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being modelled includes time dependent coefficients, the time fractional operator, that
typically appears on the right hand side of the fractional equation, should not act on
those coefficients and consequently the differential equation can not be simplified using
the standard technique of transferring the time fractional operator to the left hand side of
the equation. We take this into account when deriving the numerical method. Discussions
on the unconditional stability and accuracy of the method are presented, including results
that show the order of convergence is affected by the regularity of solutions. The numeri-
cal experiments confirm that the convergence of the method is second order in time and
space for sufficiently regular solutions and they also illustrate how the order of conver-
gence can depend on the regularity of the solutions. In this case, the rate of convergence
can be improved by considering a non-uniform mesh.

© 2017 Elsevier B.V. All rights reserved.

1. The model

Anomalous diffusion problems under the influence of an external force field V/(x) can be described by the fractional

Fokker-Planck equation [17,18]
9%u

au 1-a
E(X, t) = ODt [d axz

(x,t)+

AV ®u(x. t)]

0x i| M

where d > 0 is the generalized diffusion coefficient and the operator OD}*"‘ with 0 < @ < 1 is the fractional Riemann-

Liouville derivative defined as
1 0

1-o _ e
oD U 0 = oy 5

/Ot(t — ) Tu(x.s)ds, 2)

where I'(-) is the Gamma function.

These equations describe the evolution in time of the probability density function of a subdiffusive process with sublinear
in time mean square displacement. For « — 1, the standard Fokker-Planck equation is recovered. The fractional operator
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introduces a convolution integral with a slowly decaying power-law kernel, which is typical for memory effects in complex
systems. The appearance of the fractional equation corresponds to the trapping events in the underlying motion of the
test particle characteristic of subdiffusive dynamics [17]. In the general case of 0 < « < 1, initial conditions are strongly
persistent due to the slow decay of the sticking probability of not moving, that is, one observes characteristic cusps at the
location of a sharp initial probability condition, e.g., fo(x) = §(x —xg) [18].

Eq. (1) was first derived in Metzler et al. [16] in the framework of continuous-time random walk with heavy-tailed
waiting times and since then this equation became the standard physical equation describing subdiffusive dynamics. It can
also appear written in a different form [17], such as,

o 2 /
F(i— )u(x 0)—d87(x 0+W' "

This equation is obtained by applying the fractional operator ODf“l on both sides of (1) and noting that

oDfu(x,t) —

d t
oD% 1 <8tu(x, t)) = oD%u(x, t) — F(li—u(x’ 0) and oDy (oD} u(x,t)) = u(x,t).

o)
Eq. (3) can also be written using the Caputo fractional derivative. This derivative is defined as

1 tou

CDu(x, t) := Fa—o ), 3 (x,8)(t —s)~*ds.

Since
oD¥[u(x. t) — u(x.0)] = §D¥u(x. t)
Eq. (3) can be written in the simplified form

2 /
CDU(x, £) = da ! t)+w. (4)
A considerable number of numerical methods have been developed for this equation with and without force field as can be
seen, for instance, in [1,2,4,11,25].

For the case of a time dependent external force, Eq. (1) has a slightly different form and it was first derived in Sokolov
and Klafter [20]. The derivation was based on the generalized master equation with two balance conditions: the probability
conservation in a given state and under transition between different states. The main difference from Eq. (1) lies in the fact
that the time fractional operator does not act on the time-dependent force. As a result the force is not modified full-filling
the physical requirement that the external time-dependent force cannot be influenced by the environment.

In recent works the time fractional Fokker-Planck equation with space and time dependent force and diffusion has been
studied, such as, in [7,13,14], where physical and stochastic interpretations have been analyzed. In Henry et al. [7], Weron
et al. [24] this type of equation has been discussed using Langevin and continuous-time random walk approaches, which
clarified some of the issues addressed in Heinsalu et al. [G] for time dependent coefficients. For a space-time dependent
field the equation has the form

( t) = d (OD1 “ux,t)) — X(F(x,t)oD}“"u(x,t)), O<ao<l. (5)
A more general equatlon with space time dependent force and diffusion is given by
ou 82 1-a 0 1-a
FE 060 = 25 (d(x DD} “u(x.£)) = - (F(x, 0)oD} “u(x, 1)) +g(x. 1), (6)

where d(x, t) > 0 and g(x, t) is a source term. Note that the fractional operator does not act in the time dependent force
and diffusion and consequently we can not return to an equation similar to (4).

In this work, we propose a numerical method for an equation that includes a time and space dependent force, but
additionally to the time fractional operator it also includes a space fractional operator. Let us define the left and right
Riemann-Liouville fractional derivatives of order 1 < 8 < 2, —oo < a < b < oo, given respectively by

dfu 1 92 x
_ = —_— - 7/3 < <
axﬁ(x’t)_F(Z—ﬂ)SXZ/au(g’t)(x £)'Pde, (1< f <2) 7)
B (_1)2 92 b 15
st w0 = 1 b [(uoE -0t a<p<2) (8)
The spatial fractional operator is given by
VA = Lﬂ” aﬁ” —1, 1<f<2 )

The more general equation we study in this work can finally be written as

g—l:(x, t) = VA(d(x, t)oD} “u(x,t)) — %(F(x, t)oD!%u(x, t)) + g(x, t). (10)
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2. The numerical method

In this section we present the numerical method. We first start by describing the discretisation in time that includes a
discretisation of the time fractional operator. Then we discuss the discretization in space, that includes a discretisation of
the spatial fractional operator.

2.1. Time discretisation

We denote the integral involved in the definition of the time fractional derivative (2) as

T%u(x,t) = /t(t —s)* lu(x, s)ds, (11)
0

1
I'(a)
that is,

oD u(x, t) = %I“u(x, t).

We consider the time discretization 0 =ty <t; <ty <--- <t; =T and denote At, =t; — t,_; the non-uniform time step.
The maximum step is denoted by At = mnaxAtn.

