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Abstract

We present a polyhedral study of the complementarity knapsack problem. Tra-
ditionally, complementarity constraints are modeled by introducing auxiliary binary
variables and additional constraints, and the model is tightened by introducing strong
inequalities valid for the resulting MIP. We use an alternative approach, in which we
keep in the model only the continuous variables, and we tighten the model by intro-
ducing inequalities that define facets of the convex hull of the set of feasible solutions
in the space of the continuous variables. To obtain the facet-defining inequalities, we
extend the concepts of cover and cover inequality, commonly used in 0-1 programming,
for this problem, and we show how to sequentially lift cover inequalities. We obtain
tight bounds for the lifting coefficients, and we present two families of facet-defining
inequalities that can be derived by lifting cover inequalities. We show that unlike 0-1
knapsack polytopes, in which different facet-defining inequalities can be derived by
fixing variables at 0 or 1, and then sequentially lifting cover inequalities valid for the
projected polytope, any sequentially lifted cover inequality for the complementarity
knapsack polytope can be obtained by fixing variables at 0.

1 Introduction

Let M ={1,...,m}, N; ={1,...,n;}, i € M, and w;; € Ry U{oo},j € N;,i € M. The
complementarity knapsack problem (CKP) is
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max 2ieM 2_jen; CijTij

DoieM 2-jeN; GijTij < b (1)
Ty =0, J,J € Nyj#jieM (2)

Ti; < Wij, jeN;,ie M (3)

xi; > 0, Jj € N;,i€ M. (4)

CKP was first studied by Ibaraki et al. [18] who presented a branch-and-bound algorithm
and two heuristics, and called it the continuous multiple-choice knapsack problem. Ibaraki
[17] proved that CKP is NP-hard, and presented a polynomial approximation scheme for it.
Beale and Tomlin [3] studied Constraint (2), and called each set {x;1,...,x;,,},0 € M, a
special ordered set of type 1. Johnson and Padberg [19] studied the binary CKP. Constraints
(1)-(4) appear in the formulation of several problems, such as linear complementarity [6],
production scheduling [10], generalized assignment [13], capacity planning [23], etc.

In this paper we study the inequalities that define facets of the convex hull of the set
of feasible solutions of CKP. The motivation of our study is the use of these inequalities as
cuts in a branch-and-cut scheme for the general complementarity problem, in which there is
more than one knapsack constraint of the type (1).

Traditionally, (2) is modeled by introducing binary variables and additional constraints
that relate the continuous and the binary variables [7]. This approach has several compu-
tational disadvantages, including increasing the size of the problem and losing structure,
see e.g. [12]. Alternatively, Beale and Tomlin [3] suggested keeping in the model only the
continuous variables and enforcing (2) directly in the branch-and-bound algorithm through
the use of a specialized branching scheme. We follow Beale and Tomlin’s suggestion, and we
conduct our polyhedral study in the space of the continuous variables. The idea of dispensing
with the use of auxiliary binary variables to model combinatorial constraints on continuous
variables, and enforcing the combinatorial constraints directly in the enumeration algorithm,
appears also, for example, in [4, 5, 8, 10, 11, 12, 13, 18]. This idea is particularly pervasive
in constraint programming, see for example [15, 16, 24, 25], and we believe that the present
work provides means for building an effective approach that uses the strengths of both
mathematical programming and constraint programming in the context of complementarity
problems.

Let S be the set of feasible solutions of CKP. The complementarity knapsack polytope
is PS =conv(S). We denote by V(PS) the set of vertices of PS, and by d the number
of variables in the problem, i.e., d = Y;cp ni. The set LPS = {x € R? : x satisfies (1),
(3), and (4)} is the solution set of the LP relaxation. To simplify notation, we denote by
ij the ordered pair (i,j) and any set with one element by the element itself. We define
I = Ujen (i X N;), i.e. I is the set of indices of x. For T C I, My = {i € M :ij € T for
some j € N;}.

We assume that:

1. n; > 2 for some 1 € M



2. ZiEM max{ail, R 7ain¢} > b
3. b>O,Cij>O,CLi]’>OVZj€I

4. a;;,17 € I, is scaled so that a;; < b and u;; = 1.

If assumptions 1. and 2. do not hold, the problem is trivial. Assumption 4. can be made
without loss of generality once assumption 3. is made. If ¢;; < ¢;;» for some ij,i5" € I, j # j',
we can fix z;; = 0 when a;; > a;j or Gii < Sl So, we also assume that Vi € M with n; > 2:

iJ
Qij T Qg4

5. Ci1 >+ > Cip,
6. Qi1 > 00 > Qip,

7_CA<...<M‘

a1 Qin;

We will use throughout the paper the following well-known result about the LP relaxation
of CKP:

Proposition 1 The point z* € LPS is an optimal solution to the problem maz{cz : x € LPS}
only if

CTS CU'U
—>—andz,>0=>uz,,=1
aTS a'U/U

for all rs,uv € I. a

The paper is organized as follows. In Section 2 we introduce a few simple and basic
results about the inequalities that define facets of PS. In Section 3 we extend the concepts
of cover and cover inequality, commonly used in 0-1 programming [1, 14, 21}, to obtain
facet-defining inequalities for lower-dimensional projections of PS. Lifting these inequalities
leads to a family of valid inequalities that we call fundamental complementarity inequalities
(FCIs). We show that by sequentially lifting FCIs we can obtain any non-trivial sequentially
lifted cover inequality. We present tight bounds for the lifting coefficients of FCIs, and we
derive two families of facet-defining inequalities for PS that can be obtained by lifting FCls
in a specific order. In Section 4 we show that any sequentially lifted FCI can be derived
by considering projections of PS obtained by fixing variables at 0. In Section 5 we discuss
directions for further research.



