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1. Introduction

Recently, a large number of applied problems have been formulated on fractional differential equations and consequently
considerable attention has been given to the solutions of those equations. Fractional space derivatives are used to model
anomalous diffusion or dispersion, a phenomenon observed in many problems. There are some diffusion processes for which
the Fick’s second law fails to describe the related transport behavior. This phenomenon is called anomalous diffusion, which
is characterized by the nonlinear growth of the mean square displacement, of a diffusion particle over time. The anomalous
diffusions differ according to the values of «, where « is the order of the fractional derivative. Some works providing an
introduction to fractional calculus related to diffusion problems are, for instance, [2,11,19,20,28,36]. In this work we will
be interested in the anomalous diffusion, called superdiffusion, for 1 < o <2 and experimental evidence of this type of
diffusion is already reported in several works [1,12,23,38].

Fractional derivatives are non-local opposed to the local behavior of integer derivatives. Therefore, different challenges
appear when we try to derive numerical methods for this type of equations [9,10,17,35]. Numerical approaches to different
types of fractional diffusion models are increasingly appearing in literature. We can find recent work on numerical solutions
for the fractional diffusion equation describing superdiffusion [10,15,16,18,29,33,34] and also for several transport equations
including this type of diffusion [17,30,37]. Some other works consider subdiffusion, which is represented by a time fractional
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derivative of positive order and less than one [8,35]. However, the challenges for these equations are different from the ones
that arise when we consider space fractional derivatives, since the first case requires a non-local discretization in time and
the latter requires a non-local discretization in space.

Numerical methods, for models with superdiffusion, have been obtained with mathematical techniques which do not
necessarily consider a second order discretization for the fractional derivative to achieve second order accuracy. In this
work, we present a second order approximation for the fractional Riemann-Liouville derivative of order o, 1 < o < 2. This
approach uses some of the tools described in [9,14] and also applied in [31] to derive an approximation for the Caputo
fractional derivative defined in bounded domains. Here, we consider a discretization of the Riemann-Liouville fractional
derivative in an unbounded domain and prove its second order consistency. We would like to point out that during the
time this work was under revision, some authors have been using the discretization of the fractional derivative introduced
here in different problems [6,3,7,26,32]. At the same time, second order and higher order approximations for the fractional
derivative, based in different ideas, have been appearing in literature [4,5,39].

A weighted average finite difference 6-scheme is considered, for 6 € [1/2, 1], which includes the Crank-Nicolson method
(6 =1/2) and the backward Euler method (@ = 1). The consistency and stability of the 6-scheme are established and we
prove the #-scheme is unconditionally stable. Also for & = 1/2 we have second order accuracy in time and space as expected.

Consider the one-dimensional fractional diffusion equation [1,12,34]

ou t d 0%u t t 1
at(x, )= (X)axa (x,6) + p(x,t) (M

on the domain x € R, where 1 <« <2 and d(x) > 0, subject to the initial condition

ux,0)=f(x), xeR (2)

and to the boundary condition

uix,t)—> 0 as|x| — oo. (3)

One way of representing the fractional derivatives is by the Riemann-Liouville formula. The Riemann-Liouville fractional
derivative of order «, for x € [a, b], —00 <a < b < o0, is defined by

E)‘"_u(x t)—;ﬂfxms Dx—E"*1dE n—1<a<n) (4)
axe " T '(n—a) axn ’ =

where I'(-) is the Gamma function and n = [«] + 1, with [«] denoting the integer part of c.

The function u(x, t) under consideration, that is, which is solution of (1), should be such that the corresponding integral
(4) converges. If the function u(x, t) vanishes at infinity, as assumed when we impose the boundary condition (3), we have
absolute convergence of such integrals for a wide class of functions [27]. However, these functions do not necessarily need to
vanish at infinity and we can find under which conditions these integrals converge in [27, Section 14.3]. There are complete
works about the fractional calculus [13,21,22,24,27], where the theoretical properties of this type of derivative are studied
in detail.

Another way to represent the fractional derivative is by the Griinwald-Letnikov formula, that is,

5y %50 [«
w(x,t)::)gw_w ;(_D <k>u(x—kAx,t) (o > 0). (5)

Approximations to the Riemann-Liouville derivative are often derived from the Griinwald-Letnikov definition and this type
of approach was the first algorithm to appear for approximating fractional derivatives [22,24]. However, this approximation
has consistency of order one and also very frequently numerical approximations based in this formula originate unstable
numerical methods and henceforth a shifted Griinwald-Letnikov formula of (5) is used [34,17].

