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equations by replacing the second order spatial derivative by a fractional operator of order
o with 1 < o < 2. This operator is defined by a combination of the left and right Riemann-
Liouville fractional derivatives. We study the convergence of the numerical method through
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1. Fractional advection diffusion equation

Fractional derivatives have been used to model anomalous dispersion or diffusion and recently the fractional advection
diffusion equation has been presented as a more suitable model for many problems that appear in different fields, such as
engineering, physics, chemistry and hydrology. The fractional advection diffusion equation involves a parameter 1 < o < 2
representing the order of the fractional operator in space and when o =2 we obtain the classical advection diffusion
equation. Therefore in experiments, an additional parameter o needs to be adjusted, that helps to characterize the flow.

Some of the works that present experimental results with parameter estimation involving fractional advection diffusion
(or dispersion) problems are for instance [5,7,8,11,33]. In [7] the most frequently occurring value of « to adjust the experi-
mental results varies in the range of 1.4 to 2.0 as in [8]. In [11] the average estimate of the parameter « is also around 1.7
and 1.8. However, there are some estimates in [5,33], that concern small parameters of «, less than 1.5.

Similar problems to the one presented here have also been studied from different perspectives and not only from the
numerical point of view. The study of analytical approaches, namely discussions about the well-posedness of such problems,
that is, on the existence, uniqueness and regularity of the solutions are also a very active research field [2,6,15].

Regarding finite difference methods for fractional advection diffusion problems, in the last years many approaches have
been appearing, mostly with convergence of first and second order, some for only pure diffusive problems [4,19,20,29,34]
and others for the advection-diffusion models [3,12-14,23,26,28]. Many of the second order approaches rely on implicit
methods which are inadequate for advection dominated flows. However, advection often dominates the evolution of trans-
port flows.

Our purpose is to introduce a numerical method that is also suitable for primarily advective flows, that is, with small
diffusion. We derive a numerical method which is explicit and it has the particularity that for o« = 2 matches the numerical
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method introduced in [16] and called QUICKEST. Although this method was introduced a long time ago it has been very
popular until today, since it has the goal of providing an accurate solution without strong oscillations presented in some
higher order methods. It has also been shown to be more efficient than other schemes for highly advective flows, since it
makes a reasonable compromise between improved performance and computational cost [1,9,10,25,31,32]. The numerical
method we propose keeps these properties but now for more general models, described by the fractional operator.

The fractional advection diffusion equation can be expressed as follows

8u+vau_D 1+ﬂ 8“u+D 1 B\ 9% +s 0
ot ax ~ \2 2/ ox« 2 2)a(=x)¢ ’

where u represents a concentration, V is the velocity, x is the spatial coordinate, t is the time, D is the diffusion (or
dispersion) coefficient, « is the order of the fractional differentiation with 1 <« <2 and S is the source or sink term. The
parameter 8 is a skewness parameter with —1 < g <1.

We define the fractional operator
viu=2taep Ll La g 2
u=— — 4+ =(1-
BZ 72 axe 2

A(—x)o’
Eq. (1) can be rewritten in the simpler form
ou ou
— +V—=DV%u+S. 3
ot T ax put 3)

We consider the problem defined in x € R with an initial condition
ux,0)=f(x), xeR,
and boundary conditions

lim u(x,t)=0 and lim u(x,t)=0.
X— —00 X—00
In the analysis of the numerical method that follows, we assume our problem has a unique and sufficiently smooth solution.

Remark 1. The type of problems we are studying includes the cases for which the solution u is non-zero in a bounded
interval [a, b], for all t, that can be seen as being zero otherwise, and by assuming the boundary conditions

u(@,t)=0 and u(b,t)=0.

For the particular cases, 8 =1 and 8 = —1, we can assume respectively the more general boundary conditions
u(a,t)=0 and u(b,t)=gp(t)

and
u(a,t)y=gq(t) and u(b,t)=0,

where g,(t) and g(t) are given functions.

The fractional derivatives can be represented by the Riemann-Liouville formula. The left and right Riemann-Liouville
fractional derivatives of order «, for x € [a, b], —o0 <a < b < o0, are respectively defined by

0 e e “
0= T axn/“@’ Yx— " ldg (-1 < <n),

801—” — (_1)n 3” _ n—o—1 _

3(=x) x.0) = I'(n—a) xt \/\u(§7t)(s X) d m—-1<a<n), (5)

X

where I'(-) is the Gamma function and n = [«] + 1, with [«] denoting the integer part of «.

Remark 2. For n — 1 < « < n, sufficient conditions for the existence of the Riemann-Liouville derivatives is that u(-,t) €
AC™ ([a, b]) [22]. This space represents the space of functions u for which the space derivatives are continuous until order
n — 1 and the derivative of order n — 1 is absolutely continuous.

