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Definition 1

A clutter is a pair C = (V, E), where E is a family of subsets of

a finite and nonempty set V such that no element in E contains
another. V is the ground set; E as the edge set.

It is helpful to describe clutters by their incidence matrices
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the clutter of the (s, t)-paths in a given graph;
the clutter of the minimal edge (s, t)-cutsets in a given graph:
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blocker, cover polyhedron

the Delta A;, for some t =2,3,...
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Definition 2

The blocker of a clutter C = (V,E) is a clutter bIC = (V,F)

whose edges are the minimal covers (transversals) of C, i.e.,

BeF iff BNA#0,VAcE.

C =blblC, and if A= M(C) and B = M(blC) then

ext Q(A) N Z" = {rows of B} = F,
ext Q(B)NZ" = {rows of A} = E,

where Q(A) is the cover polyhedron

Q(A) = {x: Ax>1, x> 0}.
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Minors: deletion and contraction

@ the blocker of T(Ks) is the clutter composed of 10 triangles plus
one nonadjacent edge, 12 hamiltonian cycles, and the 5 K}'s inside
the Ks- 27 edges total.

o if C is just the edge set of a simple graph G, blC are the minimal
(edge) covers of G.

@ the blocker of the clutter of (s, t)-paths is the clutter of minimal
edge (s, t)-cutsets,

@ the blocker of the clutter of trees is the clutter of minimal edge
cutsets (of a connected graph)

@ the blocker of A; is again A; (selfblocking)
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Given a clutter C = (V, E), a minor H =C\I/J is a clutter that results
from C after sequentially applying each one of the following (where
1,JCV,INJ=10)

Definition 3: deletion of C by j

the clutter C \j has vertex set V\ {j}

and edge set the inclusion-minimal
sets in E that do not include j.

Definition 4: contraction of C by j

the clutter C /j has vertex set V' \ {j}

and edge set the inclusion-minimal
sets in A\ {j}, for every A € E.
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bI(C\//J) = bI(C)/1\ J.
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Lehman's Theorem

Definition 7

Matrix Y, n x n of zeros and ones, is a Lehman matrix if there

exists Z, n x n of zeros and ones, and a positive integer d such
that YZT =dl +117.

For example,
1 1 1 [} ] 1 [+] 1 [+] o T 2 1 1 1 1
o 1 1 1 ] ) 1 (] 1 ] 1 2 1 1 1
'] (] 1 1 1 o [+ 1 o 1 = 1 1 2 1 1
1 o o 1 1 1 (] o 1 o 1 1 1 2 1
1 1 o o 1 o 1 o o 1 1 1 1 1 2
Y zT yzT=@)i+11T

Theorem 1: (Bridges and Ryser,1969)

If Y is a Lehman matrix then there is a pair of factors (r, s) of n+d
such that Y & r-regular and Z is s-regular. Besides, YZT = ZTY.
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Theorem 2: (Lehman,1990)

Let C # A; be a clutter with n > 3 vertices. The clutter C is mni if and only if, for
A= M(C) and B = M(blC):
@ Q(A) (resp. Q(B)) has a unique extreme point & (resp. ) with some fractional
component;
© 0 < % (resp. 9) < 1 and & (resp. 9) is defined by a unique core A (resp. é).

© the pair (AA7 .‘3’) is Lehman, where A is r-regular and Bis s-regular, for two
positive integers r, s such that, for some positive integer d, rs = n+d.

@ every row of A (resp. B) that is not a row of A (resp. B) has more than r
(resp. s) ones.

\ J

Thus, if C is mni, the rows of A = M(C) can be permuted so that the first n = V/(C) define a
Lehman matrix (r-regular), and the remaining rows have at least r + 1 ones.

The clutter core(C) is such that A = M(core(C)). The fact that A is a Lehman matrix will
naturally leads us to investigate the link with projective planes.
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Projective Planes: properties

Definition 8: (e.g., Gossett’2009)

A projective plane (finite and nondegenerate) C is an ordered pair (V, E), where V
denotes a finite nonempty set (the points) and E denotes a family of subsets of V (the
lines) - satisfying the following three axioms:

(AX1) Any two distinct points are in one and only one common line;
(AX2) Any two distinct lines contain one and only one common point;

(AX3) There exist four points, no three of which are in a common line.