The plan of the paper is as follows. In Section 2 we derive a numerical approximation for the Riemann-Liouville deriva-
tive. The full discretization of the fractional diffusion equation is given in Section 3, where a weighted finite difference
method in time is applied with the weight 6 € [1/2, 1]. In Section 4 we prove the convergence of the numerical method
by showing consistency and stability. In the fifth section we present numerical results which confirm the theoretical results
and in the last section we give some conclusions.

2. The numerical method

In this section we present a numerical approximation for the Riemann-Liouville derivative and also the numerical
method that gives an approximate solution to the fractional diffusion equation.
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2.1. Approximation of the Riemann-Liouville derivative
Let us consider the Riemann-Liouville derivative [22,24], that is,

9 1 2

u
e X0 = I'2—a)ix?

3 /u(s,t)(x—s)l—“ds, l<a<2. 6)

—00
We define the mesh points x; = jAx, j € Z where Ax denotes the uniform space step. For a fixed time ¢, let us denote
X
Ta(x) = / u(E, nx—§)"'"ds. (7)
—o00
First, we do the following approximation at x;

32 1
ﬁza(xj) ~ Aixz[za(xj—l) —274(xj) +Ia(xj+1)]~
For each x; we need to calculate Zy (x;).
We compute these integrals by approximating u(,t), at a fixed instant t, by a linear spline s;(¢), whose nodes and

knots are chosen at xi, k=---, j — 1, j, that is, an approximation to Z,(x;) becomes I, (x;) defined by
X
Lo (X)) = [ siE)(x; — &) 7de. (8)
—00

The spline s;(£) interpolates the points {(x,t): k < j} and is of the form [25]
j
siE) =Y u. s k@), 9)

k=—00

with s (&), in each interval [xg_1, X411, for k < j —1, given by

k=].

E—Xy—
o X1 <E <X
. — Xe41—&
sjk(€) = xl::l+xk Xp < E < Xpp (10)
0 otherwise,
and for k = j,
E—Xj_1
- Xxi_ S Sx.
s.4@) = | o X1 =5 (11)
0 otherwise.
From (8) and (9),
i Xk+1
la(®)= Y U(k.b) / Sjk(E)(x; — &)1 de. (12)
k=—00 Xk—1
We have that
Xk+1 Xk S X1 %_
1—a — Xk—1 1—a Xk+1 — 1-a
. - de = - d - d
[ s —oeds = [ E g pede v [ RS e
Xk—1 Xk—1 Xk
Ax2—¢
= ——ajk, 13
2-a0)B—a) * (13)
where the a; are such that,
G—k+1)2% =2~k + (G —k—1>% k<j—1
ajk = (14)

’
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Therefore,

AXZ—O[ ]

> ul, g, (15)

Iy (xj) = 7(2 G —a) e

. 2 L
and an approximation for ;’71(1 (xj), is given by,

A—XZ[Ia(Xj—l)—Zla(xj)+1a(xj+1)] (16)
that is,
Ax—2 j—1 j Jj+1
m[ Z UK, D)Aj_1 ) — 2 Z uXg, H)aj i + Z U(Xl<’t)aj+1,k:|-
k=—o00 k=—o00 k=—o00

Let us assume there are approximations U" := {U'}} to the values u(x;, ty), where t, =nAt, n>0 and At is the uniform
time-step.
We define the fractional operator as

j+1
bl = Fg™ a){ > q,kuk} (17)

where

qjk=0aj_1k—2aj,+ajy1k. k<j—1

qj,j=—20jj+0aj41,j

Qjj+1 =0aj41,j+1- (18)
S U™
Therefore, an approximation of (6), for t = t,, can be given by —.4 .
We can also write the fractional operator (17) as
_l oo
n__ . n
U} = Fa—ay 2 GVl (19)

Remark. Note that for « =1 and o =2 the coefficients (18) are such that g, =0, for k < j—1. For @ =1, gj j_1 =—1,
qj,j=0,qjjyi=1landfora=2,q;;-1=1,¢q;j=-2,qjjy1=1.

Remark. The series (19) converges absolutely for each 1 < o < 2 and for every bounded function u(x, t), for a fixed t. This
result is a straightforward consequence of some results given in Section 3 about the convergence of the series of the q; j_m.

