þ
If we choose g such that
g >
1
2
ð1þMÞ; for M ¼ max

c2
p þ c2

q

2
;
4ðc2

p þ c2
qÞ þ 1

12

( )
;

we can easily check that 0 < A 6 1. Additionally if we choose g such that
g 6
1
c2

q
þ

c2
p þ c2

q

2c2
q

we have B P 1þ c2
qDt=ðDt þ 2Þ. Therefore by choosing g such that
1
2
ð1þMÞ < g 6 min

1
P2 ;

1
Q 2 ;

2

ðPQÞ2 þ P2 þ Q 2 ;
2þ c2

p þ c2
q

2c2
q

( )
; ð44Þ
it follows
A kxnþ1k2 þ kdþx �nþ1k2
�x þ kd

þ
y �

nþ1k2
�y

� �
6 B kxnk2 þ kdþx �nk2

�x þ kd
þ
y �

nk2
�y

� �
: ð45Þ
Consequently, by noting that
B
A
¼ 1þ Dt

g�1 þ g�1 c2
pþc2

q

Dtþ2 þ
Dt2g�1

4ðDtþ2Þ

1� Dt
2 g�1 þ g�1 c2

pþc2
q

Dtþ2 þ
Dt2g�1

4ðDtþ2Þ

� � 6 1þ CDt;
where C denotes a constant independent of Dx;Dy;Dt, we obtain the main result. h

From the previous theorem we get the following result.

Corollary 5. Suppose that fUn
i;j;W

n
i;jg and fVn

i;j;Y
n
i;jg are solutions of the finite difference scheme (25) which satisfy the boundary

condition (4), and have different initial values fU0
i;j;W

0
i;jg and fV0

i;j; Y
0
i;jg respectively. Let xn

i;j ¼Wn
i;j � Yn

i;j; �
n
i;j ¼ Un

i;j � Vn
i;j. For

Dt 6 1, such that, Dt 6 cpDx; Dt 6 cqDy, with constants cp; cq, then fxn
i;j; �

n
i;jg satisfy
jjxnjj2 þ jjdþx �njj2�x þ jjd
þ
y �

njj2�y 6 K jjx0jj2 þ jjdþx �0jj2�x þ jjd
þ
y �

0jj2�y
� �

; ð46Þ
where K denotes a constant independent of Dx;Dy;Dt.
Remark 1. The previous results require that the maximum time step size is directly proportional to the space mesh sizes.
Usually optimal results are obtained when time-step and space-steps are comparable and therefore this is a natural condi-
tion. Similar conditions can be seen in literature for ADI numerical methods for hyperbolic problems, that usually do not
include the first order derivatives in space [7,8,17,29,33].
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Remark 2. The choice of constants cp and cq mentioned in the previous theorem can depend on the values of P and Q as can
be concluded by observing the condition (44). For the case when P ¼ 0 or Q ¼ 0, this condition can be easily adjusted and do
not depend on P or Q respectively. A practical choice could be to consider c2

p þ c2
q 6 2=3, for all P;Q .
4. Numerical experiments

In this section we present numerical tests for two dimensional problems. We compare the numerical results with exact
solutions, and we also illustrate the behavior of some of the solutions. Let
Table 1
Errors j

Dxffiffiffi
8
p

pffiffiffi
8
p

pffiffiffi
8
p

pffiffiffi
8
p

p

�i;j ¼ ui;j � Ui;j xi;j ¼ wi;j �Wi;j; ð47Þ
where u is the exact solution, w is defined by (5) and U and W are the approximate solutions, respectively. To measure the
error and the convergence rate we consider the norms of jj�jj and jjxjj defined by (23).

We present two problems for which we are able to determine the exact solution in order to compute the errors and the
convergence rate. The third problem shows how the solution behaves, when we have an initial Gaussian condition and
homogeneous boundary conditions. We start with a problem with P ¼ Q ¼ 0 and then we consider a more general problem.