2 Facet-Defining Inequalities

In this section we introduce a few simple and basic results about the inequalities that define
facets of PS. The following three propositions are easy to prove:

Proposition 2 PS is full-dimensional. O

Proposition 3 If x is a vertex of LPS, then x has at most one fractional component. The
vertices of PS are the vertices of LPS that satisfy (2). O

Proposition 4 Inequality (1) is facet-defining for PS iff icp—i @i + am, > b Vi' € M.
Inequality (4) is facet-defining for PS Yij € 1. Fori € M,

> @ <1 (5)

JEN;
s facet-defining for PS iff ay,, < b. Also, any facet-defining inequality for PS, with the
exception of (4), is of the form ¥, ey aujwyy < B, with ay; > 0,45 € I, and 3> 0. a

Inequality (5) cuts off every vertex of LPS that does not satisfy constraint (2), as we
show next.

Proposition 5 Let & be a vertex of LPS that does not satisfy (2). Then there are inequalities
among (5) that cut off Z.

Proof Suppose that ;; > 0 and Z;;; > 0 for some ij,7j' € I, j # j'. From Proposition 3, at

least one of Z;; or ;; must be equal to 1. Thus, Z is cut off by (5). O

Example 1 Let m =5, ny =ny =ng =ns = 2,n4 = 3 and (1) be given by

(6711 + w12) + (2291 + T22) + (431 + 332) + (8x41 + 6742 + 243) + (9751 + 4dws0) < 13.

The pOth T given by ZINTH = 5?12 = 52'42 =1 and i’gl = IINTQQ = i’gl = 52'32 = j’41 = 52'43 = 5351 =
Tso = 0 is a vertex of LPS that does not belong to PS, and is cut off by 11 + 212 < 1. O

Inequalities (1), (4), and (5) are called the trivial facet-defining inequalities of PS. In the
remainder of the paper we will discuss some non-trivial facet-defining inequalities for PS.

Given a facet-defining inequality 37;;cr agy; < B, if X e ijryy = B = wyp = 0 for
some i'j" € I, the inequality is z; > 0. Likewise, if 35;;c; aijzij = 8 = Yjen, zirj = 1, for
some i’ € M, the inequality is >jen, Ti; < 1. We then have,
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Proposition 6 Let 32, ;cr aixi; < B be a non-trivial facet-defining inequality, and {2®
2D} a set of d affinely independent points of S that satisfy the inequality at equality. Then

for eachij € I Ir € {1,...,d} such that :UE;) > 0. Also, Vi € M 3s € {1,...,d} such that

Yien, ) < 1. =

We now establish a relation among the coefficients «;;,4j € I, of the non-trivial facet-
defining inequalities for PS.

Proposition 7 Let 3, c; iy < B be a non-trivial facet-defining inequality for PS. For
any i € M either a;; =0 V) € N; or oy >0 V5 € N;. Also, ay > -+ > iy,

Proof Suppose that «;;; = 0 for some ¢'j° € I. Since the inequality is non-trivial, by
Proposition 6, S has a point & with #;; > 0 that satisfies the inequality at equality, i.e.,
YieM—ir 2ojen; (i Ti; = (3. However, for any j” € Ny — j', & given by

0 if ij = i'5’
N . . ai/jlii/j/ . c gy
#;; = min{l, e yoifij =14y

Tij otherwise

belongs to S. This implies that o j» = 0.
Now, if ngy > j” > j', 2/ given by

0 if ij =14y’

/ . ~ . . . _ ., .//
zi; = Loy ifij =1
Z;;  otherwise

belongs to S. This implies that o j > arjn. a

3 Facet-Defining Inequalities Derived from Fundamen-
tal Complementarity Inequalities

In this section we extend the concepts of cover and cover inequality, commonly used in 0-1
programming, to complementarity programming. Unlike 0-1 programming, these cover in-
equalities are valid for LPS, and cannot be used as cuts. However, by lifting cover inequalities
with respect to a single variable, it is possible to derive a family of cuts, which we call fun-
damental complementarity inequalities (FCls), and by lifting FCIs we can derive non-trivial
facet-defining inequalities for PS. Moreover, we show that any non-trivial sequentially lifted
cover inequality is a sequentially lifted FCI. We give tight bounds for the coefficients of se-
quentially lifted FCIs, and we present two families of facet-defining inequalities for PS that
can be obtained by sequentially lifting FCIs in a certain order.



Definition 1 Let C' = {iyj1,...,ixjx} C I, where iy,..., i are all distinct. The set C' is
called a cover if 32, cc aij > b. Given a cover C, the inequality

> aijri; < b (6)

ijeC
15 called a cover inequality. O
It is easy to see that
Proposition 8 Inequality (6) defines a facet of PSN{z € R :x;; =0Vije I —C}. O
The sequential lifting procedure consists of applying the following lemma one variable at
a time, see [8, 22] for a proof of a more general result.

Lemma 1 Letz € S, L C 1, and

> it <3 (7)

ijEL

be a facet-defining inequality for PSN{x € R : x;; = T;; Vi€ [ — L}. Letrs€ [ — L,

Mot — mm{ﬁ — Zij€L~aijmij cx € V(PS),x; = T4Vig € I — (LUrs) and x,5 > Zrs}, (8)

rs
Lrs — Tps

and

B — ZijeL QT

Lrs — Lps

sz = maz{

cx € V(PS),x; =3Vijg € I — (LUrs) and x5 < Tys} (9)

(when {z : @ € V(PS),x;; = &;; Vij € I —(LUrs) and x5 > Tps} =0, al’?aaj = 00. Likewise,
when {x :€ V(PS),x;; = @;; Vij € I — (LUrs) and T,s < Tpst = 0, oM = —o0.) Then,

Z aijxij + ApsTys S 6 + O‘Tsjrs (].0)
ijeL

15 a valid inequality for PS iff

A < g < QM (11)
If, in addition to (11), s € {a™" oM} —{—00, 00}, then (10) defines a facet of PSN{z €
%diflﬁi]’:i’ij VZj G[—(LU’I"S)} O



Note that when oM > oM8X it i5 not possible to lift (7) with respect to x,,. Also, when
{r € V(PS) : x;j = &;; Vij € [ — (L Urs) and 2,5 > Tps} # 0, the minimization problem
in (8) has an optimal solution, since V(PS) has a finite number of elements. Likewise, when
{x e V(PS) :zy; = & Yij € I — (LUrs) and 2,5 < Zps} # 0, the maximization problem in
(9) has an optimal solution.