In this section we have considered a linear spline to approximate the integral representation of the Riemann-Liouville
derivative with the purpose of obtaining a second order approximation. In the next section we describe the full discretization
of the differential equation.

2.2. Weighted average finite difference methods

We discretize the spatial «-order derivative following the steps of the previous section. The discretization in time consists
of the weighted average discretization.

We consider the time discretization 0 <t, < T. Additionally, let d; = d(x;), p? = p(xj, tp). For the uniform space step Ax
and time step At, let

q_det
I AxT

From equation (1) we can obtain the explicit Euler and implicit Euler numerical methods, respectively

ynmt! — yn d:
J J _ J n n
Tar et =
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urtt—ur g,
J J n+1 1
1= LUt + 21
IR Pj (21)
We can also arrive at the weighted average 6-scheme,
UTH = Ul = u%{(1 = 0)8,UT + 08U} + 0 Atp™ ! + (1 - 0) At (22)

where 6 € [1/2,1].
Note that for o = 2, the operator (17) is the central second order operator 82U?, that is,

(SaU = U'}H ZU? + U;-L]
We have the following numerical method

(1= 0u58)UT = (14 (1 = 0)u§8a)UT + Atp]*, (23)
where

pit? =6pf+a—o)pf.
3. Convergence of the numerical scheme

In this section we prove the convergence of the numerical method by showing it is consistent and von Neumann stable.
First, we start to study the consistency of the numerical method and lastly we present the stability results.

3.1. Consistency

In the beginning of this section, for the sake of clarity, we omit the variable t and we denote the partial derivative of u
in x of order r by u®

Lemma 1. Let u € C® (R). For & € [x¢_1, x¢] and

() = S ulgr) — %um),
we have that
10 1 @
u(®) = 5e() = — Y —u”©her® — FuP 0la®, M€ K1 %,
r=2

where |li ;(€)| < AX', forr =2,3,4.

Proof. For & e [x¢_1, X¢],

u(®) — 516 = u) — X Ty ) - T E g,
Using Taylor expansions, we obtain
1 1
u(®) =5 ==Y ~u @l — u® 0l ®),
r=2

where I -(£) are functions which depend on Ax and xi, given by

— A
ler(€) = 5 X — & — AX) — %o«k —&y (24)
X
r—1
=@x—&)"+ ‘; ( ;) (X — &P (=) PAx—P L, (25)

It is easy to conclude that |ly -(£)| < AXT, for & € [Xk—_1,X%]. O
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Theorem 2 (Order of accuracy of the approximation for the fractional derivative). Let u € C® (R) and such that u® (x) =0, forx < a,

being a a real constant. We have that
0%u
ax¥

where |e(xj)| < CAx2, and C is a constant independent of Ax.

Sl
(xj) — A—xa(xj)=e(xj),

Proof. It is straightforward to prove that we have
8“‘u(x')_ 1 32 Lo
axe T r@—a)ax2”

1 1
= mA—XZ[Ia(Xj—l) — 274 (X)) +Ioz(Xj+1)] +e€1(xj),

where €1(xj) = O(Ax?).
Let us define the error Es(x;), such that,

To(xj-1) = 2Zo (X)) + Lo (Xjy1) = Io(Xj—1) — 21 (Xj) + I (Xj11) + Es(x)).
We have

%u 1 1
W(Xj) = mm[la(xj—l) —2Ia (X)) + o (Xj41)]
+ ﬁ%}(zb—s(?‘j)‘Fﬁ()‘j),
that is
80(—u(Xj) = (Sa—u(Xj) +e1(xj) + e2(x)),
ax¥ Ax¥
where
1
€2(xj) = mmES(Xj)

We are now going to compute the error Es(x;). We have

-1k

Es(xj) = Z /(U(S)—Sj—l,k(é))(xj—l—f;')]_adé
k=—0ox_,
j %
“2 Y [ @ - su@)e - o' s
k=—oox
j+1 Xi
+ Z /(U(S)—SH],k(E))(XjH—S)]_ad%'-
k=—co x4

