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In this article, we study continuous and discrete models to describe reaction transport systems
with memory and long range interaction. In these models the transport process is described by a
non-Brownian random walk model and the memory is induced by a waiting time distribution of
the gamma type. Numerical results illustrating the behavior of the solution of discrete models
are also included.
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1. Introduction

Reaction—diffusion models are currently used to describe the dynamics of problems that
involve dispersal and reaction phenomena. These problems arise in a wide variety of
contexts as for example population structure, propagation of epidemics or combustion
waves.

From a chronological point of view the first models found in the literature are
differential models. The simplest one is the well known Fisher—-Kolmogorov—
Petrosvskii—Piskunov (FKPP) equation

3l aJ
5=~ o 0. (M)
where J = —D(dv/dx), D is the diffusion coefficient and f represents the reaction term

[3,11,12]. This equation presents, however, a serious drawback — which is related to its
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parabolic character — that can be roughly defined as an “infinite speed of heat/mass
transfer”. As a consequence the propagation rate of traveling wave solutions, given
by ~/4DU for f{v) = U(1 — v)v, exhibits the unphysical property of becoming arbitrarily
large when U goes to infinity.

To overcome this difficulty several modifications of (1) have been proposed in the
literature. A first modification takes into account the boundness of the transport
process by introducing a relaxation parameter t which represents the waiting time
between two successive jumps of the particles whose movement we want to describe
[1,2,4,6,7]. The FKPP equation is then replaced by the integro-differential equation

av

t 2
E(x, = g /0 e_(’_‘r)ﬁ%(x, s)ds + 1 (v(x, 1)). )

We note that equation (2) can be obtained from (1) by defining the flux J as the solution
of the first order differential equation

o 1, D

a T Toax

Another generalization of FKPP equation results from considering the form of the
particular random walk model underlying the transport process. This approach leads
to the establishment of integro-difference equations of type

v(x,t+1) = / v(x + A, HP(A)A + tf (v) 3)
R

where the kernel ¢(A) represents the probability distribution function of jumps length
[8,13]. An equivalent continuous version of (3), up to the second order in 7, is the
integro-differential equation

0 1 '
a—‘;(x, 1) =- (/ v(x 4+ A, H(A)dA — v(x, l)> +f(v(x,1), xeR. 4)
T\JR
A natural generalization of both (3) and (4) consists in considering a model
where the memory effects associated with random process are also present. To describe
this simultaneous effect of randomness and memory integro-differential equations
of type

%(x, 1) = /OZ alt — s) (/R (x4 A, s)p(A)dA — v(x, s))ds +f((x, 1), xeR, (5

have been proposed in [9] and [10]. We observe that when the time kernel a(z — s)
is defined by a(t—s)=X18(t—s), where § stands for the Dirac delta function,
we obtain the “‘memoryless” equation (4) with A =(1/7). On the other hand if
isotropic kernels ¢ are considered in (5) then up to the second order in A an equivalent
“memoryfull” deterministic equation of type (2) is obtained. In the case
a(t —s) = 22”9 which corresponds to a waiting time density defined by a
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member of the family of gamma distributions, where the parameter A is given by
A = (2/7) and 7 stands for the mean time between successive jumps, we have a model
represented by the integro-differential equation

@(x, 1) = A’ /I e 2HI=9) (/ V(x4 A, 5)p(A)dA — v(x, s))ds +/((x,1), xeR,t>0.
ot 0 R
(6)

From a practical point of view models of type (6) are very useful because both memory
effects and random walks represent significant features in many areas of physics,
chemistry and biology. As far as such models are concerned the speed of traveling
waves has been computed for various time and space kernels in [9] and [10].
However in these articles there is no reference to the well-posedness of the model
nor to the stability of steady states. One of our aims in this article is to study these
last problems. In this sense, in section 2, we establish an energy estimate which
leads to the stability of the model. In section 3 the stability of the steady states is
studied by using an equivalent second-order equation which is a generalization of the
telegrapher’s equation. In section 4 we study the qualitative properties — steepness
and width — of the front connecting the stable state with the unstable state.
The energy estimate established for equation (6) is then used in Section 5 to design
a numerical method exhibiting discrete analogous energy properties. Finally, in section 6
we present some numerical examples.