The application of fractional calculus to scientific and engineering problems presents difficulties that arise from the basic
calculus properties, such as, the composition property with derivatives. To preserve composition the function and some of
its derivatives should be identically zero at the initial point. For the Riemann-Liouville derivatives, we have the following
properties, that can be found, for instance, in [17,21,22].
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Proposition 1. Let « > 0, if the left Riemann-Liouville derivative (4) of order o and o + m exists, form=1, 2, ..., we have
am %u aoH—m
P <—( f)) I X ), (6)
P oMy aOl-HTl m-1 alu (x — a)j_a_m
" X, t X, t —a, ). 7
3x"‘<8xm( )> 8“+m( )= Zoaxf( )F(1+J—a—m) )
Proposition 2. Let « > O, if the right Riemann-Liouville derivative (5) of order « and o + m exists, form =1, 2, ..., we have
gm 9%y m aot+mu
— ) =-1)"—(x,0), 8
axm(a( i )) ("5 g %0 (8)
9v My ga+m m— ]3 ju (- 1)}+m(b_x)j a—m
X0 )=(-1)"——(x,t —(b,t . 9
T X)a< ( )) "5 )a+m< ) — ]Za O T e 9)

From the previous properties, we infer that the interchange of the Riemann-Liouville differentiation operators is al-
lowed under certain conditions. Note that, since we are considering homogeneous boundary conditions, similar results to
Proposition 1 and Proposition 2, for the real line case, become

9 (9% _ 0% fou 9**1u ; (10)
i 00) = 5 (500 = s w0

8(—8% ( t)) o ( *. r))—( AR R (11)
ax\a(—xe (=X =T e Y

2. Finite difference approximations

and

In this section we derive the numerical method that determines the approximate solution for the fractional advection
diffusion equation. We start to describe how we discretize in time to get an explicit method and then how to discretize the
classical spatial derivatives. The last section discusses how we approximate the fractional operators involved.

2.1. Time discretization

We start to derive the finite difference scheme using Taylor expansions, that is, we expand u about time level n, that is,
=nAt and where At denotes the time step, to obtain

2 92 3 3
At? 9%u d3u 4
U(X, th+1) —u(x, tn)—At (X th) + — 2 a2 (%, tn)+ 6 93 (%, tn)""o(At ) (12)
Then, from (3), we can write
9%u 9%u 9 EN
— =—V—+D—(V%u) + —, 13
at2 atax Bt( B )+8t (13)
Pu 9% ol 9 | (vgu)+ 9S (14)
axat - ax2 B ax’
u ou
vg‘(ﬁ> —-Vvg (a >+Dvg(vgu)+vgs. (15)

Let us assume that

9w _oa a_u
g(vﬁu)_vﬁ@t)

It can be noted that this equality holds, if we assume %u(-, t) € ACP(R) (see Remark 2). Therefore, from (13)—(15), we get

9% v282 VDa(V u) — v _ypye (2t +D?VY (VY )+Dv“5+as (16)
Bz ax2 ax" P ax A\ ax p Vgl B at

From Proposition 1 and Proposition 2 and since we assume homogeneous boundary conditions, we obtain
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9
vg(i(x, r)) = Ve u,b), (17)
3
a(Vgu(x, 0) = Vg ux, o), (18)
where
aa-‘r]u 1 301+1u
a+1
Vg U——(1+ﬂ) et —5(1—,3)W7 (19)
and hence from (16)-(19) we obtain
8%u 8%u EN as
T v ZY 5y pvetly 4+ D2V (Veu) + DVYS + 2o —v 2 20
at2 ax2 p Ut DIVE(Viu) + £2F %t ax (20)

From (20), we have

a3u 3 (d%u 9 9 as 9%s 9%s
— =V —(=—)-2vD— (V¥ u) + D*— (V¥(Vu)) + DVY[ —= | + — —v——. 21
at3 3t<8x2> at (V5" )+ Bt( 5 (Viu) +DVj o) T atox 21)
Note that, from (3), we can write
3 (9%u 93u 9%u 9%s
——=)=-V DVY| — |+ —. 22
8t<8x2> e ﬁ(ax2>+ax2 (22)
Henceforth, inserting (22) in (21) we obtain
a3u 93u 9%u 9%s 9 9
—=-V3 V2DV VZ—— —2vD—(V¥¢tu) + D> — (V¢ (V%u
a3 e ﬂ<32>+ ax2 ac(Vs W)+ D5 (Vi (Viu)
+DVY 95 + 7’ v 05 (23)
B\ ot at2 atox’
Next, we derive the finite-difference approximations, by dropping higher-spatial-derivative terms from (20) and (23), that is,
9%u 9%u as as
oM ov2? _oypvetlyypves 4+ 2 _y 22 24
at2 ax2 proutEVES T o ax (24)
33u ;0% as\ = a%s 3%s 3%s
— -V 4DV )|+ —= —V— Vi _. 25
o3 0x3 + (ar) + o2 otax 9x2 (25)
Inserting (3), (24) and (25) into (12) gives
~ ou o 1 of 20%U a+1
u(X, th+1) 2 u(x, ty) + At(—va + DVﬁ u)(x, th) + EAt (V i 2VDVﬂ u | (x, ty)
1 3/ 3 33 At? as s
+ AP =V — | (x, tn) + AtS(x, tn) + — DVﬂS—i———V (*, tn)
6 2 at
N AL3 Dy 3S N 3%s v 3%s N Vzazs *.t0). (26)
6 B\ ot ar2 Atax x2 g

2.2. Spatial discretization

To derive a finite difference scheme we suppose there are approximations U" := {U?} to the values u(x;, ty) at the mesh
points

Xj=jAx, jeZ and t;=nAt, n>0,

where Ax denotes the uniform space step and At the uniform time step. Let

VAt d DAt
V= —— an =—.
Ax o ="
The quantity v is called the Courant (or CFL) number and u,, is associated with the diffusion coefficient.
Spatial discretization about a grid point j can be accomplished by first fitting a quadratic across grid points j — 1, j and
j+ 1, and then integrating to obtain the average value of u within the jth mesh cell. This average value is determined at
time levels n and n + 1, thus yielding u™ and u™*!. The difference (u"*! —u™) becomes