Taking in consideration the previous lemma, let us denote

4

1
Es(xj) == —Er(x)),

r=2

where E;(x;) are defined as follows. For r =2 and r =3,

j—1 Xk
Exp= Y / b E)u (€ (xj1 — £) " de
k=—cox,_

i X i1
2 Y [ ©0 -5+ 3 [ heeu O - o' e,

l<=7o<>,(k71 k=*°°xk,1

(26)
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and forr=4

j-1 X
Ep= Y u®m / or(8) (1 — )2
k=—00

Xk—1

j o
2 Y w0 [ @0 - 6o
k=—00 Xk—1
j+1
k=—00

Xk—1

For r =2, 3 by changing variables, we obtain

i
Ep= Y f b (B & — Ax)(x) — £)'ds
k=—ocox,",

i
2 Y [0 - o'

k=—00 Xk—1

i
" /lk’r@)u(r)(g+AX)(Xj—§)l_ad§,

k=—o0x,_,
that is,

J s

Exp)= ) f r@[uE + Ax) —2uPE) +uP E — A0)](xj — &) dE.

k=—00x 4

Let x; = NqAx such that u® (x) =0, for x < x,. For r =2 we have

i %

Ex(x)= Y / 2 E)[u (€ + Ax) —2u (&) +u (€ — Ax)](x; — &) dE

k=—o00x,"
NN

== 2 uP@cj2 e lnorxd

k=Ng+1
where
Xk
Cjk2= / ler () (xj — &) 7de
Xe—1

Since, by Lemma 1,

X
€2l < AX f (xj — &)1 ~%de
Xk—1

and

27
(Xj — Xq) «

2—«

Xj
[ oot =
Xa

we have

Ax? w
|E2(x))| < 20— Ju® ] o &) = x)* 7.

Xie
+ > u®m f lir (€) (x40 — €)' 7dé.

(28)

(29)
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For r =3,
j
Esxp)= Y Axu® &) —u®@y))cjnss &b, € X1, ]
k=Ng+1

and

Xg
€3l < AKX /(xj—é)l’“dé.
Xk—1
We have
’E (X)| - Ax4
PI= 2 a)

Finally for r =4, we bound each integral of (28) separately. For the first integral we have

[0 05 =027 )

j—1

Xk
> w0 [ @ - ' ds

k=Ng+1 Xy

-1 %
<A u®| o > / (xj1—&)'7dg
k=Na+1y. |
Ax? _
= 2« ”u(4) “oo(xj_1 - Xa)z .

Therefore, since (a + b)P < |a|P + |b|P for 0 < p <1, we have

Xk

j—1 4
_ AX _ _
> u®o / bea()(xj1 =)' 7dE < ——[u@ | (%) — x> + Ax*7).
k=Nq+1 Xk—1
Similarly, for the second integral we have
j Xk AX4
> u®ap / ba(®)(xj — &)1 7dg < = [u®] 04— xa)*™
k=Ng+1 X
and for the third integral
j+1 % Ax?
Z u® () / la(®)(xjp1 — £)'7YdE < mnu(‘“ | (x5 — x2)*™% + A*™%).
k=Ng+1 X1
Finally, we have
3Ax4 2AxX5~¢
, “ . 2« )
[Eatp| = 35— [ [ o) = x0* ™ + S [u?] .. €30

From (29), (30) and (31) it is easy to conclude that the error Es(x;) defined by (45) is of order O(Ax*) and therefore the
€2(xj) is of order O(Ax?). O

Theorem 3. The truncation error of the weighted numerical method (23) is of order O(Ax%) + O(At™), where mg = 1, for 0 €
(1/2,1]andmg =2, for6 =1/2.

Proof. Let u =u(x, t) be a solution to the fractional partial differential equation and satisfying the conditions of the previous
theorem. Note that the truncation error for the numerical method (23) is given by

n+1 _ .n

ot 44

J At Ax%

(08! + (1 = 0)8quf) — pi*7.
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We have that

u—ut gux, ) At 2u(x;, t)
J J Jo Jon 2
= — + 0(Ar), 32
At ot 2 ot2 (ar) (32)
and using the previous theorem we have
du(xi, tn) At d%u(xj, tn) 3%u(x;, thy1)
n__ Jotn 2t jstn 2\ O Wy 1) 2
M= 5 +0(At?) -6 d; o +0(Ax%)

%u(x;j, tn) 6
-(1- 9)((1]-7 + O(Ax2)> - p;!+ )

Therefore

n QUXj ta) | AL 3u;, tn) UXj tn)  BUXj, tat1)

1 _ — -(1-0) -0

J ot 2 a2 ot at
+0(Ar%) + 0(Ax?).

