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Abstract

In this paper we study numerical methods for solving integro-differential equations which generalize the well-known Fisher
equation. The numerical methods are obtained considering the MOL (Method of Lines) approach. The stability and convergence
of the methods are studied. Numerical results illustrating the theoretical results proved are also included.
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1. Introduction

It is well known that the diffusion approximation—Fick’s law—to model reaction—diffusion problems gives rise to
the Fisher equation

2
g—':(x,z)=D%(x,t)+f(u(x,z)), x€(a,b), t>0. (1)

In a large number of biological and chemical phenomena, the reaction term is represented by f(u) = U(l — u)u,
where U > 0 can be dependent of the space variable. Such an equation has the steady state solutions u =0 and u =1,
the first one being unstable and the second one stable. The solution of this problem evolves into a traveling wave
solution connecting the two steady states with a speed of propagation ¢ = +/4DU [1]. When the reaction is very fast,
¢ becomes arbitrarily large. This unphysical property can be corrected if memory effects are taken into account in the
mathematical model. This leads to integro-differential equations of type

du D [ _d%u
E(-x»t):?/e T w(-xvs)ds"kf(u(-xvt))v XE(a,b), t>07 (2)
0
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with D > 0,7 > 0, which have been studied for instance in [3-5]. Eq. (2) is known as a generalized Fisher—
Kolmogorov—Petrovskii—Piskunov equation, FKPP, and it is coupled with initial and boundary conditions of type

u(x,0) =up(x), xe(a,b), ula,t) =uq(t), u,t)=up(), t=>0. 3)

The parameter t is a relaxation parameter and when t — 0, the FKPP equation is replaced by (1). The existence and
the behavior of solutions of Eq. (2) with f(#) = Uu(l —u), U > 0, and a Heaviside initial condition was considered
in [3]. Different models presenting traveling wave solutions with finite speed of propagation were considered in [6-8].

In this paper we study properties of a class of numerical methods that approximate (2)—(3). In Section 2 we establish
an energy estimate that improves the information given by the classical estimate known for the Fisher equation. This
new estimate enables us to conclude the stability of (2) relative to perturbations in the initial condition. In Section 3
we use the MOL approach to solve (2)—(3) numerically by using a numerical approximation obtained combining the
spatial discretization with a time integration method. A semi-discrete analogue of the estimate established for the
theoretical model is deduced for the semi-discrete approximation. In Section 4 fully discrete schemes are analyzed
and a discrete version of the continuous estimate is proved, see Theorem 6. As a consequence of Theorem 6 the
stability and the convergence of discrete schemes are also studied. Numerical experiments illustrating the theoretical
results are presented in Section 5.

2. Energy estimates for the PDE

In this section we study the stability of the solution of (2)—(3) when the initial condition is perturbed. Attending
to this fact we assume in Theorem 1 homogeneous Dirichlet boundary conditions. These conditions are considered
nonhomogeneous in the rest of the section.

Let (-,-) denote the inner product in L?*(a,b) and | - | ;2 the usual norm induced by (-, ). If v is defined in
[a, b] x [0, T] we represent v(-, t) by v(t).

We establish in what follows an estimate for the energy functional

t

—s 0
t—s 0U
_i=s
/6 T —(S)dS

0 L2

D
E@)@) = Ju)]32 +~ . 1e(.TI. @)

Theorem 1. Let u be a solution of (2)—-(3) with u,(t) =up(t) =0, t > 0, satisfying for each t € [0, T]

u(x,t)elc,d], xe€la,b], ®))
e | ~= 2y ds € Lla, b) ©6)
E 5 /E a s)das € a, .

0

where c, d are constants.
If f is continuously differentiable and f(0) = 0, then the energy E (u) is such that

axl_1 ¢/
E@u)(1) < 2™ Jmaddl )12, (N

foreacht € (0, T], where f],. = max|, | <max{lcl,|d|} [ ().
Proof. Multiplying each member of (2) by u with respect to (-, -) and integrating by parts we obtain
t
) + 2 / (5 ds 2 1) ) = (£ (). u(r)
—@),u — e T —(s)ds, — =(f(u@®)),u®)).
ot T ax ax

0
Considering that

d 2 du
3 Il = 2<5<r>, um),

and that
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! 2
2[ au( 9 2 / _ﬂau()d
= —(, - — e T —(s)ds
T ox T dax 5
0 0 L
we deduce
= ””‘(t)”2 +2 /e_zf 8—u(s)ds
dr L2t dx