Integrating Eq. (10) over I, = (t,_1,ts), as done in Le et al. [12], Zhuang et al. [26], we obtain

In

u(x, tn) — u(x, t,H):/ vﬁ(d(x,t)aatzau(x, t))dt—/) ;}((F(X, t)gtI“‘u(x,t))dt—s—/Ig(x, £)dt. (12)

In each interval I, we approximate the function d(x, t) and F(x, t) by

412 (x) — d(x, ty) +2d(x, tn,l)’ 2 () — F(x, tn) +2F(x, t,H).
We get
U, b)) — UK, tyg) ~ /' %Vﬂ (d™12(0T%u(x, 0))dt
- %ag(F““/z(x)I“u(x,t))dt+/g(x,t)dt,
I X I

= VA(d" 12 ()T u(x. tr)) — VA (d™ 12 () IUX, ty_y))

A E T UG ) + (R OT UG )

+ [ gx t)dt.
In

Regarding time discretisation it remains to discuss how we approximate Z%u(x, t,). In what follows, for clarity, we omit the
x and denote Z%u(ty) := Z*u(x, t;). We consider the non-uniform time step t; = t,_1 + Atp, n > 0. To compute the integral
(11) we can approximate the function u by a linear spline S"(t), that is, a piecewise linear interpolation, whose nodes and
knots are chosen at t;, k < n, that is, by doing in a non-uniform mesh a similar approach done for uniform meshes in
Diethelm et al. [3], Sousa [21], Tang [23]. Therefore, an approximation to (11) becomes

1 tn
o — n _ a—1 1
u(ty) r(a)/o S"(1) (ty — 7)°d, (13)
where the spline S"(t) interpolates {u(x, t;),k < n} in the interval [0, t;] and is of the form
n
S"(T) =) ux t)s(1), (14)
k=0

with s,(7), in each interval [t;_q, 4], for 1 <k <n -1, given by

T — g

s 1 ST
b — by
s (7) = { b1 — L2y b= T <t
b1 — b -

0 otherwise.
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For k = 0 in the interval [0, t;] and for k = n in the interval [t,_1, ty], () is of the form respectively

t1—71 T —th
L~ fh<t<t <t <t
t1 — ¢ th —thq
So(T) = 0 sa(m) =4 "™
0 otherwise, 0 otherwise.

Therefore an approximation to 7%, that we denote by I%, is given by
l n
u(t,) = e kz_;u(x, t)g. n=>1, (15)

where the a, | are defined by

(tn — t)1% — (ty — to) 11

o = (1+0) (6 — 1) + AL : (16)
ann = Aty (17)
and for 1 <k<n-1, withn > 2,
_ Atk+1 (tn - tk—l)Ha - (Atk + Atk+1)(tn - tk)Ha + Atk(tn - tk+1)l+a
anyk = . (18)

AtkAtkH

We assume ag g = 0.
Note that for o« = 1 we get

apo = Atq, Apk = Afk + Atk+1, app = Aty

and the formula (15) matches the trapezian rule to approximate the integral for « = 1, that is given by

M ux, t) = /[u(x, s)ds.
0

We have so far the approximation
UK. tn) — u(X, ta_y) ~ VA (d™ 20 u(x. tn)) — VB (d"2 (0)IU(X, th_y))

d n o d n o
—a(F 20U, t)) + a(F 2 (x0) [ u(x, tn,1))+/lng(x,t)dt.

We can re-write that as
1 n
tn) — (AT E P — VA (dn+1/2 ot
k) U ) ~ e 3V (@ Wu . 1)

1w 1
Y, V(AP XuX ) - =5
k=0 F'2+a)

n
d n+1/2
TC+ta) 2 gan,ka([; (Xu(x, tk))

1 d
+m Zanfl,ka(l:nﬂ/z(x)u(& tk)) + / g(x, t)dt.
k=0 I

When o =1, since I'(3) =2 and
ng— 0y 14,=0, fork=0,...n-2
Upp-1 — An_1,n-1 = Aty
apn = Aty
the numerical method becomes
UK, t) —ux, ty_q) ~ %(Atnvﬂ(d"“/z(x)u(x, t)) + AL VA (d™ 2 (x)u(x. t,_1)))

1 d

_Z(At”dx(FnH/z(X)u(X’ tn))_i_Atn%(FnH/Z(x)u(X, tn_l))> +/I"g(x,t)dt.

This method is similar to a Crank-Nicolson discretisation if we approximate the integral of the source term by
1
| e 0t~ 3 (g 1) + gx.ta1).

In the next section we discuss the spatial discretization.
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2.2. The spatial discretization

We assume the domain is the real line, and that additionally to the initial condition
u(x,0) =up(x), xeR
we have

lim u(x,t) =0.

|x|—o00
We consider a uniform mesh x;, j € Z, where x; 1 = X; + Ax. We approximate the fractional derivatives by the method dis-
cussed in Sousa [21], Sousa and Li [22] for a uniform mesh. This approximation is obtained by approximating the integral
involved in the definition of the fractional derivatives through a linear spline in order to obtain a second order approxima-
tion for the fractional operator similarly to what has been described in the previous section in relation to the approximation
of the time fractional integral. Additionally, the second order derivative outside the integral is approximated by a central
second order approximation.

The approximations for the left and right fractional derivatives, defined in (7) and (8) are in this way given by the

formulas

(Slﬁu(xj,t) Sfu(xj,t)
AxB AxB

respectively, where the discrete operators are defined by

5Pu(x;. ) = ﬁ 3 Gt ). (19)
m=-1

.0 = gy L Ao ). (20)
m=-1

The coefficients g, are defined as
bm,1 —2bm + bm+1, m>1

Gm = | —2bo + b1, m=0 (21)
bo, m:—l,

where

(m+1)3F _2m>P L (m-1)>F, m=>1
bm = (22)
1, m=0.