Finally,
. 1 2u(x; 2 2
Tj:<5_9>AtT+O(At)+O(Ax). m

3.2. Fourier decomposition of the error

In order to derive stability conditions for the finite difference schemes, we apply the von Neumann analysis or Fourier
analysis. Fourier analysis assumes that we have a solution defined in the whole real line. It is also applied to problems
defined in finite domains with periodic boundary conditions since the solution is seen as a periodic function in R.

If u’]? is the exact solution u(xj, ty), let

n__gym n
Ej_Uj—uj (33)

be the error at time level n in mesh point j. To apply the von Neumann analysis we also consider d; locally constant, and
we denote M‘}‘ by u?.
Considering the scheme (23) and inserting equation (33) into that equation leads to

(1- eu"‘aa)E'}“ = (140 —-0)u”s)E]. (34)

The von Neumann analysis assumes that any finite mesh function, such as, the error E’} will be decomposed into a Fourier
series as

N
Ef= )" kpel®UM  j=_N ... N,
p=—N
where Kg is the amplitude of the p-th harmonic and &, = psr /NAX. The product £,Ax is often called the phase angle
¢ = &p Ax and covers the domain [—7, 7] in steps of 7 /N.

Considering a single mode «"e'’¢, its time evolution is determined by the same numerical scheme as the error E". Hence
inserting a representation of this form into a numerical scheme we obtain stability conditions. The stability conditions will
be satisfied if the amplitude factor k¥ does not grow in time, that is, if we have |k (¢)| <1, for all ¢.

As we have seen the fractional operator can be written as

] oo
n __ L. n
b= ra—w mz__l TpoimmE

where the q; j_m are defined by (18).
First we plot, in Figs. 1-2, the coefficients q; j_, and then we give the properties that allow us to conclude this is a
well-defined operator.
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-0.5r 1 0.5
B —1f 1 ': or
o
-1.5¢ 1 -0.5¢
=2 1.4 1.6 1.8 2 - 12 1.4
o
Fig. 1. Coefficients (18): (a) gjj (b) qj,j-1.
0.2 i " " 0.014 ; ;
0.012+
0.15¢ 1 _ 0011
5 3
q 'T? 0.008F e .
E' 0.1f 1 =8 ~
i g 0.006 S
C L K -
L r 7 e,
005 /e 0.004 o
e Tl 0.002} [ S
SUPEE P N A RSN,
0 i L L L STm-ats 0 L L L L L
1 1.2 14 1.6 1.8 2 1 1.2 1.4 1.6 1.8 2
a o

Fig. 2. Coefficients (18): (a) qj,j—m, m=2,3,4; (b) qj j—m, m=5,6,7,8.
The following lemma characterizes the coefficients q; j_; and is useful to prove our next results.
Lemma 4. Consider the coefficients q; j_m defined by (18). Then

@) qj,j+1 =19, <0,qj j—m = 0,m > 2, limyu_ 00qj, j—m = 0 and q; j—m+1) < qj,j—m < qj, j—2.
(b) Y 5 jom =—3+3 x 237% 339,
(©) Xm=—14j.j-m =0.

Proof. (a) We have that qj j1=ajj=1,q;j=2>"%-4<0,for 1 <a <2 and qj j_1 =3>"%—4 x 237 4+ 6, which can
be positive or negative depending on the value of a. The q; j_m, m > 2, are of the form

Qj,j-m = (M +2)>" —4@m + 1>~ + 6m>* —4(m — 1> + (m - 2>~

Hence,

e (152) ") o (-2) T (1-2) ]
=m3—a|:’§<3;a><%> _4Z<3;a)<%> e

k=0

S E L))

leading to
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oo (SO G50 )

32

k=4
oo 3_q -1 k o0 3« ) k
()G 2 ) E) }
k=4 k=4
. B-a)3- a—l)(3—a—2)(3—a—3)%+m
N 4! m#
1 B-o)2—-a)(1 —a)(—a) 24
= |: 21 ) + e (35)
Considering (35) and noting that the k odd terms of the series cancel, the properties (a) can be easily obtained
(b) In order to compute the series, let us first compute the sum of the first M — 1 terms. We have
M
D qjjm=-3+3%x22"9 -3 45,
m=2
where
sy=—M—1>3"%£3M3% _3(M +1)>% + (M +2)>“.
Similar to what is done in (a) we can write
sy=M>¢ 1+i 3_Ol—3 1+l 3_Ol-q-3— - L e
M= M M M
00 k 00 k
3w 3—a\(2) _ 3—a)\ (1
- 2 G) 2 () )
k=0 k=0
_ i 3-a) (1)
k M ’
k=0
Therefore
00 k o] k
_ ap3—a 3—-«a 3 . 3—« l
- [Z( ) () =2 ) G
k=3 k=3
)G ﬂ
k
(3 oz)(2 oc)(l —a) 6
M3 J’_ ..
1 B-o)2-ao)1—-—a) 6
_M“—1[ 3! mtl (36)
Clearly, we can conclude that limp_, o Spr = 0. Hence,
M
Zq“ m= llm Zq“ m=—-3+3x22"% 33"
m=2
m]