In the case of cover inequalities, all variables are initially fixed at 0. As a consequence,

oM — o0 and —oco < ol < oo, and therefore it is always possible to lift cover

inequalities sequentially in any order. In principle, variables could be fixed for subsequent
lifting at any value between 0 and 1. However, as we show in Section 4, there is no loss
of generality in defining cover inequalities for projections of PS obtained by fixing variables
exclusively at 0. Thus, for the remainder of this section, variables will be fixed for subsequent
lifting at 0 only, and the lifting coefficients will be given by (8) with = 0.

Since cover inequalities are valid for LPS, they cannot be used as cuts. However, by
lifting cover inequalities with respect to a single variable, it is possible to derive a family of

inequalities that are valid for PS but not for LPS, as we show next.

Proposition 9 Let C' be a cover, and suppose that
Z Qi+ i < b (12)
ijeC—ij’
for some i’y € C and j” € Ny — j'. Then the inequality
Z ;5 Tij -+ (b — Z Clij)xi/ju S b (13)
ijeC ijeC—i'j'

defines a facet of PSN{x € R :z;; =0Vije I — (CUj")}.

Proof Inequality (13) is clearly valid when w;j» = 0. If ;0 > 0,

doaymi+ (b= D0 aglreg = Y. agzg+(b— D ay)vg

ijeC ijeC—ij! ijeC—i’j! ijeC—i’j!

S Z Qij + (b - Z aij) =b.

ijeC—i'j’ ijeC—i'j’

Therefore (13) is valid.
Because Y jjccaij > b, PSN{z € R : 2;; = 0 Vij € I — C} has |C| affinely independent
points that satisfy (13) at equality. Additionally, the point & given by

L[ VitijeC—ijorij=ij"
Y1 0 otherwise

belongs to PSN{zx € R : z;; = 0Vij € I — (C U'j")} and satisfies (13) at equality.
Therefore (13) is facet-defining. O



We call (13) a fundamental complementarity inequality (FCI). Proposition 9 shows that
lifting a cover inequality with respect to one variable leads to an FCI, provided that (12) is
satisfied. Note that when (12) is not satisfied then the lifting simply yields another cover
inequality. So by continuing the lifting we either get an FCI or the original inequality (1).

In Proposition 5 we showed that (5) cuts off all vertices of LPS that do not satisfy (2).
We now show that (13) cuts off all vertices of LPS N {z € R¢ : x satisfies (5)} that do not
satisfy (2).

Proposition 10 Let & be a vertex of LPS N {x € R : x satisfies (5)} that does not satisfy
(2). Then there is an FCI that is violated by 7.

Proof Suppose that Z;; and Z;;» are positive for some ¢'j’,4'j" € I, < j”. Because T is

a vertex of LPS N {x € N¢: z satisfies (5)}, for each positive component of Z there must be
an inequality among (1) and (5) satisfied at equality and such that Z is the unique solution
of the corresponding system of equations. Because x;;; and z;;» appear only in (1) and in
ZjeNl-/ xy; < 1, we have that

> ayZy =b

ijel
and

> Ep; =1

jENi/

Also, T cannot have any fractional components other than Z;; and Z;». Let C' = {ij € I :
iij > 0} — i/j//. Then

Z alj'%lj + ai’j”i‘i’j” = Z aij + ai'j’i‘i’j’ —|— a‘i’j"fi’j” = b (14)
ijeC ijeC—i'j!
Because (Z;j/, Z;7j») must be the unique solution of the system of equations
a’i’j/xi’j’ + ai’j”l‘i’j" — b — Z’ijEC—i’j/ aji]‘
xi’j’ + ,flji/j// = 17
ayj 7 ayjr, and therefore, ay v > ayju. This means that 3°;;cc a;; > b. Also, note that i,j; #

i2j2 = 11 # ip Viyj1,42j2 € C. So C'is a cover. On the other hand, >, ;cc i ai; + ayjr < b.
Thus, (13) is valid and it cuts off Z. 0

[

Example 2 With the data of Example 1, ¥ with 71, = é,flg = Z,T9] = T39 = T4o = 1 and
.i'22 = i‘gl = .i'41 = i‘43 = i‘51 = i‘52 = 0 is a vertex of {x S §R1 . (6$11 + $12> + (21’21 +
.TJQQ) + (43731 + 3.1’32) + (83741 + 6.1’42 + 1343) + (91351 + 41352) < 13, ZjEN,' Tij < 1,2 € M, and
x;; > 0,45 € I}. This point is cut off by the FCI

=t

(61’11 + 23712) + 21‘21 + 32732 + 61‘42 S 13, (15)
with C' = {11,21,32,42},i'j’ = 11, and j” = 2. 0



As a consequence of Proposition 10, we have that

Corollary 1 PS is given by (1), (4), and (5) iff Zijec—irj @ij + agjr > b for every cover C,
i'j' e C, and j" € Ny — j'.

Proof If 3;;cc_yj aij + agjn > b for every cover C, i'j" € C, and j” € Ny — j', no FCI can
be defined, and by Proposition 10, every vertex of LPS N{z € R : x satisfies (5)} satisfies
(2).

Suppose now that 3;:cc_yj ai; + ayjn < b for some cover C,i'j’ € C', and j” € Ny — j'.
Since C'is a cover and a; s > ay;», & given by

1 if ij € C — 'y’
o Dcoo S if i —
Bi=Q v eyt
0 otherwise
is a vertex of LPS N {z € RN : x satisfies (5)} that does not satisfies (2). O

By lifting FCIs we obtain facet-defining inequalities for PS. Moreover, we can derive
our complete theory of sequentially lifted cover inequalities from FClIs, since the following
proposition shows that we can derive any non-trivial sequentially lifted cover inequality by
sequentially lifting FClIs.