Hence, we define the discrete operator §#u, that approximates VAu, as
SPu(xj,t) = pSfu(xj,t)—i-qS{su(xj,t). (23)
When § = 2 this operator is the central second order operator
82 u(xj, t) = u(Xjq, t) — 2u(xj, t) + u(xj_q,t).
To approximate the first order derivative, included in Eq. (10), we use the central approximation, that is,
Aou(xj, t) =u(Xjiq,t) —u(xj_q,t).
Let us denote U]’F the approximation function of u(x;, tn). We get the following numerical method

1 1 n-1

n
uf _Unil = 55 A7 (Sﬂ d'?ﬂ/zulf - 5;3 d1_1+1/2Uk
J J ['(2+a)AxP kg[;a'”‘ ( j J) T2 +a)AxP gan—l.k ( i ])

1 n-1

1 n+1/2; 1k / ,
7F(2+a)2Axgan_lykAo(Fj Uf) + lng(xj,t)dt, (24)

n
T2 +a)2Ax Z an kAo (an+1/2U;<) N
k=0

where

d;?+1/2 . dn+1/2 (Xj) an+1/2 — Fn+1/2 (Xj).
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Or more specifically

1 n o0 [o¢]
-1 _ n+1/2y 1k n+1/21 1k
Ui -ui— = T2 +a)T (4 B)AxP kza"vk|:p > and L PUS L +a Y and]y Uj+m:|

=0 m=-1 m=-1

1 n-1 e 21k 9] 1201k
TRt (- B)ArP ganLk[P D Andi T Ul +4 ) dmdj U

m=-1 m=-—1
1 - 12 12 1 “ 12 12
n+1/2y 1k n+1/2y 1k n+1/27 rk n+1/2r 1k X
s azan 2o W U~ U g 2o vl U - UL g0 0t
=] =0 n

(25)

This approximation can be also applied to the problem defined in an interval €2 = (a, b) and where we have u(x,t) =0
for x ¢ Q2. In this case we can consider the discretization space as
b—-a
N
The infinite sums involved in the numerical method can be written as finite sums and the numerical method becomes

1 n j N—j
-1 __ n+1/2y 1k n+1/2y 1k
UJ"1 _UJ,‘1 T TR+a)(4-B)AxP kza”-k |:p Z qmdj—m Uim+4 Z qmdj+m Ujim

Xj=a+ jAx, Ax =

=0 m=-1 m=—1
1 3 j 172 « 12
) i P Y and US40 Y and] UK
F2+o)l@4-p)axk 2 A 2, ndiin
1 3 n+1/2y 1k n+1/2y yk
~TaTaaar A UL - B U
k=0
1 n-1 o o
n+1/2r 1k n+1/2y 1k
+m Za”—1vk[Fj+1 Ui — Fj_l Uj,l] + /' g(x;, t)dt.
k=0 n

Additionally, to implement the numerical method, a finite computational domain needs to be considered. The matricial
form is given by

(I—a;1BHU! = (14 a;BHU? +G!, (26)
n-1
(11— apnBYU" = WU+ "ty — Gp_10)B"UF + G, n> 1, (27)
k=0
where U is the initial vector U° = [UY, ... U _,]7, that is, UJQ := up(x;); the matrix B", n > 1 is such that
B" = B} + B},
where B} := (BY); ; is the full (N—1) x (N —1) matrix associated with the fractional diffusion operator, that is,
(B jem = PA-md}53/> /(T QR+ )T (4= B)AXF), m=—j+1,...,-2, (28)
(B jem = (P4-md{)/% +qnd})/*)/ (T2 + )T (4 - B)AXP), m=-1,0,1, (29)
(B jem = qamd}i)?/(CQR+ )T (4= B)AXF), m=2,. N—j+1. (30)
The matrix BY := (B}); j associated with the force field is a tridiagonal (N —1) x (N — 1) matrix given by,
n+1/2 n+1/2
(B =~ (B =0, (B =
2T AT 2 4 o) 2T W T AT (2 Fa)

The vector G" contains the values of the integral of the source term in I,. The integral of the source term is computed using
a quadrature rule that can be the trapezium formula or, in the case of a discontinuity at the initial point t = ty, the middle
point rule.

The non-locality character of fractional derivatives in time and space leads to a numerical method with increasing stor-
age requirements and computational costs when compared with numerical methods for differential equations with integer
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order derivatives. The increase of storage requirements is directly related to the time fractional derivative where all the
previous time levels need to be considered at each time. Regarding the fractional space derivatives, they lead to dense ma-
trices, although the coefficients of the approximations of the fractional derivatives, which are the entries of those matrices,
converges towards zero very quickly for all 8. To solve the linear systems (26)-(27) a direct method can be used. For one di-
mensional problems this numerical approach presents no significant difficulties regarding the computational costs or storage
requirements. However, for a higher dimensional setting these aspects will require more attention.

3. Convergence analysis

In this section we discuss properties related to the convergence of the numerical method, namely, consistency of the
approximations of the fractional operators and stability properties of the numerical method. We start with consistency and
will focus our attention in how the regularity of the solution in relation to time affects the consistency of the time fractional
operator.

3.1. Accuracy of the numerical method

The local truncation error for the numerical method (25), for the particular case, « =1 and 8 = 2, is know to be second
order, that is, O(At2 + Ax?), when the solution is C*(R) in space and C%(0, T) in time, that is, u € C*2(R x (0, T)).
For the fractional time integral we have the following result.

Theorem 1 ([3] Order of accuracy of the approximation for the time fractional integral:). Let u e C3(0, t,). Then there is a
constant Cy, that depends only on « such that

|Z%u(ty) — I“u(ty)| < Gy sup [u”(t)[tg AL%.
te(0,ty)

The next result concerns the approximation of the spacial left fractional Riemann-Liouville operator.