1

~ gt +1 +1 +1
uX, thy1) —ux, ty) ~ U? -Uj+ 24[(U7+1 - 2Un + U?—1) (Uj —2U7 +UT4)]. (27)
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The last two terms of (27) can be interpreted as

1 , 3% (du 1 ,d%u
—AIA — | — | ¥ — = VAtAX® — (28)
24 ax2 \ at 24 ax3

from (3). Hence, taking in consideration (28) we use (27) to approximate the term u(x, ty4+1) — u(x, ty) appearing in (26).
We now describe how we approximate the spatial derivatives appearing in (26) and (28) to finally obtain the numerical
method. Let us define the difference operators

1 2
AoUT = E(U?H —-Ub,), sUT=UT, 20T+ UT .

FA_UT=U", —3U%+3U), - U, (29)

A common alternative used to avoid the shortcomings of discretizing the spatial first derivative with upwinding differ-

encing and central differencing is the use of the discretization presented in [16] involved in the derivation of the QUICKEST
scheme. The interpolation formula for positive velocity is

gu _ AoUt 182A_U3?
ax  Ax 8 Ax

Hence, we discretize the spatial first order derivative in (26) in this manner.
We denote the fractional difference operators by Bgu(xj, tp) and Sg+lu(xj, tp) and such that,

(30)

S3u(xj, tn) 85 u(x;, tn)
AxY Axe+l

These operators will be defined in detail in the next section.

If in (26) we discretize the spatial first order derivative as (30), the second order derivative with second order differ-
ence operator and the third-order derivative with third-order difference operator, both defined in (29), and the fractional
derivatives with the respective fractional difference operators, to be discussed in the next section, we have the numerical
method

A%‘u(xj,tn)% s A%H_lu(xjstn)%

1 1 ~
U?H = U —vAUT + 18§ UT + 5vzszu'; — vuaag“u'} + g(u —v?)82A_UT + ALST(x;), tn), (31)

where 3'} = §(xj, tp) and S is given by

Sy At(pgag, 9S _,0S +At2 pye (S +825 Vazs+vzazs
- 2 T ax 6 F\at) " ar2 atax ax2 )

2.3. Derivation of the fractional difference operators

In this section we describe how to approximate the fractional operators A‘gu and A‘;‘HU defined by (2) and (19) re-

spectively. These approximations have been already denoted by 82‘ u/Ax* and Sg“u /Ax*t1 respectively, in the previous
section, to write the numerical method (31).

We begin by deriving the approximation for the operator A%‘u, defined by (2), (4) and (5), which uses the approximations
for the left and right fractional derivatives derived in [27,28]. It consists of approximating the function inside the integral by
a linear spline in order to obtain a second order approximation for the fractional operator. More details on this discretization
can be seen in [27,28] and they will be also given in the next section during the discussion on the truncation error of our
numerical method (31). Afterwards, we derive the approximation for the operator A‘/’;“u.

Set
m+1D3Y-—2m3 24+ m-13"% m=>1

am = (32)
", m=0

and
Om—1 — 20m + amy1, m>1

qm = { —2ap +aq, m=0 (33)
daop, m=-—1.

The approximation of the left and right fractional derivatives, defined in (4) and (5) are respectively given by
Sfux;, ) S%u(x;, t)
Axe Ax®

)
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where the discrete operators are defined by

l o0
Sl‘xu(xj,t)zm Z AmU(Xj—m, £), (34)

Stu(xj,0) = Z qmU (Xji4m, £).- (35)

r (4 a)
Hence, we define the discrete operator Bg‘u, that approximates A%‘u as
1 1
(Sgu(xj, t)= 5(1 + B8 u(xj, t) + 5(1 — B)sYu(x;, t). (36)
We now turn to the operator Vg“u, that is, we describe how we approximate this operator. First, note that

d
a+1 _
VEux b = &[Vg‘u(x, ).

Vot—H

Therefore an approximation to the operator u(x;,t) can be given by

5g+1u(x,»,r)_ 1 <5gu sgul_ ]>

AxetT T Ax\ Axe AXY
Next, we define
st = sfult — sf'u 8ol = sfut — s u”

11’ i orUjq

in order to rewrite the discrete operator as

Ol+1
8" uj

1 1
NN ) [5(1 + ﬂ)&,"‘“u'} + 5(1 _ 13)5;1+1u?:|.

Note that the discrete operators Sl‘”lu’} and 8;"“u? are respectively defined by

.1 oo
5la+1”'} =8uf —ofuf = T@—a) |:Q—1”?+1 + Z(Qm - Qm—])ul}_mi| (37)
m=0
and
00
5a+1 n 50{ n__ 80{ n _ 1 n _ n 38
Uj=oruj Ui 1= F(4—O£)_ Q—luj_2+Z(Qm Qm—1)uj_1+m . (38)
m=0

Moreover, the numerical method (31), with &« =2 and without the source term, is the well known QUICKEST scheme
presented in [16].

3. Global error

In this section we discuss theoretically the global error of the numerical method (31). The method can be written in the
form

Uttt =pus, (39)

with P an operator defined by P =372 cxS¥, where the coefficients c; depend on v and py and S represents the
forward and backward shift operators, that is, S"U” U? +k
For the exact solution, and denoting u(jAx, nAt) by u , we have

uit =Pult + ALTY, (40)
where T;l is the local truncation error.