2. The stability of the model

In the main result of this section — Theorem 7 — we study the behavior of the solution of
problem (6) with initial condition

v(x,0) = v(x), xelR. (7)

The stability of the model presented in Theorem 2 is then a straightforward conse-
quence of Theorem 1.

TueEOREM 1 Let v be solution of (6), (7). If the source term f'is a differentiable function
that satisfies

J0)=0, f'(») < My, yele.d], ®)

where [c,d] is such that v(y,t)€[c,d], yeR,t >0, then

2

ax{1—4xr, 22 +2M, 2
max{ S AT+ f/}[”VOHLZ([R)' (9)

V(s D72y + A <e

LA(R)

!
/ e P9y, 5)ds
0
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Proof Multiplying equation (6) by v with respect to the L*(R) inner product, it it can
be shown that

1d r_ .
za Iv(-, t)HZLZ(R) = )‘2/ / e R )V(Z, s)dsp(z — J))dzv(y, l)dy
RxR JO

B AZ/R</ B S)ds> v, Hdy + /,;f (0. O Ddy. (10)

0

Let us represent respectively by Q7 and O, the first and the second terms of the right-
hand side of this last equation.
For Q; we have

. 2
0 < ! '/R " ( / e M=y (y, s)ds) #(z — y)dzdy + % / v (y, D¢z — y)dzdy

-2 0 RxR

1 ’ S
< —/ </ e 2=y (y, s)ds) dy+—/ V(y, H)dy
2 Jr\Jo 2 Jr

1) [ 2
/ e—ZA(l—S) V(', S)dS
21 Jo

1
+5 G Dl 2y, (11)

LA(R)

and for Q5 it can be shown that

2 2

! !
0, = %% / e Py, 5)ds +2X / eIy, 5)ds (12)
0 LX(R) 0 LX(R)
As we have
/R F00, 00 0dy < My, D, (13)
we easily establish from (10)—(13)
2 2
g||v(- N +x2£ te—mf—f)v(. s)ds < (1 —402° 13—2*<’—S>v(- s)ds
de' 0 E® dt ’ = ’
0 L2(R) 0 LA(R)
+ (02 4 2Mp) IV Dy (14)
which allows us to conclude (9). |

As a consequence of Theorem 1, we establish in what follows the stability of (6)—(7).

THEOREM 2 Let v and v be two solutions of (6) with initial conditions vy and v
respectively. If v(y, 1), W(y,t) €[c,d],y € R, t > 0, and the differentiable source function f
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satisfies (8), then

y 2
10 =D Oy + 47 / M= )ds| = eIy |17 .
0 L2(R)
(15)
Proof For w=v—7 we have
aw 2 [ —20(1—s)
Moy =22 [ e ( Wix + A, )B(A)A — w(x, s))ds
+ f(Ov(x, 1) + (1 — 0%(x, ))w(x, 1), xeR,
with 6 € (0, 1). Proceeding as in Theorem 1 we then establish (15). |
Remark 1
(1) Let us assume that A and M satisfy
1—4n <22 +2M, (16)

which is equivalent to

re|-2+5=2My, +o0) (17)
provided that M, < (5/2).
(a) If
A2 +2Mp <0, (18)

then (6)—(7) is stable.
(b) If A* +2Mp > 0 then we conclude that

1 2
1 = D) Dy + 4 f eI (v = D)(-, s)ds (19)
0 L2(R)
is bounded in bounded time intervals.
(2) In the case A and My do not satisfy (16) that is
1 —4x > A% +2Mp, (20)

and My < (5/2) then as A is a positive constant we have

re(0,=2+/5-2Mp).

Two particular subcases of (20) can be considered.

(a) If A < 14 then (6)—(7) is stable.
(b) If A > 14 then (19) is bounded in bounded time intervals.
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(3) Finally we consider a source function such that Mp >5/2. As N 44X+
2Mjy —1 > 0 we conclude in this case that (19) is bounded in bounded time intervals.

Remark 2 As a consequence of Theorem 2 we conclude that if (6)—(7) has a solution
then such a solution is unique.

3. The stability of the steady states

In this section we prove that the solution of (6)—(7) is solution of a telegrapher’s initial
value problem provided that such a solution is smooth enough. Using this result we can
characterize the stability of the steady states of (6).