Theorem 2 ([22] Order of accuracy of the approximation for the left fractional derivative:). Let u € C® (R) and such that
u® (x) =0, for x < a, being a a real constant. We have that

3bu 8fu

W(Xj) - W(Xj) =€1(x)) + €2(x)),
where

ler(x)] <G A e (x))] < GAX,

and Cy and C, are independent of Ax.

A similar result is valid for the right fractional Riemann-Liouville derivative. The previous result can also be proved by
assuming that u is a function with sufficiently many continuous derivatives that vanish at infinity in an appropriate manner,
see [21].

If the regularity of the function decreases then the order of accuracy diminishes. We will study this aspect, in particular,
for the time discretization, similarly to what has been done in Tang [23] for a weakly singular kernel. We have the following
result.

Theorem 3. Let u € C'[0, t,]NC3(0, t,) satisfying u = O(t**1) as t — O*. Then, there is a constant C, that depends only on o
such that

|Z%u(ty) — [“u(ty)| < Cut AL,
Proof. Let u € C?(t;_q, ti). For & € [ty_q. ti]

[sk(§) —u(§)| < %|u”(§k)|Af1?, tr1 <&k <t

We have
n ty
Tu(t) ~ Futn) = s 20 [ 6u(®) —ue) (6 - 0 e
k=1 Vit
and

o o 1 & tk] " 2 a-1
[Tu(ty) — Futty)| < W;/ S E)IAG 6 - 1) e
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Therefore, using the mean integral value theorem, for 1y € (t,_1, t) and At = max; Af,

o o 1 b o o
1Z%u(tn) — Iu(ty)| < 21"(05)|:[t ABO(AL ) (t, — T)dT

n 1 ty
2 4 _ ya-1
+O2 I 0] g [ -0 dr}

< Cut¥ Are+,
O
Additionally we have the following result, which proof follows the same steps of the previous proof.

Theorem 4. Let u € C°[0, t;]NC2(0, t,) satisfying u = O(t%) as t — OF. Then, there is a constant C, that depends only on o
such that

|Z%u(ty) — I"u(ty)| < Cuty At.
These results will be confirmed by the numerical experiments in the section titled numerical results.
3.2. Fourier decomposition of the error

For simplicity in this section we assume the source term g(x,t) = 0. Our aim is to prove that the numerical method is
unconditionally stable forall0 <o <1land 1 < 8 < 2.
When o =1 and 8 = 2 we have the following method
1

ur-urt = jAtn(52(01;7“/%1;5 +8%(dPUr )

1
—iAtn (Ao(an+1/2U}1) + Ag (P}n+l/2U}1—1 ))

This method is equivalent to a Crank-Nicolson discretization in time and central differences in space for the first and second
order derivatives. It is known to be a second order accurate numerical method and unconditionally stable [10].

For the particular case, @ =1, 1 < 8 < 2 and the fractional operator (9) with p = 1, ¢ = 0, where the force field F(x,t) =
0 and d(x, t) constant, the numerical method is also unconditionally stable, see [22].

In order to derive stability conditions for a more general case we apply the von Neumann analysis or Fourier analysis.
Fourier analysis assumes that we have a solution defined in the whole real line. It is also applied to problems defined in
finite domains with periodic boundary conditions since the solution is seen as a periodic function in R.

If u’]? is the exact solution u(x;, tn), let

el = Ul —u (31)

be the error at time level n in mesh point j. Considering the numerical method (24) and inserting Eq. (31) into that equation
leads to

n n-1
-4 =t 3 ansd” (4] ) - PFEoTY )
1 & n+1/2 k 1 = n+1/2 k
_mga"”‘A”(Ff ek) + mganq,kAo(Fj ek). (32)
Assuming a uniform mesh in space and time, the force field and the diffusion only dependent on time, we get
n-1
an’nl:nﬂ/z . Fn+1/2 n-1

T e A T AR - Aek.
'2+aw)2Ax 0€j FQ—FO()ZAXZ(;(G"”‘ An1.k) 0€;

We can re-write this method as

ol an,ndn+1/2 ﬁe'? N anvnFn-H/Z Aol
ITTQ+a)AxP” T T TQ+a)28x "1
dn+1/2 n-1 Fn+1/2 n-1

—e 4y - SBek T~ Anek
g +F(2+cx)Axﬂ gcn'k € C2+a)2Ax gcn’k 0€;;
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with ¢, = ap  — a,_1 ;. We have
Gk = At [(n—k+ 1) -3 — k)" +3(n -k - 1) — (n —k —2)1*],
1<k<n-2,
Cn,n—l = Upn-1 — An—1,n-1
— A% (21+Ot _ 3)’
Cn,0 = Qo0 — dn-1,0
= At*[(1+0)(n®* = (n=1)%) —n"** +2(n = 1) — (n = 2)1*¢], n> 2.
We can simplify the notation of the constants c, , by writing
Atozdm—l/z AtaFrH—l/Z
et @ speny DT
I TQR+a)Axf™ 7 TQ2+w)2Ax
dn+12 Ao n Fn+1/2 Ao n

— o1 /3 n-I n—I
G T mad 2 T T anaar 2480 (33)
where, for n > 2,
c1 = 21+a 73?
=+ 3t L3 —)He _(—te =2 ... .n-1,
= 1+a)(n®*— M- —n*4+2(n-1)H* - (n-2)!*, (34)

Remarks: For the case k=0 and n =1, the sum of the constants ¢; in (33) is equal to a s* =a, , —a,_1x =010 — do0 =
At*[(1 4+ a)n® —nl*+®] = . Note also that as we change n, the ¢;’s need to be redefined according to (34).

The von Neumann analysis assumes that any finite mesh function, such as, the error e']? will be decomposed into a Fourier
series as

- Y
p

where «} is the amplitude of the p-th harmonic and the product §,Ax is often called the phase angle ¢ =&, Ax.
Considering a single mode x"e®, its time evolution is determined by the same numerical scheme as the error e”. The

stability conditions will be satisfied if the amplitude of any error harmonic x™ does not grow in time [5,8], that is, if the
ratio

G(¢) = k™1 /k"| <1, for all ¢.