Problem 1. Consider the problem
@u
@t
þ @

2u
@t2 ¼

@2u
@x2 þ

@2u
@y2 ; x 2�0;

ffiffiffi
8
p

p½; y 2�0;
ffiffiffi
8
p

p½; t > 0;
with initial conditions
u x; y;0ð Þ ¼ sin
xffiffiffi
8
p
� 	

sin
yffiffiffi
8
p
� 	

; x; yð Þ 2 0;
ffiffiffi
8
p

p
h i

� 0;
ffiffiffi
8
p

p
h i

; ð48Þ

@u
@t

x; y;0ð Þ ¼ �1
2

sin
xffiffiffi
8
p
� 	

sin
yffiffiffi
8
p
� 	

; x; yð Þ 2 0;
ffiffiffi
8
p

p
h i

� 0;
ffiffiffi
8
p

p
h i

; ð49Þ
and boundary conditions
u 0; y; tð Þ ¼ 0; u
ffiffiffi
8
p

p; y; t
� �

¼ 0; ð50Þ

u x;0; tð Þ ¼ 0; u x;
ffiffiffi
8
p

p; t
� �

¼ 0: ð51Þ
The exact solution is given by
uðx; y; tÞ ¼ e�t=2 sin
xffiffiffi
8
p
� 	

sin
yffiffiffi
8
p
� 	

: ð52Þ
In Table 1, we present the errors jj�jj and jjxjj defined by (23), at the instant of time t ¼ 1. We consider Dy ¼ Dx and Dt ¼ Dx.
We observe the convergence rate is second order as expected.
Problem 2. Let us now consider the problem
@u
@t
þ @

2u
@t2 þ P

@u
@x
þ Q

@u
@y
¼ @

2u
@x2 þ

@2u
@y2 ; ðx; yÞ 2 ð0;1Þ � ð0;1Þ; t > 0;
with initial conditions
uðx; y;0Þ ¼ ePx=2þQy=2 sinhðx
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð4þ P2Þ=2

q
Þ sinhðy

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð4þ Q 2Þ=2

q
Þ;

@u
@t
ðx; y;0Þ ¼ �

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
17þ P2 þ Q 2

q
2

ePx=2þQy=2 � sinhðx
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð4þ P2Þ=2

q
Þ sinhðy

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð4þ Q2Þ=2

q
Þ;
j�jj and jjxjj defined by (23) for t ¼ 1; 0 6 x; y 6
ffiffiffi
8
p

p; Dy ¼ Dx and Dt ¼ Dx.

Error jj�jj Rate Error jjxjj Rate

=50 7:361e� 04 1:468e� 04

=100 1:916e� 04 1:94 3:924e� 05 1:90

=300 2:134e� 05 2:00 4:516e� 06 1:97

=500 7:737e� 06 1:99 1:643e� 06 1:98



Table 2
Errors jj�jj and jjxjj defined by (23) for P ¼ 0:5; Q ¼ 0:4; t ¼ 1; 0 6 x; y 6 1; Dy ¼ Dx and Dt ¼ Dx.

Dx Error jj�jj Rate Error jjxjj Rate

1=50 5:653e� 05 2:689e� 04
1=100 1:413e� 05 2:00 6:832e� 05 1:98
1=300 1:570e� 06 2:00 7:728e� 06 1:98
1=500 5:653e� 07 2:00 2:799e� 06 1:99
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and boundary conditions
Table 3
Errors j

Dx

1=50
1=10
1=30
1=50

Table 4
Errors j

Dx

1=50
1=10
1=30
1=50
uð0; y; tÞ ¼ uðx;0; tÞ ¼ 0;

uð1; y; tÞ ¼ e�ð1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
17þP2þQ2
p

Þt=2e
P
2þ

Qy
2 sinhð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð4þ P2Þ=2

q
Þ sinhðy

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð4þ Q 2Þ=2

q
Þ;

uðx;1; tÞ ¼ e�ð1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
17þP2þQ2
p

Þt=2e
Px
2þ

Q
2 sinhðx

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð4þ P2Þ=2

q
Þ sinhð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð4þ Q2Þ=2

q
Þ:
The exact solution is given by
uðx; y; tÞ ¼ e�ð1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
17þP2þQ2
p