Due to the fact that f(0) =0, we have (f (u(t)), u(t)) < fi. /4@l ;2 and then from (8), we conclude the differential
inequality

d
dr

’

/ —(s) ds

+2(f (u(®)), u(®). 8)

L2

—E(u)(t) 2max{ afrilax}E(l/t)(t). )
Integrating (9) we finally establish (7). O

Under the assumptions of Theorem 1, if (2)—-(3) has a solution u then u is unique. Moreover u satisfies

Ju@)] ;2 < ™ ug 2, (10)
and
t
D —s 814 /
= /e*t?—(s)ds <emax{7%’fmax}'||u0||Lz. (11)
T 0x
0 L?

Let us consider now the classical Fisher equation (1). It can be shown that
|u@] 2 < emx" Juoll 2 (12)

and no information is available about : a“ . But if u represents the solution of (2), we conclude from (11) that the
“average in time” of its gradient is bounded by

1,
M g 2,

for each time ¢ € (0, T].

In what follows the stability behavior of u under perturbations in the initial condition u is considered. Let # and
ue be solutions of (2) satisfying the same boundary conditions (not necessarily homogeneous) and initial conditions
ug and ug + € respectively. Then u — u,, is a solution of the initial-boundary value problem

. —s5 a2
Bu—u). =L [T L —ue)(x, ) ds + fux,0) = fue(x,1), x€(ab), teT],
(u —ue)(x,0) = —e(x), x€(ab), (13)
(u—ug)(a,t)=w—ug)b,t)=0, t>0.
The following stability result can be stated:

Theorem 2. Let u and u, be solutions of (2)—(3) with initial conditions uy and uy + €, respectively. If for u, u. (5)
and (6) hold and the source function f is continuously differentiable and f(0) =0, then

E(u—ug)(t) < ™ fwdt g2, (14)

Proof. Multiplying each member of (13) by v, = u — u, with respect to the inner product (-, -) we obtain

81)8 D l I—=s avs v8
<¥(t), vs(t)> t7 (f e (S)ds o (t)> = (f(u®) = f(u:(0)), ve()).
0

As (f(u) — fue),ve) < frallve ||i2 following the proof of Theorem 1 we conclude (14). O
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In the main result of this section, Theorem 2, we establish the stability of the initial-boundary value problem (2)—(3)
with respect to perturbations of the initial condition.

In the case of f(u) = U(l — u)u with U > 0, we have f,,. = U > 0 and (14) enables us to conclude that for
each ¢, the first member is bounded. If f . <0, we obtain

t
/eit%s i(u —ug)(s)ds
ax

0

=0.

im0 la=0 )

3. Energy estimates for the semi-discrete approximation

In this section we consider the MOL approach to compute a semi-discrete numerical approximation uy (t) to the
solution u of (2)—(3). The approximation uy(¢) is defined by introducing a discretization of the spatial variable. Our
aim is to establish a semi-discrete analogue of Theorems 1 and 2 for uj, () defined by (15)—(16).

Let us considerin [a, bl a grid I, ={x;, j=0,..., N} withxo =a,xy =b and x; — x;_; = h. We discretize the
second partial derivative of u with respect to x in (2) using the second-order centered finite-difference operator D;
defined by

v (Xi+1) — 205 (x;) + vp(Xi—1)
h? ’
The semi-discrete approximation uy(¢) is a solution of the following system of ODE’s

D; yvp(xi) =

%(l):Auh(t), te(0,T], (15)

where
t

D _i=s .
(Auh(t))i = ?/e © Dy xup(x;,s)ds +f(uh(x,-,t)), i=1,...,N—1,
0
and
up(x0,1) = uq(r), up(xn, 1) =up(r), up(xi,0) =uo(x;), i=1,...,N—1L (16)
We denote by L2(1I;) the space of grid functions v, defined in [; such that vj(xp) = vp(xy) = 0. In L2(Ih) we
consider the discrete inner product
N—1
o wi)n =h Y vp(x)wa(x), v wy € L (1), (17)
i=1
We denote by || - || 2y, the norm induced by the above inner product. For grid functions wy, and v, defined in 1, we
introduce the notations
N

(Whs vt = Y hwy (x)vp (x0),

i=1

and

N 1/2
lwhll g2+ = (Zhwh<xo2> :
i=1

Let
lonlh = (1onl 3, + 1D—conl22 ) % vn € L2
L2(Iy) —olrah) ’
where D_, denotes the backward finite-difference operator. We note that it represents a norm which can be viewed as
a discretization of the Sobolev norm of the space H Y(a, b).
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Let E(up)(t) be the semi-discrete version of E (u)(¢) defined by

t

/eii%D_xuh(s) ds

0

2

, t>0.