Therefore, the global error defined by E'j’. = u'}. — U;? is given by
EN =PE] 4 ACT]. (41)

Hence, a global bound for the error depends on the truncation error and the boundedness of the operator P, which will
be discussed in the next subsections. We begin by analyzing the truncation error and then discuss the boundedness of the
operator, which is related to the stability analysis.
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3.1. Leading terms of the truncation error

To derive the truncation error, we consider without loss of generality, the source term zero and use techniques similar
to the modified equation [30]. To obtain the results in this section, we assume u is a function with sufficiently many
continuous derivatives in time and space. Since our domain is the real line, it is enough to assume the function u and its
spatial derivatives vanish at infinity in an appropriate manner, to allow the interchange of differential operators, fractional
and integer. We start to present results regarding the leading terms of the truncation error of the fractional difference
operators.

Lemma 3. Suppose u is a function with sufficiently many continuous spatial derivatives that vanish at infinity in an appropriate
manner. Then u? = u(x;, ty) satisfies

sou” 8+ un
J] _ woa,n oy, . J _ go+1,n a+l,,, .
N _Vﬂuj—i-e (xj) and NS _Vﬁ u; +e (%), (42)

where € (x;) and e tl(x i) are local truncation errors approximately given by

AX?
€Y (xj) ~ (7 + czAx2>v;;‘+2u§! +CA VUl + 0(AxY) (43)
Ax Ax?
a1y A a+2,.n _ 2 a+3,n 3
T (xp)~ 5 Vg uj—i-( 5 CaAx )Vﬁ uj+O(Ax ). (44)
for C;, i =2, 3 constants.

Proof. During this proof we omit the variable ¢, for the sake of clarity, and for an arbitrary and fixed t, we denote u(x;) :=
u(xj, ty). We derive only the truncation error to the left fractional derivative since for the right derivative it can be obtained
in a similar manner. The left derivative can be written as
0%u
ax¥

where

82
(xj) = ﬁlz‘“u(xj),

X
1
12*"u<xj>=m / u@)(xj —&)'de.

The approximation under consideration was obtained first by doing a central approximation of the second order derivative,
assuming [2~%u is sufficiently smooth. Therefore, we have

o%u 1

o %) = m[12*"‘u(xj+1) — 27U (xj) + P u(xj_1)] + €alx;),
where
Ax% 94
€a(xj) = —?wﬂ *u(xj) + 0 (Ax*).

Then, IZ*D‘u(xj) is approximated by izfau(xj), obtained by doing a linear spline approximation of u(¢) (see [27] for more
details). We get

%u
ax%

where €5(x;) is the error associated with the spline approximation. We have

1 .- i i
(xj) = m[lz‘“u(xm) — 27U (xj) + PP Yu(xj_1) + €5(x))] + €alx)), (45)

1 -1 % j Xk
es(xj>=m{ > [ @@ = s@)we -0 -2 3 [ () - si©)ix - o' de
k=—ocox, | k=—o0x_,
j+1 o X
+ Y /(u(s)—s1+1(5>)<xj+1—s>1"dsI
k=—ooxk_1

where s;(¢) denotes the spline that interpolates x;, =kAx, k < j. For x;_1 <x <X
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1 1
u@) —s@é) = —Eu”(f)lk,z(é) - gum(é)lk,s(é) -

where

I, (&) =X

We obtain

(e — &)

g(xk £—AX) — %

3

1
€s(Xj) =— Z Fér(X]’) +...,

r=2
with
‘1 (
& (xj) = m{,z /lm(s)u‘”(s)(x] 1—&' 2k2 ftln(s)u(f)(sxx, £)' e
K=—0x, 1 =T%0X 1

1 X

+ ) flk,r(s)u<f>(s)(xj+1—s>1"‘}.

k=—00xk_1

By changing variables, for r =2, 3, we get

j Xk

1
&r(xj) = mkz / hr@®[u”E + Ax) —2uE) +uPE - AX)](xj — ) YdE.

Xk—1

Now, since I -(§) = O(AX"), for x,_; <& <X, and by Taylor expansions we have

U E + Ax) — 200 ) +uDE — Ax) = ARUTTD &) + ; @) + 0(ax°),

we can obtain an estimation for the error given by, for r =2, 3,

r 1 J ’ 2. (r+2) 1-a
er(xj)NCrAxm Z /AXU E)xj—&) “dE+ ...

k=—o0yx,_,

J
:CrAx”zﬁ / uT2 &) (x; — &)17%e + ...

art2y
r4+2 12—
=CAX ™1 —axr2+....

(46)

(47)

Note that because we are assuming u has sufficiently many continuous derivatives and that they vanish in an appropriate

manner at infinity, we have [21]

8a+ru 9 ar+ 3r+2 9w
W(xj)zl aerrz(x])—aerI u(xj), r=2,3.
Then
a+ry

d
€r(Xj) ~ CrAX T2 ——

9xo+T (XJ) +0 (Ax4+r)

Therefore, from (46) and (48) we get, for the error € (xj)/sz appearing in (45),

1 Axt 42y 1. Ax° 0B
a8~ erzw“‘”‘é i gxers M)
1 a+2 0(+3
:—§C2Ax Fys) (x]) C3Ax Fy (x])—i—O(Ax )-

Now let us turn to the fractional operator of order o + 1. The operator Vg“u is first given by

1
Vi ue) = [Viueg) - Viueg o]+ e (),

(48)
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where
X 2

€p(xj) = 3 9% 2V,3 (xj) — & 3Vﬁu(x])—i-O(Ax )-

By Proposition 1 and Proposition 2 and under the lemma assumptions, we can write
AX AxX?