(c) This result comes immediately from (b) and from the fact that q;j j+1 +qj,j +qj j—1 =3 — 3 x 237% 4 33—«

Remark. Note that, the previous result on the convergence of the series with the general term q; j_; leads to conclude that
the series, defining the operator (19), converges absolutely when we have a bounded function u.

The next theorem states the method is unconditionally stable for 6 € [1/2, 1].
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Theorem 5. The weighted numerical method (23) is unconditionally von Neumann stable for 6 € [1/2,1].

Proof. Let us insert the mode «x"e/® into (34). We obtain the following
I/La 00
ey el _p 2 : o el(j=m¢
(¢)|: r4—a m__]qL] m

@ [ew - g)ﬁ ) qf,jmei(j_m)¢}.

m=—1

The amplification factor is given by

> o

g M o emima | _ PN AR - S
K(¢)|:l 91_,(4_a)mz qj,j—m€ :|—|:1+(1 9)1,(4_a)m;1QJ,]7me :|

=—1

Therefore |k (¢)| <1 if and only if the real part of the series is negative, that is,

o0
D 4j.j-mcos(mg) <0,

m=-—1

since the imaginary part of the right side is smaller for 6 € [1/2, 1], because 6 > 1 — 6. We can write

oo
D 4. j-mcos(m@) = (@) j+1+dj j-1) COS(P) +qj

m=—1

+ " qj.j-mcos(mg). (37)

m=2

Since qj j+1 +4j,j—1 >0, and qj j—m =0 for m > 2,

o0 o0
Z qj.j—mcos(mp) < (qj j+1 +4jj-1) +4jj+ ZQj,j—m~ (38)

m=-—1 m=2

Now using Lemma 4(c), we obtain

> gjj-mcos(mg) <0. O (39)

m=—1
4. Matricial form

We start to describe the matricial form of the numerical method, taking in consideration that to implement the numerical
method we need to have a computational bounded domain. Therefore, it is assumed that the solution we are computing
has compact support for 0 <t < T, that is, u(x,t) =0, for x <a and x > ¢, where a and c are real constants, and 0 <t <T.
Assume that the solution for x =b, b <, is given, that is, u(b,t) = g(t), for 0 <t <T.

To compute the solution on the domain [a, b], we define the spatial mesh as x; =a + jAx and we consider

u(a,t)=0, and u(b,t)=gp(t) given,

for t € (0, T].
The numerical method can be written in the matricial form
/’La n+1 /’La n
I—0———Q U =(I+(1-60)———Q |U
( F(4—a)Q) +( )F(4—0t)Q
Ma n+1 il n+6

——(6b 1-6)b , 40
+F(4_a)( +(1-60)b") +p (40)

where p*¥ = [Atop]t! + (1 —6)ph ... AtOpNT + (1 —6)p, 1T, U"=[UT...UY_,17, b" contains the boundary values, ;&
is a diagonal matrix with entries /L(])-l and Q is related to the fractional operator. The matrix Q =[Q ] has the following
structure
qj ks 1<k<j-1
o _)ai k=i
Gk=1 g, k=j+1
0, k>j+1.
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Table 1

Global I, error (41)att=1forea =12, « =14, =1.5 ¢ =1.8 and At = Ax=1/30.
0 a=1.2 a=14 a=15 a=1.38
0.5 4.0277 x 103 3.4191 x 103 3.1944 x 1073 2.4542 x 1073
0.6 5.6194 x 1073 4.9682 x 1073 4.7877 x 1073 4.2856 x 103
0.7 7.5094 x 103 6.7573 x 1073 6.5920 x 103 6.2510 x 103
0.8 9.5429 x 1073 8.6634 x 1073 8.4903 x 1073 8.2598 x 1073
0.9 1.1656 x 1072 1.0625 x 1072 1.0435 x 1072 1.0283 x 1072
1.0 1.3814 x 1072 1.2615 x 1072 1.2403 x 1072 1.2318 x 1072