Proposition 11 Any non-trivial sequentially lifted cover inequality is a sequentially lifted
FCI

Proof Suppose that after some iterations of the lifting procedure applied to a cover in-
equality, the current inequality is

> ajw < b (16)

ijeT
(all lifting coefficients so far are a;;, and w;; is presently fixed at 0 Vij € I —T.) Let
rs € I —T. We lift (16) next with respect to x,s. Assume that the lifting coefficient is
a,s # a,s (if the lifting coefficient at every iteration is equal to the corresponding knapsack
coeflicient, the final lifted cover inequality is (1).) Let j; € N; be such that a;;, = max
{a; 1ij € T} Vi€ Mp. If Yicpr—r Qijp + rs > b, Yjer 045 %i5 + arsps < b is facet-defining
for PSN{z eR?:2;; =0Vij el — (TUrs)}, and a5 = a,5. Thus,

Z Qij; + a,s < b.
iEMTf’r‘

By using an argument similar to the one in the proof of Proposition 9, it follows that
ars = b — Yicnr, aij,- Now, let C' = {ij; : i € Mp}. The set C is clearly a cover. Now, note
that r € My (otherwise ez, @45, + ars > b.) Therefore,

9



Yo aizg (b= D ay,)rs <b (17)

ijeC ieMo—r
is an FCI. By using again an argument similar to the one in the proof of Proposition 9,

and the fact that a,;, > b — > ,cp.—r @4j;, it can be shown that the lifting coefficient of z;;
Vij € T — (C'Urs) when lifting (17), is a;;. Thus,

S agxy4+(b— > ay)ws <b

ijeT i€EMp—r
can be derived by sequentially lifting an FCI. a
As a result of Proposition 11, from now on, we will focus on the lifting of FCIs. We now

give tight bounds for the coefficients of the facet-defining inequalities obtained by sequentially
lifting FCls.

Proposition 12 Let C be a cover that satisfies (12). Let ;e cijxi; < b be a facet-defining
inequality for PS obtained by lifting (13). Then

1. a; =0Vie M~ Me,j €N,
2. Ifrt € C, s€ Ny, and s > 1, aps < apg < maz{ays, b — 3 jco i Qs
3. Ifrte C—1j,se€N,, and s <,

Qrs

Qrt S Oy g S a?"tmax{]-v b
— Yijec—{itj vt} Qij — Qirjr

4. If s € Ny and s < j', aps < ays.

Proof Let p e M — Mc and ¢ € N,. Since (12) holds, & given by

1 ifije C—14 orij=1j"
N b—>» o Qi =gt i P .
Zij = 4 min{l, Z”EC‘G” 1 ifi=pand j=gq

0 otherwise

belongs to S. Since

Z CLZ‘J‘JA}Z‘J‘ + (b — Z aij)fui/j// =)

ijeC ijeC—i'j

and Z,, > 0, a,q = 0. This proves 1.
If s>t a,s < ay. When a,, < a,g,

10



Now, a,s < a,4 and (18) imply that
z=max{ ) a;z;:x € PS}

ijel
has an optimal solution # with Z,, = 0, which means that if we increase the value of a,.,
and «,, remains not greater than a,s, 2 will not increase. In other words,

>z + (o + €)as < b
ijel—rs
is valid for PS for € > 0 sufficiently small, which contradicts the assumption that 3 ¢, iz <
b is facet-defining. This proves that o, > a,..
If ars > b — > iec—pt Gij, PS has a point T with Z,;, > 0 and

Z QL5 + ArsTyg = b.
igeC—rt

If a5 > a,s, then

Z Clij.fij + Qpslys > b.
ijeC—rt
Thus, a;s > b — Y ijecr Qij = Qs < Gy
On the other hand, if b — 3;;cc_t @ij > @y, ' given by

o 1 ifiggeC—rtorig=rs
41 0 otherwise

belongs to S. If as > b — 3 iicc—t Qij,

Z CLz‘j.fC;j + OCTS.T;,S > b.
igeC—rt
Thus, b — > ijcc—rt @ij = rs = Qpg < b — 3, icc_pp a5 This proves 2. The proofs of 3. and
4. are similar to the proof of 2. a

Example 3 Using the data of Example 1, we start with the FCI (15). Let ago, g1, i, g, usy
and aso be the lifting coefficients of x99, 31, 41, 43, 51 and xs9, respectively. From 1. of
Proposition 12, as; = ase = 0. From 2., 1 < gy < max{l,—2} =1, and 1 < ay3 < 2. From
3,3< a3z < 3max{1,% =3, and 6 < ay; < 6max{l, %} = %.
Lifting the inequality with respect to x4 first, ay; = 4—78. If we now lift with respect to

243, auz = 2. Therefore, the following inequality is valid and facet-defining

48
(6211 + 2x12) + (2291 + Ta2) + (331 + 3232) + (7$41 + 6x40 + 2143) < 13.

11



In principle, the value of x,4 in an optimal solution of the lifting problem (8) can be any
number in the interval (0,1]. In some cases, however, it is possible to fix the value of z,¢ at
1 before solving (8), as shown in the next proposition.

Proposition 13 Let C be a cover, and suppose that

Z Q545 S b (19)
ijer
is a facet-defining inequality for PSN{x € R4 : z;; = 0 Vij € I — L} obtained by lifting (13).
Letrs' € C, rs € I — L, assume that (19) is lifted next with respect to x,s, and let a5 be its
lifting coefficient. If s > &,

s = b — maz{ Z oz - x € V(PS) and x5 = 1}. (20)

ijel
Proof Consider the optimization problem

max{ Y ;T + sy 2 v € V(PS) and z,, > 0}. (21)
ijeL
Clearly the optimal value of (21) is b. Note that (20) holds iff (21) has an optimal solution
with x,, = 1. Let 2* be an optimal solution of (21). From Proposition 3, z* has at most one
fractional component. Suppose that z;, € (0,1). Let P = {ij € L : xj; > 0}. From 2. of
Proposition 12, 22 > 1. Because r;, is the only fractional variable, by Proposition 1 there
cannot be ij € P with a” <1 1If a” =1Vij € P—rs, we can obtain an optimal solution
z for (21) with z,, =1 by mtroducmg Z,s into the knapsack first.
So suppose that P*) = {ij € P : 20> a’"s} £ (). Because oy, > 0 Yuv € P>)| it
follows from 1. of Proposition 12 that Mp<]>> C Me. Foru € Mpesy, let j, € N, be such that
uj, € C. Because ay, > ay, Yuv € P> it follows from Proposition 12 that