5 D
E(up)(t) = ||Mh(t)||L2(1h) + T
L2

A semi-discrete analogue of Theorem 1 is then established in Theorem 3.

Theorem 3. Let uy (t) be a solution of (15)—(16) with u,(t) =up(t) =0, t > 0, and such that u,(x;,t) € [c,d], for
i=0,...,N,andt €0, T]. If the source function f is continuously differentiable and f(0) =0, then for the energy
E (up)(t) holds, for each time t in (0, T],

_1 g
E(up) (1) < ™M e Il g 17, . (18)

Proof. Multiplying each member of (15) by uj, () with respect to the inner product (-, -), and using summation by
parts we obtain

t

1d 2 D i-s
§5||uh(t)||”+?</e g Dxuh(S)ds,Dxuh(l)) = (f(un(®), un(®),,

0 h,+
where f(un(1)(xi) = f(un(xi,1)),i=1,....,.N — L.
Adapting the proof of Theorem 1 to the discrete case it can be shown that the last equality is equivalent to

t

2
1d 2 D N
par Iy 7| [ 77 Pt ds
0 L2(Iy)
p| ’
=5 fe—'%“D_th(s)ds + (f (un(®), un (1)),
0 LD

As (fun @), un()n < fiaxllith (t)||iz(lh), we easily conclude (18). O
A semi-discrete version of Theorem 2 is stated in the next result:

Theorem 4. Let uj (t), up ¢ (t) be defined by (15)—(16) with initial conditions given respectively by up(x;, 0) = uo(x;)
and up ¢ (x;,0) =uo(x;) +(x;),i =0,...,N. If up(xi, t), upe(xi,t) €lc,dl fort €[0,T], i =0,...,N, and the
source function f is continuously differentiable and f(0) =0, then

E(up — upe) (1) < 25t (19)

2
||8||L2(Ih)'
Proof. The difference vy (t) = up(t) — up ¢ (¢) satisfies the following initial-boundary value problem
{ W (xi 1) =L [ ™7 Dyvn(xi,s)ds + fun(i,0) = fune(xi0), i=1,... N—1,
Uh(xivo)z_g(xi)’ i=17'°'7N_1’ Uh(-x()st)zvh(x]vst):()'

Replacing in the proof of Theorem 3, uj (¢) by v, (t) and (f (up(t)), up(t))n by (f un(t)) — f(upe(t)), un(t))n
and considering that (f (up(t)) — f un.e(®)), v @)n < fraxllVn (@) ||i2(1h) we conclude the proof. O

In Theorem 4 the stability of the semi-discrete approximation (15)—(16) is established. In what follows we study
the accuracy of uy(r). Let Tj(¢) be the truncation error associated with the spatial discretization defined by (15) and

letep(xj, t) =u(xi, t) —up(xi, t),i =0,..., N, be the spatial discretization error. We have
t
dey, D _i-s ~ .
5 G =— [ e 7 Dagen(xi, ) ds + f(ulxi,0) = fun (i D) + Tn(xis 1), i=1,....N =1,

0
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and
eh(x()?t):el’l(xN?t):()v el’l(-xl’o)zos i:1""’N_1’
with Ty (x, 1) = 2 [ =% T, (x;, 5) ds.

For the semi-discretization error ey, (¢) holds the following result:

Theorem 5. Let up(t) be the solution of (15)—(16) such that up(x;,t) € [c,d] fort € [0,T], i =0,..., N. If the
solution u of (2)—(3) satisfies (5) and the source function f is continuously differentiable and f(0) =0, then the
spatial discretization error satisfies

t s

D? ax(—2.2f" _ 2

E(ep)(t) < ?/‘emdx{ 72 fmax +1} S)/‘” T, () H Lz(lh)d,uds, (20)
0 0

Proof. Following the proof of Theorem 3 it can be shown that

t

/ e_t; D_,e,(s)ds

0

2

1, ~ 1
+ finax Heh(t) “iz(lh) + ) ” Th(t)”im,,) + 2 ”eh Q) HiZ([,,)'