THEOREM 3 Let v be the solution of (6) with v(x,0) = vo(x), x € R. Then v satisfies the
telegrapher’s equation

2

%(x, = %(x, O (v(x, 1)) — 21) 4 A ( /R v(x 4+ A, DP(A)AA — v(x, [))
+2)\4f(V(X, Z)), X e IR, > 0, (21)

and the initial conditions

av
E(X’ 0) :f(VO(X))o Xe€ Ra (22)
v(x,0) = vy(x), xel,

provided that (¥v/dr*) exists. Otherwise, if v is a solution of (21)~(22) then v is a
solution of (6) and v(x,0) = vy(x), x € R.

Proof We remark that from (6) we have

2

%(x, 1) = A2 ([I;{ v(x + A, DH(A)YAA — v(x, l)> +f (v(x, l))%(x, f)

e /I e—”»(’—f) (/ v(x + A,S)(j)(A)dA — V(X, S))dS
0 R

which combined with (6) enable us to conclude that v satisfies the integro-differential
equation (21). [ |

It is easy to show that with a source function given by
J) = U1 —v), (23)

equation (6) has the steady states v=1 and v=0. In the following we study the stability
properties of such steady states considering that the probability density function of



Downloaded By: [B-on Consortium - 2007] At: 11:41 5 March 2008

Memory effects and random walks in reaction-transport systems 105

jumps length is represented by the Gauss density function

| TNy
P(A) = 756 (A% 2), (24)
or the Laplace density function
H(A) = %ef(lA\/r). (25)

THEOREM 4  Let the source function f be defined by (23). If the kernel ¢ is defined by
(24) or (25), then the steady state v=1 is stable.

Proof Following [14] we consider the linearized method. For v=1 we have the linear-
ized integro-differential equation

2 ,
BBTZV(X, 1)+ aa—t(x, N2r 4+ U) = 4? (/ w(x + A, Hp(A)dA — w(x, t)) —2)U. (26)
R
Let us take w(x, ) = exp(ikx + yt),k € Z. For y we obtain the algebraic equation
4y + U) — Az(x/Zn}"(qS)(k) - 1) + 20U =0, @7

where F(¢)(k) denotes the Fourier transform of the density function ¢. As

(1) for the Gauss kernel we have ~/27F(¢)(k) = ek,
(2) for the Laplace kernel we have v 27 F(¢)(k) = 1/(1 + r°k?) ,

we conclude in both cases that y is a negative real number for all ke€Z, and
consequently v=1 is a stable steady state of (6). |

THEOREM 5 Let the source function f be defined by (23). If the kernel ¢ is defined by
(24) or (25), then the steady state v=0 is unstable.

Proof Let us consider initial value problem (21), (22) with the initial condition
vo(x) = €. We compute a solution of this problem of form v(x, t) = ew(t). For w we
obtain the ordinary differential equation

W'+ 21 — U(l = 2ew))w’ — 20.U(1 — ew)w = 0, (28)

which is equivalent to the system

{ W=z (29)
7= —Q2r = Ul —2ew))z + 20Ul — ew)w.

System (29) has equilibrium points P; = (0,0) and P, = ((1/€),0) which are unstable
and stable points respectively. We then conclude that v converges to 1 when — oo,
which allow us to establish that v=0 is an unstable steady state [5]. |
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4. Steepness and width of the wave front

Let us consider equation (5) and a traveling wave solution v connecting v=1and v = 0.
Assuming that v is C*°, equation (5) can also be written as

a 1 o0 AZ aZ
8—:(x, f) = /0 a(l—s);%a—);(x,s)ds—i— f0(x, 1), xeR, (30)

where < Af >= / A'¢(A)dA. Then for isotropic kernels we get
R

) 1 00 <A2K> 82K
a—:(x, f) = /0 a(l—s); o KZZ(x,s)der f0(x, 1), xeR. 31)

For each ¢ let X(f) be the point where dv/dx attains it maximum and the partial
derivatives 3*‘v/dx?¢ are null, which means that the travel wave v presents an inflection
point X. We have

o (30, ) = O, ). (32)

Considering now Lagrangian coordinates moving with the speed V of the front that is
(z,t) with z = x — V't we deduce that