If |G(¢p)] > 1 for some ¢, then the solution grows to infinity and the mode is unstable. An arbitrary mode can be singled
out and stability requires that no harmonic should be allowed to increase in time without bound. Hence inserting a repre-
sentation of a single mode «"e¥® into a numerical scheme we obtain stability conditions. By substituting e;? by k"el® we
get

Atadnﬂ/z 5ﬂefj¢ e Ata[:nﬂ/z
T(2+a)AxP T2 +a)2Ax
dn+1/2 Ao n Fn+1/2 At n

_— Zc,x” 18hei? — —————— 3" k" Agell?. (35)
I'Q2+a)Axp 2+ a)2Ax =

Kneij¢ — " Oeij¢

— Kn—leiﬁz) +

Let

, At?
Ax

At

a _ Fﬂ+1/ .
AxP

12
l;l/ﬁ — dn+
Dividing (35) by k™1 we get

K" [ oiig HB  sp g v iio
P (e B F(2+oe)8 T

O( n

pe Kn—l o
ijo ij¢
F(Z—l—ot)z IK" 13 e F(2+Ot)2§clK"_1Aoe . (36)

= el? 4
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We have
§Peli — pslPelid 4 qsleli?

_ 1 S ol (pmimd 1 S ol (oimd
—pr(4_ﬂ)m;]qme (e )+qr(4_ﬂ)m;]qme (e™?)

eij¢ 0 ] ) )
= Ta_p ((p +q) m;l qm c0s(M¢) + (q — p)i m;] dm sm(m¢>)> (37)
and
Age'i? = el (ei? — e = ¢l1?2isin(¢h). (38)

Therefore from (36), (37) and (38) we get

" I > .
K (1 - 1"(2+oz)1€(4—ﬂ) ((P+Q) > amcos(mp) + (q—p)i qmsin(m¢)>

m=-1 m=-1

v ..
+721,(2 T 2i sm(¢))
,bL n n—I [} [}
=1+ I’(2+(x)1€(4 B) ch'f”*‘ ((p+q) > gmcos(me) + (q—p)i > qmsin(m¢))

m=-1 m=-—1

VD(

TQ+a)2 ZC’ = 12'5'“(¢) (39)

Let

Mg o0 o ’
A= FaTaTd B ((p+q) m;1 qmcos(me) + (q — p)zm;l Gm 51n(m¢))

r(z T )'Sm(¢) (40)

We can write (39) in the simplified form

K- 1

n]U—A>—1+A2kzn1 (41)

In what follows we present theoretical results for some particular cases.

Theorem 5. For « =1 and 1 < B < 2, the method (24) is von Neumann unconditionally stable.

Proof. For o = 1, from Eq. (39) and for k" = Gk™~1 we get

g o0 .
G<1 B F(2+a)1/'3‘(4_ﬁ) ((p+q) > meos(me) +(q—p)i Y qm Sin(m¢>))

m=-1 m=-1
g e i)
=1t re+ oel)Lfi 4-p) <(P +4) "gl qm cos(m¢o) + (q — p)i”gl qm Sin(m¢)>
FQ Fare) sn® (42)
Therefore, we have
o= 1t

where A is defined by (40). If the real part of A is negative then |G| < 1 for all ¢, since |1 + A| < |1 — A|. The real part of A
is negative since we have [22],

i gmcos(m¢) <0

m=-1
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and therefore the method is unconditionally stable. O

Lemma 6. The coefficients c; defined in (34) satisfy:

-1<c <1, Jegil<lgland —1<¢ <0, [>2 (43)
n-1
i+ g+e=-T+1+a)(n* - (n-1)%) (44)
1=2
n n
-1< lz]:c, <1and Jirgoz;c, =-1 (45)

Proof. The second inequality of (43) can be proved by developing into a series the fractional power terms that appear in
the constants ¢; and the other two inequalities are straightforward.
The equality (44) comes immediately after noting that

ch -2 721+a + (n 72)1+a 72(7’[ _ 1)1+a +n.

Lastly, equality (45) follows from (43), (44) and the fact that
nlim mn*-—m-1)*=0
O
Theorem 7. For 0 < o < «*, where o* =log(3)/log(2) —1~0.585 and 1 < B < 2, the method (24) is von Neumann un-

conditionally stable for the case of a free force, that is, F(x,t) =0 and for a symmetric fractional operator (9), that is, when
p=q.

Proof. By assuming that k™ = Gk™1, for all n, [8,25], from (39) we get a closed form for the amplification factor G(¢). We
have k" = Gk™ ! and k"~ = G-!+1,"~1, Therefore

145 o x
6(1 F(2+oe)l€(4 ﬂ)( P+a) Y qncos(mp) +(q—p)i 3 qm sin(m¢))

m=-1 m=-1
rare )
'uﬂ I+1
= reror@a-p ZC:G * ((p+ Q) ngl Gmcos(me) + (q — p)lm;] m sm(m¢))
F(Z Favo Zc,G"“zsm(d)) (46)
From Eq. (46) and for A defined by (40) we have
G1-A)=1+A> G, (47)

=1

where the constants ¢; are defined by (34). If for all ¢ the parameter G that satisfies this equation is less than one, then the
method is unconditionally stable.
If we multiply by G™1 Eq. (47), we get

n
G'"(1-A)=G""+A) G (48)
=1

that is,

1 +AC1 Gn71 A

n_ —_—
¢ 1-A 1-A

(G 2+ 4+ 2GP + ¢ 1G+¢y) = 0. (49)
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Fig. 1. Eigenvalues for the companion matrix C; for p=0.2 (¢ =1 — p) and a range of values for «, g8, v*, ,u%, ¢, namely, « =0.1,0.5,0.9,  =1.1,1.5,1.9,

V¥ =-2,-1,-0.25,0.25,1, 2, }L‘E =0.25,0.5,1,2, ¢ = —m, —m /2, /2, w. The red dots denote the maximum value for each fixed value of «, 8, V¥, p,f,;, .