V is associated with points on the
plane,

E is associated with lines on the
plane that pass through some of
the points in V

source: wikipedia

@ If C = (V,E) is a projective plane then there is some positive integer n > 2 such that
|V|:|E|:n2+n+1En(n+1)+1,

and the (point-line) incidence matrix A of C is (n + 1)-regular. Moreover, A is a Lehman
matrix because

ATA=AAT =nl +ee”, det(A) = +(n + 1)n"("/2,

@ Then, we say that C is is projective plane of order n. There are unique projective planes
of order 2 and 3 (Fano plane, or PG(2,2), and PG(2,3)). Others?

>22

@O E8D®.E).fo.(1).12.(13) f4.15.(10),
>193 >13
@, 18,, 20, 201, 202,@, 24,@, 26,@, 28,, 3?0, ,@,@, .

@ Every projective plane C defines a clutter C such that A = M(C) is Lehman.
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Theorem 3: (Novick’1990)

If C is a projective plane of order n > 3 then C is not mni.

Is it possible to define a mni clutter C by simply adding a sufficient large number of edges to
C’ in such a way that core(C) = C'?

A blocking set of a projective plane C’ is a cover of the C’ (as clutter). A nontrivial blocking
set is a cover of the C’ that does not contain an element (edge) of C’.

Theorem 4: (Mayhew, Pivotto and Royle’2019)

Let C be a clutter mni such that C’ = core(C) is a projective plane. Then: (i)
C’ = core(bl C); (ii) every edge of C that is not an edge of C’ is a nontrivial blocking
set of C’.
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The incidence matrix of the PG(2, 3) is

x a1 a2 a3 yiooy2 y3 by b2 b3 ya u v
Ly 1 1 o o 1 o [ 1 0 o o 0 o 7
La| 1 o 1 o o 1 o o 1 o o o 0
Lz| 1 o o 1 o o 1 o o 1 o 0 o
La| o o o o 1 1 1 [ 0 [ 1 0 o
P B R R R G e o
Lg| © o 1 [ [ 0 1 o
P B e R SRRF EEE e
e e e e R o .
Lg| o o o o 1 o o 0 1
Lip| © 1 1 o o o o 0 1
Ly1| o 1 o o o 1 o 1 o
L1a| o o 1 1 1 o [ 1 0
L3l o o o o o o 1 1 o |

Theorem 5: Tavares and Soares’2025

The blocker of the PG(2,3) are the edges of the PG(2,3) and the O-corners of the
PG(2,3).

0O-corner? Let Ly, L, L, three non conpontual lines of the PG(2, 3), such that
x=L,NLl,y=LiNL;, z=L,NLy, are the corners. Then, (L, UL, UL.)\ {x,y,z}is a
O-corner.
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Theorem 6: Tavares and Soares'2025

If C is a mni clutter such that core(C) is a projective plane of order
3 then C must be the blocker of the PG(2, 3).

But, the blocker of PG(2,3) is not mni because PG(2,3) is not mni. The
desired result follows.
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PG(2,3) that lies in R'® and it is defined by 247 constraints plus non negativity constraints
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WODCA 2025 There is no mni clutter whose core is ...

@ Combinatorial optimization, Packing and covering, G. Cornuéjols, SIAM, 2001.

@ The width-length inequality and degenerate projective planes, A. Lehman, In Polyhedral
combinatorics, volume 1 of DIMACS Ser. Discrete Math. Theoret. Comput. Sci., pages
101-105. Amer. Math. Soc., Providence, RI, 1990.

@ Structure of cubic Lehman matrices, Dillon Mayhew, Irene Pivotto, and Gordon Royle.
Electron. J. Combin., 26(3):Paper No. 3.54, 36, 2019.

@ On minimum blocking coalitions in small projective plane games, Jane W. Di Paola.
SIAM Journal on Applied Mathematics, 17, mar 1969.

@ Discrete Mathematics with Proof, Eric Gossett, Wiley, 2nd edition, 2009.

@ There is no mni clutter whose core is the projective plane of order 3, Paulo Tavares and
Jodo Soares, June 9th, 2025

WODCA 2025 There is no mni clutter whose core is ...