Table 2

Global I, error (41) for four mesh resolutions at t =1 for « = 1.2, = 1.4, At=Ax and 6 =1/2.
AX a=1.2 Rate a=14 Rate
1/5 1.5310 x 10! 1.1950 x 10!
1/10 3.6239 x 1072 2.0789 3.0270 x 1072 1.9811
1/20 9.0506 x 103 2.0015 7.6627 x 1073 1.9820
1/40 2.2669 x 1073 1.9973 1.9289 x 1073 1.9901

Finally the vector b" is given by

0, j=1,...,N-2

b =
a0, j=N-1
assuming that Uj =0 and U}, = gy (ty).

Remark. From Lemma 4, for q; j—1 > 0 (i.e. o > 1.5545), we can also easily prove our numerical method is unconditionally
stable by the Gerschgorin’s theorem applied to the iterative matrix.

5. Numerical implementation
The numerical experiments are carried out in two parts. First, we verify the accuracy and order of convergence of

the numerical method to confirm the theoretical results presented in the previous sections. Then a physical application is
considered to reveal some of the physical phenomena, from anomalous to normal diffusion.

Consider the vectors Ugpy(AX) = (Uo, ..., Un), where Uj; is the approximate solution, for xj =xg + jAx, j=0,...,N at
a certain time t, and uex(AX) = (u(xo,t), ..., u(xn,t)), where u is the exact solution. The error is defined by the [,, norm
as,
Uex(AXx) — U AX = max |u(x;,t)—U;i|. 41
” ex(AX) app( )”oo 0§j§N| ( J» ) ]| (41)

Example 1. Consider the problem with initial condition u(x, 0) = 4x2(2 — x)2, 0 < x < 2 and zero otherwise. Let

d(x) = %F(S—a)x"‘, (42)
and

p(x,t) = —4e "%*[7(2 — )% + 20 (e — 7) + 6xr]. (43)

The exact solution is given by u(x, t) = 4e~'x%(2 — x)2, for 0 < x < 2, and zero otherwise.

In Table 1, we show the behavior of the error (41) for different values of 6 and for At = Ax =1/30 for the problem
(42)-(43).

The most accurate result is for 8 = 1/2. For the same problem, we observe in Table 2 and Table 3 that for all values of
o we have second order convergence as expected, when 6 =1/2.

Example 2. Consider now a second problem with initial condition u(x, 0) = x*,0<x<1and boundary conditions u(0,t) =0
and u(1,t) =e L. Let

raé+1—o) 4.4
I'(.+1)

The exact solution of the problem is of the form

d(x) = and p(x,t) =—(1+xe % (44)
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Table 3

Global I, error (41) for four mesh resolutions at t =1 for « = 1.5, =1.8, At=Ax and 6 =1/2.
% a=15 Rate a=138 Rate
1/5 1.0884 x 10! 7.9651 x 102
1/10 2.8101 x 1072 1.9535 2.0820 x 1072 1.9357
1/20 7.1358 x 103 19775 5.4174 x 1073 1.9423
1/40 1.8050 x 1073 1.9831 1.3974 x 1073 1.9549

Table 4

Global I, error (41) for the problem (44) calculated by weighted numerical scheme with At = Ax=1/30, A =3, 0 <x <1 for different values of « and 6.
6 a=12 a=14 a=15 a=138
0.5 6.4792 x 107> 2.9402 x 107> 1.7850 x 107> 4.0509 x 10~°
0.6 9.6854 x 10~* 7.0639 x 104 6.2104 x 104 45122 x 10~*
0.7 1.8609 x 103 1.3815 x 103 1.2233 x 1073 9.0545 x 104
0.8 2.7426 x 1073 2.0533 x 1073 1.8233 x 1073 1.3587 x 103
0.9 3.6143 x 1073 2.7219 x 1073 2.4211 x 1073 1.8110 x 1073
1.0 4.4769 x 1073 3.3870 x 103 3.0166 x 103 2.2624 x 1073

Table 5

Global I, error (41) for the second problem calculated at t =1 for the second problem with At =Ax, A=3,0<x<1and o =1.8.
AX CN-GL [34] Extrapolated CN-GL [34] Weighted (6 =0.5)
1/10 1.82265 x 1073 1.77324 x 1074 3.5504 x 107>
1/15 1.16803 x 1073 7.85366 x 107> 1.6197 x 107>
1/20 8.64485 x 10~4 4.40627 x 107> 9.1072 x 10~
1/25 6.84895 x 10~ 2.82750 x 107> 5.8030 x 10~

uix,t)y=e"tx*, xel0,1]. (45)

Although this problem is not defined in the whole real line we have u(0,t) = 0, and this can be seen as a problem for
which the solution is zero when x < 0.