1d D
~—E(ep) () < )
L(H

2de

From the last inequality we obtain

1d , 1 Ly~ 2
——E(ep) 1) <max{ T A E}E(eh)(t)vL §||Th(t)||Lz(,h),

2 dr
that is,
t
%(ezmax{i,f@aﬁé}rE(eh)(,)_/e2max{ E k305 5 (9) ]2, ds )<0. @1
0
Finally, as
|72, < / 7300

we conclude (20) from (21). O

Considering that the spatial discretization is defined using the operator Dy y, the truncation error satisfies

172 )] 2y, < € max h?

_ 2
max =0(%).

e e]

—(l)

where C is a positive constant independent of u and /. Then we conclude that, for each time ¢,

t 2
D s
les @1y + 2| [ % Doverts)] s =o0(n)
0 L2(1H)

and consequently

len®] 12,y = O(#?) (22)
and

t
/ ¢~ T D_ren(s)ds =0(h?). (23)
L2

0
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Being & and ¢ independent variables, we have
| D—xen(t) ||L2(Ih+) =0(n?), 24

which to the best of our knowledge is a nonstandard estimate for the spatial discretization error even when uniform
grids are used.

4. Energy estimates for the full discrete approximation

Let us integrate the system of ordinary differential equations (15) using the implicit Euler method in the time
grid {t,, n=0,..., M} such that o =0, )y =T and t,41 — t, = At. We use the rectangular rule to approximate
the integral in (15). The discretization of the reaction could be implicit or explicit depending on the stiffness of the
reaction.

In the following we establish an estimate for the fully discrete version of (4),

n+1 2

AIZe T xufl

E(uy™) = ™ oy + 7

3

LD

where u{l is obtained using an implicit or explicit discretization of the reaction term.

1. Implicit discretization of the reaction term
In this case the fully discrete approximation of (2) is defined by the nonlinear system of equations

Hxj) — up () _ D ]

At

W), j=1,....,N—1, (25)

where

(o) =ua(te), upGen) =up(te), £=1,....M—=1,  wp(xj)=uolx;), j=1,....N—1  (26)

Theorem 6. Let u}, be defined by (25)~(26) with uq(t) = up(t) =0, t > 0, such that u},(x;) € [c,d], fori =0,..., N,
and £ =0, ..., M. If the source function f is continuously differentiable and f(0) =0, then

n+1 2

At _xu;; 27)

<(smmrrmm) 4l
= \min{1, 1 —2A1f],.} L2 )

|| ”h+l || 2y T
L2(1;)

provided that 1 —2Atf] . > 0.

Proof. (a) Let us consider in (25) n € N. Multiplying each member of (25) by ”ZH with respect to the inner product
(-, -)» and using summation by parts we obtain

DA™ iy

it upth), = (Y, — Y e (D_su, D- N I (A (/AR R/ (28)
j=1
As
ntl tn+1’tj : 1
Ze_ m (D—yuj, D_u}*t )h,+
j=1
1 n+1 1=t ) 2 1 n ot ) 2 1
=3 e D] el ) S LA 29)
j=1 LX(I;H) j=1 L2}

we have from (28)
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2

4171 j
AIZe T D_yuy

””h“ ” L2(I) +

LY(LH

At " _ iy j
T AtZe T D_yuy
j=1

2
D
A N R

L2(1;5)
DAr?

e R/ Y

Considering in (30) the estimates

1 2 1 2 2
(u;, ”nH) < EHMZH ||L2(Ih) + 5“”2 ||L2(Ih)’ (f(”ZH) MZ_H)h < S H”ZH ”LZ(Ih)’
we conclude
2
n+l —1j i
(1 —2A1f ) ”“ZH ||L2(1h) At Z D_uy,
LX)
2
”uh||L2(1h) Atz _xuil
L1

(b) We consider now in (25) n = 0. Followmg the proof of (31) we obtain

D
(1 = 2A1fia0) H”ill ”iZ(Ih) + T ||AtD_Xu}l ||L2(1+) ””h ||L2(Ih)
Finally from (31) and (32) we conclude (27). O

The factor
B 1
~ min{l, 1 —2Azf} )

represents the stability amplification factor. If f, < 0 then S; =1 and from (27) we obtain

AtZe T _xu;;