Z Qij + Ay < b, (22)
1JEC—ujy,
and therefore that
Aujy > Qyy YUV € P>, (23)
Now, let pg € P*>). We have that
Z Qyy + Aps < Z Qyp + Qs = Z Ay + Qpq + Qry
uw€P(>) uweP(>) uw€P(>) —pq

< Z Aij + Qpg + Qg = Z ij + apg < b,
ijeC—{pjp,rs'} 1j€C—pjp

12



where the second inequality follows from (23), and the last inequality follows from (22).
Because Y ,,ep) Guw + ars < b, (21) has an optimal solution Z in which Z,; = 1. a

When s < s, Proposition 13 does not necessarily hold, as we show next.

Example 4 With the data of Example 1, consider the cover C = {21,42,51} and the FCI

2191 + 6240 + (9.%51 + 52352) < 13. (24)
We lift (24) with respect to z4;. Note that

13 — max{2x9; + 6240 + (9251 + bx52) :x € S and gy = 1} = 7.

However,
. 13— 2291 4 6249 + (9251 + D 7 48
mln{ 21 42 ( 51 52) ‘x € ijéu = —, T = T3] :$32:x43:0} = —,
T41 8 7
which is the lifting coefficient of x4;. O

We now present, in Theorems 1 and 2, two families of facet-defining inequalities for PS
that can be derived by lifting FCIs. The elements of the cover in the first family have the
highest values of a;; among the indices in their special ordered sets. The elements of the
cover in the second family, with the exception of one, have the lowest values of a;; among
the indices in their special ordered sets.

Theorem 1 Let C be a cover, and suppose that j = 1 Vij € C. Assume that C' satisfies
(12). Then

Z ;1251 + Z Z maa:{aij,b — Z akl}xij S b (25)

1€EMc 1€EMco jEN;—1 keMo—i

18 valid and facet-defining.

Proof Letz € S. If [Z’ij =0 \V/j € N;, — 1 and 1 € My with max{aij,b — ZkEMc—i (I]d} =
b — Ykenmo—i k1, T clearly satisfies (25). So suppose that z,, > 0 for some s € N, — 1,
r € Mg, and max{a,s,b — X perro—r @1} = b — Xrenso—r @r1- Then,

Z anZa + Z Z max{a;;,b — Z a1} T =

i€EMco 1€EMc jEN;—1 keMc—1

Z a1 Ti1 + Z Z max{ag;, b — Z ap } i + (b — Z A1) Tps

i€EMo—r 1€EMco—rjeEN;—1 keMc—1 keMo—r

13



< > ant+b— > am=b,

i€EMco—r keMo—r

where the first equality holds because z,;, > 0 = z,, = 0 Vt € N, — s, and the inequality
follows from a;; > max{a;;,b — Y renr.—i k1 }Vj € N; — 1,7 € M. This proves that (25) is
valid.

Since Y ;ep. ai1 > b, S has |C] linearly independent points with z;; = 0 Vij € I — C
that satisfies (25) at equality. Now, let rs € I — C be such that r € M — M. Since
>ieMe @il + arg > b, S has a point with z,, > 0 that satisfies (25) at equality. Finally, let
uv € I —C be such that u € Mc. Since Y.y @1 +Mmax{ayy, b— Y perro—u @1} > b, S has
a point with z,, > 0 that satisfies (25) at equality. This proves that (25) is facet-defining.
O

Example 5 With the data of Example 1, let C' = {41,51}. Then, M¢ = {4, 5}, max{ayz, b—
Y kere—a Gk} = 6, max{ass, b — Y pens. g ar } = 4, and max{ase, b — Y pens, 5 a1} = 5. So,

(83741 + 61’42 + 4.’13’43) + (91’51 + 51’52) S 13

is valid and facet-defining. O

Theorem 2 Let C' be a cover that satisfies (12) with j = n; ¥i € Mo — ', j' < ny, and
3=y, des apy 4 Yieno—ir Ging > b and Yeny, Gin, < b. Then,

Z m(w{ai/j, b— Z Akny, }xi/]’ + Z Qijn; Tin,

JEN, keEMc—i i€Mc—i!
CL. .
+ > > amman{l . Yais < b (26)
iEMc—i' jJEN; —n; - Zk’EMc—’i aknk

is valid and facet-defining.

Proof We prove the proposition by lifting the FCI

a’i’j’xi’j’ + (b — Z aknk)a}i/ni, + Z ainixini S b (27)

keMc—i! i€EMo—1'

From 1. of Proposition 12, a;; = 0 Vi € M — Mc. Now we lift (27) with respect to
Ty, j € Ny —{j’,ny}. By using an argument similar to the one in the proof of Proposition
9, it can be shown that the lifting coefficient is given by

ayj = max{a;y;,b— Z Qkeny, - (28)

keMco—1i'

14



Thus,

Z max{a;j, b— Z Ay }Tirj + Z Uin; Tin, < b (29)

JEN, reMac—i’ 1EMo—1'

is valid and facet-defining for PSN{z € R : ;; =0Vj € N; — n;,i € Me_y}.
Next, we lift (29) with respect to z;;,7 € N; — n;,i € Mc — @', with ij satisfying

Z Akn,, + aij >0, (30)

keMg—i
and we show that the lifting coefficient is

_ Gin; Aij
Cb— ZkeMo,i Ay, .
The lifting order is the following. Let r € Mx — i’ be such that a,,, = min{as,, : s # '} (in
case of a tie, break it arbitrarily). We then pick, in any order, all the variables 1, ..., Ty, 1

for which (30) holds. Then, we pick, in any order, the variables x, ..., 2,1, where t €
Me — {#',r} is such that at,, = min{as,, : s # ', r}, for which (30) holds, and so on. Let

Oéij

(31)

T = CUi4'ny U{ij : (27) has been lifted with respect to x;;}.