In Table 4, we show the behavior of the error (41) for different weighted coefficients 6. We observe the most accurate
behavior is again for 6 =1/2.

In Table 5 we present a comparison between our method and the methods presented in [34] with the same space and
time steps. The second column shows the absolute value of the largest error calculated by the Crank-Nicolson scheme
(before extrapolation) presented in [34] at time t = 1.0 which consists of assuming the fractional derivative is approximated
by the shifted Griinwald-Letnikov formula. The third column shows the error calculated by the Crank-Nicolson scheme
after a Richardson’s extrapolation presented in [34]. The fourth column shows the largest absolute error for our numerical
scheme with 6 = 0.5. Note that our numerical results are more accurate than the method given in [34].

To conclude this example we observe the rate of convergence of the numerical method for different values of 6 # 1/2.
The expected convergence rate for 6 # 1/2 according to Section 3 is O (At + Ax?). We consider At = Ax? to get second
order convergence as we observe in Table 6.

Example 3. Finally, in order to reveal the dynamics behavior of the diffusion equation (1), in this example we consider
equation (1) without the source function (which means p(x,t) = 0) on a finite domain [0, 4]. We consider the Gaussian
function

ux,0) = ! ex (—ﬂ>
T ez TP\ 202

as the initial condition, the diffusion coefficient d(x) =1 and the boundary conditions u(0,t) = u(4, t) = 0. The numerical
results for this example are calculated by the weighted scheme with # = 1/2. In this test, we take o = 0.01. The evolution of
the non-Fickian diffusion processes for different values of o are given in Fig. 3. The anomalous diffusion parameter exhibits
the extent of the long tail diffusion processes of problem (1). The non-Fickian behavior gradually disappear when o — 2.
This is consistent with the experimental results [1,12,23,38]. Again the validity of our numerical methods is confirmed.

6. Conclusions

We have derived a weighted numerical method for the fractional diffusion equation based on the Riemann-Liouville
derivative defined in an unbounded domain. The numerical method is second order accurate for 6 = 1/2 and first order
accurate for 6 € (1/2, 1] because of the time discretization. We have proved theoretically the method converges by showing
consistency and von Neumann stability. In the end we have presented test problems which are in agreement with the
theoretical results.
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Table 6
Global I error (41) for the numerical scheme (23) at t =1, for At = Ax?* and @ = 1.8, A =3 and different values of 6.
At Ax a=1.8 Rate
6=06 1/25 1/5 7.9325 x 1074 -
1/100 1/10 2.1501 x 1074 1.8834
1/400 1/20 5.3710 x 107> 2.0011
1/1600 1/40 1.3512 x 1075 1.9909
6=0.7 1/25 1/5 1.2837 x 1073 -
1/100 1/10 3.5212 x 1074 1.8662
1/400 1/20 8.7892 x 10~ 2.0023
1/1600 1/40 2.2053 x 107> 1.9948
6=038 1/25 1/5 1.7723 x 1073 -
1/100 1/10 4.8915 x 1074 1.8573
1/400 1/20 1.2207 x 1074 2.0026
1/1600 1/40 3.0594 x 107 1.9964
#=09 1/25 1/5 2.2590 x 1073 -
1/100 1/10 6.2608 x 10~* 18513
1/400 1/20 1.5624 x 10~ 2.0026
1/1600 1/40 3.9134 x 107> 1.9973
9=1.0 1/25 1/5 2.7438 x 1073 -
1/100 1/10 7.6292 x 1074 1.8466
1/400 1/20 1.9041 x 1074 2.0024
1/1600 1/40 4.7674 x 10> 1.9978
—1=0.1 —t=0.1
--t=0.2
- --t=0.3

u(x,t)

u(x,t)

u(x,t)

—1=0.1
- -t=0.2
- - -1=0.3}

u(x,t)

—1t=0.1
- -t=0.2
---t=0.3

Fig. 3. The evolution of u(x, t) for different anomalous diffusion coefficients « at different times.

(d) o = 1.999
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