Otherwise if f,, >0, con51der1ng that for At < Afg we have

2

< ””2 Himh)'
L2

” ”h+1 “ L2y T

1 2
5124,:1+f—m""‘/m<1+%"/ t,
1 —2Atf]ax 1 —2Atf) . 1 —2At0 flax
we conclude
2
n+1 J +DAt [0
[ ||L2<1h) + At Ze T Doy, <PHDAR 7o
L2
with
PO/

1= 2A00 flax

2. Explicit discretization of the reaction term

Let us consider now the IMEX scheme obtained by replacing in (25) f (u"“) by f(u}), that is,

(x])—uh(x]) D ntl

At

At

(uf(xp)), j=1,...,N-1

(30)

€29

(32)

(33)

(34)

(35)
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We remark that with &), = 0uj}, for 6 € [0, 1], we have

2A1(f (up), ™), =280 (f' g )upy, up ), < Atfuj ||iz(1,,) + A1 (fra) |ty ||i2(1h)'
Then the stability coefficient Sy is replaced by the stability coefficient Syyey defined by
1+ At
1 — At(f}

SIMEX = 3
max )

provided that 1 — At (f1.)* > 0. We have
1+ (fmad)

1 — Ato(frax)?

and we can prove (34) with

L+ (fa)”
1 — Ato(fihax)?
Let us study now the convergence of the approximation defined by (25), (26). Let efl (x;) = uﬁ (x;) —u(x;, ty) be the

global error of the approximation ufl(x,-) computed using (25), (26), and let T,f (x;) be the corresponding truncation
error. These two errors are related by

Sivex < 1+

B=

n+1
”+1(x,)—€h(xz)+ DAl‘ i)
j=1
L 00) = f (i D) + AT ), =1 M= (30

with
Ax)=0, i=1,....N—1, e (x0)=et(xy)=0, £=1,....,M.

Following the proof of Theorem 6 the next convergence result can be proved.

Theorem 7. Let ufl be defined by (25)—(26) and such that uf; (xi) € [c,d], for all i and for all L. If the solution u of
(2)—(3) satisfies (5) and the source function f is continuously differentiable and f(0) =0, then

n+1 2

AtZe T —xe'}{

n
e+ ]2, <SS AT ||iz(1h) (37)

L2y j=0

(Ih)

with
- 1
~ min{l, I — (1 +2f,)At}

Considering that (25) is defined approximating the second-order spatial derivative using centered differences, the
integral term using the rectangular rule and the integration in time using the Euler implicit method, we have

At 8%u D' i 0u
T}«:z+1('xl)__78 2( iv }’l - Z / 85( a 2(X[,S)>(S_t1+])ds

=1
tr1—t (9% " u
———At. 16‘ : W(xi,tj)‘i‘w(xi,tj) )
]:

where t; € [ty, tat1], X', Xi € [xi—1, X;+1]. Then
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1 Tilloo = max|| 7,
du
?(Z)

< C max (At( ) (38)
1€(0,T] dtox o

In the last inequality C denotes a generic positive constant independent of &, At and u. Using (38) in Theorem 7
we conclude:

9%u o
0x2 | o

9%u

W(t) +

) e
o0

+‘ )
o ax4

Corollary 1. Under the assumptions of Theorem 7 and assuming f} .. < —% then
2

n
leilay + 78207 Dosei] < CITHIE (39)
j L2(H)
If fliax > —% then
2
2 iy Bt 2
H€Z”L2(lh)+ . AtZe g xeh - <Ce”" M Tl % (40)
L=
with
B= 142 fihax

L= (1 +2fha) Al
Analogous convergence results can be established for the IMEX method.
5. Numerical results

In this section we present some numerical results that show the effectiveness of the estimates presented in Theo-
rems 5 and 7.

5.1. A semi-discrete approximation

Let us consider the semi-discrete system of ordinary differential equations (15). In order to avoid the integral term
and as our aim is to illustrate the behavior of the spatial discretization we rewrite (15) in the following form

W (i, ) = —Lop i ) Fup(i, 0, i=1,...,N—1,

d“"(x,,t)——Dngh(x,,t)—i-f(uh(x,,t)) i=1,...,N—1, @b
with the initial boundary conditions

vu(x;,00=0, i=1,...,N—1,

vh(xi,t):f(;e_t%suh(x,-,s)ds, i=0,N, 42)

up(xo, 1) =uq(t), up(xn,t) =up(t),

up(xi,0) =uo(x;), i=1,...,N—1.