0.0 =~V (0,0 (33)

with 3v/3z(X(1), 1) = (3v/dz)(X(t) — V1, 1).
From (32) and (33) we conclude that

v E0.0)
G0, = —EET

As (9v/092)(X(1), f) measures the steepness of the front we can define its width W(z) as
in [13], by the module of the inverse of the steepness that is

— V
WO = racm. o0

If #(¥) = U%(1 — ¥) we can explicitly compute W(f) obtaining

V
UV, 0)(1 = V(= (1), )

W(1)

As the gradient dv/dx attains its maximum for x = X() and dv/dx = 9v/dz then dv/0z
attains a maximum at z = X(¢) — V'z. Considering that

). 1)

S o (R0, 0,

2_
0,0 =
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we have f/((%(X(2),7)) = 0. In the case of the logistic reaction f'(¥(X(¢),7)) =0 for
¥(X(7), 1) = 1/2 and consequently f(¥(X(?),?)) = U/4. The width W of the front can
finally be represented by

W=

SIES

5. Discrete models of non-Brownian type

In this section, we study numerical methods for equation (6).

Let us consider (6) with 7€ (0, 7] where we define the grid {t;,j=0,..., M} with
t0=0, tip1 —ti=At, for j=0,...,M—1. In R we introduce the uniform grid
Ry, = {xi,ieZ}, with xo =0, x; =ih, ieZ. By v;; we denote an approximation to
v(x;, t;) defined by

n+1

VI = ALY e ) (h D V) — v-,-’) +/07 ieZ, (34
j=1 keZ

with initial condition

v? = V()(X[), ie”Z. (35)

We study in what follows the behavior of the grid function v}, defined in the grid Ry,
with respect to the norm

Iwall g,y = 7Y valx)? (36)
ieZ
induced by the inner product
(un, wp) = h XZ: V(X)) wi(x7), (37)
1€

where u;, and wy, are grid functions taking values in [Ry,.

THEOREM 6 Let ¢ be a probability density function of jumps length defined by (24)
or (25). If the source function f satisfies (8) then the solution of (34) satisfies

2

n+1
2 > =20ty —17) ] 252 2
i e,y + AIZQ Mo =0y, < G0+ A2 2, (38)
./:l Lz(Rh)
with
1
C] = — 2\. ’
min{l — AtQMy + 22); 1 — At} (39)

1

Co=—
T 1—2AatMp”
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and provided that
1—At>0,1—At2Mp +22) > 0,1 —2AtMy > 0. (40)

Proof

(1) Let us assume first that n > 1.
Multiplying (34) by v, and considering the Cauchy—Schwarz inequality we obtain

n+1]2 +1 n+1y . n+1
”" LRy = B ” Vi ”LZ(R,, ” Vi L"([R,)"'hA[Zf(V )V
ieZ
n+1 )
+ P AP Z Ze’zx(’”*‘”/)%Jrk(p(kh)v?*l
ikeZ j=1
n+1 )
—hAPNZ Y Y e i)y (41)
ieZ j=1

As the source function f satisfies (8) we easily deduce

n+1y, n+1 7kl )2
Ry SO < M it |, (42)
ieZ

Let Q5 and Q4 be defined respectively by

n+1

_ h2Al2 Z Ze72k(r,,+| t,) ] (kh)v)1+1

ikeZ j=

n+1

— hAP Z Z e~ M ti=1),, j n+1

ieZ j=

As far as Q3 is concerned we have

n+l
03 = AP Z Zefz)n(frwl*l/)vin(p((m _ i)h)vf“
imeZ j=1
n+1 ,
= IPAL Y Y e p((m — ik
meZ j=1
n+1 2
= *h > (At Y ey ) h>¢((m — ih)
me”Z icZ
h S OFY R g(m — ih). @3)

ieZ meZ
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Attending that ¢ represents the Gauss density function (24) or Laplace density
function (25), we conclude that

n+1
~2Mti1— ’>v’
At Z e /

J=

At A
03 < o ||Vn+l ”LZ(R,,)' (44)

L2(Ry)