Þt=2e
Px
2þ

Qy
2 sinhðx

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð4þ P2Þ=2

q
Þ sinhðy

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð4þ Q 2Þ=2

q
Þ:
In the next tables we present the errors and convergence rates for different velocity fields, such as, in Table 2, for
P ¼ 0:5; Q ¼ 0:4, in Table 3, for P ¼ 0:5; Q ¼ �0:4, and in Table 4, for P ¼ 0; Q ¼ 0:5. For all the cases we observe the con-
vergence rate is second order.
j�jj and jjxjj defined by (23) for P ¼ 0:5; Q ¼ �0:4; t ¼ 1; 0 6 x; y 6 1; Dy ¼ Dx and Dt ¼ Dx.

Error jj�jj Rate Error jjxjj Rate

4:861e� 05 2:298e� 04
0 1:216e� 05 2:00 5:888e� 05 1:96
0 1:352e� 06 2:00 6:702e� 06 1:98
0 4:866e� 07 2:00 2:431e� 06 1:99

j�jj and jjxjj defined by (23) for P ¼ 0; Q ¼ 0:5; t ¼ 1; 0 6 x; y 6 1, Dy ¼ Dx and Dt ¼ Dx.

Error jj�jj Rate Error jjxjj Rate

5:072e� 05 2:384e� 04
0 1:268e� 05 2:00 6:080e� 05 1:97
0 1:409e� 06 2:00 6:897e� 06 1:98
0 5:074e� 07 2:00 2:500e� 06 1:99

Fig. 1. (a) Initial condition; (b) approximate solution for t ¼ 3 and P ¼ 0:5; Q ¼ 0. Computed with Dt ¼ Dx ¼ Dy ¼ 0:02.



Fig. 2. Approximate solution for t ¼ 3 computed with Dt ¼ Dx ¼ Dy ¼ 0:02: (a) P ¼ 0:5; Q ¼ �0:5; (b) P ¼ 0:5; Q ¼ 0:5.
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For this case the boundaries on the x direction are not zero, namely at x ¼ 1, and therefore it indicates the formulation at
the boundary values for the intermediate point, defined in (21), (22) does not affect the accuracy of the method.

Note also that for the tests presented, the step sizes satisfy the stability restrictions of Theorem 4. This reassures the
restrictions are very reasonable, since we do not need to impose very small time steps.
Problem 3. This example gives an insight on the physical behavior of the solutions associated with this type of problems.
We consider
@u
@t
þ @

2u
@t2 þ P

@u
@x
þ Q

@u
@y
¼ @

2u
@x2 þ

@2u
@y2 ; ðx; yÞ 2 R2; t > 0;
with initial conditions
uðx; y;0Þ ¼ 1ffiffiffiffi
p
p e�ðx

2þy2Þ;
@u
@t
ðx; y;0Þ ¼ 0;
and boundary conditions
lim
jxj!1

uðx; y; tÞ ¼ 0; lim
jyj!1

uðx; y; tÞ ¼ 0:
Since we consider an infinite physical domain and the computational domain needs to be finite, for numerical implemen-
tation purposes we assume the computational domain is large enough, that is, until the solution is zero at those numerical
boundaries (or very close to zero), in order to avoid the influence of the numerical boundaries in the computation and con-
sequently on the accuracy of the numerical method. The examples presented are for the instant of time t ¼ 3 and we have
considered the spatial computational domain ½�10;10� � ½�10;10�.

In Figs. 1,2 we display those approximate solutions and observe how the solution changes with the direction of the
velocity field.
5. Final remarks

We have derived a second order accurate ADI finite difference method to solve a two dimensional hyperbolic equation,
with Dirichlet boundary conditions. The stability of the method has been shown by the discrete energy method in Theorem
4. Although it presents sufficient conditions for stability, they are not very restrictive in practice, allowing the choice of large
time steps. Numerical results demonstrate the second order accuracy and efficiency of the numerical method and the results
are in agreement with the theoretical analysis presented.
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