To illustrate the second-order estimates in space (22) and (24) we integrate in time (41) with a fourth-order
Runge—Kutta method. The numerical results obtained with uy(x) = e’(x’zs)z, x €[0,50], fwu)=Uu(l—u),U =1,
D =0.2, 7 =0.1and Ar =0.05 are presented in Table 1. The estimates for the orders p and p* exhibited in this table
were computed using

1Og<max, =0.... MHE;”“LZ(/;, )) 10g<

p= and p*= ,
log(E) IOg(E)

respectively, where i and &, represent different space step-sizes. We considered M = 500 and the error was estimated
using a reference solution computed with Ar =0.01, 2 = 0.025.

max;—...., M”D—xehIHLZ(I+ )
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Table 1

h 0.1 0.2 0.3 0.4 0.5 0.6
p 2.0706 2.0222 2.0114 2.0067 2.0140

p* 2.0568 1.9829 1.9337

1.8870 1.8409

Implicit Method IMEX Method

0 50 100 0 50 100
t X t X

Fig. 1. Numerical solutions computed with methods (25) and (35) for U =1, 7 =D =0.1 and At =h =0.1.

T T T

1=0
1=2.5-Imp
1=2.5-IMEX
08f

1=5-Imp
— ¥— t=5-IMEX

06

04}

02f

=)
PR
W;exxxac P HK HEH X IR
3 ....-.4.--.......1.-1

=}

70 80 90 100

)]
*x o

Fig. 2. Numerical solutions computed with methods (25) and (35) for U =1, 7 =D =0.1 and At =h =0.1.

5.2. A fully discrete approximation

We present in what follows some numerical results that illustrate the qualitative and stability properties of methods

(25) and (35). The computational experiments have been obtained with a reaction term of type f(u) = U (1 — u)u,
and with the initial condition

_ 1, xel0,501,
”°(x)_{o, x €150, 100].
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Fig. 3. Numerical solutions computed with methods (25) and (35) for U =1, 1 =0.1, At=h=0.1 and D =2.
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Fig. 4. Numerical solution computed with method (25) for U =1, D =0.1, At =h =0.1 and r = 0.001.

In Fig. 1 we plot the numerical approximations obtained using method (25) and method (35) with U =1, 7 =
0.1 =D =0.1 and At =h =0.1. The two numerical solutions exhibit the same stability behavior, but as we can see
in Fig. 2 the speed of the numerical solution obtained with method (25) is greater.

In Fig. 3 we plot the numerical approximations obtained for D = 2. As expected, we observe in Figs. 1 and 3 that
increasing diffusion leads to a smoother solution.

The numerical approximation obtained from (25) with D = 1 and 7 = 0.001 is plotted in Fig. 4. The plots presented
in Figs. 2 and 4 illustrate the fact that the generalized FKPP equation is replaced by the classical Fisher equation when
T — 0.
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Fig. 5. Numerical solutions computed with methods (25) and (35) for D=7 =0.1=At=h=0.1 and U = —-25.

We have shown in Section 4 that if the reaction term f is stiff, then method (25) is more stable then method (35).
This behavior is illustrated in Fig. 5 where we plot the numerical solution obtained with the previous methods for
U =—-25and h = At =1 = D =0.1. As can be observed, the numerical solution obtained with method (35) presents
an unstable behavior.

Finally we remark that when time ¢ increases the discretization of the integral term needs more and more com-
putational memory and the method can become very expensive. In order to avoid this drawback, method (25) can be
rewritten in the following equivalent form:

2
(1 _b ft Dz,x>u2“<xi> — A ()

= (1 +e_%)u’fl(xi) — Ate_%f(uZ(x,-)) — e_%uzfl(xi), n=1,....M—1,

2
(1 -2 Dz,x>u}1<xi> At () = (o). 3)

Due to the discretization of the memory term the IMEX method (35) can also be computationally expensive. In
order to avoid this limitation method (35) can be rewritten in the following equivalent form:

DAr?
(1— . Dz,x>u2+1(xi)

= (I4e *)ul i)+ Af (W) () + Ate™ % f(u ™ x)) —e T ul ™ (), n=1,...,M—1,

2
<1 - th D2,x>u},(x,~) =u + Atf(ug(xi))' "

Finally we remark that in [2], [9] and [10] were considered different methods for equations of type (2).
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