For Q4 holds the following representation

« 2(t1=) ] 67%& 2t —1y) AU
. n- - " i
A’Z = _ AZZe i \/ +7HV11 |2
L2(R) L2(R)
(45)
Considering (42)—(45) in (41) we obtain
n+l 2
2,2 2)) [+ 2 ~2Mtne1 =)
(1+ AP — At(2Myp +22)) | v LZ(R,1)+>» (I—A1) NZI:E S
J= LZ(RI’)
” , (46)
< J2e i AtZe’z’\(””t")vz + “ . ||2LZ([R,)'
J=1 L2(Ry,)
which implies
n+1 . 2
mln{l . A[(sz’ )\’2) 1 — At} ”vl’l-H LZ(R])JF)\? A[Ze_z)»(lnﬂ—l/)v;j
’ =1 L®,)
2
<2 AtZe 20(tn— ’/)v’ +HVZHiz([R,,)' 47)
J=1 LX(Ry)

Then choosing At such that (40) holds we obtain, for n > 1,

2
n+1
” VnJrl LRy +}\2 A[Ze 2x(tyi1— t/)v/
=1 L(R))
n 2
< R2fary el g, |- (48)
=1 @)

(2) We consider now n = 0. It is easy to establish in this case that

(I =2AtMy )|| v,

2
L’([Re,,)— “ Vi ”LZ(R,, +2A7°52 <h2 Z th+k"tl¢(kh) - ” V/11 ||L2(R/,)>'
iLkeZ
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As we have

WY vty = Y vl vig((m — ih)

ikeZ imeZ

<2 hY otn — iy

meZ ieZ

EES DY oton — i)

ieZ meZ

2
< vl 2Ry

we conclude that

<C()HV

2 0112
LR, = h HLZ(R,,) (49)

[ v
with Cy given by (39), provided that At satisfies 1 —2AtM; > 0.
Finally from (48) and (49) we obtain (38). |

Remark 3 In order to establish stability bounds for Az, the coefficients C; and C,
in (38) can be analyzed with some detail.

(1) Let
2Mp 427 > 1, (50)

which implies that

1

Cr = .
T ARMy 4+ 02

As A = 2/t where 7 stands for the mean time between successive jumps, inequality
(50) is verified by a large class of source function because A> can be very large. Let
Aty be fixed such that

1 — AtyQMy +22) > 0, (51)
and
1— ZAZ()M/'/ > 0. (52)

If My < 0 then (52) holds and Aty is fixed only by (51). In this case M, > 0, and Ay
is defined by

1
© max{2M;2M + A2}

Aty
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As for At < Aty we have

2My + 52
1= AtMy +22)

Cr<1+ At

we conclude from (38)

n+1 2

At Z o~ 2Mlnsi —Z/')VZ

J=1

it +22

LRy (53)

2A 2
nAKRM 132 /(1 —AtaM+22) L T AT AL

<e =l
= 1 —2A10M; hlL2(R,)

(2) If » and Mydo not satisfy (50) then

1

C;= .
=12 At

Let Aty be such that

Aty=————.
"7 max(1,2M,} G4
Then for At < Aty, we conclude from (38)
+1 o o S 2( i ’ A(1/1-Ary) +AAG o2
n — 11 AT —Af
”vh H +A Atze - v]h =e ! 1 — ZAZ()Mfr th L2(Ry)" O
=1 L2(R))
Inequalities (53), (55) enable us to conclude the stability of method (34). |

If the reaction is stiff the implicit discretization (34) should be used. For non-stiff
reactions the implicit—explicit discretization

n+1 ) .
v’f“ =+ AP Z e M1 =0) (h Z v[’+k¢(zh) - v{) +107)), ieZ, (56)

j=1 keZ

can be used. We establish in what follows a stability result for method (56).
If source function f satisfies (8) then

2

, M, 1 , P
h E fonvitt < 2f v HZ(R,,)"'E vit! HH([R{,,) (37)
ieZ
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but also

ny . n+1 ! |2 Mlzm
h ;f(vi)vi = ) } Vi ” LZ(R/,)+T
1€

2
Lz(Rh) ’

n+1
Vi

(58)

Inequalities (57) and (58) enable us to conclude that for n > 1, (48) holds with C;
replaced now by Cp defined by

max{l + Ar; 1 + AtM?)