€p(x)) = 7v;;f“u(x,-) - Tv;;‘+3u(x,-) +0(ax%), (49)

where
@t 1 aa+2u 1 Ol+2u
VEue) = 51+ B )+ 5 (1= B5 o () (50)
1 80l+3u ] aa+3
Va+3u(x1) = (1 +B)——= oya i3 (xj) — /S)a( a3 (%). (51)

Secondly, the operator Vgu is approximated as previously and therefore
1
Vi ug) = A—x[agu(xj) + €% (x)) — 85uxj1) — €*(Xj—1)] + € (X))
1
=851 u(x)) + A—X[e"‘(xj) — €% (xj_1) ] + e (x)).
Then, it follows

1
Ax[e (xj) —€*(xj_1)] = [(—+C2Ax )Vg‘”u(xj)+C3Ax3vg+3u(xj)

(— + CyAx )V‘”zu(x] 1) — C3Ax3vg+3u(xj,1)]
AX b
= <W + CZAXZ> 5v;;‘*zll(;c]-) +0(Ax%)
AX 2
= <7 + C2AX )vg‘+3u(xj) +0(AX%).
From this equality and (49) we finally obtain (44). O

In the next result, we present the truncation error for the numerical method (31) obtained through the modified equa-
tion, which consists of substituting the exact solution in the numerical method and then after Taylor expansions and some
additional calculations we get the local truncation error.

Theorem 4. For the numerical method (31), the local truncation error at u™(x;) = u(x;, t), appearing in the global error (41), is given

by
Axot+2 )
ALT} = 3 (—ta — 12Copg — 6V LG + 6V ua)v‘er u"(x})
Ax4 94" Ax2@
+—4(2v—2v —v2 4+ o (xj) + /LaVﬂ(V ") (x;)
Ax*H3 2 3 a+3,n
+ (=6C3pa —12CoV e — 3V fho + 207 1) VE U (X)) + .., (52)

for e = DAt/AX* and v = V At/ Ax.

Proof. Substituting the exact solution in the numerical method, we obtain

witt =ty Ar 1, At sgu’
J J n n 2 B
A aax W T Ua) T3V ga Wi 2y i) = Do
sl 1w At
B J 3 n n n n _
+ VDAL= — é(ﬂ -V A—X3)(uj+1 —3ufj+3u} ; —u} ,)=0.

After Taylor expansions, the application of the results of Lemma 3 and some additional small simplifications, we can write
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ouj | At + act u] + ae ] +0(At?)
at 2 ot2 6 o3 24 at4

% w1 83u“
+ m(ZAXa— + 3AX F) + O(AX )

viar /9%l PSS o*ul
2Ax? 0x2 12 ax4

)+ 0(Ax*At)
—-DV%"—D A—X2+c AX? | VP2 — DC3AXPVE Pl 4 0 (Ax?)
BHi 12 2 B i 3 B i

B

2 83 n 484
- 1(1 - V3A—t><Ax — - A——) +0(ArAX*) + 0(Ax*) =0.

AX AX?
+ VDAVt — VDAtTV/‘;‘”u"- + vzmr(T — CyAx )v“+3u’? +0(Atax?)

6\ Ax Ax3 8x3 2 x4

Therefore, the modified equation is given by

o] +va 4 pveun 4 A Puj _ viardu] +VDAtv“+1 n
ar dx BRI 2 8t2 2 ox2 Uj
A2 03U 1 a3un Ax2 Ax
et eviae g - o(T e vad v
AR VA SARAx V2Atax?) %]
24 ot 12 12 24 axA

AX?
_ 3yga+3,n _ 2 a+3..n D A+d) —
DC3AXVE T 4 VDAt( — — C2Ax )vﬁ ul+ Y 0(AxPAt?) =o0.
p+q=4

The modified equation presents an expression for the truncation error. However this is not the desired form since we do
not want the truncation error in terms of the derivatives in time. Therefore, similarly to what is done in [30], we use the
modified equation itself to eliminate the time derivatives. After some extensive and direct calculations we obtain

au" Bu” N

W"FVB——DV/SU]-FTJ-:O, (53)
where the modification T;? satisfies

1
T} = (-DAX* —12CDAX* — 6VDAtAX +6VDAL* Ax) Vi 2u]

1 3 ) 3 9%u 1
+52 (2VAx —2V3AXAL? — VEALAX® + VAAL )Wu +2D AtVg (VguT)
1
+5(= 6DC3AX> —12CVDALAX* —3VZDAL Ax+ 2V DAL Vi Hul
+.... (54)
From the previous equality we can write the expression for AtT;? in terms of wy and v,
AXOH—Z +2
Ax dtu . Ax*®
+j(2v—2v —v +v)a u't + ,uaVﬂ(Vﬂ H]
Axlx+3
+—5 (—6C3tta — 12C2vpg — 307 g +20° o)V P+, O (55)