The blue circle is the unitary circle. (a) n = 20; (b) n = 200. (For interpretation of the references to colour in this figure legend, the reader is referred to
the web version of this article.)

The roots G* of the polynomial (49) verify [15]

A n
+‘1A §|Cn|

For the case under discussion, that is, v* = 0 (free force case) and p = q (symmetric spatial fractional operator) there is no

imaginary part in A defined by (40). Additionally, if c; = 2'** —3 <0 we have 1+c;A > 0, because A < 0. We have ¢ <
Oforalll > 2, see Lemma 6, and therefore

‘1+Aq

1+AC1
1-A

|G*| < max 1,‘

n

. 14 Ac; A 1 A <
2lal = T+ T L= T T AL

+

1-A

A
1-A

n n

Since A < 0 and Zc, is less than one in absolute value, then 1 +AZCI <1—A. Therefore |G*| < 1. O
1=1 1=1

In [9] stability results, in the Ly, norm, are proved under similar restrictions for «, for a simpler case with 8 =2 and
non-dependent time coefficients.

Now we turn to the general case 0 <« < 1 and 1 < 8 < 2. To analyse if the numerical method is von Neumann stable,
we need to check if the roots of the polynomial

1+A A
G- Gt A (6" 40y aG A a1 G ) =0 (50)
1-A 1-A
are in modulus less than one. The roots of this polynomial are the same as the eigenvalues of the companion matrix [15],
1+Aq Acy Acn_1 Acy
1-A 1-A 77 1-A 1-A
1 0 e 0 0
Cc = 0 1 0 0
0 0 e 1 0

Therefore, if the eigenvalues of the matrix C; are all less or equal to one, for 0 < @ < 1 and 1 < 8 < 2, the method (24) is
unconditionally stable. The companion matrix C; depends on p, q, &, 8, V¥, M%, ¢ and we have checked computationally that
the eigenvalues of C; are less than one for a big set of values, indicating the method is unconditionally stable for 0 < «
< 1and 1 < B < 2. This is also confirmed by the numerical tests in the next section. We illustrate in Fig. 1(a) and 1the
eigenvalues of the matrix C; for fixed values of /L%, v «, B and a fixed ¢. Note that the value ¢ = m corresponds to
the highest frequency resolvable in the mesh and that v* is similar to the Courant number. Fig. 1(a) and 1(b) we have

considered n = 20 and n = 200 respectively. If, for instance, we consider n = 500 we obtain a similar figure to 1(b), with a
more dense black region, since the number of eigenvalues increases.
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Table 1

Results concerning Problem 1. Convergence rate in space for
different values of & and B with At = 1/800. The solution is
regular enough in space and therefore we get second order
convergence.

B Ax =2/40 Ax=2/80 Rate

a=02 12  25514e-03 6.3422e—-04  2.0082
14  23981e-03  5.9864e—04  2.0021
1.6 2.3289e-03  5.8877e-04  1.9838
1.8 2.1534e-03 5.5150e—04 1.9652
20  1.5200e-03 3.7890e-04  2.0041

a=04 12 24934e-03  6.1983e—-04 2.0082
14  2.3241e-03 5.8009e-04  2.0024
1.6 2.2499e-03  5.6870e—04  1.9841
1.8  2.0868e—03  5.3435e—-04  1.9654
20  1.4869e-03 3.7061e-04  2.0043

a=06 12 24316e-03 6.0450e—-04  2.0081
14  2.2426e-03  5.5975e-04  2.0023
1.6  2.1632e-03 5.4681e—-04  1.9841
1.8 2.0129e-03 5.1552e—-04 1.9651
20  14474e-03 3.6075e-04  2.0044

a=08 12 23612e-03 5.8708e—04  2.0079
14  2.1462e-03 5.3580e-04  2.0020
1.6  2.0626e—-03  5.2155e—04 1.9836
1.8 1.9276e-03 4.9395e-04  1.9644
20  13992e-03 3.4874e—04  2.0043

a=10 12  22723e-03 5.6519e—-04 2.0074
14  2.0240e—-03  5.0555e—04  2.0013
1.6 1.9413e-03 4.9119e-04 1.9826
1.8  1.8264e—03  4.6846e—04  1.9630
20 13397e-03 3.3396e-04  2.0042

4. Numerical results

We consider the one-dimensional fractional Fokker-Planck equation,
u(x,t) = VP(d(x, t) oD} %u(x,t)) + (F(x,t) oD} "%u(x,t))x = g(x,t), x € Q x (0, T],

for0 <o <land1< B <2.

For the numerical simulations we assume €2 = (a, b) and a uniform mesh in space, that is, x; = a + jAx, for j=0,...,N,
with xy = b. In time, we consider the case of a uniform mesh, and also an example with a non-uniform mesh. For the non-
uniform case we have t, =t,_1 + Aty, forn =0, ..., M, with ty; =T and in the cases of a uniform mesh we denote the time
step by At. The error is defined by,

1/2
N-1 /!

error = max | Ax> (UM —u(x;, ty))?

,max Z( Toux )|
j=1

where UJT' is the numerical approximation of the exact solution u(x;, tn).

Problem 1. In this first example we have a diffusion parameter that depends on x and a force that depends on x and t. We
assume Q2 =(0,2), T=1, d(x,t) =x, F(x,t) = x+sin(t), and the source term g(x, t) and initial solution ug(x) are defined,
such that, the exact solution of this problem is given by

ux, t) = t2ox* (2 — x)*.
The problem can be interpreted as defined in the real line with
ux,t)=0 x ¢ Q.

In this case, the regularity of the solution is in space C3(R) and in time is C3([0, T]), that is, C3-2(R x [0, T]). It is shown that
the order of convergence of the numerical method is second order accurate in space and time in Tables 1 and 2 respectively.
We also observe in Table 2 that the time steps we have considered are significantly larger when compared with the space
step and this is in agreement with the discussion in Section 3 about the unconditional stability of the numerical method.
This can also be verified in the next example.