Cp = s 59
7 min{l — A1+ A2); 1 — A(M?, + 22)) (59)
provided that
1= A1 413 > 0,1 — A(M? +1%) > 0. (60)
As
1+ AtM?,
12 S 002
” Vi ”LZ([R,,) = N ” Vi ”U(R,,)’
(61)
12 I+ At 012
” Vi L>(Ry) = 1— AIM)%, ” Vi HLZ([R,,)’
we deduce that
12 012
” Vi “LZ(R,,) = Co H Vil 22wy (62)
where
~ max{l + AtMp; 1 + At} 63)

"7 min{l — AT - AM})

Estimate (62) is analogous to estimate (49) established for implicit method (34).
Following the proof of Theorem 37 we conclude next stability result:

THEOREM 7 Let ¢ be a probability density function of jumps length defined by
(24) or (25). If the source function f satisfies (8) then the numerical solution defined by
(56) satisfies

n+1 2

At Z €—2l(fn+1 —15) v/h

J=1

2

[yt + 2 < CUI+RANC ] g,y (69)

L2(Ry)

provided that (60) holds and with Cg and C, defined by (59), (63) respectively.
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Stability coefficients
10 |

-10 -5 5 10
Figure 1. Stability coefficients Cx(...) and C;( —) for A =1, At =0.1.
If At is a fixed value such that
1= At(1+2%) >0, 1 — Atg(M? +1%) > 0, (65)

then for A7 < Aty we easily obtain

2

IV ey + 27

n+1 )
At efzx(fwl*f/)vz
=1

1= LA(IRy)

< enAt(l+)?+M%,/lfAtn(lJr)\z))CO(I + ,\ZAI%)” Vg “ i2 (66)

(Ry)*

Estimate (66) guarantees stability for method (56).
In figure 1 we plot the stability coefficients C; and Cg as functions of My for A =1,

At =0.1.

6. Numerical examples

The purpose of this section is two-fold: firstly to illustrate the stability behavior of
implicit method (34) and implicit—explicit method (56) and secondly to analyze the
dependence on f, ¢ and A of the speed propagation and the steepness of the front.

The computational results have been obtained with a reaction term of type
f(v) = U(1 —v)v, with probability density functions ¢ defined by (24) and (25), and
an initial condition v, given by

I, x <50,

vo(x) =
0, x> 50.
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Numerical solutions computed with method (56) for U=1 =r=1and h = Ar=0.1.

Red-Laplace (r=1), Green Gauss (r=1)
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Numerical solutions computed with method (56) for U=1 =r=1and h = Ar=0.1.
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Red-Laplace (r=1), Green Gauss (r=1)
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Figure 4. Numerical solutions computed with method (34) for U=r=1,h=At=0.1 and A = 1.

Considering 7= At =0.1 both methods present a stable behavior for U=1
(figures 2—4). This result was expected because both methods (34) and (56) are stable
as a consequence of (40) and (65). For U= 6 implicit-explicit method (56) exhibits an
unstable behavior as was expected from the fact that (65) does not holds (figures 5
and 6).

Let us consider in what follows U=1 and again 7 = At = 0.1. We illustrate now
the influence of space and time memory on the speed of propagation and on the
steepness of the front. As for U=1, h= At =0.1 both methods give analogous
solutions we just exhibit in what follows the results obtained with the less computation-
ally expensive method (56). In figures 2 and 3 can be observed the influence of
Gauss and Laplace probability density functions in the speed of propagation.
Laplace probability density function induces a greater speed of propagation and
leads to a smoother solution.

In figure 7 we show the numerical solution computed using Laplace and
Gauss kernels but using now a parameter r = 0.5. As expected from an intuitive
point of view if we decrease r the speed of the front decreases and its steepness
increases.

Finally in figure 8 we illustrate the influence of the waiting time t between two
successive jumps with A =10, U=1,h=0.1 and Ar =0.01. As A = 2/t it is expected
that as X increases the speed increases and the steepness decreases.
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Red-Laplace (r=1), Green Gauss (r=1)
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Figure 5. Numerical solutions computed with method (56) for h = At =0.1,r=x=1and U =6.

Red-Laplace (r=1), Green Gauss (r=1)
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Figure 6. Numerical solutions computed with method (34) for /= Ar=0.1, r=A=1and U=6.
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Red-Laplace (r=0.5), Green Gauss (r=0.5)
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Figure 7. Numerical solutions computed with method (56) for U=1 =1,h= Ar=0.1 and r =0.5.
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Figure 8. Numerical solutions computed with method (56) for U=r=1,h=0.1,

250

At =0.01 and A = 10.
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