Note that, the leading terms of the truncation error are given by

1
ALT! = o AX* 2 (6V2 ey — 6V e — pa — 12Capte) VG 20" (X))

4, n

+21—4Ax v2-v)(1-v )8 L)+ szwgva(v u")(xj) + ... (56)
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Observing the truncation error, over a finite interval of time, these estimates tell us that the order of the truncation error are
sensitive to the values of v and py considered. The values of v and @y vary depending on how we choose At depending
on Ax. Additionally, for explicit schemes, the time step and the space step need to be related to each other as we refine
the mesh, not only for accuracy purposes but also in order to have convergence of the numerical method, since we need
to be inside the stability region. In general, we expect the numerical method to behave between 0 (Ax%) and O(Ax3). For
advection-dominated problems we expect to be closer to 0(Ax3). This follows from observing that as D goes to zero, g
goes to zero. Therefore, the truncation error is dominated by the second term on the right hand side of (56). From this term
and for At = 0(Ax) we can easily see that we get a behavior closer to 0 (Ax3).
We also note that for « =2, C; =0 and the truncation error (56) matches the one reported for the classical QUICKEST
in works such as [18,25] and given by
1 4qn
ALT} = ﬂAx“(lZ/Lz —2p—12uv(1 —v) +v2 —v)(1 - uz))v(xj) - (57)

for ;= DAt/Ax?.
3.2. Stability analysis

For a set of discrete values, the global error (41) can be written in the matricial form
E"T = PE" 4 AtT™, (58)

where P is the matrix containing the coefficients of the difference formulas and T" the truncation error. By applying this
equality recursively, we obtain

n
En+1 — PTH—] EO + At ZPan_k. (59)
k=0
Then a global error bound, for any chosen norm | - ||, is given by
n
[E™H) < [P E) + ae Y S [PA T (60)
k=0

that is,

[E™] < [P EC] + o+ 1) ae max [P [T (61)

0<k<n

If ||P|| is a matrix such that ||P"|| < K, for 0 < nAt < Ty, then we have practical stability and the error bound is given by

|E"| < K| E°| +nAtK max | T"7F]. (62)
0<k=n-1
In order to derive stability conditions for the finite difference schemes, we apply the von Neumann analysis or Fourier
analysis. Note that the numerical method is von Neumann stable if and only if the operator P is bounded in the I; norm
[24]. Of course one of the conditions for which the method becomes unstable is if the spectrum of P is larger than one. For
the special cases when P is a normal matrix, both conditions are equivalent.
Fourier analysis assumes that we have a solution defined in the whole real line. If u'} is the exact solution u(x;j, ty), let
U? be a perturbation of u’}. The perturbation error

n__ym__,n
ej_Uj u; (63)

will be propagated forward in time according to the equation

1 1
n+1 _ ,n _ n ayn | - 4,2¢2,0 a+l,n .~ (1, _ ,3)52 n
e =ef —vAge] + padge] + 5V 8% —viady T el + 6(1} V)8 A_ef. (64)
The von Neumann analysis assumes the error e'} will be decomposed into a Fourier series with terms given by ng“fp(f“),
where Kg is the amplitude of the p-th harmonic. The parameter 6 = £, Ax is called the phase angle and covers the domain
[—m,m]. -
Considering a single mode x"e%?, its time evolution is determined by the same numerical scheme as the error e”. Hence

inserting a representation of this form into a numerical scheme we obtain stability conditions. The stability conditions will
be satisfied if the amplification factor ¥ does not grow in time, that is, if we have |« (0)| <1, for all 6.

Theorem 5. A necessary condition for stability of the numerical method (31) is given by
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2
0§v2+§v(1—v2)+sa(1—2v)§1, (65)

for

)
Ma m

___ P E -1 )

Sa = 2I (4 )m=_1( ) qm

Proof. We denote by x5(6; v, 14y) the amplification factor since it will depend on (i, and g. If we insert ng"j" in (64) we
obtain the equality for the amplification factor

) _ 1 Voo  —io Mo 1 = —imo 1o - imo
k(O v, ig) =1 2(e e )F(4_a)[2(l+ﬂ)m2]qme +50 ﬂ)m;]qme }

+ %vz(e”’ —2+e )+ %(V — %) (e —34+3e7 — ™)

__ YHa 1 i0 - _ —im#
1"(4—01)!2(”’3)[‘71e + 2@ —am-1)e }

m=0

1 ) > )
-5a- ﬂ)[q_le"” +) @n— qm_1)e‘(’”‘”"} } (66)

m=0

that is,

kg(@;v, o) =1—ivsing + 1"(5—[ Z qm cos(mb) —ip m_z_] qm 51n(m0):|

+v2(cos — 1) + E(V — v3)(4c059 — 3 —2isin(8) — cos(26) +isin(26))

_1 Vila o —i20 - _ —imf _ o—i(m—1)0
21"(4—04){‘“('3 e )+mzz%(qm am-1)(e e )

n ﬂ(q_1 (eie n e—i26) n Z(qm _ qm_l)(e—ima n e—i(m—l)o)) ]

m=0

The amplification factor will not depend on B for 6 = . For 6 = w we have

4
Kg(TT3 v, ) =1+ [Z gm(—1) } 2v _§("—”3)

Vido m
- m:—m +n§<qm —gm-1)(=1) }

We can write,
m 00 4 m 0
TV, =1+ —"% " —?—Z(v=—3) 2% —D"gm.
Kg (T3 v, har) +F(4_a)[ =D qm} 5 )~ 2ra—o D =)
m=-—1 m=—1
Set
= Hm
Sa 2F(4 Z( ) qm.
Note that s, > 0. Hence,
4
Kﬁ(n;v,ua)zl—Zsa(]—2v)—2v2—§v(]—v2).
For |kg(m; v, e)| <1 we have