Problem 2. We assume S =2 and therefore we do not have a non-local operator in space, only in time. We consider
Q=(0,1), T=1, dx,t) = @ F(x,t) =x+sin(t), and define the source term g(x, t) and the initial condition ug(x),
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Table 2

Results concerning Problem 1. Convergence rate in time for
different values of o and B with Ax =2/800. The solution
is regular enough in time and therefore we get second order
convergence.

B At=1/10  At=1/20  Rate

a=02 12 21073e-03 5.2759e—04 1.9979
14  19439e-03  4.8647e—04 1.9985
1.6 1.7778e-03 4.4470e—04 1.9991
1.8  1.6523e-03  4.1333e—-04 1.9991
20 15187e-03 3.8038e—-04  1.9974

a=04 12 21073e-03 5.2759e—-04 1.9979
14  19439e-03  4.8647e—04 1.9985
1.6 1.7778e-03 4.4470e—04 1.9991
1.8  1.6523e-03  4.1333e-04 1.9991
20 15187e-03 3.8038e—-04  1.9974

a=06 12 2.0842e-03 5.1786e—04 2.0089
14  1.9798e-03 4.9151e—-04 2.0101
1.6  1.8761e-03 4.6536e—04  2.0113
1.8  1.8082e-03  4.4850e—-04  2.0114
20  17278e-03 4.2896e—-04  2.0100

a=08 12  21725e-03 5.4257e-04  2.0015
14  2.0760e—-03 5.1799e-04 2.0028
1.6 1.9838e—03  4.9440e—04  2.0045
1.8 19284e—-03  4.8030e—-04  2.0054
2.0 18694e—-03  4.6585e—04  2.0046

a=10 12 23783e-03 59608e—-04  1.9963
14  2.2814e-03 5.7129e—-04 1.9977
1.6 2.1895e-03 5.4760e—04 1.9994
1.8 2.1348e-03 5.3343e-04  2.0007
2.0 2.0936e-03  5.2321e-04  2.0005

Table 3

Results concerning Problem 2. Convergence rate
in space for different values of & and 8 = 2 with
At =1/800. The solution is regular enough in
space and therefore we get second order conver-
gence.

o Ax=1/10 Ax=1/20 Rate

0.2  6.5175e-04 1.6259e-04  2.0031
04  5.2336e-04  13062e-04  2.0025
0.6  4.0707e—04 1.0163e—04 2.0019
0.8  3.0495e-04  7.6154e—05 2.0016
1.0  2.1766e—-04 5.4362e-05  2.0014

Table 4

Results concerning Problem 2. Convergence rate
in time for different values of @ and B =2 with
Ax = 1/200. The solution is regular enough in
time and therefore we get second order conver-
gence.

o At=1/10 At=1/20  Rate

0.2  6.5734e-04 1.6444e—-04  1.9991
04  6.1647e-04 1.5346e-04  2.0061
06 55681e-04  13844e-04  2.0079
0.8 5.0006e—04  1.2430e—04  2.0083
1.0 4.5011e-04 1.1194e—-04 2.0076

such that, the exact solution is given by

ux, t) = t*2e*,

In Tables 3 and 4 we observe second order convergence in space and time respectively. The regularity of the solutions is
> 2([0, 1] x [0, T]).
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Table 5

Results concerning Problem 3. Convergence rate in time for
different values of o and B with Ax =2/800. The solution
is not regular enough in time and therefore we get approxi-
mately 1+ o order of convergence. This is in agreement with
Theorem 3.

B At=1/10 At=1/20  Rate

a=02 12 79734e-02 3.5276e—02 1.1765
14  7.8981e-02 3.4822e-02 1.1815
1.6  7.8515e-02 3.4563e—-02 1.1837
1.8  7.8275e-02 3.4431e-02 1.1848
20  7.8223e-02 3.4397e—-02 11853

=04 12 3.5666e—-02 1.4085e—02 1.3404
14  3.4561e-02 1.3641e—-02 1.3411
1.6 3.3930e-02  1.3390e-02 1.3414
1.8 3.3608e—02 1.3261e—-02 1.3417
2.0  3.3522e-02 1.3225e—02 1.3419

a=06 12 1.5247e—-02 5.3238e-03 1.5180
14  1.4558e-02 5.1283e-03 1.5052
1.6  14161e-02 5.0139e—-03 1.4979
1.8 1.3955e-02 4.9541e—-03 1.4941
20 1.3896e-02 4.9371e-03 1.4929

=08 12 5.0490e-03 1.5836e—03 1.6728
14  4.8284e-03 1.4829e—03 1.7031
1.6 4.6975e-03 1.4564e-03 1.6895
1.8 4.6283e-03 1.4423e—-03 1.6821
20 4.6077e-03 1.4385e—03 1.6795

a=10 12 3.7635e-03 9.4709e—04 1.9905
14  2.7431e-03 6.9172e—04 1.9876
1.6  2.1755e-03 5.5022e—04  1.9833
1.8 1.8495e—-03  4.6987e—04  1.9768
20 16716e-03 4.2669e—04  1.9700

Problem 3. In this example we consider a problem with a solution with lower regularity than the previous problem. We
assume, 2= (0,2), T=1, d(x,t) = F(ST"Q) F(x,t) = x+sin(t), and define g(x, t) and ug(x), such that, the exact solution is
given by

ux, t) = t14x% (2 — x)2.
We have a fractional operator also in space and the problem can be interpreted as defined in the real line with
ux,t)=0 x ¢ Q.

In this case the regularity of the solution in time is C!([0, T]). We observe, in Table 5, that the convergence is approximately
of order At®*1, This is in agreement with the discussion in Section 3.1 and in particular with Theorem 3.