Suppose that the lifting coefficient of ;; is given by (31) Vij € T such that j € N; —n;,i €
M¢ — 4’ and ij satisfies (30). Let uv be such that v € N, — n,, u € Mc — i, uv satisfies
(30), uv € T, and my, is the next variable ;e ayjx;; < b is lifted with respect to. The
lifting coefficient of x,, is given by

Aun, Aup

au’v

b— ke Mo—u Wkny, (32)

if and only if

Qyn,, Aup

max{ Y a;;x;; + Ty : T € S and x,, > 0} = b. (33)

ijeT b— ZkzeMc—u Akry,

We now prove that (32) holds by proving (33).
Consider the continuous knapsack problems (L;), t € Ny,

aun auv ..
max{ Z ;T + 5 u Ty Z a;jri; < b,0<x;; <1,ij €T,
ijer — 2ZieMg—u Qin; ijer

Tyn, =0, and zy; = 0,7 € Ny — t}.

«

in; . -/
. =1Vie Mg —17,

Note that 22t > 1,
't

7,’

Qg5 Qin,;

<1
g5 b— ZreMc—i Qrn,

15



for all 5 € T with i # ' and j # n;, and

]‘ un uv
T <1 (34)

Ay b — > reMe—u Grn,.

Note also that because of the lifting order, ay;,, > ai,, Vi € My —i', and therefore

1 aunu Ay > aij

Qup b — ZTGMC—u Arp, Qi

for all 15 € T with i # ' and j # n;.

From Proposition 1 we can obtain an optimal solution for (L;) by selecting z;; to enter
the knapsack first, z;,,, i € Mc — {¢’,u}, in any order, until they are all in the knapsack
or until there is no more room in the knapsack, x,,, in case there is room in the knapsack,
and finally, if there is still room in the knapsack, z;;, ij € T, with ¢ # ¢’ and j # n,, in
non-increasing order of Z‘—Z, until the knapsack is full or all of them are included.

If aire + X perto—ir Geny, > b, by (28) @iy = ay, and because of (34), the optimal value of
(L¢) is no greater than b. If ay; + >pepso—ir Gikn, < b, (L¢) has a basic optimal solution z®
with () > 0. Also, by (28), ay; = b — > keMy—i Qkn,- Because we are considering the case

where 3 e nse—u Qkny, + Gy > b, ke Mo—{it u} Qkny + Qirg + Qo > b, and xx) =0 Viy € T with
i #1i and j # n;. Also, m% = mgft) =1Vie Mg — {i,u}, and

) _ b— ZkeMc—{i’,u} Akny, — Ai't
Top = .

a‘U'U
The optimal value of (L;) in this case is b — ; 95/t (yn, < b, and it is equal to b if
_ZkGMcfu Gkny,
and only if ¢ = n;. So,
Ayn,, Cuv
max{ Y a;;jz;; + Ty 1 2 € V(PS) and z,, > 0} = b.
ijeT b— ZkeMc—u Qkny,

This shows that the lifting coefficient of ., is given by (32).
Finally, we lift with respect to z;;,j € N; —n;,1 € M — i/, satisfying

> g, +ay; <D
keMc—1

From 3. of Proposition 12, it follows that the lifting coefficient of x;; is given by a;; = a;n,.
O

Example 6 Using the data of Example 1, consider the FCI

Too + 332 + T4z + (9751 + 8x52) < 13,

16



Let a1, aqe, a1, g1, and ays be the lifting coefficients of w11, x19, 31, 41, and x4s, respec-
tively. Since 1 € M — Mg, aj; = aa = 0. Also,

21
=1

Qg1 = Ggomaxy 1
. b — Yijec—{51,22) ij — A2

)

Q31 = aggmax{l, } =

a3y
3,
b— Y ijec—{32,51} Gij — G52

T p=2
Oy = Ggqzaxq 1, )
b— > ijec—{a351}) Gij — G52 5
and
41 8
Q1 = CL43H1&X{1, } = —.
b— YijeC—{43,51) Gij — A52 5
Therefore,
8 6
(o1 + T22) + (331 + 3x32) + (g$41 + £ 742 + x43) + (9751 + 8w52) < 13
is valid and facet-defining. O

4 Variable Values for Polytope Projection

The inequalities studied in Section 3 were derived by first fixing some of the variables at 0,
and then sequentially lifting the cover inequality defined by the free variables. In principle,
however, variables could be fixed for subsequent lifting at any value between 0 and 1. The
main result of this section is that there is no loss of generality in fixing variables for subsequent

lifting exclusively at 0.
Formally, consider the following more general definition of cover and cover inequality that

will be used throughout this section.
Definition 2 Let 2 € S. Let C = {i1j1,...,ixJr} C I, where iq,..., i are all distinct, and

Fi; =0Vije I —C withiec M. (35)

LetF():{ZjE]—Ci’U:O}, Flz{leI—Ci'z]:]_}, andFQZ{Z‘]G[—CZ%UG
(0,1)}. We say that C is a cover for PSN{x € R : x;; = &y; Vij € Fy U Fy U By} iff

Z Qij > b— Z aijiij.

ijeC ijeFMUFy
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The inequality

Z aija:ij S b — Z aijiij (36)

ijeC 1jEFUF,

is called a cover inequality for PS N {x € R : x;; = &;; Vij € Fy U Fy U Fy}. O

Note that the variables indexed by Fy, F}, and F; are fixed at 0, 1, and fractional values,
respectively. The reason for Condition (35) is that when variable x;; is fixed at a positive
value, all other variables z;;, ' € N; — j, are automatically fixed at 0. The main result of
this section is

Theorem 3 Let

> iz < B (37)

ijel
be a non-trivial facet-defining inequality for PS obtained by sequentially lifting (36). Then,
it 1s possible to obtain (37) by sequentially lifting the cover inequality

>, ayw; <b (38)

ijeCUFUFy

for PSN{z € R : 2;; =0 Vij € Fy} O

Theorem 3 is the result of the following conditions:

1. the variables are continuous

2. at most one variable in each set {z;1,..., %, },7 € M, can be positive.