4
-1=<1-2s,(1 —2v)—2v2—§v(1 - <1
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Fig. 2. Stability region for g =0; (a) Contour plots for « =1.1,1.2,1.3,1.4. (b) Contour plots for « =1.5,1.6,1.7,1.8,1.9.
that is,
2, 2 2
0o<v +§v(1—v ) +5sa(1—2v) <1
and we have (65). After direct calculations we can also rewrite the previous inequalities as

<243, g g
3-2v 3207 "
We have obtained analytical necessary stability conditions, for all 8 and «. To obtain necessary and sufficient stability
conditions, for all values of 8 and o, we determine computationally the values v and i, for which the amplification factor
verifies

lkp(0; v, o) <1 foralld e [—m, 7] (67)

We show the results for different values of g and «.

We start to plot in Fig. 1, for some values of o, the analytical necessary stability condition (65) proved in Theorem 5.
Note that this condition is necessary for all values of S. In Fig. 2 we show the necessary and sufficient stability conditions
for B =0 and different values of a by computing numerically condition (67), where the amplification factor «g(6; v, ig) is
given by (66). Note that for this case, the analytical necessary stability condition (65) plotted in Fig. 1 is very sharp when
compared with the necessary and sufficient conditions displayed in Fig. 2.

Similarly in Fig. 3, we present the necessary and sufficient conditions determined numerically for the case when g =1,
which is the other case that appears very frequently in many applications, where the model only considers the left fractional
derivative.

In Fig. 4 we present the case for 8 = —1. Comparing with the case 8 =1 we see the two regions, represented in Fig. 3
and Fig. 4 respectively, have some kind of antisymmetry.

We end this section by showing what happens in two more cases, 8 = 0.5 and 8 = —0.5 presented in Figs. 5 and 6 re-
spectively. We also observe the two stability regions have the same type of asymmetric relation that we have seen between
the cases =1 and g =—1.
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Fig. 5. Stability regions for g =0.5; (a) Contour plots for « = 1.1, 1.2, 1.3. (a) Contour plots for « =1.3,1.4,1.5,1.6,1.7,1.8,1.9.

The results in Figs. 2-6 show that the regions for « larger than 1.4 are similar in shape and the region increases as «
decreases. For smaller values of « the stability regions have more irregular shapes. We see the stability regions are quite
wide in general for all values of 8 and «. A region for which the numerical method is in general stable for all values of 8
and « is the squared region for which 0 <v <1 and 0 < uy <1/2.

4. Numerical results

In this section we present some numerical tests to show the convergence order of the numerical method by considering
the I, error, for an instant of time t =nAt, given by
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Table 1
I error (68) and I, error (69) at t =1, for v =0.001 and V =5 and D =0.01.
AX a=1.2 a=14 a=1.6 a=1.38 a=2
I 0.05 5.4701e—5 5.4215e—5 5.3737e—-5 5.3480e—5 5.4051e—5
0.005 3.8768e—8 3.3831e—8 2.8445e—8 2.4457e—8 3.3899e—-8
Rate 3.14 3.20 3.27 3.33 3.20
oo 0.05 1.2712e—-4 1.2583e—4 1.2438e—4 1.2295e—4 1.2231e—4
0.005 2.1012e—7 1.9520e—7 1.7163e—7 1.2442e—-7 5.9744e—8
Rate 2.78 2.80 2.86 2.99 3.31
5 1/2
n
||u—U||2=(AxZ\u(xj,t)—uj\ ) . (68)

J

We also present the [, error given by

||u—U||oo:mJax|u(x,-,t)—U;?|. (69)

A large number of applications consider the model problem for 8 =0 and 8 =1 and therefore we give special attention to
these cases. We will present examples dominated by advection.
For the first example we assume 8 =1 in Eq. (1), that is, we have the equation

ou  ydu_pd L s

at ax  oxv T
in the domain 0 < x < 1. We assume the problem has initial condition u(x, 0) = x* and boundary conditions u(0,t) = 0,
u(1,t) =e~". Let

24D
Sk, =e P[4V —x— ——— X1},
I'G—ow)

The exact solution is given by u(x, t) = e fx*.

For this problem, since we only include the left fractional derivative, the numerical method (31) can be written as
1 1 -
+1 22 +1 3) 2
Ug? =U§‘—uA0U}‘+Maaf‘U7+5v §°UT —vpad)” U7+E(v—v )82A_UT + AtST, (70)

with the operators 8 and 81‘"“ defined respectively by (34) and (37).

In Table 1 and Table 2 we present the I, error, for the instant of time t = 1, which shows that the numerical method
has between second and third order convergence as predicted by the error analysis presented in Section 3. We can also see
that the order of convergence is sensitive to the variations of the parameters v and p, involved in the numerical method.
The I, error is also shown for additional information.