Problem 4. In this example we further reduce the regularity of the solution in time and we assume 8 = 2. This example is
also included in [12]. We consider 2 = (0,7), T =1, d(x,t) =1, F(x,t) = x + sin(t), and define g(x, t) and ugy(x), such that,
the exact solution of this problem is given by

te .
u(x,t) = (1 + m)sm(x).
In this example, we also include the results we obtain when a nonuniform mesh in time is considered, that is, we assume
tn = (n/M)Y T, where y > 1. Note that for y =1 we obtain a uniform mesh.

For this solution we see that u; = @(t®~') as t — 0 and therefore it presents a singularity behavior. The regularity of
the solution is > 9([0, 7] x [0, T]). For a uniform mesh the order of convergence in time is approximately O(At®). This is
according to the analysis done in Section 3.1 and in particular with Theorem 4. A non-uniform mesh improves the order of
convergence as expected. In Tables 6 and 7 we compare the performance of a non-uniform mesh versus a uniform mesh. In
Table 8 we consider a very small time step to see that the method is second order convergent in space.

Problem 5. In order to observe the dynamical behavior of the fractional Fokker-Planck equation with a time dependent
force, we consider Eq. (10) without the source term, for p = q, and with the initial condition

)2
u(x,0) = U%exp( (XZUXZO) )
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Table 6
Results concerning Problem 4. Convergence rate in time for different values of o and g =2

with Ax =7 /5120 and y = 1. Uniform time step. The solution is not regular enough in
time. We have approximately « order convergence. This is in agreement with Theorem 4.

M o =025 Rate o =0.50 Rate o =0.75 Rate

80 5.2235e-01 - 1.1051e-01 - 1.5103e—02 -

160  4.6086e—01 0.18071 8.2666e—02  0.41888 9.3432e-03  0.69288

320 4.0466e-01  0.18761 6.1090e—02 0.43634  5.7081e-03  0.71089

640  3.5374e-01 0.19404  4.4725e—02  0.44985  3.4851e-03  0.71184
Table 7

Results concerning Problem 4. Convergence rate in time for & = 0.625 and 8 = 2 with Ax =
7 /5120. Non-uniform mesh. The convergent rate improves with a non-uniform time step.

M y =10 Rate y=a1=16 Rate y =20 Rate
80 44207e-02 - 1.0396e—02 - 4.4297e-03 -
160  3.0110e—-02 0.55402  5.4931e-03 0.92039  1.9917e-03 1.1532
320  2.0242e-02  0.57294  2.8629e-03 0.94015 8.8090e-04  1.1769
640  1.3478e-02 0.58671 1.4778e—-03 0.95404  3.8482e—04  1.1948
Table 8
Results concerning Problem 4. Convergence rate in space for different values of « and
B =2 with M = 1000 and y = «~!. Non-uniform time space.
Ax o =025 Rate o =0.50 Rate o =0.75 Rate
|4 3.5158e-01 - 3.6313e-01 - 3.6018e—-01 -
/8 8.1629e-02 21067  8.5220e-02  2.0912 8.5007e—02  2.0831
/16 1.9009e-02 21024  2.0671e-02  2.0436  2.0875e—-02  2.0258
m[32  4.5141e-03 2.0741  4.8261e-03  2.0987 5.1233e-03 2.0266
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Fig. 2. Time evolution of u(x, t) for F(x,t) =0 with d(x,t) =1: () ¢ =0.3, =13; (b))« =06, B =13;(c)®x =03, =16, (d) ¢ =0.6, B =1.6.

We assume o = 0.1 and xg = 2.

We start to show, in Fig. 2, the dynamics of the Fokker-Planck Eq. (10) without a force field, that is, for F(x,t) =0
with d(x,t) =1, to visualize the effect of the diffusion. In this case, the solution along time is still symmetric in shape, in
relation to x = 2, as the initial solution. If we consider a force field different from zero, the solution is greatly influenced by
the presence of the force field, as we can see in Figs. 3 and 4.

In Fig. 3, we show how the solution evolves in time for a force field, periodic in time, F(x,t) = x + sin(t), and d(x,t) = 1.

From left to right we can observe the effect of changing « for a fixed 8. From top to bottom the effect of changing g for a
fixed o.
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Fig. 3. Time evolution of u(x, t) for F(x,t) = x + sin(t) with d(x,t) =1: (@)« =03, 8 =13; (b)x =06, =13;(c)2« =03, =16, (d) e =06, B=1.6.
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Fig. 4. Time evolution of u(x, t) for F(x,t) = —2x +3x*>(1/(1 +e™')) with d(x,t) =1: (@) @ =03, B=13; (b))« =06, B=1.3; (c) « =03, B =16, (d)
=06 B=16.

In Fig. 4, the force is of the form F(x,t) = —2x + 3x2(1/(1 +e!)), related to the commonly named metastable potential
[19]. Similarly to the previous figure, from left to right we can observe the effect of changing « for a fixed 8 and from top
to bottom the effect of changing S for a fixed «.

5. Final remarks

A numerical method is presented for a Fokker-Planck equation with a force field and diffusion depending on space and
time. For the general case, 0 < @ < 1 and 1 < f < 2, the stability is discussed through the computation of the eigenvalues
of a companion matrix showing the method is unconditionally stable. The numerical method is second order convergent in
space and time for sufficiently regular solutions. We present numerical tests that show the rate of convergence is affected
when less regular solutions are considered as discussed theoretically in Section 3. In this case, we can improve the rate of
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convergence by considering a non-uniform mesh. In the end, in order to reveal the dynamics of the equation, we display
the time evolution of the solution u(x, t), for different time dependent force fields.

The numerical method presented here can be generalized for the velocity fractional Klein-Kramers equation, defined in
the position-velocity space, that is, x — v space, where a fractional operator is considered in the open space v and in the x
space different type of boundary conditions can be studied. However, the theoretical analysis presents additional difficulties
that will require a separated study.
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