It is well known that Theorem 3 may not hold when there are binary variables. Likewise, as
we show next, Theorem 3 may not hold when Condition 2. does not hold.

Example 7 Consider the set
S ={xc[0,1]®: 52, + 4wy + 223 < 7 and at most two variables can be positive}.
If we fix xo = 1 and x5 = 0, we obtain

51, < 3, (39)

which defines a facet of conv(S) N{z € R* : x5 = 1 and z3 = 0}. We first lift (39) with
respect to x3, and we obtain

18



(note that because xo = 1, at most one of x; or x3 can be positive.) Finally, we lift (40)
with respect to x5. The lifting coefficient of zq, as, is given by

5.2131 + oy + 3.1’3 < 3+ Q9. (41)

It can be shown that as, = 5, and therefore that

5:51 + 5I2 + 3.753 S 8 (42)

defines a facet of conv(S). (note that when zy = 0, the left-hand-side of (41) is at most
8, and therefore ay > 5.) Clearly, (42) cannot be derived by lifting cover inequalities that
define facets of projections of conv(S) obtained by fixing variables exclusively at 0. O

In the remainder of the section we will prove theorem 3.

We show next that any non-trivial sequentially lifted cover inequality is a sequentially
lifted FCI.

Proposition 14 Let C be a cover for PSN{z € R : z;; = &y Vij € Fy U Fy U Fa}. Let
T C Fy. Suppose that

Z CLZ‘]‘ZEZ‘]‘ + Z aijxij S b— Z CLZ‘]‘ZIN?Z‘]‘ (43)
ijeC ijeT ijEFIUF,
is a facet-defining inequality for PS N {x € R : x;; = &y Vij € (Fy —T) U Fy U Fy}. Let
rs € Fy U Fy, and lift (43) next with respect to x,.s. Then, the lifting coefficient is a,.

Proof Clearly,

Z QL5 + Z QA Tjj + ApsTrs < b— Z aiji'ij + ami:m (44)
ijeC ijeT ijEFUR,
is valid for PSN{z € R : z;; = &y; Vij € (Fo — T)U (Fy —rs) U (Fy —1s)}.
Now, because (43) defines a facet of PSN{x € R : z;; = ;; Vij € (Fo — T) U Fy U Fy},
(44) is satisfied at equality by |C'UT| linearly independent points of PSN{z € R : z;; = T;;
Vij € (Fo —T)U (Fy —rs)U (Fy —rs)} with 2.5 = Z,5. Since r ¢ M¢ and

Z Qij + ars > b— Z Q5555 + Qrsys,
ijeC ijeFUF,

PSN{z € R : z;; = 7y Vij € (Fy — T) U (Fy —rs) U (Fy —rs)} has a point that satisfies
(43) at equality with z,s # Zs.

This proves that (43) defines a facet of PSN{zx € R : x;; = 3;; Vij € (Fo — T) U (Fy —
rs) U (Fy —rs)}, and therefore the lifting coefficient of x, is a,s. a
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Let rs € Fy U Fy, as in Proposition 14. Note that C U rs is a cover for PS N {x € R :
Tij = Ty Vig € Fy U (Fy —rs)U (Fy —rs)}, and that (44) can be derived by lifting the cover
inequality

Yooagmy <b— Y a i+ Gredys.
ijeCUrs ijeFUFy
with respect to z;;,i7 € T
Note also that, unless the lifting coefficient of x;; is greater than a;; for some ij € Fj, we
will obtain (1) at the end of the sequential lifting procedure. It is easy to see that Proposition
9 holds for PSN{x € R : x;; = &;; Vij € Fy U F, U Fy}, C, and b — >ijemur, @ij instead of
b. Therefore, as in Section 3, we only need to consider lifting FCls, i.e.,

doaprgt (b= Y ay— D ay)rypy <b— . ay, (45)

ijeC ijEFUF, ijeC—ilj’ ijEFIUF,
Where Z‘/jl c C’ j// € Ni/ — j’) and ZijEC—i/j’ CLZ‘j + ai’j” < b — ZijEFlUFQ CLU
However, as the next proposition shows, even when we lift FCls, the lifting coefficient of
Trs, 7S € F, is a,,. This means that we may as well start with the cover C'U Fj. Since the
proof of the proposition is similar to the proof of Proposition 14, it is omitted.

Proposition 15 Let T'C Fy —i'j". Suppose that

Yoagrip+ (= Y ay— Y ay)vep+ Y oz <b— Y ay;  (46)

ijeC ijEFIUF, ijeC—i'j! ijeT ijEFIUF,
defines a facet of PSN{x € R4 : zy; = &y Vij € (Fo — (T U'§") U Fy U Fy}. Let rs € Fy.
Lift (46) next with respect to x,.,. Then, the lifting coefficient is a,s. O

We now show that it is not possible to lift an FCI with respect to the variables x,.., rs € F5,

or, as in Lemma 1, o2 > o\

Proposition 16 Let T C Fy — 5", and rs € F,. It is not possible to lift (46) with respect
to Tps.