The results shown in Table 1 and Table 2 are obtained by considering the Courant number v = V At/Ax constant and
therefore, the time-step is chosen to be At = O (Ax). Since the stability regions are defined by the values of v and u,, we
have chosen a value of v for which we can run the experiments for different values of «, V and D and still be inside the
stability region.
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Table 2
I error (68) and I, error (69) at t =1, for v =0.001 and V =2 and D =0.02.
AX a=1.2 a=14 a=1.6 a=1.8 a=2
I 0.05 5.2873e—5 5.0118e—5 4.7408e—5 4.6029e—5 4.9564e—5
0.005 5.8782e—8 8.4323e—7 1.1249e—7 1.3097e—7 8.6496e—8
Rate 2.95 2.77 2.62 2.54 2.75
loo 0.05 1.2392e—4 1.1654e—4 1.0856e—4 1.0179e—4 1.0140e—4
0.005 2.4250e—7 2.6386e—7 2.5518e—7 4.1236e—7 6.0782e—7
Rate 2.70 2.64 2.62 2.39 2.22

Table 3
I error (68) and I, error (69) at t =1, for v=0.001 and V =2, D =0.001.
AX a=12 a=1.4 a=1.6 a=1.38 a=2
I 0.05 1.1306e—4 1.1285e—4 1.1263e—4 1.1250e—4 1.1284e—4
0.005 1.3253e—7 1.7211e-7 2.1050e—7 2.3131e—7 2.4336e—7
Rate 2.93 2.81 2.72 2.68 2.66
oo 0.05 1.4802e—4 1.4772e—4 1.4767e—4 1.4833e—4 1.5047e—4
0.005 1.7179e—-7 2.2956e—7 2.7859e—7 3.0100e—7 2.8221e—-7
Rate 2.93 2.80 2.72 2.69 2.72

Table 4
I error (68) and I, error (69) at t =1, for v =0.001 and V =0.2 D =0.0001.
AX a=1.2 a=14 a=1.6 a=1.8 =2
173 0.05 1.8897e—4 1.8850e—4 1.8785e—4 1.8719e—4 1.8705e—4
0.005 2.1113e-7 2.4432e—7 2.9395e—7 3.5927e—7 4.4004e—7
Rate 2.95 2.88 2.80 2.71 2.62
loo 0.05 2.0311e—4 2.0256e—4 2.0182e—4 2.0107e—4 2.0093e—4
0.005 2.5147e—7 3.0585e—7 3.6768e—7 4.3841e—7 5.2444e—7
Rate 2.90 2.82 2.73 2.66 2.58

The second example considers Eq. (1) for g =0, that is, we have the equation
ou ou D (8"‘u 0%u
V j—

—rv—=Z(— S(x, t
at+ 2 + )—i—(x,),

ox*  9(—x)*
in the domain 0 < x < 2. We assume the initial condition is u(x, 0) = x*(2 —x)* and the boundary conditions are u(0,t) =0,
u2,t) =0. Let

Sx,tHy=e | —x*Q -0 +8Vx32-x3(1—-x)

4
D 4 r 5
_= Z(_])P24*P L—H(XIH‘F“ +@2- X)P+4*Ot)
Zp—O p/) I'p+5—-w)
The exact solution is given by u(x, t) = e~tx*(2 — x)*.
For this problem the numerical method includes the left and right fractional derivatives and can be written as

1 1 1
+1 _ 2¢2 +1 +1
U’ —U?—VAOU;‘—I—i,ua(Sl“U?-i-rSf‘U?)—f-Ev 8 U?—Evua(ﬁf‘ ut+srtiut)
1 .
+ 6(v—1)3)52A_u;?+m5'}, (71)

where the operator &7, §¢ and 61‘“1, Sf‘“ are defined respectively by (34), (35) and (37), (38).

In Table 3, Table 4 and Table 5 we present the error values for different values of V and D. In Table 3 we show the
results for V =2 and D =0.001 and in Table 4 for V =0.2 and D = 0.0001, where V is smaller than the one considered in
Table 3, although we have also considered a smaller diffusion term. In Table 5 we present the results for V =5, D = 0.0001.
In this case the advection term is even more dominant. Note also that the error for different values of « is similar. This is
due to the fact that, for this case the parameter D is very small and therefore the value i, it will be very small compared
with values of v.

The results shown in Table 3, Table 4 and Table 5 are obtained by considering the Courant number v = V At/Ax constant
and therefore the time-step is chosen to be At = O (Ax) similarly to what has been done in the previous example.
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Table 5
I error (68) and I, error (69) at t =1, for v=0.001 and V =5 D =0.0001.
Ax a=1.2 a=14 a=1.6 a=1.8 a=2
I 0.05 1.1100e—4 1.1099e—4 1.1098e—4 1.1097e—4 1.1097e—4
0.005 1.1208e—7 1.1276e—-7 1.1366e—7 1.1477e-7 1.1614e—7
Rate 2.99 2.99 2.98 2.98 2.98
loo 0.05 1.2168e—4 1.2167e—4 1.2166e—4 1.2164e—4 1.2163e—4
0.005 1.2243e—-7 1.2447e-7 1.2626e—7 1.2727e-7 1.2777e—7
Rate 2.99 2.99 2.98 2.98 2.97

We observe that in all the cases, the order of convergence varies between two and three as predicted by the previous
error analysis and it is closer to three when the advection term is more dominant.

5. Final remarks

We have derived an explicit numerical method whose order of convergence varies between two and three, depending on
the diffusion parameter o and the Courant number v. This result was predicted using a truncation error analysis and was
also corroborated by numerical results. In particular, for advection dominated problems the order of convergence is expected
to be more close to three. The stability region of the numerical method depends on the values of o and 8, although for all
values of & and B there is a common stability region. Finally, note that this numerical method, for o = 2, coincides with
the popular QUICKEST scheme introduced in [16] for advection diffusion problems.
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