Proof Let «a,, be the lifting coefficient of x,,. Then,

Yoagzi+(b— Y aii— D )T+ Y Qi+ Qe Sb— Y g+ Qs
ijec ijEFUF, ijeC—ij’ ijeT ijEFUF,
for all x € PS N {ZL’ € §Rd Ty = .ffij VZJ € (Fo — (TU i/j//)) U F1 U (FQ — ’I“S)}.
Let & be given by
1 if ije C—1ij orij=ij"
Tij = min{l, " 2iseror, aiﬁami”izuec_i/j/ aijiailju} if ij =rs
0 otherwise.
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Then, 2 € PSN{x € R : x;; = 3 Vij € (Fy — (T U'5j")) U Fy U (Fy —rs)}. Because
i’rs > jrs; Qg = 0.
On the other hand, x* given by

1 if 1] € C - i/j,
7Zz'j6F1uF2 aijJra”iTS*ZijeC—i/j’ Qig

a;r

b
* _ .
r;; = ¢ min{l,

i/

Y oifij =4y
J
0 otherwise.

belongs to PS N {z € R : ;; = &y; Vij € (Fp — (T'U4'j")) U Fy U (Fy — rs)}, and therefore,
ays > 0. Thus, (46) cannot be lifted with respect to ;. O

The proof of Theorem 3 follows now easily from Propositions 14-16.
Proof of Theorem 3 As a consequence of Proposition 16, (36) must be lifted with respect to
the variables x;;,15 € Fj, before it is lifted with respect to ;. But then, from Proposition
14, the lifting coefficient is a;;. Because of that and of Proposition 15, we may as well start
with the cover C'U F; U Fy, and with all other variables fixed exclusively at 0. O

5 Extensions and Further Research

We are applying the results of this paper to define a branch-and-cut algorithm for quadratic
programming over a box and 0-1 unconstrained quadratic programming. Many important ap-
plications, such as portfolio optimization, can be formulated as an LP, or a convex quadratic
program, with the additional constraint that at most £ out of the n variables can be positive
in a feasible solution, see [5, 9, 20]. We are currently investigating how FClIs can be used to
derive strong cuts for these problems [11].

Acknowledgment We are grateful to the referees and the editors for their valuable com-
ments, which helped us to improve the presentation of the paper considerably.

21



References

1]

2]

[12]

[13]

E. Balas, “Facets of the Knapsack Polytope,” Mathematical Programming 8, 146-164
(1975).

E.L.M. Beale, “Branch-and-Bound Methods for Numerical Optimization,” in M.M. Bar-
rit and D. Wishart (Eds.), COMPSTAT 80: Proceedings in Computational Statistics,
Physica Verlag, 1980, pp. 11-20.

E.L.M. Beale and J.A. Tomlin, “Special Facilities in a General Mathematical Program-
ming System for Nonconvex Problems Using Ordered Sets of Variables,” in: J. Lawrence
(Ed.), Proceedings of the fifth Int. Conf. on O.R. , Tavistock Publications, 1970, pp.
447-454.

N. Beaumont, “An Algorithm for Disjunctive Programming,” Furopean Journal of Op-
erational Research 48, 362-371 (1990).

D. Bienstock, “Computational Study of a Family of Mixed-Integer Quadratic Program-
ming Problems,” Mathematical Programming 74, 121-140 (1996).

R.W. Cottle, J.S. Pang, and R.E. Stone, The Linear Complementarity Problem, Aca-
demic Press, 1992.

G.B. Dantzig, “On the Significance of Solving Linear Programming Problems with Some
Integer Variables,” Econometrica 28, 30-44 (1960).

[.R. de Farias, “A Polyhedral Approach to Combinatorial Complementarity Program-
ming Problems,” Ph.D. Thesis, School of Industrial and Systems Engineering, Georgia
Institute of Technology, Atlanta, GA, 1995.

L.R. de Farias, “A Family of Facets for the Uncapacitated p-Median Polytope,” Opera-
tions Research Letters 28, 161-167 (2001).

[.R. de Farias, E.L. Johnson, and G.L. Nemhauser, “A Generalized Assignment Problem
with Special Ordered Sets: A Polyhedral Approach,” Mathematical Programming 89,
187-203 (2000).

I.R. de Farias, E.L. Johnson, and G.L. Nemhauser, “A Polyhedral Study of the Cardi-
nality Constrained Knapsack Problem,” working paper, Department of Industrial En-
gineering, SUNY Buffalo (2001).

[.R. de Farias, E.L. Johnson, and G.L. Nemhauser, “Branch-and-Cut for Combinatorial
Optimization Problems without Auxiliary Binary Variables,” to appear in Engineering
Knowledge Review.

[.R. de Farias and G.L. Nemhauser, “A Family of Inequalities for the Generalized As-
signment Polytope,” to appear in Operations Research Letters.

22



[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]
[25]

P.L. Hammer, E.L. Johnson, and U.N. Peled, “Facets of Regular 0-1 Polytopes,” Math-
ematical Programming 8, 179-206 (1975).

J.N. Hooker and M.A. Osorio, “Mixed Logical-Linear Programming,” Discrete Applied
Mathematics 96, 395-442 (1999).

J.N. Hooker, G. Ottosson, E.S. Thorsteinsson, and H.J. Kim, “A Scheme for Unifying
Optimization and Constraint Satisfaction Methods,” Knowledge Engineering Review 15,
11-30 (2000).

T. Ibaraki, “Approximate Algorithms for the Multiple-Choice Continuous Knapsack
Problem,” Journal of the Operations Research Society of Japan 23, 28-62 (1980).

T. Ibaraki, T. Hasegawa, K. Teranaka, and J. Iwase, “The Multiple-Choice Knapsack
Problem,” Journal of the Operations Research Society of Japan 21, 59-94 (1978).

E.L. Johnson and M.W. Padberg, “A Note on the Knapsack Problem with Special
Ordered Sets,” Operations Research Letters 1, 18-22 (1981).

A F. Perold, “Large-Scale Portfolio Optimization,” Management Science 30, 1143-1160
(1984).

L.A. Wolsey, “Faces for a Linear Inequality in 0-1 Variables,” Mathematical Program-
ming 8, 165-178 (1975).

L.A. Wolsey, “Facets and Strong Valid Inequalities for Integer Programs,” Operations
Research 24, 367-372 (1976).

L.A. Wolsey, “Valid Inequalities for 0-1 Knapsacks and MIPs with Generalized Upper
Bound Constraints,” Discrete Applied Mathematics 29, 251-261 (1990).

P. van Hentenryck, Constraint Satisfaction in Logic Programming, MIT Press, 1988.

P. van Hentenryck, The OPL Optimization Programming Language, MIT Press, 1999.

23



